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Symbols and abbreviations

Symbols

Einc Incident electric field
Hinc Incident magnetic field
Eloc Local electric field
Hloc Local magnetic field
Et Transmitted electric field
Er Reflected electric field
ε0 Vacuum permittivity, ε0 ≈ 8.854 · 10−12 As/Vm
µ0 Vacuum permittivity, µ0 = 4π · 10−7 Vs/Am
c0 Speed of light in free space, c0 = 1/

√
ε0µ0

λ0 Free space wavelength
k0 Wave vector in free space, k0 = ω

√
ε0µ0 = 2π/λ0.

p Electric dipole moment induced in the unit cell
m Magnetic dipole moment induced in the unit cell
AR Axial ratio in linear scale, AR = 0 . . . 1
x̂, ŷ, ẑ Unit vectors of the cartesian coordinate system

I Unit dyadic, I = x̂x̂ + ŷŷ + ẑẑ

Jt Transversal rotation dyadic, Jt = n̂× It
αme Polarizability dyadic, i.e, the linear mapping from Eloc to m

α̂em Effective polarizability dyadic, i.e, the linear mapping from Hinc to p
αyxme The ŷx̂ component of αme

βe Interaction dyadic
n̂ Normal vector of an array
a Lattice constant of a square array
S Area of a square unit cell, S = a2

l Length of a dipole arm (dipole length is 2l)
rl Loop radius
L Total lenght of the wire
r0 Wire radius

Operators

z∗ Complex conjugate of z, (a+ jb)∗ = a− jb
ab Dyadic product of vectors a and b(

A
)−1

Inverse of dyadic A, A ·
(

A
)−1

= I(
A
)T

Transpose of dyadic A

ab · cd = (b · c)ad Dot-product of two dyads
ab× c = a(b× c) Cross-product of a dyad and a vector
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Abbreviations

CP Circular polarization
CPSS Circular polarization selective surface
DGR Dual gridded reflector
FEM Finite element method
LH Left handed
LHCP Left-hand circular polarization
LHCPSS Left-hand circular polarization selective surface
LP Linear polarization
PCB Printed circuit board
PEC Perfect electrical conductor
RH Right handed
RHCP Right-hand circular polarization
RHCPSS Right-hand circular polarization selective surface
VNA Vector network analyzer



1 Introduction

In the literature, one can find a wide variety of definitions for metamaterials. Usu-
ally, metamaterials are defined as materials whose electromagnetic properties are
determined by their artificial structure instead of the properties of the materials
they are made of [1, 2, 3]. One of the interesting applications of the antenna and
metamaterial research is the possibility to manipulate the polarization state of a
plane wave [4]. These polarizers have numerous applications in practical antenna
engineering.

One example of an interesting polarization transformer is a circular polarization
selective surface (CPSS). An ideal CPSS is a device that reflects the wave of one
handedness of circular polarization (CP) and is invisible to the other. An ideal
CPSS would have numerous practical applications. The initial motive for this study
was in satellite communications: a surface that would reflect only wave with one
sense of polarization would be a circular polarization equivalent for dual gridded
reflector (DGR). DGR reflector antennas can steer the radiation beam in different
directions, depending on the polarization state of the linearly polarized (LP) wave.
This reduces the weight of the antenna as only one reflector is needed instead of
two totally separate antenna systems. DGR reflector antennas are widely used in
satellite communications [5, 6] even when the CP would be better for satellite oper-
ations. Second possible application for an ideal CPSS would be a sub-reflector for
a Cassegrain antenna: the transmitted CP wave changes polarization upon reflec-
tion from the main reflector and is no longer affected by the polarization-selective
sub-reflector. This would minimize the sub-reflector blockage and thus reduce the
side-lobe levels [7].

A twist polarizer is a device that rotates the polarization state of a LP plane
wave by 90◦. A twist polarizer could be used, for example, in a multi beam satellite
ground station antenna [8, 9]. In the optical regime, the polarization rotators would
have applications for example in chemistry, biology, and optoelectronics [10].

The goal of this thesis is to study such polarization transformers realized as
square arrays of the most general bianisotropic particles. “Bi” in the definition
of bianisotropy means that the electric field at the location of the particle creates
both magnetic and electric responses, not only the electric one [1]. “Anisotropy”
means that the electromagnetic properties of the particle or the material depend on
the direction of the exciting fields [11]. The focus is on developing a method for
synthesizing bianisotropic particles – or finding their polarizabilities – so that an
array of such particles would perform a wanted polarization transformation of the
incident plane wave. The method is tested by synthesizing two polarization trans-
forming devices, namely a CPSS and a twist polarizer. The synthesized geometry
and dimensions for the CPSS are verified with an analytical model and numerical
simulations. The twist polarizer is tested numerically and experimentally. The re-
sults for both synthesized devices clearly show that the method can be an efficient
tool in developing such operations.

The structure of the thesis is as follows: After this Introduction, a short lit-
erature review is presented. The literature review presents a few known designs



2

for various polarization transformations. The main emphasis is given to CPSS and
polarization rotator designs as these two groups will be studied in more detail in
later sections. The scientifically new content starts at Section 3 where the dyadic
reflection and transmission coefficients are derived for a periodical array of the most
generic bianisotropic scatterers. These coefficients act as linear mappings from the
incident field into the reflected or transmitted fields. The reflection and transmission
dyadics are applied in Section 4 to synthesize polarizabilities of particles that, when
ordered into a periodical lattice, exhibit the desired polarization-related operations.
As an example, the geometry and the approximate dimensions for a CPSS and a
twist polarizer are developed. In Section 5 the method is slightly modified to enable
only uniaxial polarizabilities of the particles in the array. The previously discussed
twist polarizer is then re-synthesized with this simplified notation.

Section 6 verifies the operation of the previously synthesized CPSS with numeri-
cal simulations and with an analytical model showing good correspondence with the
predicted behavior. The geometry is then modified to enable printed circuit board
(PCB) manufacturing. However, certain properties, especially the polarization pu-
rity, are rather limited for practical applications and the experimental verification
is not done for the CPSS. Similarly, the operation of the developed twist polarizer
is verified in Section 7 with numerical simulations and experimental measurements.
The numerical simulations are first done for an idealized structure showing very good
correspondence with the theoretical predictions. Again, the geometry is modified
to allow PCB manufacturing. The resulting prototype is optimized, manufactured,
and finally measured. The experimental results show good correspondence with the
simulations.
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2 Polarization transformations, literature overview

The art of polarization transformations is old and much studied. The first examples
of optically active materials, i.e., materials that rotate the plane of polarization,
include certain crystals, such as quartz and solid gypsum, and also some isotropic
media, such as turpentine gas. They were first studied by French scientists Arago
(1811) and Biot (1812) [4, 12]. The first experimental verification of the same
effect on microwave frequencies was done by Karl F. Lindman in 1920. Lindman
studied randomly oriented helices and noted that they indeed rotate the plane of
polarization [13]. A helix is a simple example of a chiral object, i.e., object that is
not identical to its mirror image [14].

In addition to the polarization rotation, also polarization selectivity can be found
in the nature, even if it might seem a highly complex operation. The reflection from
the exoskeleton of a beetle Chrysina gloriosa depends strongly on the handedness of
the incident light [15], as shown in Fig. 1. The polarization selectivity is caused by
the chiral structure of the cells in the exoskeleton.

This section will present more recent studies and practical designs of different
polarization transformers. The emphasis is on polarization selectivity and polariza-
tion rotation, as these will be studied in greater detail in this thesis. The properties
of general chiral media have been studied extensively [4, 11, 16, 17]. However, as
the main interest of this thesis is in thin sheets, the results of these studies are not
presented here.

Figure 1: The exoskeleton of Chrysina gloriosa reflects the (a) left-hand circular
polarized (LHCP) or unpolarized light differently than (b) right-hand circular po-
larized (RHCP) light. Figure from [15].
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2.1 Circular polarization selective surfaces

There is a wide variety of man-made structures suitable for realization of a CPSS,
a device that selects circular polarization. For some reason, most papers describing
these designs are considering only the reflected and transmitted power — either the
total power or the power of the specific polarization component. The axial ratio
(AR) of the reflected or transmitted wave is often not shown, although this measure
is, of course, crucial for practical applications.

Probably the earliest CPSS was reported by Pierrot in 1966 [18]. The design
comprises an array of bent wires, each of which has the length of the wavelength in
free space (λ0) [19]. The geometry is illustrated in Fig. 2(a). Each wire is bent so
that it has two 3λ0/8 long horizontal arms that are separated by a 2λ0/8 long vertical
wire. While illuminated with a LHCP wave, the currents induced in the arms of
the wire are in phase and create strong reflection, whereas with RHCP illumination
the currents are out of phase and cancel each other, causing only a small effect on
the plane wave. The structure was later studied by Morin [20]. These results are
shown in Fig. 2(b) showing the relative −3 dB bandwidth of 17%. The same design
was studied also by Roy [21] who noted that the axial ratio is very close to 1, i.e.
circular, for normal incidence. However, the angular stability is not very good.

Another CPSS design, Tilston’s cell, is based on two orthogonal dipoles that
are connected by a λ0/4 long transmission line whose electrical length is λ0/2. The
difference between physical and electrical lengths is achieved by using a dielectric
material, having enough high permittivity, in the transmission line. The geometry
is shown in Fig. 3(a) and the transmission coefficient for LHCP illumination in
Fig. 3(b). The −3 dB bandwidth is almost 40% [22].

The aforementioned designs really work as a polarization selective surface for
CP, but there are some difficulties related to the manufacturing process in both
designs [23, 24]. In Pierrot’s design [18] the vias penetrating the PCB are not
easy to manufacture accurately enough for high frequencies. On the other hand,

(a) (b)

Figure 2: (a) The geometry of the LHCP Pierrot’s cell (Figure from [19]). (b)
The results for a similar structure, LHCP-wave is almost fully reflected whereas the
RHCP wave is transmitted. Figure from [20].
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Transmission line
having an electrical
length of λ/2

Vertical dipole

Dielectric

Horizontal   dipole

(a) (b)

Figure 3: (a) The geometry of Tilston’s cell. (b) The insertion loss for Tilston’s cell
with LHCP illumination. Both from [22].

Tilston’s design [22] relies on a transmission line, made of a substrate with different
permittivity. These difficulties can be overcome if the design is made in three layers
as suggested in [24]. The geometry can be seen in Fig. 4. The layer in the middle
contains an “L”-shaped microstrip trace enabling capacitive coupling between the
dipole elements.

The results for this three-layered structure can be seen in Fig. 5. The isolation
is defined as the ratio of LHCP field measured with and without the left-hand cir-
cular polarization selective surface (LHCPSS) when the incident wave is LHCP [24].
Therefore, the isolation for a lossless surface roughly corresponds to the inverse of
the reflection loss for RHCP used later in this thesis (note that this design has the
opposite polarization from our design). Similarly, the transmission loss is defined
as the power lost when a RHCP wave is transmitted through the surface [24]. In a
lossless case, this corresponds to the transmission loss for LHCP in our design and
also takes the polarization mismatch into account. This measure is practical, as it
is enough to measure only the transmitted field. The obvious downside is that the
properties of the reflected wave are neglected. The simulated −3 dB bandwidth for
isolation is found to be 8.5%. These numbers, however, are not fully comparable to
the other designs as the losses are taken into account and the definitions vary.

Upper D
ipole

Lower Dipole

L-shaped Trace

Figure 4: The geometry for Tarn’s three-layered CPSS structure. Figure from [24].
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(a)

.
(b)

Figure 5: The results for the Tarn’s three-layered surface [24]: (a) isolation, (b)
transmission loss.

2.2 LP to CP polarizers

Theoretically, every CPSS also transforms LP to CP: a LP plane wave can always
be divided into equally strong LHCP and RHCP parts [4]. An ideal CPSS would
reflect, e.g., the right handed component and allow the LHCP to pass through. Both
transmitted and reflected waves would therefore be CP. The downside is that half
of the incident total power would be lost in reflection. LP to CP polarizers have
a wide variety of possible applications, e.g., in millimeter and sub-millimeter wave
imaging [25], antennas [26], and in creating different microwave components [25].

One practical example of a planar linear to circular polarizer is a set of two
orthogonal slots in a metallic screen. One of the slots is slightly longer than λ0/2 and
the other is slightly shorter. The longer slot corresponds to inductive path and the
shorter slot a capacitive path causing phase difference between the two transmitted
components [27]. Ideally, two orthogonal field components have 90◦ phase shift
and equal magnitudes. The handedness and ellipticity of the transmitted wave is
determined by the polarization plane of the incident wave. If the incident electric
field is parallel to either of the slots, the transmitted field will be linearly polarized.
Ideally, the incident field is slanted 45◦ in relation to the slots to produce pure CP.

In [26] the authors utilize an array of dipoles to obtain a LP to CP conversion
for the reflected wave. The resulting design has a very low profile and still exhibits
the good purity of polarization over a very large bandwidth. As the design is backed
by a copper ground plane, there are no losses due to transmission [26]. In [28] the
authors model ultrathin LP to CP polarizer under oblique incidence with certain
effective polarizabilities.
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2.3 Polarization rotators

A polarization rotator is a device that rotates the polarization plane of a LP plane
wave. A twist polarizer is a polarization rotator with a 90◦ rotation angle. As
previously discussed, the first experiments on man-made chirality were polarization
rotators when Karl F. Lindman demonstrated that a box, filled with randomly
oriented helices, rotates the polarization plane of a propagating wave [13]. The
polarization rotation was noticed to be proportional to the thickness of the chiral
slab and to the density of helices.

The traditional way of creating a planar polarization rotator is a stack of wire-
grid polarizers whose wires are oriented in different directions in different lay-
ers [8, 29]. A wire-grid polarizer is an array of parallel conducting wires. In a
wire-grid polarizer, the component of the incident wave that is polarized along the
wires is reflected and the perpendicular component is transmitted [30]. A polar-
ization rotator made of wire-grid polarizers has a low transmission loss and wide
bandwidth but it works only for a certain polarization of the incident field [29]. As
the wires of two consecutive layers are almost parallel, the reflected component of
the field has multiple reflections between the wires. The transmission loss can then
be minimized by tuning the distance between the layers [29].

The idea of creating chiral polarization rotators with non-contacting layers was
first suggested probably in [31]. The design presented in [31] is based on simple, short
strips that are slightly rotated in different layers. The inductive coupling between
strips is used to create chirality without galvanic connection. The geometry of the
proposed design is shown in Fig. 6.

A stack of slightly tilted gammadion shaped rosettes, as in Fig. 7, can be used
to rotate the polarization plane [10]. The structure has two resonances in which the
polarization rotation is very strong. Between these two resonances, the polarization
is rotated approximately 7◦ with very low transmission loss. An useful figure of
merit for a twist polarizer is the rotation per wavelength λ0. As the thickness of
this design is only λ0/30, the rotation per wavelength is 250◦/λ0 [10].

Another bi-layered twist polarizer was presented in [32]. On both layers of the
design, there are four rectangular patches forming a square. The structure’s four-

Figure 6: Two strips with inductive coupling rotates the polarization plane. Figure
from [31].
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Figure 7: Four stacked rosettes exhibiting optical activity. Figure from [10].

fold rotational symmetry causes isotropy in the plane meaning that a LP wave with
any polarization state would be rotated equally much. The design twists the po-
larization 90◦ and is only λ0/30 thick, meaning that the rotation per wavelength is
2700◦/λ0 [32]. This is the largest value that we have found in the literature.

These designs are based on resonant structures and their bandwidth tends to
be rather limited. For more wideband operations, one can use stacked split ring
resonators as in [33]. The relative bandwidth is 24% and reflections are very small.
However, similarly to the wire-grid polarizers, the design works only for specific
polarization state of the incident wave and electrical thickness of the device is usually
significant.
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3 Reflection and transmission from a bianisotropic

array

In this section, dyadic reflection and transmission coefficients for an array of general
bianisotropic particles are derived. The method is based on a group of polariz-
abilities for a single electrically small scatterer. Identical scatterers form a regular
square array with the lattice constant a. The model comprises only tangential
dyadics, meaning that the method is applicable for the normal incidence only. We
assume that the array’s period is smaller than the free space wavelength, so that no
higer-order propagating waves are created. The time dependence is of the form ejωt

and this term is omitted for clarity reasons. Later in this thesis, the resulting ex-
pressions for reflection and transmission are used to analytically synthesize different
polarization related operations.

Dyads are dyadic products of two vectors a and b, denoted by ab. The dyadics
are polynomials of dyads and describe linear relations between vectors [34]. For
example, the dot product of a dyad ab and a vector c is a vector whose direction
and length is defined as follows:

ab · c = a(b · c) (1)

c · ab = (c · a)b (2)

Here (b · c) and (c · a) are, of course, scalars multiplying vectors. Note that the
products involving dyadics are not generally commutative, i.e., the order of multi-
plication is significant. The cross product that defines a new dyad can be defined
similarly:

ab× c = a(b× c) (3)

a× bc = (a× b)c (4)

Dot product of two dyads produces a new dyad and is defined as:

ab · cd = a(b · c)d = (b · c)ad (5)

Unit dyadic I is the identity element in the dot-product algebra: I · a = a for any

a [34]. The inverse of a dyadic A is denoted
(

A
)−1

and is defined in terms of I so

that [34]

A ·
(

A
)−1

= I (6)

The cross product of a vector and a unit dyadic corresponds to a 90◦ rotation around
that vector. For example, vector x̂ is rotated around ẑ:

(ẑ× I) · x̂ = (ẑ× x̂x̂ + ẑ× ŷŷ + ẑ× ẑẑ) · x̂
= (ŷx̂− x̂ŷ + 0) · x̂ = ŷ (7)

The transpose of a dyadic is defined as:

(ab)T = ba (8)
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3.1 Dyadic reflection and transmission coefficients

The model presented in this section is based on polarizability dyadics that define
the linear relations between the local fields (at the location of an electrically small
particle) and the induced dipole moments as follows [1]:[

p
m

]
=

[
αee αem

αme αmm

]
·
[

Eloc

Hloc

]
(9)

The illuminating plane wave is oriented towards the plane, i.e., the wave vector kinc

and the surface normal n̂ are antiparallel. The local fields Eloc and Hloc are the sums
of the incident field and the interaction field caused by the induced dipole moments
in all particles:

Eloc = Einc + βe · p (10)

Hloc = Hinc + βm ·m (11)

Here βe and βm are the tangential components of the interaction term that describes
the effect of the entire array on a single inclusion. Approximate expressions for the
real parts and exact values for the imaginary parts can be found to be [1, 35]:

βe = −<
{
jωη0
4S

(
1− 1

jkR

)
exp(−jkR)It

}
+

(
j
η0ε0µ0ω

3

6π
− j η0ω

2S

)
It (12)

βm =
βe

η20
(13)

Here a denotes the lattice constant of a square array, R = a/1.438, and It = I−n̂n̂ =
x̂x̂ + ŷŷ is the tangential unit dyadic. The approximate expression for the real part
of the interaction dyadic is applicable only for ka < 1.5 . . . 2 [35]. As all of the
dipoles are at the same plane, the induced magnetic dipoles do not cause electric

interaction field and vice versa. Thus, there are no cross beta terms (βem, βme) [35].
As we want to use as general particles as possible, no assumptions are made

about reciprocity or losses. The individual polarizability dyadics have the following
general forms:

αee = αxxee x̂x̂ + αxyee x̂ŷ + αyxee ŷx̂ + αyyee ŷŷ (14)

αem = αxxemx̂x̂ + αyyemŷŷ + αxyemx̂ŷ + αyxemŷx̂ (15)

αme = αxxmex̂x̂ + αyymeŷŷ + αxymex̂ŷ + αyxmeŷx̂ (16)

αmm = αxxmmx̂x̂ + αxymmx̂ŷ + αyxmmŷx̂ + αyymmŷŷ (17)

The n̂ directed dipole moments do not affect the reflection or transmission with
normal incidence and the corresponding polarizability terms are thus omitted.

3.2 Effective polarizabilities

For the most general polarizabilities, it is not easy to solve the induced dipole
moments p and m from equations (9), (10) and (11). However, the calculations
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can be simplified by using effective polarizabilities, denoted with hatted symbols.
These effective polarizabilities are functions of the particle polarizabilities and the
interaction dyadics and act as linear relations between the dipole moments and the
incident fields: [

p
m

]
=

[
α̂ee α̂em

α̂me α̂mm

]
·
[

Einc

Hinc

]
(18)

Since the interaction with neighboring inclusions cannot create any new dipole mo-
ments, these effective polarizabilities have the same components as the individual
ones. The effective polarizability dyadics have the same generic forms:

α̂ee = α̂xxee x̂x̂ + α̂xyee x̂ŷ + α̂yxee ŷx̂ + α̂yyee ŷŷ (19)

α̂em = α̂xxemx̂x̂ + α̂xyemx̂ŷ + α̂yxemŷx̂ + α̂yyemŷŷ (20)

α̂me = α̂xxmex̂x̂ + α̂xymex̂ŷ + α̂yxmeŷx̂ + α̂yymeŷŷ (21)

α̂mm = α̂xxmmx̂x̂ + α̂xymmx̂ŷ + α̂yxmmŷx̂ + α̂yymmŷŷ (22)

As mentioned before, the effective polarizabilities α̂ee, α̂em, α̂me, and α̂mm are

functions of particle polarizabilities and the interaction constants βe and βm. In the
following, we will find the exact expressions for the general effective polarizabilities,
writing:

p = αee

(
Einc + βe · p

)
+ αem

(
Hinc + βm ·m

)
=
(

I− αee · βe

)−1 [
αee · Einc + αem

(
Hinc + βm ·m

)]
(23)

m = αme

(
Einc + βe · p

)
+ αmm

(
Hinc + βm ·m

)
(24)

By substituting p from equation (23), (24) can be re-written in the following form:

m− αme · βe ·
(

It − αee · βe

)−1
· αem · βm ·m− αmm · βm ·m

= αme · Einc + αme · βe ·
(

It − αee · βe

)−1
αee · Einc (25)

+ αme · βe ·
(

It − αee · βe

)−1
αem ·Hinc + αmm ·Hinc

From this equation, it is trivial to solve the induced magnetic dipole moment as the

function of the incident electric and magnetic fields, i.e., polarizabilities α̂me and

α̂mm respectively. Electric dipole moment p can be treated similarly.
Finally, the effective tangential polarizabilities for a square array of the most

general bianisotropic particles read as follows:

α̂ee =

(
It − αee · βe − αem · βm ·

(
It − αmm · βm

)−1
· αme · βe

)−1
·
(
αee + αem · βm ·

(
It − αmm · βm

)−1
· αme

)
(26)
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α̂em =

(
It − αee · βe − αem · βm ·

(
It − αmm · βm

)−1
· αme · βe

)−1
·
(
αem + αem · βm ·

(
It − αmm · βm

)−1
· αmm

)
(27)

α̂me =

(
It − αme · βe ·

(
It − αee · βe

)−1
· αem · βm − αmm · βm

)−1
·
(
αme + αme · βe ·

(
It − αee · βe

)−1
αee

)
(28)

α̂mm =

(
It − αme · βe ·

(
It − αee · βe

)−1
· αem · βm − αmm · βm

)−1
·
(
αme · βe ·

(
It − αee · βe

)−1
αem + αmm

)
(29)

In a plane wave, the electric and magnetic fields are related:

Hinc =
kinc × Einc

µ0ω
(30)

With the help of the tangential unit dyadic It, the incident magnetic field Hinc in
(18) can be presented as a function of the incident electric field Einc (remember that
kinc � −n̂):

Hinc =

(
− 1

η0
n̂× It

)
· Einc (31)

Now expression (18) for the induced electric and magnetic dipole moments simplifies
into: [

p
m

]
=

[
α̂ee α̂em

α̂me α̂mm

]
·

 It

− 1

η0
n̂× It

 · Einc (32)

p =

{
α̂ee −

1

η0
α̂em ·

(
n̂× It

)}
· Einc (33)

m =

{
α̂me −

1

η0
α̂mm ·

(
n̂× It

)}
· Einc (34)

3.3 The fields radiated by the induced currents

The dipole moments (33) and (34) correspond to a certain averaged surface currents
Je and Jm that radiate plane waves into free space. The radiation of an infinite sheet
of electric or magnetic current can easily be solved from the Maxwell equations. The
orientation of currents and fields can be seen in Fig. 8. The time-varying dipole



13

}
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Figure 8: (a) Electric current Je and corresponding magnetic field H. (b) The
integration path C in green and the total current penetrating the path Itot. Dashed
green line corresponds to the integration path, along which the H · dl = 0. (c)
Magnetic current Jm and corresponding electric field E.

moments correspond to a surface electric current density:

Je =
jω

S
p (35)

where S = a2 is the area of one unit cell. According to Ampère’s law, the electric
current creates a curl of magnetic field around it:

∇×H = Je + jωD (36)

By using Stokes’ theorem, we see that the path integral of the magnetic field cor-
responds to the total current flowing through the surface that is enclosed by the
integration path: ∫

S

(∇×H) · dS =

∫
S

Je · dS (37)

∮
C

H · dl = Itot (38)

The surface integral of jωD tends to zero when the height of the integration area
tends to zero.

As H is constant and parallel to the integration path, the integral simplifies into
multiplication by the path length. Some parts of the path are orthogonal to the
magnetic field, and that integral may be neglected. The total current Itot can be
calculated from the averaged surface current density just by multiplying it by the
length a:

2a |H| = a |Je| (39)

Again, in a plane wave the radiated magnetic field corresponds to the radiated
electric field:

E = −k0 ×H

ωε0
= −η0n̂×H (40)
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Finally, the electric field that is radiated by the effective surface current density
simplifies into:

E = −jωη0
2S

p (41)

This means that the reflected plane-wave field, caused by the induced electric dipole
moments, is:

Er = −jωη0
2S

p (42)

On the other side of the slab, the transmitted wave is the sum of the electric field
caused by the induced dipoles and the incident field:

Et = Einc −
jωη0
2S

p (43)

The fields, caused by magnetic dipoles, can be obtained similarly. First, the
effective magnetic surface current reads Jm = jωm/S. The magnetic current is
always surrounded by a curl of electric field: ∇× E = −Jm − jωB. For an infinite
sheet of this current, the field magnitude reads: 2a |E| = a |Jm|

From these equations, the magnitude of the electric field, caused by the induced
magnetic current, can be solved to be:

|E| = jω

2S
|m| (44)

As this electric field is curled around the magnetic current, the direction of the field
is opposite on the different sides of the sheet. In the abscence of electric dipole
moments, the reflected field is:

Er = n̂×
(
jω

2S
m

)
(45)

The transmitted field is the sum of incident field and the field caused by the magnetic
current.

Et = Einc − n̂×
(
jω

2S
m

)
(46)

Finally, the total reflected field can be expressed as the sum of expressions
(42) and (45):

Er = −jω
2S

[η0p− n̂×m] (47)

= −jω
2S

[
η0α̂ee − α̂em × n̂− n̂× α̂me +

1

η0
n̂×

(
α̂mm × n̂

)]
· Einc (48)

By substituting the effective polarizabilities with their component-wise forms (from
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(19) – (22)) and re-arranging the terms, we get:

Er = −jω
2S

[(
η0α̂

xx
ee − α̂xyem + α̂yxme −

1

η0
α̂yymm

)
x̂x̂

+

(
η0α̂

xy
ee + α̂xxem + α̂yyme +

1

η0
α̂yxmm

)
x̂ŷ

+

(
η0α̂

yx
ee − α̂yyem − α̂xxme +

1

η0
α̂xymm

)
ŷx̂

+

(
η0α̂

yy
ee + α̂yxem − α̂xyme −

1

η0
α̂xxmm

)
ŷŷ

]
· Einc (49)

Similarly, we can write the transmitted electric field as the sum of (43) and (46):

Et = Einc −
jω

2S
[η0p + n̂×m] (50)

=

{
It −

jω

2S

[
η0α̂ee − α̂em × n̂ + n̂× α̂me −

1

η0
n̂×

(
α̂mm × n̂

)]}
· Einc

=

{[
1− jω

2S

(
η0α̂

xx
ee − α̂xyem − α̂yxme +

1

η0
α̂yymm

)]
x̂x̂

+

[
1− jω

2S

(
η0α̂

yy
ee + α̂yxem + α̂xyme +

1

η0
α̂xxmm

)]
ŷŷ

− jω

2S

(
η0α̂

yx
ee − α̂yyem + α̂xxme −

1

η0
α̂xymm

)
ŷx̂

− jω
2S

(
η0α̂

xy
ee + α̂xxem − α̂yyme −

1

η0
α̂yxmm

)
x̂ŷ

}
· Einc (51)
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4 Synthesizing polarization transformers

In this section, the previously derived expressions for reflected and transmitted fields
are used to synthesize polarization transformers. The first example is a reciprocal
CPSS and the second is a twist polarizer. The equations can also be used to study
inverse problems: as an example, it is shown that a sheet of zero thickness cannot
act as a CPSS.

4.1 Polarizabilities for a RHCPSS

By using equations (49) and (51) and imposing wanted requirements for reflected
and transmitted fields, we can derive conditions that must be fulfilled by the effective
polarizabilities in order to obtain a specific operation. In this section, we will study
a right-hand circular polarization selective surface (RHCPSS), i.e., a device that
reflects the RH circular polarization and allows the LH component to pass as circular.
The handednesses of the reflected or transmitted waves are not fixed at this point.
The operation of RHCPSS can be described by the following conditions: When the
incident field is RHCP, the transmission must be zero and the reflected wave must
be circular (− in ∓ corresponds to RHCP, + to LHCP):

Einc = E0(x̂ + jŷ)⇒

{
Et = 0

Er = AE0(x̂∓ jŷ)
(52)

Similarly, for incident an LHCP wave the reflected field must be zero and the trans-
mitted field must be circular (− in ∓ corresponds to LHCP, + to RHCP).

Einc = E0(x̂− jŷ)⇒

{
Et = AE0(x̂∓ jŷ)

Er = 0
(53)

Here A is any complex coefficient that allows any phase for reflected and trans-
mitted waves. We also assume that the structure is lossless by setting |A| = 1. These
conditions must be studied one at a time. At first, the RHCP incident wave and
the condition of zero transmission from (52) will be substituted into the expression
for the transmitted field (51):

Et =

{
1− jω

2S

(
η0α̂

xx
ee − α̂xyem − α̂yxme +

1

η0
α̂yymm

)
+j

(
−jω

2S

(
η0α̂

xy
ee + α̂xxem − α̂yyme −

1

η0
α̂yxmm

))}
E0x̂

+

{
−jω

2S

(
η0α̂

yx
ee − α̂yyem + α̂xxme −

1

η0
α̂xymm

)
+j

(
1− jω

2S

(
η0α̂

yy
ee + α̂yxem + α̂xyme +

1

η0
α̂xxmm

))}
E0ŷ = 0 (54)
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This, of course, means that both components of the transmitted field must be zero
simultaneously:

1− jω

2S

(
η0α̂

xx
ee − α̂xyem − α̂yxme +

1

η0
α̂yymm + jη0α̂

xy
ee + jα̂xxem − jα̂yyme − j

1

η0
α̂yxmm

)
= 0

(55)

1− jω

2S

(
−jη0α̂yxee + jα̂yyem − jα̂xxme + j

1

η0
α̂xymm + η0α̂

yy
ee + α̂yxem + α̂xyme +

1

η0
α̂xxmm

)
= 0

(56)

The next condition in (52) is that for RHCP incidence the reflected field must be
circularly polarized. Now we use the previously derived equation for the reflected
field (49):

Er =− jω

2S

[
η0α̂

xx
ee − α̂xyem + α̂xyme −

1

η0
α̂yymm + j

(
η0α̂

xy
ee + α̂xxem + α̂yyme +

1

η0
α̂yxmm

)]
E0x̂

− jω

2S

[
η0α̂

yx
ee − α̂yyem − α̂xxme +

1

η0
α̂xymm + j

(
η0α̂

yy
ee + α̂yxem − α̂xyme −

1

η0
α̂xxmm

)]
E0ŷ

(57)

=− jω

2S

[(
η0α̂

xx
ee − α̂xyem + α̂xyme −

1

η0
α̂yymm + jη0α̂

xy
ee + jα̂xxem + jα̂yyme + j

1

η0
α̂yxmm

)
x̂

−j
(
jη0α̂

yx
ee − jα̂yyem − jα̂xxme + j

1

η0
α̂xymm − η0α̂yyee − α̂yxem + α̂xyme +

1

η0
α̂xxmm

)
ŷ

]
E0

(58)

The reflected wave in (58) is circular, if the x-component times (∓j) is equal to the
y-component:

η0α̂
xx
ee − α̂xyem + α̂xyme −

1

η0
α̂yymm + jη0α̂

xy
ee + jα̂xxem + jα̂yyme + j

1

η0
α̂yxmm

= ∓
(
jη0α̂

yx
ee − jα̂yyem − jα̂xxme + j

1

η0
α̂xymm − η0α̂yyee − α̂yxem + α̂xyme +

1

η0
α̂xxmm

)
(59)

Equation (53), i.e. the case of incident LHCP wave, can be treated similarly to
obtain another set of relations. First the transmitted field from (51):

Et =

{
1− jω

2S

(
η0α̂

xx
ee − α̂xyem − α̂yxme +

1

η0
α̂yymm

)
−j
(
− jω

2S

(
η0α̂

xy
ee + α̂xxem − α̂yyme −

1

η0
α̂yxmm

))}
E0x̂

+

{
− jω

2S

(
η0α̂

yx
ee − α̂yyem + α̂xxme −

1

η0
α̂xymm

)
−j
(

1− jω

2S

(
η0α̂

yy
ee + α̂yxem + α̂xyme +

1

η0
α̂xxmm

))}
E0ŷ (60)
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Et =

{
1− jω

2S

(
η0α̂

xx
ee − α̂xyem − α̂yxme +

1

η0
α̂yymm − jη0α̂xyee − jα̂xxem + jα̂yyme + j

1

η0
α̂yxmm

)}
E0x̂

− j
{

1− jω

2S

(
jη0α̂

yx
ee − jα̂yyem + jα̂xxme − j

1

η0
α̂xymm + η0α̂

yy
ee + α̂yxem + α̂xyme +

1

η0
α̂xxmm

)}
E0ŷ

(61)

With LHCP incidence the transmitted wave (61) should be circular (+ in ± corre-
sponds to the LHCP wave):

1− jω

2S

(
η0α̂

xx
ee − α̂xyem − α̂yxme +

1

η0
α̂yymm − jη0α̂xyee − jα̂xxem + jα̂yyme + j

1

η0
α̂yxmm

)
=±

(
1− jω

2S

(
jη0α̂

yx
ee − jα̂yyem + jα̂xxme − j

1

η0
α̂xymm + η0α̂

yy
ee + α̂yxem + α̂xyme +

1

η0
α̂xxmm

))
(62)

The last condition for RHCPSS (53) states that with LHCP incidence there should
be no reflection :

Er =− jω

2S

[(
η0α̂

xx
ee − α̂xyem + α̂xyme −

1

η0
α̂yymm − j

(
η0α̂

xy
ee + α̂xxem + α̂yyme +

1

η0
α̂yxmm

))
x̂

+

(
η0α̂

yx
ee − α̂yyem − α̂xxme +

1

η0
α̂xymm − j

(
η0α̂

yy
ee + α̂yxem − α̂xyme −

1

η0
α̂xxmm

))
ŷ

]
= 0

(63)

Thus, both components of (63) must be zero:

η0α̂
xx
ee − jη0α̂xyee −

1

η0
α̂yymm − j

1

η0
α̂yxmm − jα̂xxem − jα̂yyme − α̂xyem + α̂xyme = 0 (64)

−jη0α̂yyee + η0α̂
yx
ee + j

1

η0
α̂xxmm +

1

η0
α̂xymm − α̂yyem − α̂xxme − jα̂yxem + jα̂xyme = 0 (65)

4.1.1 CPSS without magnetic polarizabilities

By using the previously discussed conditions for a CPSS, it is possible to synthesize
such surfaces. This section studies a possibility of creating a CPSS with the thickness
of the particle being 0. This means that there are no current loops, i.e., no transversal

magnetic dipoles can be induced. In the equations this means that α̂em = α̂me =

α̂mm = 0 and we have only electric polarizabilities α̂ee.
The six conditions of a RHCPSS ((55), (56), (59), (62), (64), (65)) can be sim-
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plified clearly just by removing the magnetic polarizabilities:

1− jω

2S
(η0α̂

xx
ee + jη0α̂

xy
ee ) = 0 (66)

1− jω

2S
(η0α̂

yy
ee + jη0α̂

yx
ee ) = 0 (67)

η0α̂
xx
ee + jη0α̂

xy
ee = ±(jη0α̂

yx
ee − η0α̂yyee ) (68)

1− jω

2S
(η0α̂

xx
ee − jη0α̂xyee ) = ±

(
1− jω

2S
(jη0α̂

yx
ee + η0α̂

yy
ee )

)
(69)

α̂xxee − jα̂xyee = 0 (70)

α̂yxee − jα̂yyee = 0 (71)

By substituting (70) and (71) in (68) we get α̂xxee = α̂xyee = 0. If we again substitute
this result to (66) we get 1 − jω

2S
(η0 · 0 + jη0 · 0) = 0. This equation is, of course,

impossible. Note that no assumptions were made of, e.g., the reciprocity of the
particles. Therefore the needed conditions for a CPSS at normal incidence cannot
be obtained with a sheet of zero thickness. However, this is possible for oblique
incidence, as even the created magnetic dipole, that is normal to the surface, has a
component that is transversal to the direction of the propagation k0.

4.1.2 A reciprocal canonical helix as a RHCPSS

Since the CPSS with zero thickness is impossible, also the magnetic polarizability
terms must be allowed. For practical reasons, the scatterers are assumed to be

reciprocal, i.e., αee = α
T
ee, αem = −αTme, and αmm = α

T
mm [36]. Due to the symmetry

of reciprocal polarizability dyadics, we can use the same symbol to represent various
components of the polarizabilities (14) – (17): αxyee = αyxee , αxymm = αyxmm, αxxem = −αxxme,
αyyem = −αyyme, α

xy
em = −αyxme, α

yx
em = −αxyme. Reciprocity also affects the handednesses

of the reflected and transmitted wave: the handedness must not change either in
the reflection nor in the transmission [7, 19].

Now equations (55) and (56), i.e., the conditions that the RHCP incidence is not
transmitted, simplify as following:

1− jω

2S

(
η0α̂

xx
ee +

1

η0
α̂yymm + jη0α̂

yx
ee + jα̂xxem − jα̂yyme − j

1

η0
α̂yxmm

)
= 0 (72)

1− jω

2S

(
η0α̂

yy
ee +

1

η0
α̂xxmm − jη0α̂yxee + jα̂yyem − jα̂xxme + j

1

η0
α̂xymm

)
= 0 (73)

Similarly, the reciprocity assumption reduces equation (59) to a simpler form:

η20(α̂xxee + α̂yyee ) = α̂xxmm + α̂yymm (74)

By assuming the reciprocity and that the LHCP incidence is transmitted as
LHCP, the condition for LHCP transmission (62) simplifies into:

η0(α̂
xx
ee − α̂yyee ) +

1

η0
(α̂yymm − α̂xxmm) = j2η0α̂

yx
ee − j2

1

η0
α̂xymm (75)
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Also the zero-reflection conditions (64) and (65) for LHCP incidence simplify by
assuming reciprocity:

η0α̂
xx
ee − jη0α̂xyee −

1

η0
α̂yymm − j

1

η0
α̂yxmm − jα̂xxem − jα̂yyme − 2α̂xyem = 0 (76)

−jη0α̂yyee + η0α̂
yx
ee + j

1

η0
α̂xxmm +

1

η0
α̂xymm − α̂yyem − α̂xxme − j2α̂yxem = 0 (77)

Now we have six equations ((72) – (77)) that must be fulfilled in order to obtain
an ideal reciprocal RHCPSS. We also have 10 free parameters in our equations. We
can use the extra freedom in design by setting all y-directed terms in polarizability
dyadics to be zero and thus simplifying the equations even more. This means that
y-directed fields do not induce dipole moments and no dipole moments are induced
in y-direction. Now our polarizability dyadics resemble the one of a small canonical
helix, geometry of which is shown in Fig. 9. Canonical helix or chiral particle
comprises a loop as a magnetic dipole and a straight wire as an electric dipole. The
geometry is a well-known example of a simple chiral inclusion [14, 37].

Simple expressions for the individual polarizabilities of a (right handed) canonical
helix can be obtained, if we assume constant current in the loop and linear current
distribution in the electric dipole [36]:

αxxee =
l2

jω(Zl + Zw)
(78)

αxxem = −µ0
πr2l l

Zl + Zw

(79)

αxxme = +µ0
πr2l l

Zl + Zw

(80)

αxxmm = −µ2
0

jω(πr2l )
2

Zl + Zw

(81)

Here Zl and Zw are the input impedances of the loop and the wire, respectively.
Due to the symmetry of the current distribution, the following relation holds [36]:

αxxee α
xx
mm = αxxemα

xx
me (82)

l

rl

x

y

z

Figure 9: The geometry of a single chiral particle with the coordinate system.
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The particle can be assumed to be resonant at the design frequency in order
to further simplify the calculations. This means that Zl + Zw is real and the total
length of the wire forming the particle is L = 2l + 2πrl ≈ λ0/2. For small lossless
electric and magnetic dipole antennas the input resistances read as follows [38]:

Rw =
η0
6π
k20l

2 (83)

Rl =
η0
6π
k40(πr2l )

2 (84)

Zl + Zw =
η0
6π

(
k20l

2 + k40
(
πr2l
)2)

(85)

The aforementioned six equations ((72) – (77)) get the following forms:

1− jω

2S
(η0α̂

xx
ee + jα̂xxem) = 0 (86)

1− jω

2S

(
1

η0
α̂xxmm − jα̂xxme

)
= 0 (87)

η20α̂
xx
ee = α̂xxmm (88)

η0α̂
xx
ee =

1

η0
α̂xxmm (89)

η0α̂
xx
ee = jα̂xxem (90)

j
1

η0
α̂xxmm = α̂xxme (91)

From this equation group one can easily solve the required values for the effective
polarizabilities: α̂xxee = S/jωη0 and α̂xxem = −S/ω.

By assuming reciprocity, only x̂x̂-terms in polarizabilities, and equation (82), the
effective polarizabilities (26) – (29) can be simplified and written with the previously
obtained relations as:

α̂xxee =
αxxee

1− βe
(
αxxee +

αxxmm

η20

) =
S

jωη0
(92)

α̂xxem =
αxxem

1− βe
(
αxxee +

αxxmm

η20

) = −S
ω

(93)

α̂xxmm = η20α̂
xx
ee = −jη0α̂xxme (94)

The last equation (94) represents the balance of different dipole moments in the
scatterer, i.e., both dipole moments radiate equally strong fields. The equation can
be simplified to form:

l = k0πr
2
l (95)

The same relation holds for the dimensions of an ideal Huygens source antenna [39].
By combining these three equations (92) – (93) and the polarizabilities of a

canonical helix (78) – (81), we can find the optimal dimensions, i.e., values of l
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and rl. First the center frequency is fixed to f0 = 1.5 GHz and the unit cell size
to S = a2 = (40 mm)2 = (λ0/5)2 at f0. The optimal dimensions are found to be
l = 13.5 mm and rl = 11.7 mm. Numerical results for these dimensions verify the
operation of the CPSS as will be discussed in greater detail in the next section. The
size of the unit cell has only a small effect on l and rl, but affects the strength of
the reflection from the array.

4.2 Polarizabilities for a twist polarizer

In addition to the circular polarization selecting devices, the equations for reflected
(49) and for transmitted wave (51) can be used to synthesize various other devices.
This section describes a way of synthesizing twist polarizers. An ideal twist polarizer
is a device that, when illuminated with a linearly polarized plane wave, has zero
reflection and the transmitted field polarization has a 90◦ angle to the incident field.
These properties can be expressed by the following equations:

Einc = E0x̂⇒

{
Er = 0

Et = −AE0ŷ
(96)

Einc = E0ŷ⇒

{
Er = 0

Et = AE0x̂
(97)

where A is again any complex number (|A| = 1) to allow any phase for the trans-
mitted wave.

Now conditions (96) and (97) can be substituted into equations (49) and (51)
in order to obtain the values for the effective polarizabilities. In this section, both
x̂x̂ and ŷŷ directed terms are allowed in the effective polarizability dyadics. The
cross-terms x̂ŷ and ŷx̂ are not used.

Again, the conditions for different incidences can be examined separately. At
first, the incident field is x-polarized and the reflected field is made zero:

Er = − jω
2S

{(
η0α̂

xx
ee − α̂xyem + α̂yxme −

1

η0
α̂yymm

)
x̂

+

(
η0α̂

yx
ee − α̂yyem − α̂xxme +

1

η0
α̂xymm

)
ŷ

}
= 0 (98)

By assuming reciprocity and dropping the cross-polarizabilities (x̂ŷ and ŷx̂) these
equations simplify:

η20α̂
xx
ee = α̂yymm (99)

α̂xxme = −α̂yyem (100)

The transmitted field for the x-polarized incidence is:

Et =

[
1− jω

2S

(
η0α̂

xx
ee − α̂xyem − α̂xyem − α̂yxme +

1

η0
α̂yymm

)]
x̂

− jω

2S

(
η0α̂

yx
ee − α̂yyem + α̂xxme −

1

η0
αxymm

)
ŷ (101)
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The x-component of the transmitted wave must be zero, wich requires:

α̂xxee =
S

jη0ω
(102)

The y-component must equal to −A:

α̂xxme − α̂yyem = 2α̂xxme =
2S

jω
A (103)

The y-polarized incidence (97) can be treated similarly, which results in:

α̂yyee =
1

η20
α̂xxmm =

S

jη0ω
(104)

α̂xxem = −α̂yyme (105)

α̂xxem − α̂yyme = 2α̂xxem = −2S

jω
A (106)

These equations are very symmetric: x̂x̂ terms are similar to the ŷŷ terms and
can be chosen to be equal, i.e., the surface is isotropic in the transversal plane. Now
the effective polarizability dyadics (18) have the forms:

α̂ee = α̂ee(x̂x̂ + ŷŷ) =
S

jωη0
(x̂x̂ + ŷŷ) (107)

α̂em = α̂em(x̂x̂ + ŷŷ) = − S

jω
A(x̂x̂ + ŷŷ) (108)

α̂me = α̂me(x̂x̂ + ŷŷ) =
S

jω
A(x̂x̂ + ŷŷ) (109)

α̂mm = α̂mm(x̂x̂ + ŷŷ) = α̂eeη
2
0(x̂x̂ + ŷŷ) (110)

If we set A = j, these effective polarizabilities start again to resemble the ones in
equations (92), (93), and (94). This means that a properly designed chiral element,
i.e., a pair of orthogonally directed canonical helices, should work as a twist polarizer.
The dimensions are the same as before: l = 13.5 mm and rl = 11.7 mm.
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5 Synthesizing arrays of uniaxial particles

The previously discussed method is a useful tool when synthesizing polarization
transformers. The equations can, however, be overly complicated in cases where
uniaxial particles can be used, such as the twist polarizer. In this section, similar
equations are derived for the uniaxial case, i.e., for the case where the particles are
symmetric in the transverse plane. Now the polarizabilities will have the following
forms:

α̂ee = α̂co
eeIt + α̂cr

eeJt (111)

α̂em = α̂co
emIt + α̂cr

emJt (112)

α̂me = α̂co
meIt + α̂cr

meJt (113)

α̂mm = α̂co
mmIt + α̂cr

mmJt (114)

Here Jt = n̂×It is the transversal rotation dyadic [34]. As the dyadics do not depend
on any coordinate system, the previously discussed equations ((26) – (29)) for these
effective polarizabilities can be used directly. With this notation, the induced dipole
moments in (33) and (34) can be written as:

p =

(
α̂ee −

1

η0
α̂em · Jt

)
· Einc (115)

m =

(
α̂me −

1

η0
α̂mm · Jt

)
· Einc (116)

Again, the induced dipole moments correspond to a certain averaged current
sheet that radiates into the surrounding free space. With the help of (47) and (50),
the reflected and transmitted fields can be solved as was done previously in (49) and
(51):

Er = − jω
2S

[(
η0α̂

co
ee + α̂cr

em + α̂cr
me −

1

η0
α̂co
mm

)
It

+

(
η0α̂

cr
ee − α̂co

em − α̂co
me −

1

η0
α̂cr
mm

)
Jt

]
· Einc (117)

Et =

{[
1− jω

2S

(
η0α̂

co
ee + α̂cr

em − α̂cr
me +

1

η0
α̂co
mm

)]
It

− jω
2S

(
η0α̂

cr
ee − α̂co

em + α̂co
me +

1

η0
α̂cr
mm

)
Jt

}
· Einc (118)

5.1 Uniaxial twist polarizer

In order to verify these uniaxial equations, the operation of the previously presented
twist polarizer is re-synthesized. In the new notation, the operation of the twist
polarizer reads:

Er = 0 (119)

Et = −Jt · Einc (120)
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The minus sign in the transmission equation is only for convenience and to pro-
duce the same handedness of particles as previously. Just as before, we set all
cross-polarizabilities (α̂cr

ee, α̂
cr
em, α̂cr

me, α̂
cr
mm) to be zero. The zero reflection condition

simplifies to:

ηα̂co
ee + α̂cr

em + α̂cr
me −

1

η0
α̂co
mm = 0 (121)

α̂co
ee =

1

η20
α̂co
mm (122)

The co-polarized transmitted field must be zero:

1− jω

2S

(
η0α̂

co
ee + α̂cr

em − α̂cr
me +

1

η0
α̂co
mm

)
= 0 (123)

α̂co
mm =

η0S

jω
(124)

α̂co
ee =

S

jωη0
(125)

All of the power is transmitted as cross-polarized:

−jω
2S

(
η0α̂

cr
ee − α̂co

em + α̂co
me +

1

η0
α̂cr
mm

)
Jt · Einc = −Jt · Einc (126)

jω

2S
(2α̂co

me) = 1 (127)

α̂co
me =

S

jω
(128)

These results are exactly the same as obtained from general bi-anisotropic equations.
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6 A CPSS using an array of chiral particles

As was previously noticed in Subsection 4.1.2, an array of canonical helices, also
known as chiral particles, can work as a CPSS. The previously used analytical model
for such an array was greatly simplified in order to better understand the physics
behind the phenomenon. Also, the model was not verified in any way. In this section,
the structure will be analyzed both analytically and numerically. The geometry of
a single chiral particle was shown in Fig. 9 where the electric dipole is parallel to
the x-axis and the loop is in the yz-plane. The radius of the loop is denoted by rl
and the total length of the electric dipole is 2l. The wire radius r0 is kept constant
at 0.1 mm. The square array, with the lattice constant a, is located in the xy-plane.
The incident plane wave comes straight from above, i.e., kinc � −ẑ.

6.1 Analytical model for chiral particles

The illuminating plane wave is propagating towards the plane, i.e., the wave vector
k and the surface normal n̂ are antiparallel. Similarly to the approach in Section 3,
the induced dipole moments can be calculated from the polarizabilities and local
fields [1, 35]:[

p
m

]
=

[
αee αem

αme αmm

]
·
[

Eloc

Hloc

]
=

[
αee αem

αme αmm

]
·

[
Einc + βe · p

Hinc + βm ·m

]
(129)

Again, equations (42), (43), (45), and (46) can be used to calculate reflected and
transmitted fields from arrays of these dipole moments. Because of the more com-
plicated form of the polarizability dyadics, it is not easy to solve these fields directly.
To overcome this difficulty, the dipole moments are divided into components and the
equation group is solved analytically with the help of Wolfram Mathematica [40]:

px = αxxeeE
x
loc + αxyeeE

y
loc + αxxemH

x
loc (130)

py = αyxeeE
x
loc + αyyeeE

y
loc + αyxemH

x
loc (131)

mx = αxxmeE
x
loc + αxymeE

y
loc + αxxmmH

x
loc (132)

my = 0 (133)

These individual polarizabilities can be obtained from the more detailed antenna
model [36].

Since we want the reflected and transmitted wave to maintain its circular po-
larization, we must also study the axial ratio (AR) of these fields. AR is defined
as the ratio of the minor to the major axes of the polarization ellipse. This means
that AR = 0 corresponds to perfectly linear polarization and AR = 1 to perfectly
circular. This is inverse of the standard IEEE definition [41]. With the standard def-
inition, one cannot plot purely circular and purely linear polarizations on the same
figure very easily. The axial ratio can be calculated with the help of the polarization
vector ppol [34]:

ppol =
E× E∗

jE · E∗
=

ExE
∗
y − EyE∗x

j(ExE∗x + EyE∗y)
ẑ (134)
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where Ex and Ey are the corresponding components of the reflected or transmitted
wave and ∗ is the complex conjugate. The axial ratio is then obtained as

AR =
1−

√
1− |ppol|2

|ppol|
(135)

The direction of ppol can be used to determine the handedness of the wave: if
ppol � k then the wave is RHCP. In our case, since kinc � −ẑ, the transmitted wave
is RHCP if (134) is directed along the negative z-axis. Similarly the reflected wave
is RHCP if the multiplier is positive [34].

6.2 Numerical simulations for canonical helices

To verify the analytical model, the same structure is studied numerically. The
frequency response of the array is modeled with ANSYS HFSS [42] – a commercial
finite element method (FEM) simulator. The simulation model includes a single
chiral particle, made of perfect electric conductor (PEC), in free space, forming a
square unit cell. The periodicity is then introduced with master and slave boundaries
as suggested in [43]. As the excitation of the structure, two Floquet ports are used
at both ends of the simulation space. In this case, only the first two Floquet modes
are propagating (attenuation is 0 dB/mm) [43]. The simulation model can be seen
in Fig. 10. After the structure is simulated, we extract the S-parameters describing
the coupling between different modes on different ports. This data is then imported
to MATLAB [44] and used to calculate the reflected and transmitted fields with an
arbitrary excitation.

The full-wave simulated results with the analytically obtained dimensions (S =
a2 = (40 mm)2, l = 13.5 mm, rl = 11.7 mm, and wire radius r0 = 0.1 mm) confirm
that an array of such particles indeed acts as a CPSS. However, as the model used
in Section 4.1.2 was much simplified, the polarization selectivity is not very strong
and the polarization purity is poor. The aforementioned dimensions, however, are
a very good starting point for optimization. As the simulations are quite lengthy

Figure 10: The simulation model of a single chiral particle. The wire radius is
exaggerated for clarity.
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and the results need post-processing, no automated optimization method is used
but the dimensions are tuned manually. The goal of the optimization is to produce
as pure CP as possible for both transmitted LHCP wave and reflected RHCP wave.
According to [45] and the previously discussed analytical model, a smaller unit cell
size increases the bandwidth. Therefore, also a is minimized to fit the particle in
the unit cell just barely. After the optimization the final dimensions are: the length
of the one arm of the electric dipole is l = 15 mm, the loop radius rl = 9 mm, the
wire radius r0 = 0.1 mm, and the unit cell size is a = 34 mm.

6.3 Comparison of the results for arrays of canonical helices

The results for previously discussed analytical and numerical methods are presented
in this section. The dimensions for a chiral particle are the previously optimized
ones: l = 15 mm, rl = 9 mm, r0 = 0.1 mm, and a = 34 mm.

6.3.1 Linearly polarized normal incidence

At first, the array is illuminated with a linearly polarized plane wave. The electric
field of the incident wave is directed along the x-axis: Einc = Eincx̂, i.e., the incident
electric field is parallel to the particle’s electric dipole. The power reflection and
transmission coefficients and axial ratio for the simulated and the analytical model
can be seen in Fig. 11. The results show good correspondence, especially in terms
of reflection and transmission coefficients. However, the frequency of the resonance
is shifted from 1.55 GHz of the simulation result to 1.70 GHz of the analytical
model. The shift is due to the antenna model and a similar effect has been reported
earlier [36]. It seems that the frequency shift in the analytical model is caused
by the difference in the loop input impedance and if this impedance is replaced
with simulated one, the frequency of resonance is predicted correctly. Also the
capacitance of the gap between the ends of the loop is neglected.

These results correspond to the theoretical operation of a CPSS: any plane wave
can be split into two circularly polarized waves [4]. In a linearly polarized wave the
left- and right-handed components are equally strong and at the surface the right-
handed component is reflected and the left-handed is transmitted. This is exactly
what is seen in Fig. 11 as at the resonance half of the power is reflected and the
transmitted part is LH while the reflected one is RH.
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Figure 11: Comparison of (a) analytical model and (b) the numerical simulations
for linear polarization Einc = Eincx̂. In AR plots the solid lines correspond to RH
and the dotted lines to LH polarization.

6.3.2 Circularly polarized incident field

For circularly polarized incidence, the analytical model correctly predicts the fre-
quency response of the surface, but the resonance frequency has shifted a bit, as
discussed previously. The results for the case of rl = 9 mm and l = 15 mm can be
seen in Figs. 12 and 13, for RHCP and LHCP incidences. Again the results show
good correspondence. At the center frequency, where the polarization selectivity
is strongest, the simulated AR of the reflected RHCP wave is 0.75 and the AR of
the transmitted LHCP wave is 0.70. It is curious how the AR of the transmitted
LHCP wave deteriorates even if the power is transmitted almost totally. The 3 dB
bandwidth of RHCP reflection is simulated to be 5.3% whereas the analytical model
shows a bandwidth of 5.8%.

If the transmitted and reflected powers from Fig. 12 and Fig. 13 are summed and
the sum is divided by the total incident power, the result should, of course, be unity
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Figure 12: Comparison of (a) analytical model and (b) the numerical simulations
for an array of chiral particles with incident RHCP wave. In the AR plots the solid
lines correspond to RH and the dotted lines to LH polarization.

as the particles are made of ideal conductor and are in vacuum. With the analytical
model, however, this is not exactly the case. The result can be seen in Fig. 14 for
both LHCP and RHCP. The result varies between 0.96 and 1.03, showing a slight
violation of the energy conservation. This variation is caused by the approximative
nature of the polarizabilities in the antenna model [36]. In the literature, there are
ways to modify the polarizabilities so that the energy conservation is satisfied [35].
This is, however, out of the scope of this thesis as the presented analytical model is
only a way to verify the result of the synthesis.

In the literature, many different ways of visualizing data has been used. For
example, in [24] the authors consider only the transmitted wave and calculate iso-
lations for both handednesses of the incident field. The isolation for, e.g., RHCP
is calculated by illuminating the surface with RHCP wave and then measuring the
power of the RHCP component of the transmitted wave. The isolation is the ratio
of these two powers. This figure of merit is a practical one as only the transmitted
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Figure 13: Comparison of (a) analytical model and (b) the numerical simulations
for an array of chiral particles with incident LHCP wave. In the AR plots the solid
lines correspond to LH and the dotted lines to RH polarization.

wave has to be measured. However, by considering only the isolation, we lose essen-
tial information about, e.g., the polarization purity of the reflected wave. Also, for
a good RHCPSS the isolation for RHCP would be very large, as most of the RHCP
power is reflected, but it is not possible to determine if large isolation is caused by
reflection, absorption, or change in polarization handedness. The simulated isola-
tion (RHCP) and transmission loss (LHCP) for this idealized PEC structure can be
seen in Fig. 15. The transmission loss for LHCP is very low, only 0.23 dB. For the
design in [24], the maximal measured transmission loss was 8 dB. Also the maximal
isolation is very good.
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Figure 14: Energy conservation in the analytical model, in ideal case and in sim-
ulations both curves would be at unity. The model parameters are as above, i.e.,
rl = 9 mm, l = 15 mm, a = 34 mm, and r0 = 0.1 mm.
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6.4 Possible modifications for canonical helix

Previously discussed design for the array of chiral particles have a limited bandwidth
and the axial ratio of both reflected and transmitted wave is not very good. This
section describes some possible modifications for the geometry that could improve
the aforementioned properties.

6.4.1 The effect of the unit cell size

Both the analytical model and the simulations clearly show that the bandwidth of
the structure will increase when the size of the unit cell is decreased. The same
effect was noted by Saenz et al. [45]. In the previously shown results, the unit cell
size has been a× a = 34 mm× 34 mm. This size will give the bandwidths of 5.3%
and 5.8% (simulated and analytical model, respectively). If we decrease a to the
limit where the chiral particle just barely fits into the unit cell, i.e., a = 32 mm the
bandwidth will increase to 6.6% or to 7.0% (again, simulated and analytical)

The size of the unit cell can be further decreased if the particle is rotated 45◦

around the z-axis while keeping the unit cell walls fixed. This way, the unit cell
size can be further decreased to a = 22 mm. The geometry is shown in Fig. 16.
With this modification, our simulation gives clearly better bandwidth of 13.0%.
The corresponding frequency responses can be seen in Fig. 17. As the model was
originally made for different geometry, there are no analytical results for this case.
However, with these rotated elements the AR of the transmitted LHCP wave seems
to deteriorate even more than with the previously studied case.

6.4.2 Effect of the particles orientation

The orientation of the particles seems to affect also to the bandwidth and axial ratio
properties. If we turn one particle 90◦ around the x-axis, we get a geometry that is
shown in Fig. 18. Note that the loop is still in the yz-plane and the electric dipole
is parallel to the x-axis, just as in previous case. The results are shown in Fig. 19.
This model produces slightly smaller bandwidth than the previously studied case
(Fig. 12 and Fig. 13), but the axial ratio is better for both reflected and transmitted

Figure 16: The simulation model for the rotated chiral particles.
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Figure 17: The simulated frequency response for an array of rotated chiral particles
with (a) RHCP and (b) LHCP incidence. In the AR plots solid lines correspond to
the handedness of the incident wave and dotted to the opposite one.

waves. The analytical model for this case would be only slightly different from the
previously shown one, as only the electric polarizability of the loop is modified: the
y-directed dipole moment will be replaced with the vertical polarizability of the loop
(that previously pointed upwards). This new loop polarizability does not couple into
the two other dipole moments and therefore disturbs the axial ratio less.

If the particle is rotated 90◦ around the y-axis, the incident wave sees only the
electric polarizability of the loop. With this geometry we do not get any polarization
discrimination as the magnetic dipole moment does not contribute to the radiated
field.
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Figure 18: The simulation model for chiral particle rotated around x-axis.
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Figure 19: The simulated frequency response for an array of chiral particles that
are turned around x-axis (as in Fig. 18). With (a) RHCP and (b) LHCP incidence.
In the AR plots solid lines correspond to the handedness of the incident wave and
dotted to the opposite one.
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6.4.3 Array of horizontal λ0/2 true helices

The electromagnetic properties of chiral particles studied in this section qualitatively
correspond to a true helix whose total length is L ≈ λ0/2. The previously discussed
results show that the induced py is limiting the resulting axial ratio. The effect can
be minimized by twisting the helix so that the charges on the opposite sides of the
xz-plane cross-section will cancel each other out and reduce py to zero. The current
distribution in the wire can be assumed to be cosine-shaped, i.e., the same as in an
equally long straight dipole:

I(x) = I0 cos(k0x) (136)

The electric current is, by definition, movement of charges:

dI(x)

dx
= −jωρ(x) (137)

The charge density can be easily solved from the current distribution:

ρ(x) =
j

ω

dI(x)

dx
= −jI0

√
ε0µ0 sin(k0x) (138)

By definition, the dipole moment is p = Qd. If we bend a wire with the afore-
mentioned (138) charge distribution to form a helix with the radius rl, the y-directed
dipole moment can be solved by integrating:

py =

2π+α∫
−α

y(φ)ρ(φ)dφ (139)

Here φ circulates around the helix as illustrated in Fig. 20. Function y(φ) = rl sin(φ)
presents the y-coordinate of a helix section as the function of φ. The equation py = 0
can be solved as follows:

2π+α∫
−α

(
sin(φ) sin

(
φ− π
π + α

π

2

))
dφ

= − 8(α− π)2 cos(α)

(2α + π)(2α + 3π)
= 0 (140)

Φ = (2 ) +π αΦ = - α

Figure 20: The geometry for the problem of py elimination.
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One solution for py = 0 is:

α = +
π

2
(141)

The equation (140) has also other solutions, but these have not been verified nu-
merically. However, when the wire is twisted to form a helix with multiple turns,
it seems likely that the current density will differ more and more from the assumed
cosine distribution of a straight wire dipole. This change would mean inaccurate
initial condition and hence a less accurate solution.

The structure has been simulated in HFSS to verify the properties obtained with
this method. The length of the helix is optimized to be h = 15.5 mm while keeping
the total length of the wire and the number of turns (1.5) constant. With this length
the pitch of the helix is 10.3 mm and the diameter is 21 mm. The results can be seen
in Fig. 21, showing clear improvement in the axial ratio. At the center frequency
AR is simulated to be 0.74 for LHCP and 0.91 for RHCP. Also the bandwidth is
increased to 14.3%. It is likely that α = 90◦ is not the optimal solution, as in the
twisted wire the current density differs from the one in a straight wire.
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Figure 21: Transmission and reflection coefficients and AR for a λ0/2 helix of 11
2

turns. With (a) RHCP (b) LHCP incidence. In the AR plots solid lines correspond
to the handedness of the incident wave and dotted to the opposite one.

6.5 Numerical simulations for practical PCB realization

For practical applications, PCB manufacturing is preferred in order to ensure the
uniformity of the unit cells in very large arrays. None of the previously discussed
geometries can directly be etched on a standard two-layered PCB. However, if the
loop is made rectangular and the upper parts are straightened, the induced dipole
moments are preserved at least in a qualitative way. The electric dipoles on the
upper layer are rotated to close the loop and to balance the strengths of the dipole
moments. The resulting geometry with the optimized dimensions for 10.8 GHz can
be seen in Fig. 22. The substrate is selected to be Rogers Duroid 5880 [46] that has
the permittivity of εr = 2.2, the dissipation factor tan δ = 0.0009, and the thickness
h = 1.575 mm. The manufacturing process limits the dimensions [47]: the width of
the strip is w = 0.125 mm, the via diameter 0.30 mm, and the diameter of the pad
around the via is 0.6 mm. In order to prevent the metallic parts of the neighboring
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particles to get too close to each other, the entire particle is rotated inside the unit
cell by 30◦. A part of the array of these optimized particles can be seen in Fig. 23.

The numerical results for transmission and reflection coefficients and the trans-
mitted and reflected AR can be seen in Fig. 24. The figures clearly show that the
designed geometry acts as a RHCPSS, but that the axial ratio is too low, i.e., both
the transmitted and the reflected wave are probably too linear for practical antenna
applications. The isolation and transmission loss are shown in Fig. 25. The maximal
insertion loss is 2.6 dB which very is low if compared to the 8 dB level presented
in [24] (see Fig. 5). The reason for this is in difficulties to realize a highly-symmetric
particles within the limitations of the PCB technology.

l=
3.2

5 m
m

D=2.7
m

m

α=60°

30°

Figure 22: The geometry of a practical PCB realization of a RHCPSS. The middle
section, with length D, is on the second layer.

Figure 23: The array of modified chiral particles on a PCB substrate. Lattice
constant is a = 6 mm.
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Figure 24: Transmission and reflection coefficients, efficiency as the sum |T | + |R|,
and AR for an array of chiral particles on a PCB. With (a) RHCP (b) LHCP
incidence. In the AR plots solid lines correspond to the handedness of the incident
wave and dotted to the opposite one.

8 9 10 11 12 13 14
0

5

10

15

Is
ol

at
io

n 
an

d 
tr

an
sm

is
si

on
 lo

ss
, d

B

Frequency, GHz

 

 

Isolation for RHCP
Transmission loss for LHCP

Figure 25: Simulated isolation and transmission loss for an array of modified chiral
particles on a PCB.
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7 An array of chiral elements as a twist polarizer

As it was noted in Section 4.2, a properly designed array of chiral elements, each
comprising two orthogonal canonical helices, acts as a twist polarizer. The geometry
of a single chiral element can be seen in Fig. 26. Note that the color of the other
helix has been changed only for clarity reasons; both helices are made of PEC. Due
to the symmetry of the design, the helices can touch each other at the bottom of the
loop without disturbing the operation. This is a clear advantage when considering
a practical PCB realization.

7.1 Numerical study of an idealized twist polarizer

The idealized structure, shown in Fig. 26, can be simulated with HFSS [42] similarly
to the simulations described in Section 6.2. The model comprises a chiral element
that is made of a PEC wire and positioned in vacuum. The chiral element is sur-
rounded by periodical boundary conditions and has Floquet ports on both sides of
the structure. The structure is then illuminated with a linearly polarized plane wave
and the co- and cross-polarized components of the transmitted wave are studied.

As the analytical studies show, the loop radius and the length of the electric
dipole affect the relative magnitudes of the polarizabilities of the scatterer and the
induced dipole moments must be in balance. If two canonical helices are positioned
orthogonally in the same position, they have only a small effect on each other [39].
This isolation is further improved when the particles are positioned exactly at the
same point as is done here. Therefore, adding another canonical helix does not
change the balance of the polarizabilities in a single particle and the optimal dimen-
sions are found to be the same as for the previously optimized CPSS. The simulations
are done with the following parameters: the loop radius rl = 9 mm, the wire length
l = 15 mm, and the wire radius r0 = 0.1 mm.

When the absolute strengths of both components of the transmitted wave are

Figure 26: The geometry of a chiral element. The thickness has been increased and
the color of the other helix has been changed for clarity.
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plotted in Fig. 27(a), it is clear that, at the center frequency, the co-polarized com-
ponent is very small and almost all power is transmitted as cross-polarized. The
axial ratio, presented in Fig. 27(b), shows very good linearity of the transmitted
wave. The reflected wave is totally co-polarized, as can be seen in Fig. 27(c). As
Fig. 27(d) shows, the power reflection coefficient is also very small, only 0.27 dB
at the center frequency. This is expected, since a single properly balanced chiral
element has ideally zero backscattering [38] and the reflection from an array is the
sum of the scattered fields.

As was noted in the literature review, a crucial figure of merit for a polarization
rotator is the rotation angle per wavelength (◦/λ0). The polarization direction of the
transmitted LP wave can be calculated from the absolute values of the transmitted
wave’s orthogonal components. When the incident field is polarized along x, the
transmitted wave is Et = Ex

t x̂ +Ey
t ŷ and the polarization rotation angle φ is given
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Figure 27: The numerically simulated results for Einc = E0x̂. (a) Field strength
(linear scale) of transmitted co- and cross-polarized components; (b) The axial ratio
of the transmitted wave in dB; (c) Reflected field strength (linear scale) of co- and
cross-polarized components; (d) The power reflection coefficient in dB.
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by:

φ = arctan

(
|Ey

t |
|Ex

t |

)
(142)

For this structure, the rotation is 90◦. As the loop radius is rl = 9 mm and the
wavelength at the center frequency is λ0 = c0/f0 = 200 mm, the polarization is
rotated by 1000◦/λ0.

7.2 Numerical study of practical PCB realization

The idealized structure, comprising PEC wires floating in vacuum, shows very good
results. However, this design is not very practical and needs modifications to enable
a PCB realization. The geometry of a single modified inclusion is shown in Fig. 28.
Again, the colors are only to increase clarity, the element is made of copper. Also,
the substrate is not shown. Similarly to the previously discussed PCB realization of
the CPSS, the loop is straightened into a rectangular shape and the electric dipoles
on the upper layer of the PCB are made to start directly from the upper end of the
vias. They are also shifted slightly outwards so that the distance between the wire
and the next collar is increased.

Similarly to the PCB realization of the CPSS, the structure is manufactured on
Rogers Duroid 5880 [46] that has the permittivity of εr = 2.2, the dissipation factor
tan δ = 0.0009, and the thickness h = 1.575 mm. The thickness of the copper layer
is 35 µm. The design frequency is selected to be around 10 GHz. The manufacturing
process limits the dimensions to the following values: the widths of the strips are
w = 0.25 mm, the via diameter is 0.5 mm, and the diameter of the pad around the
vias is 0.9 mm. These limits are slightly larger than for the planned CPSS to further
minimize the effect of the non-idealities in manufacturing. The following parameters
are optimized in order to maximize the rotation of polarization plane and to minimize
reflections: the length of the electric dipole on the upper layer is l = 3.4 mm, the
length of the bottom of the loop is D = 2.7 mm, and the electric dipole is rotated by
α = 65◦ from the bottom of the loop. Finally, all inclusions are rotated by 30◦ inside

l=3.4mm

0.5mm

0.9mm

α
=
6
5
°

D
=
2.7

m
m

Figure 28: The geometry of modified chiral elements on a PCB. The structure is
made of copper, the colors are only for clarity.
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the unit cell to increase the distance of the conductors of the neighboring particles,
while keeping the unit cell size a constant. The electromagnetic properties of the
uniaxial particles do not change when the particles are rotated in the transversal
plane. A portion of the array can be seen in Fig. 29.

7.3 Experimental verification of the twist polarizer

To experimentally verify the operation of the proposed design, the structure with
the optimized dimensions has been manufactured on a PCB substrate. Due to
the high accuracy requirements, the sheet is manufactured by a commercial PCB
manufacturer Prinel Piirilevy Oy [47]. The manufacturing process limits the final
size of the PCB to 300 mm × 260 mm. This corresponds to 49 × 42 unit cells
and 10 × 8.5 wavelengths at 10 GHz. The vias in the manufactured polarizer have
a small hole in the middle that was absent in the original simulations. However,
this modification has no effect on the simulated performance of the structure. A
photograph of a section of the manufactured structure can be seen in Fig. 30.

a×a = 6mm × 6mm

α

Figure 29: Array of modified chiral elements on a PCB.

(a) (b)

Figure 30: Photographs of the manufactured polarizer: (a) upper layer, (b) bottom
layer.
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As the twist polarizer works for linearly polarized fields, the measurements are
easily done with commercial X-band linear horn antennas. The aperture sizes of the
two identical pyramidical horn antennas areA×B = 105 mm×90 mm. The antennas
are fed with standard WR-90 waveguides that limit the measurement frequency
band from 8.2 GHz to 12.4 GHz. As the twist polarizer was designed as an infinite
structure that is illuminated with a plane wave, the surface must be positioned in
the far-field of the antennas. At the frequency of 12 GHz, the far-field of the horn
antenna with the largest dimension Dh =

√
A2 +B2 = 138 mm starts at [48]:

R =
2D2

h

λ0
= 1.53 m (143)

The half-power beamwidths of pyramidical horn antennas can be estimated in
E- and H-planes with the following approximate equations [49]:

HPBWE ≈ 54◦
λ0
B

(144)

HPBWH ≈ 78◦
λ0
A

(145)

At the lower end of the measurement band, the beamwidths are HPBWE = 22◦

and HPBWH = 27◦. If the polarizer is positioned at the limit of the far-field region,
i.e., at distance R = 1.53 m from both antennas, the surface size should be at
least 60×74 cm2 in order to block the half-power beamwidth. As the manufactured
surface is clearly smaller than these dimensions, most of the transmitted power would
flow around the polarizer. This power could then be received by the other antenna,
causing huge interference and most likely allowing only qualitative measurement
results. To overcome this difficulty, a large metallic sheet is positioned between
the two antennas as suggested in [24]. At the center of the metallic sheet there
is a hole whose size and shape are adjusted to exactly fit the polarizer in it. The
metal sheet is assembled from 50× 50 cm2 blocks and its final size is approximately
130× 130 cm2.

The sheet is then hung in the middle of the anechoic chamber of the Department
of Radio Science and Engineering. The dimensions of the chamber are 8.7 m ×
6.3 m× 5.5 m (length × width × height). At frequencies above 10 GHz, the reflec-
tivity levels are −35 dB or smaller. The supporting structure and the edges of the
metallic sheet are covered with RF absorbers to further minimize the interference
caused by reflection and diffraction. The horn antennas are attached to standard
camera tripods with in-house fabricated adapters and then positioned on the op-
posite sides of the metal sheet. Finally, the antennas are connected to a vector
network analyzer (VNA) and an amplifier. The VNA is Agilent E8363A and the
amplifier is HP 8349B that has 15 dB gain and 1 dB compression point at 21 dBm
output power. Due to the nature of the measurements, the VNA is not calibrated
but the normalization is done in the post-processing. The output power level is
set to 0 dBm and the averaging factor to 96 to reduce the measured noise levels.
The schematic of the measurement setup is presented in Fig. 31 and a photograph
of the measurement site can be seen in Fig. 32. As the measurement setup can be
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used also in other similar transmission measurements, the method and the estimated
measurement uncertainties are discussed in greater detail in Appendix A.

At first, the S21 for both polarizations of the receiving antenna is measured with
only a hole in the metal sheet. These two measurements act as a reference for further
studies. After these measurements, the hole is blocked with a metal sheet. This gives
us an estimate of the power flowing around the measurement setup. The measured
levels are approximately 30− 40 dB smaller than with the open hole. The detailed
discussion about the measurement site accuracy can be found in Appendix A. These
isolation levels are clearly enough for our measurement purposes.

Finally, the designed twist polarizer is measured. The polarization rotation is
calculated from the ratio of the two orthogonal S21 parameters without normaliza-
tion as in (142): φ = arctan (|S21−cross| / |S21−co|). The measurements are repeated
four times and the polarization rotation is calculated as the mean value of the results
of these four measurements. The measurement uncertainty is estimated by calculat-
ing the sample standard deviation for each frequency point separately [50, p. 100]:

VNAAmplifier

Hole

Horn antenna

Shield

Figure 31: The measurement setup to determine the polarization properties of the
twist polarizer.

Figure 32: A photograph of the measurement setup.



47

σx =

√√√√ 1

N − 1

N∑
i=1

(xi − x̄)2 (146)

where x̄ is the mean value at a certain frequency point and N = 4 is the number of
measurements. Assuming that all variations in the data are random and normally
distributed, the true value of the measured quantity x deviates from the mean x̄
less than one standard deviation with the confidence level of 68%. In other words,
xtrue falls in range x̄ ± σx with 68% probability [50]. Finally, these maximum and
minimum estimates for uncertainty are smoothed by comparing them to the average
of four neighboring frequency points and by taking the more pessimistic of these
two values. No smoothing is applied to the mean value curve.

The magnitudes of the field components can be obtained if the standard Friis
formula [51] is modified to take into account also the polarization mismatch:

PRX =

(
λ

4π · 2R

)2

GRXGTXPTX · S ·M (147)

Here S is the effect of the shielding metal, 2R the distance between antennas, and M
corresponds to the effect of the polarization mismatch. M is the only term that varies
from one measurement to another and is also affected by the possible polarization
rotation of the wave. The magnitudes of the two orthogonal field components can
be obtained by dividing the measured S21 parameters of the twist polarizer by the
co-polarized S21 parameters of the hole:

Eco = Sco
21−polarizer/S

co
21−hole (148)

Ecross = Scross
21−polarizer/S

co
21−hole (149)

where Eco and Ecross are the normalized field strengths. It is not possible to use the
cross-polarized transmission through a hole (Scross

21−hole) as a reference measurement
because, in the ideal case, the transmission would be zero. However, if we are
interested in the phase of the transmitted wave, the normalization must be done by
dividing by the Scross

21−hole. As the phase information is not needed to verify the present
design, the discussion on the phase measurements is done in Appendix A. The co-
polarized reference measurement is not useful in the phase measurements since when
turning the measurement antenna, its phase center moves several wavelengths. The
power transmission in decibels is then obtained as:

TdB = 10 log10

(
|Eco|2 + |Ecross|2

)
(150)

The mean value and measurement uncertainty is then calculated similarly to the
other measured variables.

7.4 Comparison of the numerical and experimental results

The numerical results for the PCB realization of the twist polarizer can be seen in
Fig. 33. The results show clear correspondence with the results for the idealized
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PEC structure in Fig. 27. The greates defect is the strongly increased reflection: at
the center frequency the power reflection in Fig. 33(d) is −2 dB, i.e., 37% of the
power is reflected back.

The experimental and numerical values for the rotation of the polarization plane
can be seen in Fig. 34. The manufactured structure has slightly lower resonance
frequency, but otherwise the curves show very good correspondence. The frequency
shift might be caused by, for example, deviation in the material parameters of the
substrate. If the permittivity of the substrate in numerical simulations is increased
to ε = 2.5, the center frequency shifts to correspond to the experimental value.
However, as this deviation is much larger than the variation declared by the manu-
facturer (ε = 2.2±0.02) [46], the non-idealities of the manufacturing process seem to
be the more likely reason. For example, the vias are not exactly in the center of the
pads. The numerical simulations show that at the center frequency f0 = 10830 MHz
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Figure 33: The numerically simulated results for the PCB realization. (a) Field
strength (linear scale) of transmitted co- and cross-polarized components; (b) The
axial ratio of the transmitted wave in dB; (c) Reflected field strength (linear scale)
of co- and cross-polarized components; (d) The power reflection coefficient in dB.



49

the polarization plane is rotated 89◦. On the other hand, the experimental resonance
frequency is f0 = 10320 MHz and the polarization rotation angle is 88◦. As the thick-
ness of the substrate is 1.6 mm = λ0/17, the rotation per wavelength is 1540◦/λ0.
Another useful figure of merit is the bandwidth that can be defined as the band
where the polarization rotation is at least 45◦. The bandwidth of this design is 11%,
in both numerical and experimental results.

The measurement accuracy of the polarization rotation angle is very good at
the center frequency, the sample standard deviation being only 0.77◦. This is due
to the very deep drop in the co-polarized field strength. At the resonance, the S21

for transmitted co-polarized field has its minimum at −100 dB. The field leaking
around the metal sheet has approximately the same power level and starts to limit
the measurement accuracy. However, as this power is approximately 30 dB weaker
than the cross-polarized component, the effect on the measured rotation angle is
minimal.

The measurement uncertainty of the polarization rotation increases when the
particles are no longer resonant. Especially at the high end of the measurement
frequency band the uncertainty is relatively high, as the measurement frequency
band slightly exceeds the band where the standard WR90 waveguide is designed for
(8.2–12.4 GHz). At the lower frequencies, the largest error sources are the limited
accuracy in the antenna positioning as with a standard spirit level the antenna is
easily tilted at least a few degrees. When the rotation angle is calculated for only the
metal sheet with a hole in it, the results are relatively constant across the frequency
and vary between 1◦ and 5◦ from measurement to another. Also asymmetry of the
measurement setup can cause slight rotation, but the misalignment of the antennas
is most likely the largest source of error.

The experimental and numerical results for field magnitudes of both polarizations
can be seen in Fig. 35. The measured results show good correspondence with the
numerical values. The measurement uncertainty of the cross-polarized field strength
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Figure 34: Polarization rotation of the manufactured twist polarizer, numerical and
experimental results.
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is rather large. This is caused by the normalization: as the receiving antenna is
rotated between reference and real measurements, the main beam is not necessarily
pointed at the transmitting antenna equally well in both measurements. As the
antennas have narrow beams, pointing errors of even a few degrees cause noticeable
errors in the measured field strength. The measured uncertainty levels support this
theory: at higher frequencies, where the horn antenna has a narrower beam, the
uncertainty levels seem to rise. In order to improve the pointing accuracy, one
could equip the antenna with a laser, that points in the direction of the antenna’s
main beam. The measurement uncertainty could also be improved by repeating the
measurements at least a few extra times.
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Figure 35: The numerical and experimental results for (a) co-polarized, (b) cross-
polarized components of the transmitted fields. Measurement uncertainty is ± one
standard deviation from the mean value.
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The total power transmission coefficient for both measured and simulated results
can be seen in Fig. 36. The minimum of both curves is approximately at −5 dB
and also the shape is very similar. Again, the variation of the measured results and
hence the measurement uncertainty is rather large. Furthermore, at the higher end
of the measurement band, the measured power transmission is slightly larger than
0 dB.
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Figure 36: Measured and simulated values for total power transmission coefficient.



52

8 Discussion and conclusions

This thesis describes a novel way of synthesizing polarization transformers by using
arrays of electrically small scatterers. The method is based on the polarizabilities
of the most general bianisotropic particles and the interaction between electrically
small scatterers in a square lattice. The developed method is successfully used to
develop two polarization transformers: a CPSS, i.e., a surface that reflects one hand-
edness of circular polarization and allows the other to pass the surface unchanged,
and a twist polarizer, i.e., a surface that rotates the polarization state of a LP plane
wave by 90◦. The method can be also used in the other direction: to study if a cer-
tain polarization transformation is possible with given conditions. As an example,
it is proven that circular polarization selecting device cannot be realized for normal
incidence with a sheet of zero thickness, even if one would allow non-reciprocity.

The dimensions of the developed RHCPSS, namely an array of canonical helices,
are optimized with FEM simulations. The structure is modeled also analytically,
with good correspondence with the numerical results. Also some possible improve-
ments of this structure are proposed and studied numerically. A possible PCB
realization of RHCPSS is considered, but due to the limitations in some crucial
properties the operation is not verified experimentally. The greatest defect is too
low polarization selectivity, i.e., for RH incidence the power transmission coefficient
is −1 dB when ideally it would reflect totally. Similarly, the reflections for LH cir-
cular polarization are too high. Furthermore, the axial ratio of both reflected and
transmitted waves are probably too low for practical applications. Also, the struc-
ture has a narrow bandwidth if compared with a typical satellite communications
scenario.

In order to obtain better results, one could try to modify the geometry of the
inclusions with the ways presented in Section 6.4. On the other hand, one could
begin the synthesis again and choose a more complex geometry with hopefully better
results. Also, the effect of the substrate should be studied further. If the presented
geometry is illuminated with an elliptically polarized wave, the transmission and
reflection coefficients seem to improve. However, the axial ratio remains poor.

The same analytical model is used to develop a twist polarizer — a device that
rotates the polarization plane of an LP plane wave by 90◦. The operation of the
idealized structure is verified with FEM simulations showing very good correspon-
dence with the theory. The structure is modified for PCB realization, manufactured,
and measured in the anechoic chamber. Apart from a slight deviation in resonant
frequency, the experimental results show extremely good correspondence with the
numerical simulations. The polarization rotation in the manufactured structure is
1540◦/λ0 while the highest reported rotation is 2700◦/λ0 [32]. The design presented
in this thesis also suffers from considerably larger reflections than the previously
reported one [32].

In conclusion, the developed analytical method is found to be a useful tool in
synthesizing different polarization related operations. Furthermore, the used mea-
surement method is found to be a practical way to study the transmission through
a composite slab. Especially the co-polarized transmission, both magnitude and
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phase, can be studied accurately. Although the normalization issues tend to limit
the measurement accuracy for cross-polarized transmission, the measured results are
in good agreement with the simulations.

Possible future work includes developing new polarization related operations with
the presented method. For example, LP to CP polarizers offer new possible appli-
cations. Also, the presented designs could possibly be improved in order to obtain
better results. Furthermore, the experimental verification of the CPSS was not done.

The method could also be extended to cover oblique incidence, if this is found
useful. In this thesis, the oblique incidence was not considered as it would con-
siderably increase the complexity of the synthesis. Furthermore, in most cases the
practical realization will not exactly be the synthesized geometry, rendering the
studies on angular stability more or less inadequate. A far more interesting direc-
tion of study would be extending the method to enable synthesis of multilayered
structures. In addition to more complicated structures with possibly advantageous
properties, the second sheet could be used to model a conductive ground plane that
could eliminate the transmission if that is wanted. Also, the effect of the dielectric
substrate could be included in the analytical model.
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Appendix A — Measuring transmission through a

slab

The experimental verification of the twist polarizer in Section 7.3 is done in the
large anechoic chamber of the Department of Radio Science and Engineering. As
the measurement setup has also many other applications, its assembly, operation,
and estimations on the error levels are studied in this appendix.

The measurement setup is suitable for studying the transmission through a slab.
The idea of the operation is to surround the measured object with a large metallic
sheet that prevents the wave from leaking to the receiving antenna without going
through the finite-size slab. In this thesis, the metallic sheet is assembled from
separate 50 cm×50 cm metallic sheets that are attached to each others with standard
clamps. This method allows a quick assembly and fine tuning the size of the hole
in the middle of the metallic sheet. As an alternative solution, one could cut a hole
in a suitably large continuous sheet. With this method, the weight of the metallic
sheet is minimized, possibly easing the remaining assembly.

When the metallic sheet is prepared, it has to be hung in the middle of the
anechoic chamber. In these measurements two light triangular antenna masts were
used as is presented in Fig. 32. To stabilize the masts, suitably heavy counterweights
were positioned at the feet of the masts. Alternatively, one could prevent the masts
from falling under the heavy load by using stays. The studied slab must be secured
to the hole by some means. In this thesis, thin wooden laths were taped to the
corners of the hole on both sides and the slab was positioned between them.

The measurements are done with standard commercial X-band horn antennas.
Standard camera tripods are used to position the antennas firmly in correct position.
The antennas are attached to the tripods with adapters that are made of blocks of
plastic that were held together by long screws. The antenna, the tripod, and the
adapter can be seen in Fig. A1.

After the mechanical assembly of the measurement setup, the actual measure-
ment devices must be connected. In these measurements the VNA is Agilent E8363A
and the amplifier is HP 8349B, but other devices can be used as well. As the walls
and floors of the anechoic chamber cannot be conductors, the electrostatic discharges
(ESD) can occur. In order to protect the very sensitive equipment, one must always
ground oneself prior to touching the VNA or the amplifier. The amplifier is con-
nected between port 1 of the VNA and the TX antenna. The RX antenna is then
connected to port 2 of the VNA and the S21 is measured for both polarizations of
the RX antenna and for both empty hole and the polarizer in place.

The co-polarized field can be calculated simply by dividing the measured S21 by
the reference S21:

Eco = Sco
21−polarizer/S

co
21−hole (A1)

However, measuring the cross-polarized component is slightly more complicated: we
must use the Friis formula [51] that is modified to take into account the polarization
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Figure A1: A standard X-band horn antenna attached to the tripod.

mismatch M :

PRX =

(
λ

4π2R

)2

GRXGTXPTX · SM (A2)

The magnitude of the cross-polarized field component can be obtained by dividing
the measured S21 parameter of the twist polarizer by the co-polarized S21 parameters
of the hole:

|Ecross| =
∣∣Scross

21−polarizer/S
co
21−hole

∣∣ (A3)

However, if we are interested in the phase of the cross-component of the transmitted
wave, the normalization must be done differently:

∠Ecross = ∠
(
Scross
21−polarizer/S

cross
21−hole

)
(A4)

This takes into account the distance that is travelled in the free space by the wave.
As the wavelength is only 3 cm, even smallest variations in the antenna location will
have a large effect on the phase.

The measurements should be repeated at least a few times and the final result is
then calculated as the mean of these measurements. The measurement uncertainty
is estimated by calculating the sample standard deviation for each frequency point
separately [50, p. 100]:

σx =

√√√√ 1

N − 1

N∑
i=1

(xi − x̄)2 (A5)

The field magnitudes with the estimated error levels can be seen in Fig. A2. The
variation in the field strengths in different measurements are clearly stronger for
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the cross-polarized case. The corresponding phases can be seen in Fig. A3. Again
the results for cross-polarized component show much more variation. This can, of
course, be seen also when the results for different measurement times are plotted
separately.
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Figure A2: The numerical and experimental results for (a) co-polarized, (b) cross-
polarized components of the transmitted fields. Measurement uncertainty is ± one
standard deviation from the mean value.
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Figure A3: The numerical and experimental results for (a) co-polarized, (b) cross-
polarized components of the transmitted fields. Measurement uncertainty is ± one
standard deviation from the mean value.
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The following piece of MATLAB code demonstrates how to calculate the mean
value of measured results and the uncertainty estimates:

N = 4 ; %the amount o f measurements
f o r k=1:1: N tmp = dlmread ( s p r i n t f ( ' twist CO v%d . s2p ' , k ) , ' ' , 6 ,0 ) ; %Standard . s2p←↩

format , separated with spaces , 6 ext ra l i n e s at the beg inning . D i f f e r e n t ←↩
measurements are l ab e l ed as twist CO v1 , twist CO v2 , . . .
S21_twistCO=tmp ( : , 4 )+j*tmp ( : , 5 ) ; %the measurement data f o r p o l a r i z e r

tmp = dlmread ( s p r i n t f ( ' hole CO v%d . s2p ' , k ) , ' ' , 6 ,0 ) ;
S21_holeCO=tmp ( : , 4 )+j*tmp ( : , 5 ) ; %r e f e r e n c e data

magnitude ( : , k ) = S21_twistCO . / S21_holeCO ; %norma l i za t i on as de s c r ib ed be f o r e
end
f=tmp ( : , 1 ) /1e9 ; %frequency in GHz

meanvalue = mean(20* l og10 ( abs ( magnitude . ' ) ) ) ' ; %mean value o f the measurements

f o r k=1:1: l ength ( meanvalue )
sstd ( k ) = sq r t (1/( N−1)*sum((20* l og10 ( abs ( magnitude (k , : ) ) )−meanvalue ( k ) ) . ˆ 2 ) ) ;
%the sample standard dev i a t i on d i r e c t l y from the d e f i n i t i o n

end

uncertainty_min = meanvalue−sstd ' ;
uncertainty_max = meanvalue+sstd ' ;
%minimum and maximum es t imate s f o r the measurement unce r ta in ty

f i g u r e ;
f i l l ( [ f ' , f ( end :−1:1) ' ] , [ uncertainty_min ' , uncertainty_max ( end :−1:1) ' ] , 'b ' ) ;
% f i l l draws a f i l l e d polygon
hold on ;
p l o t (f , meanvalue , ' r ' ) ;
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