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1. Introduction

In [1, 2] it was shown that Benney’s equations
AP = AT 4 p AP AD n >0,

admit reductions in which only finitely many N of the moments A™ are independent, and
that a large class of such reductions may be parametrised by conformal maps from the
upper half p-plane to a slit domain - the upper half A-plane, cut along N nonintersecting
Jordan arcs, which have one fixed end point on $(\) = 0, and whose other ‘free’ end is
a Riemann invariant of the reduced equations.

A natural subclass of these occurs where these Jordan arcs are straight lines,
leading to a polygonal domain and hence an N-parameter Schwartz-Christoffel map;
an important and tractable subfamily of these is the case in which the angles are all
rational multiples of 7, and in this case the mapping is given by an integral of a second
kind Abelian differential [3] on an algebraic curve. Such examples have been worked out
explicitly, in [3], [4], [5] and [6]. These have looked at elliptic and hyperelliptic curves
as well as a cyclic trigonal example. It is thus worthwhile to generalise this to other
algebraic curves.

In all these examples, reductions have been constructed explicitly - both the
integrand and its integral were evaluated using quotients of derivatives of the o-function
associated with the respective curves. These curves are all specific examples from the
wider class of cyclic (n, s) curves which have equations of the form:

Yt =2+ e e+ e (1)

We suppose that (n,s) are coprime with n < s, in which case the curves have genus
g= %(n —1)(s —1), and a unique branch point co at infinity. In this paper we consider
a reduction associated with a cyclic tetragonal curve, that is, from the class (1) with
n = 4. For simplicity we look at the case with s = 5 here.

2. Benney’s Equations

In 1973, Benney considered an approximation for the two-dimensional equations of
motion of an incompressible perfect fluid under a gravitational force [7]. He showed
that if moments are defined by:

h
An(x,t):/ u™ dy,
0

where u(z,y,t) is the horizontal fluid velocity and h(z,t) the height of the free surface,
the moments A, (z,t) satisfy an infinite set of hydrodynamic type equations

8An aAn+1 8140 . _
5 + D7 +77,An_1%—0 (n—172a-")a (2)

now called the Benney moment equations.
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Identical moment equations can alternatively be derived from a Vlasov equation [8],
[9:
0 0 0Ap 0
of p of _ 94¢0f = 0. (3)
Oty Oor  Ox Op
Here f = f(x,p,t) is a distribution function and the moments are defined instead by

oo
We assume throughout that f is such that all these moments exist. The equation of
motion (3) has the Lie-Poisson structure :

of SHY
E + {f’ W}p,x - 07 (4)

where {-,-} , is the canonical Poisson bracket. Kupershmidt and Manin showed
directly that the moment equations are Hamiltonian [10], [11]. If we set H = L H, =
%(AQ + A%), A= (Ao, Al, .. .), then

0A oH
- _ B )
ot 0A (5)
where the matrix operator B is given by
0 0
Bn m — An m—17_ a3 An m—1-
’ Hintm—lg, + " o ol

This is consistent with (4) in the sense that if H is some function only of the moments,
the moment equations resulting from (4) and (5) are identical.

Benney showed in [7] that system (2) has infinitely many conserved densities,
polynomial in the A,,. One of the most direct ways to calculate these is to use generating
functions [10]. Let A(z,p,t), a formal series in p, be the generating function of the
moments

Ay
pn—i-l

Mz, p,t) =p+ ) (6)

and let p(x, A\, t) be the inverse series

] Hm
p(x7)\7t) = >\ - Z )\m+1'
m=0

We note here that if A, = ffooop”f dp is substituted into (6), then this can be
understood as the asymptotic series, as p — 0o, of an integral

_ T t)
/\—p+/oo - 1) dp'. (7)

Here p’ runs along the real axis, and we take J(p) > 0. It follows that \(p) is analytic

in its domain of definition. If f(p) is Holder continuous, the boundary value, on the real
p-axis, of A(p) will itself be Holder continuous.
Comparing the first derivatives of A(z,p,t), we obtain the PDE

O O\ OX (ap Op 8A0> -

ot Por "o \ot Par T an
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If we now hold p constant, this gives
O\ ON DAy ON

o P ooy C 9)

which is a Vlasov equation of the same form as (3). Thus (3) and (9) have the same
characteristics. Any function of A and f must satisfy the same equation.
Alternatively, if we hold A constant in (8), then we obtain the conservation equation
dp 0 (1,
—+— |z Ay | =0. 10
8t+8x(2p+ 0) (10)

Substituting the formal series of p(x, A, t) into (10), we see that each H, is polynomial
in the A, and is a conserved density. Any of the H,, could be used as the Hamiltonian
in (4), and the resulting flows all commute. From this we define the Benney hierarchy
to be the family of evolution equations

of 10H,

— — =0.

ot {f Y }

Again, A satisfies an equation analogous to this,

O\ 10H,
RO R

so that both f and \ are advected along the same characteristics. These characteristics
SH,
of

are flows of a Hamiltonian vector field, with Hamiltonians

(57) - (),

where (+), denotes the polynomial part of the Laurent expansion.

given by the relation:

2.1. Reductions of the moment equations

Suppose that for some family of points, p = p;(x,t), A(p;) = Ai(x, t), we have

O\
p P=p;
Then (8) reduces to:
O\ s N 0
o Pior T
where %Ati = % p=p; and % = % b We say that \i is a Riemann invariant with

characteristic speed p;. We will see that there are families of functions A(p) which are
invariant under the Benney dynamics, and are parametrised by N Riemann invariants
i
A hydrodynamic type system with N > 3, independent variables can not in
general be expressed in terms of Riemann invariants. If such a system does have N
Riemann invariants, it is called diagonalisable. Tsarev showed in [12] that if a diagonal
hydrodynamic-type system
ot + Ui()‘)% =

0 (i=1,2,...,N). (11)
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is semi-Hamiltonian, that is if

o ()=o) izitk
V; — Uk Vj — Uk

for 7, j, k distinct, where

0
N,
then it can be solved by the hodograph transformation. Any Hamiltonian system of

Ok =

hydrodynamic type is semi-Hamiltonian. Given a second equation of type (11)

ax < O\ .
o+ (/\)ax 0 (i=1,2,...,N), (12)

and requiring it to be consistent with (11), we find that the w;(\) must satisfy the

over-determined linear system
Irpw; Ok Vi

. ik (13)

These equations are consistent provided (11) is semi-Hamiltonian. If the condition (13)
holds, we say that (11) and (12) commute. In this case a set of equations for the

W; — W U; — Vg

unknowns A;(z,t) is given by :
wi(A\) = v;(\) t + x, (i=1,2,...,N)

where ¢ and x are the independent variables. Thus any reduction of this type can be
solved in principle.

This generalized hodograph construction cannot easily be applied directly to the
Benney equations however, as these have infinitely many dependent variables. Instead
we will now consider families of distribution functions f, which are parameterised by
finitely many N Riemann invariants A;(z,t). We are interested in the case [1], [2] where
the function A(p, x,t) is such that only N of the moments are independent. Then there
are N characteristic speeds, assumed real and distinct, and N corresponding Riemann
invariants (p;, 5\2), so Benney’s equations reduce to a diagonal system of hydrodynamic
type with finitely many dependent variables i,

8;; +131-(A)%=0 (i=1,2,...,N). (14)

Such a system is called a reduction of Benney’s equations.

The construction of a more general family of solutions for equations of this type
was outlined in [1] and [2]. An elementary example is the case where the map A, takes
the upper half p-plane to the upper half A\-plane with a vertical slit as follows. This is
a Schwarz-Christoffel map:

Ay (2, p,t) p+/ Vb dp'.
VI —p)@ —p2)
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If the residue at infinity is set to be zero, then this imposes the condition p; = %(pl +p2)
and we get the solution

Ai(x,p,t) = p1 + /P2 — (p1 + p2)p + P1p2
:ﬁ1+\/(P—ﬁ1)2+2A0

(from the expansion as p — oo). This gives a steadily translating solution of Benney’s

equations (4)
of 1,
ek S I G}
BN +{f, 2p + O}I,w 0

The two parameters p; and p, are not independent, as for consistency their sum must
be a constant. Hence only the end point of the slit in the A-plane is variable. This is
the Riemann invariant.

This construction can be generalized, [2], mapping the upper half p-plane to the
upper half A\-plane with N curvilinear slits. However, in this paper we are specifically
interested in straight slits - these mappings are all of Schwartz-Christoffel type.

2.2. Schwartz-Christoffel reductions

The case of a polygonal N-slit domain is of particular interest. The real p-axis has M
vertices u; marked on it; the preimage in the p-plane of each slit runs from a vertex p,,
to a point 0;, the preimage of the end of the slit, and then to another vertex p;;;. The
angle 7 in the p-plane at p; is mapped to an angle o;7 at the image point. The internal
angle at the end of each slit is 2.

The mapping function is then given, up to a constant of integration, by

e -
A= ! d
/ [HQ-N <p—ﬁ«>1aj]

Jj=1

If the integrand is to converge to 1 as p — 0o, we require 2351 a; = N, while to avoid a

logarithmic singularity, we further impose Zj\il ajp; = Zfil 0;. We then define A more

A_“/p [ 1Y, (p— o) _1]dp_

M A J— .
—00 Hj:l(p_pj)l “

Other constraints are imposed by requiring the vertices p; to map to points \?, the fixed

precisely as

base points of the slits; there remain N independent parameters, which can be taken to

be the movable end points of the slits \;(x,t). These satisfy the equations of motion
o\ . O\

T

To understand and to solve these equations, it is necessary to understand the dependence

=0.

of the 0; on the Riemann invariants (A1, ..., Ay) - we thus need to evaluate the Schwartz-
Christoffel integral explicitly.
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The most tractable cases are where all the a; are rational, so that the integrand
becomes a meromorphic second kind differential on some algebraic curve. In this case
the only singularity is as p — oo, where the integrand has a double pole with no residue,
and the integral thus has a simple pole. For specific families of curves, as in [3], [4], [5]
and [6], this integral has been worked out explicitly. In each case, these mappings were
found as rational functions of derivatives of the Kleinian o-function of the associated
curve.

3. A tetragonal reduction

We will consider reductions that allow us to work on a tetragonal surface; these have not
been considered before, in the context of this application. Such reductions will require
two or more sets of straight slits, making angles of 7/4,7/2,37/4 to the horizontal.
Define P to be the upper half p-plane with 14 points marked on the real axis, as in
Figure 1.

D1 0 i Ua P3 U3 P4 i U4 Ps Us 7 Ug Ps

Figure 1. The domain P within the p-plane.

These points satisfy

P1 <01 <Pa < Vg <pPg<U3<ps<ps<ty<ps<us<pr<uvp<ps.
Then define the domain £’ as the upper-half A-plane with two triplets of slits, as
described above. We let the first trio of slits radiate from the fixed point p;, with
the end points of these three slits labelled vy, v and wvs respectively. Similarly, let the
second trio of slits radiate from ps; and have end points vy, vs,vg. Finally impose the
conditions that

A(P) = p, P1 = P2 = P3 = P4,

A(@) = v, D5 = P = P7 = Ds-
We then see that £’ is the slit domain as shown in Figure 2, and the mapping A : P — L’
can be given in Schwartz Christoffel form by

Ao =+ [ o) - iy (15)

where
I — o) _ [T (p — ) 16
STTTIETE v 1o

where

y' = H(p — Di)- (17)
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D7
s

Pa
s

Figure 2. The domain £’ within the A-plane.

Figure 3. The domain £ within the A-plane.

Note that we require the following zero residue property:
: 1
pli)rrolo o(p) ~14+0 <}¥) : (18)

This mapping would lead us to consider the Riemann surface given by points (p, y)
that satisfy (17). However, we wish to consider the simplest possible tetragonal surface
(one with only six branch points) and so we collapse two of the slits, (the final two by
choice). This simplifies our A-plane to £, given in Figure 3.

Further, as in the trigonal case, the analysis of this surface is eased if we put it into
canonical form, by mapping one of the branch points (ps by choice), to infinity. So we
use the following invertible rational map to perform these simplifications on our curve
and integrand.

Pe = Pg, Dr=Ds, Us=Dps, Us=Ps,
p :ﬁS_(l/t)v p p8 1 Z:]-7 75 (19)
5
sk 1
V=0 where k' = — H(pg—pl— HT
i=1 "¢

If we perform the mapping (19) on the curve (17) we obtain

st R Y 2 T S - B |
t_szlﬂ(pg‘fp“i) (=i-n) =511(7 )
5
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This simplifies to give the following canonical form of (17).
5
st =Tt =T) = + pat* + pst® + pot® + pat + po, (20)
i=1
for constants po, ..., ps. Let C denote the Riemann surface defined by (20).
We now consider A(p) as mapping P — L by performing (19) on the integrand

(16).
N R 1 N\ 1
e(p)dp = <ﬁ> E <p8 7 Uz)] (ps i ps) (_t_th)
N [, 17 /1\*/ 1
= () [T =01 ”] Al () (-2)
Li=1
4 3 2 L dt _
= K [Agt" + Ast® + Aot® + At + 1] 51 = o(t)dt, (21)
where K = —4/k® and A, ..., A4 are constants. We will evaluate this integrand using

Kleinian functions defined upon C.

4. Properties of the tetragonal surface C

The Riemann surface C' is defined by (20), the cyclic tetragonal curve of genus six.
This is also referred to as the cyclic (4,5)-curve. The surface is constructed from four
sheets of the complex plane, with branch points of order 4 at T3, ..., T5, T = 0o, a local
coordinate at t = oo given by ¢ = t~/* and branch cuts along the intervals

[Tl, Tg], [TQ, Tg], [Tg, T4], [T57 OO] .

This surface was recently considered in [13], where the aim was to generalise the theory
of the Weierstrass p-function to Abelian functions associated with (20). We will give
the essential properties of the surface here, but refer the reader to [13] for some of the
details and proofs.

We start by noting that there are a set of Sato weights associated to the surface,
which render all equations within the theory homogeneous. The weights of the variables
t, s and the curve constants can be determined up to a constant factor, from the curve
equation. We may set the weights as below.

t S | Mg | M3 | M2 1 Ho
Weight | -4 | -5 | —4| -8 | —12 | —16 | —20

The weights of other variables and function in the theory are derived uniquely from
these, with all other constants are assigned zero weight.
We define a basis of holomorphic differentials upon C' by

o ] o gi(tv S)
du = (duy,. .., dug), du;(t,s) = 153 dt,
gl(tv 5) = 17 g2<t7 8) = t? g3<t7 8) =S

where (22)

94(t78) = t2a 95(t78) = t'Sv gG(t7S) = 82‘
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We can use the local parameter £ to express these as series,

duy = =7+ O(§1)dg dug = =& + 1€° + O(€7)d¢
duy = =%+ O(€7)d¢ dus = —&' + 31® + O(£°)d¢ (23)
duz = —&° + O(€9)d¢ dug = —1 + st + O(€°)d€.

We know from the general theory that any point u € C°® can be expressed as

6 P
u = (u17u27 us, u47u57u6) = E / d’U,,
=1 7Y

where the P; are six variable points upon C. Integrating (23) gives

U = _ﬁgll + O(§15) Uz = _%gﬁ + O(flo) us = _552 + 0(66)
up= 1 +O0(E)  w=—4E+0E) ue=—E+0().

from which we can conclude that the weights of w are:

(24)

4

Uy U2 us Uyq Us Uy
Weight +11 |47 |46 | +3 | +2 | +1

Next we choose a basis of cycles (closed paths) upon the surface defined by C. We
denote them
aiaﬁja 1§27]§67

and ensure they have intersection numbers
1 if 1=
0 if i#7 "

Let A denote the lattice generated by the integrals of the basis of holomorphic
differentials around this basis of cycles in C. Then the manifold C®/A is the Jacobian

variety of C', denoted by J. Next, for k = 1,2, ... define XA, the Abel map from the kth
symmetric product Sym*(C) to J.

oA : SymH(C) — J
(Prr... P (/Pldu+...+/Pkdu> (mod A), (25)

e} [e.e]

;- a; =0, Bi- B =0, ai'ﬁj:(sz‘j:{

where the P; are again points upon C. Denote the image of the kth Abel map by W,
and let [—1](u,...,us) = (—uq,...,—ug). We then define the kth standard theta subset
(also referred to as the kth stratum) by

O — W U [~

When k£ = 1 the Abel map gives a one dimensional image of the curve C'. Since our
mapping was given by a single integral with respect to one parameter, it will make sense
to rewrite this as an integral on the one-dimensional stratum, O, In addition to [4],[5]
and [6], similar problems of inverting meromorphic differentials on lower dimensional

strata of the Jacobian have been studied, in the case of hyperelliptic surfaces, in [14],
[15], [16] and [17] for example.
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Let us also define a basis of second kind meromorphic differentials, dr, for the
surface; these have their only pole at co. These are determined modulo the space
spanned by the du and can be expressed as
hj(t,s)

53

dr = (dry,...,drs), where dr;(t,s) = dzx.

A specific set was derived in [13] in order to construct Klein’s explicit realisation of the
fundamental differential of the second kind. This set was given as

hy = —s"(116% + 8%y + Stps + 2p2),  ha = —5° (787 + dtpug + pu3),
hg = —2ts(3 + 2tpuy + piz), ha = =3ts*, hs = =2%s, hg = —1’.

We then define the period matrices w’,w”,n" and n” by

!/ __ "o
2w = (fak du@> k,=1,....6 2w = (fﬁk dué) kf=1,....6

2 = (§,, dre) 2" = ($,, dre) |
g fo‘k e kyt=1,..6 g fﬁk " kt=1,..6

geoey

We can combine these into

(.U/ UJ//
M = / /! )
U

which satisfies the generalised Legendre relation,

w0 Yo im0 1)
1, 0 2 {1, o

5. The Kleinian o-function associated with C

We will now define the multivariate o-function associated with C', which is constructed
from the f-function, (see for example, [18]). This function is a generalisation of the
classical Weierstrass elliptic o-function, and as in the elliptic case, it can be used to
construct Abelian functions on J.

Definition 5.1. The Kleinian o-function associated with C' is
7(u) = o (u: M) = cexp (— Jun' (@)~ ut) x 0] (@) T | () )

= cexp (— sun/ (W) tu”) x Z exp [

2mi{ §(m + 8 (@) 71 (m + &) + (m+ 8)T ()l + 57 ).

Here ¢ is a constant dependent upon the curve parameters, (o, i1, pi2, s, tha). The

results of this paper are independent of this constant, so we do not discuss its value here.
’/
The matriz 6 = 5 s the theta function characteristic which gives the Riemann

constant for C" with respect to the base point co and the period matriz [w',w"], (see [19]
p23-24).
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We will evaluate the integrand using derivatives of o(u), with respect to the Variables
u. We denote these o-derivatives by adding subscripts. For example we erte == as 0;.

Lemma 5.2. We summarise the fundamental properties of the o-function in thzs lemma.
Further details and proofs are available in [13]. For a detailed study of the general
multivariate o-function, we refer the reader to [19].

e Given u € CS, denote by uw' and u” the unique elements in RS such that

u=u'w +u’w’. Let { represent a point on the period lattice

(=0 +10"W" € A
For w,v € C° and ¢ € A, define L(u,v) and x(¢) as follows:
L(u,v) = u' (v’ +1"v"),
x(0)  =exp[ri(2(T8" — ")+ 070",
Then, for all w € C% ¢ € A the function o(u) is quasi-periodic.

o(u+ ) =x({l)exp [L ('u, + g,fﬂ co(u). (26)
o For~ € Sp(12,7Z) we have
o(u;yM) = o(u; M). (27)

e o(u) has zeroes of order 1 when u € OV and is non-zero elsewhere.

e [n the case when all the curve parameters are set to zero, the function o(u) is equal
to a constant IC times the Schur- Weierstrass polynomz’al

W 15 8 4 7 4
S 45 = MUG + 336U6U5U4 U6U1 126u6u3u5 6U4U,3U5U6
13,6 1,112 4 1 3.,
— 75 Uslg — 33351 U6 Us T 27u5u6 + u4u5 3 — 2uluguzus — uiug
2 2, 1,4,3 L 9,2 17,4 1,8
— §u5u3u6 — UgU3 + T5ULUG — 3957 %6Us — 75 UeUs T 1008u6u2

1 1 2 1 64 1 12
+ u5uz+ u6u3 9u4u5+ 399168 U

6 Us + u4u6u5uQ + u4
1
+ 2U5U3U2 —|— U5 u6 U9 + U65UQU4 -3 U4 U6 Uz + 5 U43U6 U5

— L Pugust — & ustugugt + uauguy — usug. (28)

3 36
e The sigma function must have definite parity and weight. From SW,5 above we can

conclude that o(u) is odd with weight +15.

One of the key results in [13] was a Taylor series expansion for o(u) about the
origin, used to derive relations between the Abelian functions associated with C'. We
will use this expansion in the evaluation of the integrand given in Section 7. In [13] it
was shown that this expansion could be constructed in the form

o(u) = o(uy, ug, us, uy, us, ug) = Cs(w) + Cro(w) + ... + Crsran(u) + ...
where each C} was a finite, odd isobaric polynomial composed of sums of monomials
in u; of total weight +k, each multiplied by a monomial in p; of total weight 15 — k.
From Lemma 5.2 we can conclude that Ci5 = SWy 5, while the other €}, were found in
turn, up to Cs9 by considering the possible terms, and ensuring the expansion satisfied
known properties of o(w). (See [13] for full details of the construction, and [20] for a
link to the expansion.)
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6. Deriving relations between the o-function and its derivatives

We will evaluate the integrand (21) as a function of o-derivatives restricted to O, In
order to achieve this we will need to derive equations that hold between the various
o-derivatives. In [13], sets of relations between the Abelian functions associated with
C were calculated. However, these were the relations that held everywhere on J, and
do not give us sufficient information for the behaviour of o(u) on the strata. To derive
such relations we start by considering a theorem of Jorgenson [21]:

Theorem 6.1. Let u € O for some k < g. Then for a set of k points P; = (t;,s;) on
C" we have

k P,
u = Z / du,
i=1 v
and the following statement holds for vectors a,b of arbitrary constants.

2j-1405(u) _ det[aldu(P1)| - |du(Py)|du(P) 1] - |du(P) )]
25 bioj(w) - det [bldu(Py)| - - [du(Fy)[du(Py) 0 D] - |du(Fy) D]

Here, du'” denotes the column of ith derivatives of the holomorphic differentials du,
and should be ignored if i < 1.

Below we state that the strata of C' can be defined by the zeros of the o-function, and
of its derivatives. The definition of ©F) is a classical result (in Lemma 5.2) while the
others can be derived from the theorem above. (See Appendix A for full details.)

0P = {u | o(u) = 0}

O = {u | o(u) = g(u) = 0}

O = {u | o(u) = g4(u) = o5(u) = 0} (29)
O = {u | o(u) = o4(u) = 05(u) = o4(u) = 0}

O = {u | o(u) = g4(u) = 05(u) = ou(u) = 03(u) = 0}

We use these defining relations to generate further relations between the o-derivatives,
holding on each stratum. We use a systematic method, implemented in Maple, to
achieve this.

Start with the relation o(u) = 0 valid for u € ©Pl. Consider u as it descends to
0. We write u as u = 4 + ug where 4 is an arbitrary point on oM and ug is a vector
containing the series expansions, (24). We can calculate the Taylor series expansion in
€ for o(t+ue) =0 as

0=0(a+ug) = o(@) — o6(@)€ + 3[o66() — 05(@)]E* + [3056()
— 304(@) — 50666 (@)]E° + [§055(@) + 5046(@) — J0566(T)
2406666( )] [% Ts5666 () + 5045(17:) - ﬁaﬁﬁ‘ﬁb’ﬁ(ﬁ) - %0466(11)

— $0556(@) + 3506(@) 11a]€° + O(£°)
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Setting the coefficients of € to zero gives us a set of relations for u € ©1:

os(u) =0
066(”) = 05 (’LL)
oes(w) = 305(w) — 204 (w) (30)

U6666<u) = 60566(U) — 80’46(’11,) — 3055(U)

066666(11') = 1005666(“) — 200466(“) — 150’556(U) + 20045(U) =+ 6#40’6(’&)

If we calculate the expansion to a higher order of £ then more relations can be obtained.
Note however, that the expansion for ug must first be calculated to a sufficiently high
order first. We have calculated an expansion for o(@+wug) up to O(£?), using the weight
properties of o(u) to simplify the calculation. This expansion can be found on-line at
20].

The next step in this process will be to find the relations valid for u € OB, Since
OB ¢ M we can conclude that the relations (30) are valid here also. However, we can
derive a larger set of relations for u € ©F! by repeating the descent procedure for those
relations that are valid on ©M.

We do not need to consider the relation o(u) = 0 since that will only give us the
same relations as above. Instead choose the second defining relation og(u) = 0. We
again write u = @ + ug where ug is the vector of expansions as before and @ is now an
arbitrary point on ©F. We do not need to calculate the Taylor series expansion in & for
o6(T + ug) as before. Instead we can take the previous expansion and simply add 6 to
each index:

0= 06(@) — 066 (@) + 5[0666(A) — T56(@)]E7 + [50566 () — 50u6(T)
— %06666(’&)]53 + ...
Setting the coefficients of & to zero gives us more relations valid for u € OB, starting

with ogs(u) = 0. We can obtain further relations for u € ©F! by descending all of (30).
We automate this process in Maple as follows:

1. Take a relation valid for u € O and expand as a Taylor series in £. To do this we
replace each o-derivative by the Taylor series expansion for o(@ + u¢), adding the
relevent index to each o-derivative in the expansion.

2. Set each coefficient with respect to £ to zero, and save the resulting equations.
3. Repeat steps 1 and 2 for all known relations valid for u € M.

4. Use the set of equations we have obtained, to express the higher index o-derivatives
using lower-index derivatives. If we have o-derivatives with the same number of
indices, solve for those with the higher indices first.

Once we have finished this process we will have a set of relations valid for u € 6B,
We can repeat the process by descending each of these to ©F creating another set of
relations which we can finally descend to O, We end up with a set of relations valid
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for w € O, some of which are contained in Appendix B, with the full set we have
derived available online at [20].

The surprising result of these calculations was that on O we have o)(u) =
oa(u) = 0 along with the other first derivatives of o(u), concluded to be zero using
Theorem 6.1. These calculations were computationally much more difficult that in
[6]. The latter stages were performed in parallel on a small cluster of machines, using
Distributed Maple, (see [22] and [23]).

7. Evaluating the integrand
Recall our integrand, (21)
A 1 dt
tdt = K (Ad> + Ast + Ao+ —+ = | | — |-
() (4 + Ast + 2+t+t2><4s3)

Now, A(t) was given by a single integral with respect to one parameter, the point (t, s)
on C. So we rewrite this as an integral on the one-dimensional stratum O of .J, which
we will parametrise by u;. We will then evaluate it using o-derivatives restricted to O
In [6] Jorgenson’s Theorem was used to express ¢ in terms of o-derivatives. However, if
we solved (A.3) naively for u € OY we would find

01 (u)

b= )

which makes no sense given that oy(u) = 0 for u € O, Instead let us take equation
(A.2) which was also derived from Jorgenson’s Theorem (in Appendix A) and which
holds for w on ©2. We consider what happens to this as u descends to O, We replace
(t2, $2) with the expansions in the parameter { and replace the o-derivatives by their
Taylor series in . If we then take series expansion of this in ¢ and set £ = 0 we find
that for u € O we have

a1093(w) + azos(u)  art — as

bioos(w) + byosg(u) byt — by
Solving this for ¢ gives:

_ 0'23(11,)

b= 0'34(’U,>

(31)

for u € O, Therefore, using the basis of differentials (22) and equation (31) we can
rewrite our integrand as:

o(t)dt = Ko (t)dt + @o(t)dt] (32)
where

QOl(t)dt = Agdul + AgdUg + A4dU4, (33)
0o (t)dt = ((034(“)> - A1034(u)> duy = o (u)du. (34)

093 (U) Jgg(u)
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Thus ¢ is a sum of holomorphic differentials on C', and s is a second kind meromorphic
differential. As in the previous cases we will need to find a suitable function ¥(wu) such

that

d
—T(u) = po(u), uecol (35)

dU1
We will identify such a function W(u) as follows. First we must derive the
expansions for pq(u) at its poles. We will then find a function W(w), which has simple
poles at the same points as the double poles of ¢o(u), and which varies by at worst an
additive constant as u moves round the « and -cycles of ©;. The function will be chosen
so that %\I/(u), has the same expansion at the poles as @9 and is regular elsewhere.
It then follows that the difference d%l\lf(u) — @9(u) is holomorphic and Abelian; by
Liouville’s theorem we conclude that this difference is a constant. This constant may

be evaluated at any convenient point.

7.1. The expansion of pa(u) at the poles

Recall that o(u) was an entire function, and so ¢o(u) will have poles only when
o93(u) = 0. Since we are working with w € O, by (31) this will occur at the points,
one on each sheet, where t = 0. The cyclic symmetry [i], relating the different sheets of
the curve, acts on (¢, s) by [i](¢,s) — (¢,is); hence, it will act on u as follows:

U > iUy Ug > iug Uz — —U3 (36)
Ug > Uy Us — —Us Ug — —iUg.
Let ug be the Abel image of the point on the principal sheet where o935 = 0. This is

/4 Then the full set of zeros of go3 are given by

the point where t = 0 and s = (u)
uo,n = [i|Muo, N = 0,1,2,3. We will require the poles to match at all four of these
points.

We need to find an expansion for @s(u) at these points. To start, we consider
w € OM and calculate the Taylor series of o(u) around the point u = wug =

(U1, Uo 2, Uo,3, Up 4, Up 5, Up,s). Writing w; = (u; — ug,;) we have
o(u) = o(ug) + [o1(uo)w1 + o2 (ug)ws + o3ws(ug) + o4(ue)wy
+ o5 (o) ws + 06(uo)we] + [3011 (wo)wi + o12(Uo)wiws + 013(o) w1 ws
+ o14(wo)wiwy + 015(o ) wiws + 016(Uo)w1we + 3022 (Ug)WS + . ..
We will have similar expansions around the other ug n, and we can also use this
expansion to easily compute the expansions for the o-derivatives, (by simply adding

the relevant indices). Note, that since ug n are the points where t = 0, we can write
their components as

0
ugz]:/dui, 1=1,...,6.

o0

evaluated on the sheet where s = [i]™(uo)'/*. Therefore

t 0 t
w; N = (u; — ug]z]) = / du; —/ du; = / du;,
00 0o 0
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evaluated on this sheet. Using (22), our basis of holomorphic differentials, we can find
expansions for wy y,...ws n in the parameter ¢.

I i igNMth ﬂ&uzﬂo — T3

= t— — ¢
N (96usp0® — 168 piapio + T7p1%)
— th+0 (¥ 37
2048 N015/4 + ( ) ( )
1N o 1N 36Y 8uapo — Tpn® 4
- 2 - = - th+ 0ot
Wa2,N 8#03/4 16 ﬂ07/4 512 N011/4 + ( )
12N 1 iy PN dpgpe — 3
WsN = 1 at T e el T og ez ¢
o Ho Ho
B ﬂSNSMOQ — 124 popio + 5#13t4 10 (t5)
256 [IJ07/2
1Y g 3Vm
=— - — t+O(t°
Wa,N 12 M03/4 64 ,U07/4 + ( )
1 2N 1 2N '2N4 -3 2
Wy = - 21/2 2 Lt 3letg Vsl - F1” +0 (t5)
1 3N 1 3N 13N 8 -5 2
We.n ¢ Lt Mltz_z_ M2 o ! 43

N = Zu(l]M 39 1105/ 384 110%/4
7;3N (

2 3

ST 32p3100° — 40?31//:2#0 + 15411 >t4 +0 ()
Ho

Note that all these expansions are given for the general sheet since we need to check the

behaviour at all the poles. We can move between the sheets by selecting the appropriate

value of N. We can invert (37) on the N-th sheet to give an expansion for ¢ in wy y,

allowing us to use w; n as a local parameter near ug n.

t=4 iSN,uog/‘LwLN + 6u1i6Nu(1)/2wiN +0 (w:f,N) .
We start by substituting for ¢ to give the expansions of ws y, ..., ws y With respect to
Wy N-

Wy N = 22’3N,u03/4wiN +0 (wiN)

(38)
/

5N, 2

1 4
2N g/ pi*Mwt O (wi ) -

. 2 1
We N =1 wi N + fg

We use these in turn to give the o-derivative expansions at wg,n as series in w; n. For
example we have,
1 1
ON 3 N 1
o93(u) = oa3(uo,N) + <Z i O236 + 0123 + 17 g 0233) (wo,N ) w1, N
2
+ O (wL N) )

We substitute these into (34) to obtain an expansion of ¢y(u) at u = ug,N, as a series
in w; n.

4 . 1
0233 + 12V 1y " 0936 + 0123

1 034 ’
2\U) = Uo,N 39
pa(u) (iN,u(l)/ /2 ) ( ) + (39)
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C(’U,O’N)

W1, N

+ + O(w?}N) (40)

where C(uo,n) is a polynomial in the o-derivatives, which we need to evaluate to ensure
that (odt has zero residue.

In the previous section we derived a set of relations for u € O, but these are not
sufficient to simplify C(uo,n). We need to generate a further set of relations which are
valid only at u = uo, . We do this using a similar approach to the previous section. We
take a relation valid on O and calculate its expansion around u = Uo,N as a series in
w1, N, using the series derived above. We then set to zero the coefficients of w; x. We do
this for each relation valid on O and obtain a set of equations between o-derivatives
at the points u = wug,n. The first few such relations are given in Appendix C, with a
fuller set available online at [20].

If we substitute these into the expansion of vy(u) we obtain

1 1

w = | T e — )
w2\u) = + |: 4,U/0 1— 3[11 :|
16 22 | wiy |16

+O0(wiy)  (41)
wi,N

Recall equation (18) which stated that ¢(p) has zero residue at p = oo on all sheets.
Since residues are invariant under conformal maps, we can conclude that ¢o(w) must
also have zero residue, and so the constant A; must be equal to

3 i2N 1] 1

Al = T
4 o

EW — + O(w?,N). (42)
0

giving  ¢o(u) = [ 2
1N

7.2. Finding a suitable function V()

We need to derive a function ¥(u) such that the Laurent expansion of %(lu) has the same
principal part at the poles as po(u), so we will restrict our search to linear expressions
in o-derivatives, divided by o93(w). For these functions we will derive expansions in
wy,n at u = ug,n using the techniques described above. Let us take the function

V()= ) ni%—i- > iji_((uu))Jr 3 nijkgijk(U),

- — oy 023(“)
1<i<6 1<i<j<6 1<i<j<k<6

[1,71#(2,3]

where the 7;; and 7, are undetermined constants. (Through trial and error we found
that 3-index o-derivatives were required in the numerator). Now, since we are working
on O we will find that many of these o-derivatives are equal to zero, or can be expressed
as a linear combination of other such functions using the equations in Appendix B. Let
us set the coefficients of these functions to zero, leaving us with

U(w) = 22022 + 34034 + M110111 + M220122 + 1230123 + 1340134

+ 122209229 + 12230223 + 12240924 + N2250225 + 12260226 1+ 12330233

+ 12340234 + 12350235 + 12360236 + 113340334 1 113440344 + 13450345
1

Ugg(u) ’

+ 773460346] (U) :
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We emphasise that we need to work with the total, not the partial, derivative of ¥ (u)
with respect to u;; in practice the other u; are expressed in terms of w; y in the vicinity
of ug,n so there is no ambiguity. Note from (22) that

Therefore
D=L = 0 14 0 0 1pd g0 20
duylell  Ouy Ous Ous Ouy Ous Oug
0 ou(u) 0 9 oos(w)\> 9 o O, 0
:8u1_034(’u,)8uQ+ Jus (034(u)> 8u4_80_348_u5+8 dug

We can now evaluate ﬁlll(u) as a sum of quotients of o-derivatives. For example

0236 01236 02360123 02236 02360223 02336 02360233
Di|—) = - 3 — + + s — S B
023 023 0353 034 023034 023 033
2
02302346 02360234 02356 02360235 02366 0936
2 - 2 —S— TS + s —s” e
034 034 O34 023034 023 053

Now let us consider the expansion of D;(V(u)) at w = ug,n. We generate series
expansions in w; y for the relevant o-derivatives using the method described in the
previous subsection. We can use the relations in Appendix B and Appendix C to
simplify these expansions, and so obtain a series in wy y for Dy (¥ (u)). We find,

d N(uo,n) [ 1

—U(u) = w2 T O(wy n),
LN

duq u=uo,n  022(Uo,N)

where N (uo,n) is a linear polynomial in {o92, 0122, 0922, 0223, 0224, 025, 0226 }. This set of
o-derivatives can be used to express all other 2 and 3-index o-derivatives when u = ug, n,
(as in Appendix C). We find the coefficients of N(wug,n) with respect to each of these
seven o-derivatives and determine conditions on the constants 7;;,7;;r that set all the
coefficients, except that of g99, to zero. We then obtain further conditions by ensuring
the expansion we are left with (now independent of any o-derivatives) is equal to (41)
on the four sheets. Imposing these conditions on ¥(u) leaves us with

022 0111 0935  8Mazfto — 1 0236 0334
U(u) = [7722— + ir—— + 21334 + + N33a—— | (u).
023 023 023 4o 023 023
Note from Appendix C that the terms containing oy11, 0935, 0334 all vanish at the points

u = uo, v and so have no effect on the expansion here. Let us discard these to leave,

ooa(u) | 1(8naapio — 1) oaz6(u)
\IJ(U) = T2 O'Qg(’ll,) * Z Ho 0'23(’11,)

We now have two functions, ¢s(u) and D;(¥(u)), which both have poles at ug n. We

have derived expansions at these points, given in the local parameter w; y, and ensured
that they match. However, we should also separatelyly check, explicitly, what happens
at the point u = 0, since w; x is not a suitable local parameter here. We can instead
use the Taylor series expansion of o(u) presented in [13] and described in Section 5.
We differentiate this to give expansions for the o-derivatives and then, since we are



A genus siz cyclic tetragonal reduction of the Benney equations 20

at the origin, replace the variables uy,...,us with their expansions, (24), in the local
parameter &.

Now, the sigma expansion was given as a sum of polynomials with increasing weight
in w and hence the expansions will have increasing order of £. Since the functions we
consider all contain ratios of o-derivatives we will only need the leading terms from each
expansion, in order to check regularity. Hence we only require a minimum amount of the
sigma expansion, sufficient to give non-zero expansions for the derivatives we consider.
We find that for the functions used here, we can truncate the expansion after Cjs.

Substituting these expansions into ps(u), we find

lim () = lim 2%54 +E 1 0E®)| =o. (43)
0

u—0 £—0

So @o(w) is regular at the origin, and hence we must ensure that U(u) is as well. Upon
substitution into ¥(u), we find that we must set 790 = 0 for the expansion to be regular.
This leaves us with

1 1 o236 (u)

U(u) =—-

4 Mo 0'23(U) ’

with

. . 1 p3 1 (—8pug + 3paps) .1 15
lim W =1 — =0. (44
Jim, W (w) = Jim 28u0€ T 176 1o &0 =0 (4

Now all that remains is to check the periodicity properties of the functions. Recall
equation (26) which gave the quasi-periodicity property of o(u). We can differentiate
this, and use the relations in Appendix B to show that, first, for any ¢ € A, the lattice
of half-periods,

023(U+€) = X(ﬁ) exp(L(u+ g))Ugg( )

asa(u +£) = x(0) exp(L(u + 5, €))as4(w),
for o and its first derivatives vanish on @[1]; hence from equation (34) we can see that
wa(u + ¢) = ¢o(u) and so is indeed Abelian. Further, we find that:

oaz6(u + 0) = x(€) exp(L(u + §,0)) - [ L(w + 5,0) - 023 + 0a36]. (45
It then follows that:

dug

11 0'236('!1/—’—6) 11 0
U ()= —— BT ) — - —
(u+ ) 4[,60 O'Qg(’lll‘i‘f) (U) 4/L0 du6

Hence D;1(V(wu)) is Abelian, though W itself is not, and we may now write our integrand
(t)dt as

(L{w+3,0)

wo(u)duy + Agduy + Asduy + Ayduy = Dy (V(u)) + B du, (46)
for some vector of constants BT = (By, By, Bs, By, Bs, Bg).
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7.3. Fvaluating the vector B

We can evaluate the vector B by considering the integral of equation (46) at the point
u = 0. We can use the expansions in (23), (43) and (44) to obtain the following series.

O—Bﬁf+—£2 <—%+ )53 8#455+ <—%M4+—> ¢°

+ —M—(3M4M0A4 pts — 3ptapo By — 4Azp10 + 4Bayig)€’
0

28
Bg Bs Bs 385
5 IRYL b3 D5 2 (10
288( 1 — 8uu3)¢ +( 20N4 20M3+ 30 X )5
1 1
- ﬁu—@?z‘lzuo — 32By 1o + 1615 — Opiapis — 24410 Aupiz + 2110 Aupi
0

+ 24410 Bajis — 21110 Bapii — 24p1ap10 A3 + 2444410 B2)€M + O(£7?)

Setting each coefficient of £ to zero, we find

1 2A 1(4A

Blz—('u2+ 2#0), BQ:—< 3M0+M3)’ By =0,
2 Lo 4 Ho

B4:A4, Bs=0 Bg=0

8. Obtaining an explicit formula for A\(p)

We now use the results of Section 7 to derive an explicit formula for the mapping A(p).
Start by applying the change of coordinates given in (19) to A(p) as given in (15).

300 =p+ (1o~ = (5= 1)+ [T (610 &)
=) [

1

Pg—p 1 dt
+/0 (K[A4t4+A3t3—|—A2t2+Alt+ ]t24 3>

where the constants Ay, As, A3, Ay and K were defined by equation(21). Note from (31)
that

0'34(’U,)
0'23(11,)

So let us take u € O, and use (47) and the evaluation of ¢(t)dt from the previous

p=ps+ ,  ueoll (47)

section to write A(p) as

Ap) = (ﬁg + Zigz;) - /0,;; LJ dt+K/ { (112 +20A2“°)du1

1(4A 11
LOAsto Fp13) g A4du4} LK / { (———"236(1‘))] dus.
4 Ko duy 4 po 023( )

Integrating, gives

Ap) = (ﬁs + 034(U)) - {034(@} + KFMM

0'23(11,) O'Qg('ll,) 2 o
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11 A
___%(w} + C’
4 Mo O'Qg('l,l,)
1 0935w +2A 4 A0 +
236( ) i 2 2/~L0u1 4 30 T M3
dpo o23(u) 24t 441

1 (4A3p0 + p13)
+

Uy + A4u4] + K {
Ho

U + A4U41 + é

for some constant C'. We can determine C' by ensuring that the following condition on
the mapping is satisfied.

lim A(p) = p+ O (%)

p—00

Note from (47) that p — oo implies o93(u) — 0 and therefore uw — wg,N-

‘ L 5 o34(u)
Z}LHOE[A(p) —pl= u_lﬂ)l,N {C oa3(u)
- » + 924 4 Az +
K(_ __0236( ) N 2 2,U0u1 4 3H0 ,u3u2 +A4U4>}
4 1o o93(u) 240 o

Let us ensure that the condition is met on the sheet of the surface C' associated with
. 1/4 . . : .

limy,0(s) = po’". We can write this as a series expansion in the local parameter wy, (as
described in Section 7.1). Recall that u; = w; + ug;, and use the expansions (38) and
the existing expansions for the o-derivatives to obtain

) 11 K1]|1 A3 11 o996(u
151010[)\(]))—])]: 4_1_3_%_3] w_+ { —§&+K<—1_ ;26((u0>)
P 5 gl o Ho T22(Uo
1 +2A 4 Az 10 +
+ 35 o (e 2MO)UOJ + (4dao ug)uog + Agugq )| + O(wy).
32 g 240 441

Therefore, we must set the constants of integration, é, to be

A3 11 0996(w 1 1 +2A
C’:—ﬂ+K<+—_ 226 ( 0)__ l/;}4__(ﬂ2 Q,UO)UOJ
8 Mo 4 Mo 0'22(’[1,0) 32 Lo 2 Ho
~ 1(4As00 + p13)
4 Ho

giving us the following explicit formula for the mapping A(p).
=i 2] L [l omtonl) L

Ug,2 — A4U0,4)

8 f10 Apo [ o23(u)  022(uo) 32 MSM
+24 AAspo +
+ u(m —up) + M(W ~ t20) F Aufua = U4’0)} 7
210 Apo

where u € O and wug is the point on the principal sheet of the surface C' where t = 0.
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Appendix A. Deriving defining relations for the strata from Jorgenson’s
Theorem

Consider Theorem 6.1 in the case when k = 5. Then for arbitrary a, b

>0 a;5(w) _ det [aldu(P,)| - - |du(P)
S0 bjoj(u)  det[bldu(Py)]-- - |du(Fs)]

Now, as u € O] approaches O we have the point Py = (t5, s5) approaching co. We can

use the local coordinate £ here and hence replace the final column of the determinants
by the expansions (23). When u arrives at O we will have ¢ = 0 and hence the
determinant in the numerator becomes

dtq dty
ar 43 T 43 0
t4csizlf t42% @ 1 -1 0
P R <
42}5 4(51% as tl Ce t4 0
as g3 453 0 _dty dty | a3 s1 -+ 84 0
fidh o fda | T 3377 3.3 £2 . 20
Ay 3 prEa 81 Sy | Q4 1 4
tys1dt tasadt t t 0
tisidiy | tasadty a S1 -+ l4s
as 43 153 0 5 121 424
0 Sd 0 sidn ag s7 - s; —1
6 43{’ 452

The determinant in the denominator will be identical, except with the entries of a
replaced by the entries of b. Hence the factored terms will cancel, leaving us with
the simpler determinants. It is clear from the final column, that when we expand
the determinants the resulting quotient of polynomials will not vary with the arbitrary
constant ag. Hence we must conclude that for u € ©¥ o5(u) = 0. The same conclusion
could have been drawn from considering bg.

O = {u | o(u) = og(u) = 0}.
We repeat this process by considering Theorem 6.1 in the case when k& = 4.

-1 a;05(w) _ det[aldu(Py)| - - - |du(Py)|du(Py) V)]
Soo bios(w)  det[bldu(Py)] - [du(Pr)|du(Py) D]

This time we consider u descending to ©Fl, by letting the fourth point move towards
infinity. The penultimate column in each determinant can be given with the expansions
(23) as before. For the final column we will need to determine the derivative of these

expansions:
CZQ = —10¢" + 0(¢") d;zi = =20+ g’ + O(E°)
CZTU _ 6654 O(€) C;T“ — 1t S+ O(E) (A1)
Tu—ngroE) T = et oeh
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When u arrives at ©F we will have ¢ = 0. Our determinants will again factor and
cancel to leave the numerator as

a 1 -+ 1 0 0
a, t1 - 13 0 O
as S1 s S3 0 0
ag - 20 0
as t187 --- t3sg 0 —1
ag st -+ s2 —1 0

with the denominator identical with b instead of a. From the final two columns it is
clear that the resulting quotient of polynomials will not vary with the arbitrary constant
ag and as. Hence we must conclude that

0P = {u | o(u) = g(u) = o5(u) = 0}.

We repeat the procedure once more for k = 3. We let w descend to ©2 and use the
previous expansions along with the derivatives of (A.1) for the final three columns.
We let € = 0, cancel the common factors and expand the determinants to reduce the
statement to

>y a;0;(u)
j=1437; a1ty Sp —ay8y lg + ass; — azse — agty; + asly

= A2
25:1 bjoj(w)  bits sg —bisits +basy — basg — bsts + bste (4-2)

for u € O, We therefore conclude that
el = {u | o(u) = og6(u) = o5(u) = o4(u) = 0}.

Finally we consider Theorem 6.1 in the case when k = 2. Here, when we let u descend
to Ol we find that the statement of the Theorem involves singular matrices, (resulting
from the final set of series for the derivatives all equalling zero when £ = 0), and hence
gives us no information.

Instead we can consider equation (A.2) which held for u € O, Let u descend to
O here, by using the expansions in ¢ for (¢, s3). We find that

2]6':1 ajo;(u) _ il —ap
S0 boyu) bt~ bs

and so for u € O we can see there is no dependence on ag, as, as or ag. Hence

Ol = {u | o(u) = 06(u) = 05(u) = 04(u) = o3(u) = 0}.

+0(¢) (A.3)
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Appendix B. Relations between o-derivatives on ©I!

25

The following list of equations are valid for w € ©!1. This set contains all those relations

we have obtained that express n-index o-functions for n < 4. A larger set that includes

relations for n > 4 is available online at [20].

1 1
H20235 — 201234 — 01205 — 502223 + 5430233 + H20334 + (110345

0'44:0

0'45:0

0'46:0

055:0

0'56:0

0'66:0

—0236
023

023 + [44034
—%0344
0
—20345
—0346
034

0

0
—2093
0

—034

=0

0444 = 3034

o445 =0
o446 = 0
0455 =0
o456 = 0
o466 = 0
o555 = 0
o556 = 0
o566 = 0
o666 = 0

092222 + 20440123 + 20420234 + 20430134 + 410344

1 1 1
—302224 + 0123 + 5/440223 + 140134 + 5420344 + 130234

0'1:0 0'11:0, 0'24:0

o2 =10 o2 =0, O25 = —034

0'3:0 0'13:0, 0'26:0

o, =0 O = —302, 033 =0

o5 =0 O15 = —023, 035=10

0'6:0 0'16:0, 0'36:0

0112 = H0o034 1 (41023 0156

o113 =0 0166

0114 = —0122 + (11034 + 12023 0244

o115 = —207123 0245

o116 =0 0246

0124 = —%0222 + %#2034 + %H:sffzg 0255

0125 = —50223 — 0134 0256

o126 = 0 0266

o33 =0 0333

0135 = —50233 0335

0136 — 0336

0144 = —0224 + 44023 + [13034 0355

0145 = —0234 — %@25 0356

0146 = —50226 0366

O155 = —0334 — 20935

01136 = —H0034

01144 = H30223 — 201224 — §

01145 =

01146 = —01226 + [2022 + [20236 + 410346

01155 = —201334 — 401235 — 02233 + 2/12022

O1156 = —H1034 — 2071236

O1166 = 207123

01244 =

01245 = %M40233 - %02225 - 502234 - %01344 + %M30334
+5 1120345 + 5130235

01246 = %M3022 - %02226 + %M30236 + %M20346

01255 = [13022 — 02235 — 201345 — 02334

01256 = _%0'2236 - %M2034 — 01346

01266 = 50223 + 0134

01333 = —0po034 + 241093



01335
01355
01356
01366
01444
01445
01446
01455
01456
01466
01555
01556

01566
01666
02444
02445
02446
02455
02456
02466
02555
02556
02666
03333
03335
03336
03355
03356
03366
03466
03555

A genus siz cyclic tetragonal reduction of the Benney equations

4 4 1
= 3M2023 — 31034 — 30233301336 — —20123
— 1 2

= —02335 — 503334 — 5H2034 + 2[43023

1 1
= —350223 — 0134 — 502336
_ 1

= 50233

3 3 3
= 50923 + 30134 — 502244 + 3Ua0234 + 5130344

1 1
= —503344 — 209345 — 502255 + (14022

_ 1 1

= —502256 — 33034 — 02346
1

= 0234 — 502266

= —302355 + 814023 — 303345

= —20934 — 03346 — 202356

= 0334 — 02366 + 0235

= 092 + 30236

= 30934 + 21140344

= 0334 + 0235 — 503444 + /140345
022 + 0236 1 140346

0922 — 03445

—%M4034 - %03446

= 50344

= 10093 + 2414034 — 303455
= —0344 — 203456

= 30346

=0

=0

—30233

0

= —20334 — 20235

= —2095 — 40236

0345 — 02566

=0

03556 —

1
130345 + 50233 — 02245 — 02344 + [440334 + [140235
Ha022 — 02246 + [130346 + [40236

03566 —

03666 —

04444
04445
04446

04455 =

04456 =

04466 =

04556 =

04566
04666
05555
05556
04555
05566
05666
06666

26
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Appendix C. Relations between o-derivatives at uo n

The following list of equations were not valid in general for w € O but are true at
u = ug,n. This set contains all those relations we have obtained that express n-index
o-functions for n < 4. A larger set that includes relations for n > 4 is available online

£ [20].

1 o9 N 1/4
034 = Z—— 71 0233 = —1 Wy 022
2Nt
ot = 0 o — L o922 L oo
111 = 234 = = — ==
G z’Nu(l)/4 442N\ /1o
1 o
_ 3N, 3/4 . 223
O112 = 5022Z Ho / 0235 = —5 1/4
N g
oz =0 0236 = —5022
1 o
2N 223
0123 = =507 /0022 0334 = +—— 71
2 i g
3N QN
Gy = L0122 VT Omfh O3 1 oous 0224
134 = /4 34 7 75 9N 1/4
‘N
21 2y/lo 2 292 /lo Ho
3N 2N ‘N
o 170225 0222 1 [2022
345 2 1/4 6/l 44103/
e — 1 0226
346 =
2 SN, /4
o
2N
01111 = —6M02022Z
_ 2N 3,3 3N
o1112 = =317 \/flo022 + S0t 01221
_ 3, 5/4_ N
01113 = —§,U0 Mg
2N, 2
o o \/_M o 317 "o
1114 = 2092 — - ———(——
2 Vo
3 3 (10122 1 s
2 3N
—50uxn + g S He T 0ot
2 2 2
Ny
_ _3,;N i 9N
o115 = —51° Oaapu1jty + 34/Ho01221
_ 3
01116 = 50220
_ 1 ;3N
01123 = M04U223 — /M @ Noyas
3 1 ,ugO'leul 1 1 3
3 on 3 3N
O1124 = —5————F——— — 717 \/HoO22/t3 — 501222 + [0+ 02247
4 \/ Mo 4 3 2
i 1 p10222 1 p20122
N, 1/4 N, 1/4
0iNuy™  2iNp,
‘N, 2
1 N 2 i mtopn 1 o 1 s 3N
01125 = —5H20227 Ho — 5 T 5y 1/d + SHo* 02250
Mo U o
n 1107122 2 \/ 00222

32N /—M0 + 5 32N
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_1 1 3N, 3
01126 = 51022 T 502261 [0 4

01133 = 2092/l
N2
it 1

28

N
01134 = ——5—— — —M209221" g — 01223 + =

3
Ho* 4
- 1/hoo222 01

9 2N 2N o

1

_ 9N N, 1
01135 = 17 \/M00223 + 1 fig 0122

1
V00223 T1224g
2

1 Loypgp 1 oz
' 2Nt 2N gl

01233 = 0221 — 2N 3N
1.y ¢ 1 pooaiNpy 1 Logogpa 1 01222
Ologq = — =1 ulo + - L g0+ — —
1234 5 Ko 022143 9 MO% 6 2223 1 iN,u(l)/4 6 iN,uéM
1 Voo2s 1 oy 1 ppoia
5 ;2N AN NI
132Nogoay 1 . 11 1 1 01293

01235 =

6 2

2 vV Ho

1. 1
01236 = _522N\/N00226 - 50122
S il YL SN St
1334 o 2#2 22— 502233 iN,u(l)/4

— §N/M022N0'225 - —ué iN0222 + 2022 — EW

‘N ‘N, 2
1 o 3. 1 13 o 1o
01344 = M - §ZNM§U22M4 + 5# — 092234 1 6%
fo fo i g
10223/13 01224 _1 H30122  H10224 _1 H20222
2NNt 2N g 2N g 342N g
1
o _ _10 . 10 4 §,u1,u2022 1 01225 . 1 092223 1#6‘0224
1345 57223 — 22143 i 9 Z.Nlu(1)/4 6 Z'Nu(l)/4 9 43N
L peonay 1 pnogs 1 oopspe 1 01222 1 p1n0ag
4 i3Nu03/4 2 42N /_,UO 4 52N /_,UO 6 72N /_NO 3 Z'3Nlu03/4

1 1 1 poo9s 1 0q296 1 pr10926

01346 = —=0222 — =092236 — — = - ==
1346 60222~ 502236 4iN,u(1)/4 2iNu(1)/4 22N i

3N
H10227 . 1/4
02333 = 23— — 3N 11y 7223
Ko
s — 10 +1 09203 1 oog3pp M(I)/4U224
2334 = 5 22/3 3 iNu(l)/A‘ 22 /i 3N
s = —iV iAo 2 L 0333 12022
3 2 ZNMO/ ZNMO/
09336 = —iN,utl)/40226 — 0923
1#20222']\[,&3 N 1/4 1 029314 1 09004
— e P9 9 z il
OB 5T A P 02ty iN g - 3Nyl
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L ogmps 1 ogoups
62N /o 24N\ /o
P _1022'u4 i §M22022 1 o995 1 0934 1 o
2 8 o 6 Z'Nlu(l)/4 2 Z'N,ué/A‘ 122N /it
_lomsps | 1 omsps 1 pa0em
4PN g 4PN g AP g
09346 = —10224 1oms 1 ‘0226'“2
2 6 iNu(l)/4 492N /1
02355 = — 72235 o2fts 1 .02223 1 '0223,U2
iNpg/t Nt 3N g 23N g/
02356 = —10225 1 om 1 oms 1 ‘:“2(722
2 2 iNM(l)/4 9 iN/L(l)/4 9 ZZN\/%
1 023
02366 = —0226 1 5@
T9566 = _1H2022iN 1 o925 1 09966 1%
2 pod/t 2 Z'Nlucl]/4 2 iN/L(lJ/4 3 Z2N\/%
3 02233 D [1202

03334 = 0229 + = —
2t 2

Taaa = 20914 — e 4o 02234 .0223,U3 1 .02222 1 .,U2U222
210 Z-N,u(l)/4 2Nl 62N /i 3 FERgET
gy = — 2285 0l 1 O 1 23tz
iNpdt Nt 3N g 248N gt
03346 = 1 022 T2236
ot
O3aqs = §M + 3/4iNM4M2022 3 023 3 o994
4 ,M()3/4 ,U03/4 2 ZN,LL(l)/4 9 ’LNp,(l]/4
_ § O224M43 1 022244
202N /g 29N /o
Tagss = —Ogg + 3 pieogapis | 05 1 .0225,U3 n 1 o2
4 Lo ZNM(1)/4 2 Z2N\/m 3 ZQN\/W
L oapps 1 ot
33N 34 243N y3/4
S _1 022/44 02246 1 .agzﬁug
2 Z‘Nué/‘l iNM(l)/4 2 ZQN\//L_Q
s = — Ok 1 opss 1 y22022 1 0235 _ 1 22542
Z'Nlu(l)/4 2 iN,u(l)/4 24N>/t 3 Z2N\/ITO 2 BN 13/
+ i 02222 1#20222
12 i3Nu03/4 3 Lo
1 oy 1 09956 1 09996 1 oot 1 oo to
03456 =

_QZN,LL(I)/ZL §ZNM5/4 622]\/ /Iuo ZZ2N\/,U/_O - 123]\[#03/4
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