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Scaling and Noise in Slow Combustion of Paper
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We present results of high resolution experiments on kinetic roughening of slow combustion fronts in
paper, focusing on short length and time scales. Using three different grades of paper, we find that the
combustion fronts show apparent spatial and temporal multiscaling at short scales. The scaling exponents
decrease as a function of the order of the corresponding correlation functions. The noise affecting the
fronts reveals short range temporal and spatial correlations, and non-Gaussian noise amplitudes. Our
results imply that the overall behavior of slow combustion fronts cannot be explained by standard theories
of kinetic roughening.

PACS numbers: 64.60.Ht, 05.70.Ln, 05.40.–a

Rough interfaces in nature are ubiquitous: a growing
crystal surface, a droplet of coffee on a napkin, a flame
front in a combustible material or a penetrating flux in a
thin film superconductor all are phenomena where rough
surfaces with nontrivial scaling properties may emerge.
Experiments and theory on the kinetic roughening of
driven surfaces have received a lot of attention. Despite
considerable efforts and progress on the theoretical side,
many of the experiments in kinetic roughening can be
explained only partially by the present models [1–3].

In many cases of interest, the kinetic roughening of a
driven interface can be described by a local equation of
motion of the Kardar-Parisi-Zhang (KPZ) type [4],

≠h��r, t�
≠t

� n=2h��r , t� 1
l

2
�=h��r, t��2 1 F 1 h��r , h� .

(1)

Here h��r, t� is a height variable in d 1 1 dimensions, n

and l are constants, F is the driving force, and h is a
noise term. The essential feature of Eq. (1) is the non-
linear term ~ l, which is due to the local tilt dependence
of the growth velocity of the interface. The scaling prop-
erties can be described most simply in terms of the sur-
face width w2�L, t� � ��h 2 h̄�2�, where the overbar and
brackets denote spatial and noise averaging, respectively.
For self-affine interfaces, this quantity typically scales as
t2b for early times, and as L2x for late times for a finite
system of size L. The quantities b and x are called the
growth and roughness exponents, respectively.

The character of the noise h has a major influence over
the scaling exponents. If the noise is white, the scal-
ing exponents of the �1 1 1�-dimensional “thermal” KPZ
(TKPZ) equation are b � 1�3 and x � 1�2. If the noise
depends on h�x, t� Eq. (1) displays a depinning transition
at some critical Fc, below which the average velocity van-
ishes. If jlj . 0 at Fc, the problem can be mapped to
the directed percolation depinning (DPD) model, yielding
b � x 	 0.633 and corresponding to “quenched” KPZ.

On the other hand, for l � 0 at Fc, b 	 0.88 and x 	 1
[5,6]. The moving interface just above Fc is not self-affine,
has effective b 	 x 	 0.75 for short length and time
scales; the quenched noise becomes asymptotically irrele-
vant and the thermal case is recovered [5].

Various experiments on kinetic roughening have mostly
failed to demonstrate TKPZ scaling. It has been sug-
gested that this could result from nontrivial effective noise.
If there are power-law correlations in the noise, it has
been shown that the scaling exponents increase from the
TKPZ values for some range of the correlation exponents
[7]. Exceptional fluctuations in the amplitude h of the
noise, such that the corresponding distribution function is
P�h� 
 h2�11m�, h $ 1, are another candidate. Below a
critical value of mc 	 4, the roughness exponent depends
on m and x�m � 3� 	 3�4 [8]. Such fluctuations in the
noise have been demonstrated in fluid-flow experiments
[9]. Computer simulations [10] have shown that the KPZ
equation then displays multiscaling for short length scales.
For m � 3, the qth order spatial correlation functions have
short range (SR) roughness exponents that decrease from
about 0.76 (q � 1) to 0.15 (q � 9). Beyond a crossover
length, the interface is self-affine with x 	 0.76 indepen-
dent of q.

We have recently shown that asymptotic TKPZ behavior
can be obtained in careful experiments on slow combustion
fronts in paper [11,12], as predicted theoretically [6,13]. In
an earlier experiment [14] x � 0.71�5� was found and in-
terpreted in terms of the moving phase of the DPD model.
Very recently, a crossover to TKPZ scaling was also seen
in kinetic roughening of penetrating flux fronts in high-Tc

thin film superconductors [15]. The SR scaling was pur-
ported to be the same as that reported in Ref. [11], and
due to a DPD phase close to depinning [16]. However,
our preliminary results on the SR scaling of slow combus-
tion fronts [12] do not support this suggestion nor the DPD
predictions.

In this Letter, we present results of high-resolution spa-
tial and temporal measurements of the kinetic roughening
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of slow combustion fronts in paper. This allows us to clar-
ify the short range and short time behavior of the steady-
state fronts, below the crossover scales to the asymptotic
TKPZ exponents [11]. We use two different types of copier
paper [11], and a lens paper similar to that in Ref. [14].
In all three cases, we find that, up to length scales rc and
times tc, the fronts obey apparent spatial and temporal mul-
tiscaling with exponents incompatible with Eq. (1). For
copier (lens) papers rc 	 5�11� mm and tc 	 25�2.3� s.
The noise at the interface exhibits SR temporal and spatial
correlations, and has a non-Gaussian amplitude distribu-
tion with indications of a power-law tail. The tail exponent
m 	 3 for small sampling time intervals and increases with
increasing interval. The correlations in space and time per-
sist roughly up to rc and tc. These results demonstrate that
the SR behavior is not described by a KPZ (or a DPD) type
of an equation, as suggested in Ref. [17].

The experimental setup comprises a combustion cham-
ber combined with computer control [12]. We have con-
siderably enhanced the resolution. The propagating front
is recorded with three CCD cameras, each with an effec-
tive resolution of 768 3 548 pixels. The combined pic-
ture covered an area of size 300 3 74 mm2. The frames
were recorded using a multilevel gray scale. A single-
valued front line was fitted into the recorded brightness
profile. The cylindrical image distortions caused by the
lenses were corrected using nonlinear warping. For a
390 mm wide and 500 mm long sample, with a sample-to-
camera distance of 70 mm, the pixel size was 0.135 mm.
This was an order of magnitude below the average length
of the fibers.

The basis weights of the three grades of paper used were
70, 80, and 9.1 g22 (lens paper) [18]. Slow combustion
fronts do not easily propagate in a material of pure cel-
lulose fibers. Copier papers contain calcium carbonate
(CaCO3) with a high heat capacity, which in slow com-
bustion enhances front propagation. In addition, potassium
nitrate (KNO3) was added as an oxygen source to ensure
a more uniform propagation. The concentration was kept
at a low level of approximately 0.8 g22. The correlations
in the absorbed mass density were found to be negligible.
Most of the data presented here are for the copier papers.
For the lens paper the uniformity of the KNO3 concentra-
tion necessitates careful sample preparation.

First, we discuss the scaling of the fronts as given by the
qth order two-point correlation functions

Cq�r , t� � �jdh�r0, t0� 2 dh�r0 1 r , t0 1 t�jq� , (2)

with dh � h 2 h̄ and the bar denotes average over an
instantaneous front in the steady-state regime, and the
brackets over all fronts and burns. The corresponding
temporal and spatial correlation functions are shown in
Figs. 1(a) and 1(b) for the copier papers. As expected
[11], beyond a crossover length of rc � 5.2�1� mm, well-
defined asymptotic roughness exponents x � 0.49�2�
(70 g22) and 0.44(5) (80 g22) emerge which extend
beyond 100 mm and are compatible with the TKPZ value
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FIG. 1. (a) The qth order spatial correlation functions Cq�r , 0�
averaged over ten burns for the 70 g22 grade. Inset shows the
SR behavior. Fits for the xSR’s were done up to 4 mm. (b) The
qth order temporal correlation functions Cq�0, t� averaged over
20 burns for the 80 g22 grade. Inset shows the SR behavior.
Fits to get bSR’s were up to t � 10 s.

of x � 1�2. The interesting feature in the data is now
the existence of a SR regime with roughness exponents
xSR � xSR�q�. In Fig. 2 we plot these effective exponents
vs q. They decrease from 0.85�6� (70 g22) and 0.87�5�
(80 g22) at q � 2 until leveling off towards x � 1�2.
Thus, there is apparent multiscaling of the fronts at
SR. For the lens paper the crossover length is rc �
11.1�1� mm, and the behavior is completely analogous.

In Fig. 1(b) we show the qth order temporal correla-
tion functions for the 80 g22 grade. After tc � 24.6�4� s
the TKPZ behavior is well obeyed, with b � 0.35�1� up
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FIG. 2. The effective xSR�q� vs q for the 70 g22 (open circles)
and the 80 g22 paper (open squares). The solid lines show the
maximal error bars, and the horizontal line indicates x � 1�2.
The effective bSR�q� vs q are shown for the 70 g22 paper (filled
squares).

to about 450 s. At short times the effective exponents
decrease with q, from 0.75�8� at q � 2 to about 0.05
(q � 28), as shown in Fig. 2. Results for the other two
paper grades are again similar.

As noise is expected to be relevant in the SR behav-
ior, we discuss next the nature of the effective noise at
the interfaces. We measured the noise amplitudes us-
ing [9] h�x, t� � h̃�x, t0 1 t� 2 h̃�x, t0�, where h̃�x, t� �
h�x, t� 2 h̄�t�, as a function of the time interval t. The
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FIG. 3. A log-log plot of the distribution P�jhj� vs jhj with
time intervals shown in the figure for the 80 g22 paper. The
linear fits have slopes 23.72, 23.74, 24.53, 24.81, and 25.0,
left to right.

corresponding amplitude distributions P�jhj� are shown in
Fig. 3 for the 80 g22 paper. We find P�jhj� clearly non-
Gaussian with indication of power-law behavior P�h� �
ch2�m11� for large jhj. If a power law is fitted to the tails
of the distributions, which otherwise appear rather Gauss-
ian, we find that m changes from about 2.7 at t � 1 s to
4 at 100 s. For long time intervals, the power-law regime
becomes less apparent as the crossover from Gaussian be-
havior for jhj small extends further.

To check the existence of spatial and temporal cor-
relations in the noise, we also considered the two-point
correlation function of velocity fluctuations Cu�x, t� �
�du�x0 1 x, t0 1 t�du�x0, t0��, with du�x, t� � u�x, t� 2

ū�t�, where u�x, t� � �h�x, t 1 t� 2 h�x, t���t. This
was computed for different times t. Figure 4 shows such
spatial correlation functions Cu�x, 0�, and the inset of the
figure Cu�0, t�. It is evident that there are nontrivial corre-
lations in the noise. However, they are rather insignificant
beyond the crossover scales rc and tc, and are not of
power-law type. This is in agreement with the TKPZ
behavior observed asymptotically, and holds true for all
three paper grades.

Multiscaling arises [10] in TKPZ from power-law noise
amplitudes. Although the tails of the noise amplitude dis-
tributions are of power-law type here, our exponents are
different from those of Ref. [10] on both short and long
scales. Thus, a nontrivial noise amplitude distribution
alone cannot explain our results. The SR exponents cannot
be explained by noise correlations either, since they are not
of power-law type (Fig. 4).

In DPD type of models there also appears [5,19] a
crossover from a SR (DPD) to asymptotic TKPZ scaling.
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FIG. 4. The spatial velocity-fluctuation correlations Cu�x, 0�
for time steps t � 4, 8, 16, and 32 s for the 70 g22 grade. The
crossover length rc is shown by a vertical line. The temporal
correlations Cu�0, t� for the 80 g22 paper are shown in the inset
for t � 4, 8, 16, and 32 s. The crossover time tc is shown by
a vertical line.
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This can be explained [5] by Eq. (1) with quenched dis-
order that becomes white noise asymptotically for moving
interfaces. In paper samples quenched (structural) disor-
der is present, but seems insignificant for the dynamics.
Although the paper grades have rather different density
variations, their SR exponents are very similar. Further-
more, they do not agree with the predictions for DPD type
of models [20]. In thin-film superconductors DPD type of
SR behavior has been observed [15]. However, it would
be instructive to analyze the noise and multiscaling prop-
erties of the fronts for a consistent interpretation. Also,
due to large fluctuations it is crucial to do extensive aver-
aging, here typically over about 40 000 individual fronts.
Only by such averaging, reliable estimates of the scaling
exponents can be made. For the lens paper, fluctuations be-
tween different burns were particularly large, due in part to
variations in the homogeneity of the KNO3 concentration.
Scaling behavior consistent with the copier papers was ob-
tained only with homogeneous samples after sufficient av-
eraging. This may in part explain the earlier experimental
data of Ref. [14] on lens paper treated with KNO3.

A typical mechanism leading to multiscaling in many
models of kinetic roughening is the existence of avalanches
in the local interface dynamics [21]. We have monitored
the instantaneous velocities of the fronts and find that there
are avalanches present [22]. They seem to be closely re-
lated to the formation of ash at the interface. Along the
front, the burning paper separates into fragments of ash
of width &1 cm that curl up to strips about 2–3 cm long.
Such strips fall down after about 40–60 s, with a jump in
the local velocity. These scales are close to the crossover
scales rc and tc, and are also reflected in the noise cor-
relations of Fig. 4. The dynamical noise related to ash
formation may dominate in the noise affecting the slow-
combustion fronts. This would explain why quenched
noise does not seem to be important.

In conclusion, our results indicate complicated scal-
ing of slow-combustion fronts at short range. For short
temporal and spatial scales we find nontrivial noise and
apparent multiscaling. It seems that theoretical models
of the KPZ type [Eq. (1)] cannot fully explain the slow-
combustion experiments. In particular, the suggested DPD
behavior [14,17] is ruled out unlike in the recent experi-
ments on thin-film superconductors [15]. We emphasize
that, to obtain reliable scaling properties for the fronts,
sufficient statistics and careful sample preparation are ab-
solutely necessary. We feel that the situation here may
be analogous to that observed in the �1 1 1�-dimensional
Kuramoto-Sivashinsky equation. In this case asymptotic
TKPZ scaling is recovered only beyond crossover scales
in time and space [23], whereas the microscopic physics
is completely unrelated to the TKPZ behavior. The ex-
perimental indication is that it is important to consider the
role of crossover scales in interpreting the role of noise,
avalanches, and other possible effects in all experiments
on front propagation.
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