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RAPID COMMUNICATIONS

Measuring charge-based quantum bits by a superconducting single-electron transistor

PHYSICAL REVIEW B 68, 020506R) (2003
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J. P. Pekola
Low Temperature Laboratory, Helsinki University of Technology, P.O. Box 3500, 02015 HUT, Finland
(Received 3 June 2003; published 30 July 2003

Single-electron transistors have been proposed to be used as a read-out device for Cooper pair charge qubits.
Here we show that a coupled superconducting transistor at a threshold voltage is much more effective in
measuring the state of a qubit than a normal-metal transistor at the same voltage range. The effect of the
superconducting gap is to almost completely block the current through the transistor when the qubit is in the
logical state 1, compared to the mere diminishment of the current in the normal-metal case. The time evolution
of the system is solved when the measuring device is driven out of equilibrium, the effect of higher-order
contributions is examined and the setting is analyzed numerically for parameters accessible by lithographic
aluminum structures.
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Nanoscale devices, such as Cooper pair boxes or coupledg than a measurement time scale. We show that for a su-
quantum dots, have been suggested as scalable and infgerconducting SET, this is the case.
grable realizations of quantum bits. The two logical states of The total Hamiltoniah consists of three parts: the Hamil-
a qubit are the different charge states, or in the case of a flusonians of the SET, the qubit, and the interactidg,, Hgp,
qubit, flux states of the system. There are several proposa®dHiy, respectively. The SET Hamiltonian is defined as
for quantum gatés’ and for interqubit couplingdas well as
for measuring devices.’ Permanently couplechormal- Heerm Esef N— Qeed®+Hy+H_ +Hg+H,, )
metal transistors have been suggested as a device for mea-
suring the state of a Cooper pair charge qiififlso, a whereEggis the charging energRsthe gate charge of the
superconductingsingle-electron transisto(SET) in the Jo-  transistor, and
sephson current regimgow biasing voltage has been ex-
perimentally tested In this work, we show that in the re-
gime of high biasing voltages, the superconducting SE? Hi= 2 Ttk, UCILCE,Uei"SJr TEk’ UCEECLrge_i(beer H.c.
leads to a highly efficient quantum nondemolition kK o
measuremefit due to the blocking effect of the gap. @

The setting is shown in Fig. 1. In the upper part, the
Cooper pair box forms the qubit, its state characterized by
the number of excess Cooper pairs in the hoin the lower

&
J
part, the superconducting single-electron transistor is capaci- Vj,., Cqb
tively coupled to the qubit with its state characterized by the _I
excess charge on the islamdN. In addition, the quantum

C

numberm counts the number of charges passing through the
SET in left-to-right direction. Without a biasing voltayg,,s
across the SET, there is no dissipative current and no infor-

Cr
mation is received. Moreover, in the absence of a dissipative
environment, no dephasing of the composite system will oc-
cur and quantum operations on the qubit can be performed.
Lo

int

In order to perform the measurement, a biasing voltage is
applied. As different qubit eigenstates correspond to different 1S V. gt
conductance in the SET, by observing the current, one re- T bais T et T biax
ceives information on the state of the qubit. The time needed
for the current to give the essential information is called the g5 1 A Cooper pair charge qubit is capacitively coupled to a
measurement timeThe back action caused by the SET measuring single-electron transistor. The quantum numbens,

dephases the qubit, and eventually also destroys the logicghd m are explained in the text. The SET is symmetrically biased
state of the qubit. The corresponding time scales are callegith voltage V,;,., and the voltageVe is the gate voltage. The
the dephasingand themixing times respectively. For a good energy scales are determined by the interaction capaci@pee
nondemolition measurement of the logical state|{ and  the tunnel junction’s capacitance;, and the gate capacitance
|b|2in a|0)+Db|1)), one expects to have a much longer mix- C,.

0163-1829/2003/68)/0205064)/$20.00 68 020506-1 ©2003 The American Physical Society



RAPID COMMUNICATIONS

J. KINNUNEN, P. TG(RMA, AND J. P. PEKOLA PHYSICAL REVIEW B68, 020506R) (2003

describes quasiparticle tunneling within the SET. The phase 16
differences¢ and W are the conjugate variables df and
m, respectively. Thus, the operatet® (e'V) corresponds 14
to quasiparticle tunneling onto the islaridght electrode |
of the SET, increasing the quantum numi&m) by one. —
The last three terms in Eq(l) are defined asH, ro T
=3 €Circh,, (r=L,R,1), whereo labels the transverse i — -
channels including the spin arld labels the wave vector 10 |- .7
within one channel. These describe the noninteracting elec- . .7
trons in the left electrode, the right electrode, and the island, 8 .
respectively. The Cooper pair tunneling is excluded from the
SET Hamiltonian due to the high biasing voltage. However,
this approximation is not valid for a low voltage, and the
contribution from the Cooper pair tunneling should be added
when analyzing the effect of the SET on the qubit during 41 R
logical operations. I B
Using the two-state approximation, the qubit Hamiltonian ////’ T
can be written ds /’/ g

Re Z(s+iE,A)

1
Hop=— 5 AEq, 3)

where the energhE= [ Eq(1—2Qq) ]°+Ej. The inter- 2 0 o1 0z 03 o4 s

action Hamiltonian describes the Coulomb interaction be-
tween the qubit and the transistor and is defined as

7]

B FIG. 2. The complex transition coefficieBt(s+iE) plotted as
Hint=EintO N, (4) a function ofs with fixed A=2.3 for different values of the energy

whereE.. is the charaina enerav. All charding energies E. The real components are drawn in solid curves and the imaginary
int ging 9y- ging 9 parts in dotted ones. The corresponding energy values are in the

Eint» Esets .Eqb and gate Charg@qb’ Qserare determi,ned _by order from the topmost curve to the lowest cune=3.4, E
the capacitances and voltages of the system as given inRel.a g e_42 E—=435 E=4.85 E=50 E=54 andE=58.
1. By rearranging the operators, the final form for the totalor small values o8, the real components are nearly linear and the
Hamiltonian can be written as$i > Ho+Hy, where Hy  jinear approximation discussed in the text is shown in a dashed line
=H_ +Hg+tH+Hgpt Esef N—Qged“+ Hips - for the curveE=4.35.
We analyze the measurement process by master equation
techniques. The master equation for the system reads transform, the right-hand side becomeB-+{(A d/dt)c(t).
Jo(t) i ¢ The coefficientd” and A depend on the bias voltage and the
—t+g[H0yU(t)]=TrL,R,|f S(t—t")o(t))dt’, (5  energies of the system. Moving all the derivatives of the
d 0 density matrix to the left-hand side gives a master equation

where the trace is taken over the microscopic degrees of

freedom of the transistor’s left and right electrodes and the do(t)

island. The elements of the transition matr(t—t") (1_A)T+ g[a(t)'HO]:FU(t)' ®

=— (142 ([V,U(t—t)[V,-JU(t'—t)]) are calculated by

using the diagrammatic technique developed in Refs. 15 andhere ' and A are tridiagonal matrices consisting of the

3 and_the superconducting density of stat®dx)  zeroth- and first-order terms of tis) matrix, respectively.

= (IX|/\X*= A%)Ny, for [x|>A. In zero-temperature limit, Ty guarantee the existence of the inverse of-(1), the

these elements are given by the so-called Basset function @iements of the\ coefficient are required to be small. This

first order,” which must be analyzed numerically. __requirement is fulfilled when the tunneling rate within the
By performing the Laplace transform on master equationsgT s small(that is, ITH|,|TR<1). Multiplying Eq. (6)

(5), the right-hand side becomes(s)o(s). Assuming the  from the left by (1-A)~%, the final form of the master
density matrixo to change slowly in a time scale &fE  equation is obtained as

(typically of order 10 '2s), the calculations can be restricted
to the regimes<E. In the normal-metal cas&,(s) varies
only slowly as a function of smalk, and therefore, the
zeroth-order approximation is reasonably good. However,  dt
when the energ¥/2 is close to the gap energy, 2 (s) has (7

a strongs dependence which is approximately linear for

smalls, as shown by Fig. 2. Using the linear approximation The elements of th& (s) matrix are analyzed by explic-
2. (s)=2(sp) +b(s—sp) and performing the inverse Laplace itly writing the Laplace transform as

do(t) . i ~
——=(1-A) —ﬁ[o'(t),Ho]+Fa'(t) =To(t).
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[ M by tane= E;,sin n/(AE+E;;c0s7), where the angle is de-
0.20 -

fined as tam=E,/[Eqy(1—2Qq) |. By approximating these
elements by zeros, the matiixseparates into four parts: one
045 - part describing the system when the qubit is(diagonal
state 00, one part when the qubit is in state 11, and two parts
for the nondiagonal qubit states 01 and 10. The first two
parts describe slowly damping conductance peaks that propa-
012 gate in time. They give raise to the measurement, and the
005 oo measurement time is defined as the time when the width of
F oos 001 /o4 the peaks is smaller than the distance between their centers.
0.00 L For a detailed description see Ref. 1. The coherence of the
L qubit is described by the strength of the nondiagonal ele-
158 160 16.2 164 166 168 17.0 ments, and thus the rate at which the nondiagonal elements
eVikg vanish gives the dephasing time. For the mixing time, one
) ] _ . has to include the small mixing elements proportionakto
FIG. 3. The IV-curves of SSET using the linear approximation 5 one obtains eight eigenvalues of the transition matrix.
irfg;iézogebg;usl(gtegorb;h\?ar;ri‘zgs'$ﬁ2 t'gsrt:(’)"st '_C“L?rt'lzr'izr?grr Four of the eigenvalues describe the dephasing, two describe
NSET and the following ones are for SSET wij=0.12, s, :he measurement, and OneT?:genvalqe_ IS melcn.bmg thle
—0.10, 5,=0.05, 5,-0.01, ands,=0.0, out of whichs,~010 '€ Preserving symmetyThe remaining real eigenvalue
gives differential conductance at the threshold close’t@#. Amix giVes the mixing time ayix= 1\ mix-
If the mixing time is very long compared to the measure-
ment time, the measuring device disturbs the probability am-
2(s)=jm2(t)e*5‘dt= JwF(t)Ze(fsﬂE)tdt_ (8  Plitudes of the qubit lal?> and|b|? in a|0>+bJ1>) only a
0 0 little. The uncertainties of the chargeQ and its conjugate
variable (phase or flux Ad are linked to each other by the
The coefficientb for the linear approximation is determined yncertainty principleAQA®=#%/2. According to this prin-
by calculatingX (s) for two values ofs=0.0 ands=0.1 and  ciple, if the precision of the charge measurement is very
fitting a line. Approximation is valid for values af up to  hjgh, the phase becomes completely undetermined. The in-
0.25 as shown in Fig. 2, corresponding to a time scale ofprmation that can be gathered from the SET contains no
10" ''s. The zero-order teri describes sequential tunnel- information of the phase, and thus the precision of measuring
ing in the transistor and the first-order terimcontains some  the charge within the qubii#|? and|b|?) can be very high.
higher-order processes. The time scales are calculated for a specific set of param-
Doing the linear approximatio(s)=2(sp=0.0)+bs  eters including the higher-order effects by doing the linear
gives zero current in the Coulomb blockade regime: zeros iypproximation withs,=0.10 as explained above. With alu-
the transition matrixI" smear out the higher-order correc- minum structures in mind, the superconducting gap of the
tions. However, by using a nonzero valuesgf one obtains  SET is chosen to b =2.3 K and the charging energies
small transition probabilities id" matrix and nonvanishing Eqp~1.0 K, Ese~5.2 K andE;,,~0.50 K. The gate charges
current even in the Coulomb blockade regime. This allowsand tunneling coefficients are chosen @$,=0.35, Qeer
one to estimate approximately the effect of higher-order con=0.15, |T%|2=|TR|?=0.01. To justify the charge-qubit ap-
tributions by varyings,. The IV-curves corresponding to dif-  proximationEq,> E;, the strength of the Josephson coupling
ferent choices of parametsg are shown in Fig. 3, showing s chosen a&,=0.10 K. Finally, the biasing voltage is cho-
rounding of the steplike behavior, and for a suitable choice 0ken aeVV=16.5 K. This set of values gives the measurement
S, One obtains the differential conductane®2=# at the  tjme tn~2.0<10 s, the dephasing timet,~1.1
threshold, which are observed in Ref. 12. X 10 1%, and the mixing timé,~1.3< 10 %s. The ratio
Varying the parametes, on a small rang¢0.0, 0.13 has  petween the mixing and the measurement times is high, i.e.,
a rather small effect on time scalémeasurement timéns  t_. /t,~65, in agreement with the results in Ref. 6. Though
varies on rangg1.0x 10™*s, 2.4x10"*s], while mixing  the measurement times of order #8s are beyond the reach
time ty, of 1X10"°s is unaffecte] so one can argue that of actual measuring devices, the short measurement time
the effect of the higher-order contributions is small. This canshows that the SSET is capable of distinguishing the two
be understood by observing that for our choice of interactioyubit states even if, in practice, one is incapable of distin-
energyE;=0.50K, the rounding has only small effect on guishing between the two values of current quickly. On the
the two values of the conductivity. F&i— 0, the effect of  other hand, the mixing time of order 1®s well exceeds the
higher-order contributions is increased. However, one ShOU'ﬂme scales of typ|ca| current electrometers—486. For
notice that the above treatment becomes increasingly acCi{SET, the same set of parameters givgs~6.0x 10 8s,
rate asE;,; approaches zero as the paramsggs determined ty~1.0x10" 105, andt,,;,~1.0x 10" 8s. Our approach can-
using the differential corlductance at the threshold. not be used for the NSET at the Coulomb blockade thresh-
Elements of the matriX’ describing the transitions within old, but this region has already been studied in Ref. 9. How-
the qubit are proportional to a small mixing anglelefined  ever, low voltage slows the measurement process, and the

SET
040

Ih/2zeks
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ment time is very short, as the other pdgakrresponding to
the qubit staten=1) propagates in time very slowly. The
mixing effects are small, as the peaks remain separated and
the small visible spreading is caused mainly by the shot
noise. The definition of the mixing time is very conservative,

) as the peaks are clearly distinguishable in SSET well beyond
Pt the mixing time calculated from the eigenvalues. The time
o taken for significant transitions to occur in the qubit is a

longer order of magnitudé.e., 10’ s). For NSET the sepa-
ration of the peaks is not clear and it is, therefore, unlikely to
be a sensitive enough quantum measurement device at the
parameter range used above. Using niobium for the qubit
allows one to use higher charging enefgy, improving the

0.04

5.0x10°

4.0x1(3"3 charge-qubit approximatioB ;<Ey,. This has the effect of
3~0X1g’ increasing the mixing time by more than order of magnitude
0.00 2.0x10 without affecting other timescales.
1.0x10°%

To understand the higher signal-to-noise ratio of the
m 1000 0.0 SSET, note that for NSET the currertsandl; correspond-
ing to different qubit states are determined By;, which
FIG. 4. The probabilityP(m,t) that m electrons have tunneled leads to small diﬂ:erenca)_ | 1- On the Contrary' the Sharp_

in a superconducting SET plotted as a function of tinfier initial ness of thd V gargCurve of SSET results in the factbg— 1,
amplitudesy0.75 (n=0) and y0.25 (n=1). The parameters are paing almost independent of the interaction energy and rela-

given in the text. The graph shows the separation of the two peak%\,eﬂy large. Thus one can achieve short measurement
the faster corresponding to the qubit’s state O and the slower to thﬁmes (cf. Ref. 18. Even the small rounding of the steplike
behavior caused by higher-order contributions does not
0§igniﬁcantly affect this picture. The mixing times for NSET
and SSET are nearly equal because the back-action processes
do not differ qualitatively. Therefore, signal-to-noise ratio for
'SSET becomes considerably higher than that for NSET.

and thus the measurement time is very short. The curve in the b
shows the corresponding evolution for normal-metal NSET.

excluded effect of environment may become significant
making the measurement more difficult.

The system has been simulated numerically by solving This work was supported by the Academy of Finland
Eqg. (7) using the Euler's method for the above parameterproject 53903 under the Finnish Center of Excellence
values. The probabilitieB(m,t) for m electrons having been Project 2000-2005Project No. 44875, Nuclear and Con-
tunneled during time are plotted for the superconducting densed Matter Programme at JYFIWe thank M. Aunola

and normal-metal cases in Fig. 4. For SSET, the measurder useful discussions.
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"The Basset function of integer ordey, is generally defined as an
elliptic integral (Ref. 16

Kv(z)=\/;/[F(%+v)](z/2)”f°fe’zxdx/(x2—1)1’2’”.

The numerical analysis of the Basset function for small values of
the argument is based on Neumann series of Bessel functions.
For a large argument, a good algorithm can be written by
applying the Padéechnique on the asymptotic approximation
for large ZK ()~ (72z)e [ 1+ 3] 1[ (v — 1/2);(v
+1/2);112jz], where §);=x(x+1)(x+2)---(x+]j—1) is the
Pochhammer polynomial.
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