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ON THE SOLVABILITY OF DEGENERATE STOCHASTIC
PARTIAL DIFFERENTIAL EQUATIONS IN SOBOLEV
SPACES

MATE GERENCSER, ISTVAN GYONGY, AND NICOLAI KRYLOV

ABSTRACT. Systems of parabolic, possibly degenerate parabolic SPDEs
are considered. Existence and uniqueness are established in Sobolev
spaces. Similar results are obtained for a class of equations generalizing
the deterministic first order symmetric hyperbolic systems.

1. INTRODUCTION

In this paper we are interested in the solvability in L, spaces of linear
stochastic parabolic, possibly degenerate, PDEs and of systems of linear
stochastic parabolic PDEs. The equations we consider are important in
applications. They arise in nonlinear filtering of partially observable sto-
chastic processes, in modelling of hydromagnetic dynamo evolving in fluids
with random velocities, and in many other areas of physics and engineering.

Among several important results, an Lo-theory of degenerate linear el-
liptic and parabolic PDEs is presented in [25], [26], [27] and [28]. The
solvability in Lo spaces of linear degenerate stochastic PDEs of parabolic
type was first studied in [20] (see also [29]).

Solving equations in W, spaces for sufficiently high exponent p allows
one to prove by Sobolev embedding better smoothness properties of the so-
lutions than in the case of solving them in WJ" spaces. As it is mentioned
above, the class of stochastic PDEs considered in this paper includes the
equations of nonlinear filtering of partially observed diffusion processes. By
our results one obtains the existence of the conditional density of the un-
observed process, and its regularity properties, under minimal smoothness
conditions on the coefficients.

The first existence and uniqueness theorem on solvability of these equa-
tions in W" spaces, when they may also degenerate, is presented in [22].
This result is improved in [8].

In the present paper we fill in a gap in the proof of the existence and
uniqueness theorems in [22] and [8]. Moreover, we essentially improve these
theorems. In [22] the existence and uniqueness theorem for W"-valued
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2 M. GERENCSER, I. GYONGY, AND N.V. KRYLOV

solutions is not separated from an existence and uniqueness theorem for
W3'-valued solutions. In particular, it contains also conditions ensuring
the existence and uniqueness of a WJ" solution. In [8] these conditions
were removed, and for any ¢ € (0, p] an estimate for £ sup,<r |u|%V;n for the

solution u is obtained. In the present paper we remove the extra conditions of
the existence and uniqueness theorem in [22], remove the restriction ¢ < p on
the exponent ¢ in the corresponding theorem in [8], and prove the uniqueness
of the solution under weaker assumptions than those in [22] and [8] (see
Theorem 2.1 below). Note that to have ¢g-th moment estimates for any
high ¢ is useful, for example, in proving almost sure rate of convergence
of numerical approximations of stochastic PDEs, see, e.g., [5]. Moreover,
we not only improve the existence an uniqueness theorems in [22] and [8],
but our main result, Theorem 3.1, extends them to degenerate stochastic
parabolic systems. We present also an existence and uniqueness theorem,
Theorem 3.2, on solvability in W3 spaces for a larger class of stochastic
parabolic systems, which, in particular, contains the first order symmetric
hyperbolic systems. This result was indicated in [9].

We would like to emphasise that the equations we consider in this paper
may degenerate and become first order equations. For non degenerate sto-
chastic PDEs L,- and Ly(Ly)-theories are developed, see e.g. [17], [18], [13],
[14] and [15], which give essentially stronger results on smoothness of the
solutions.

There are many publications on stochastic PDEs driven by martingale
measures, pioneered by [30]. (See also [2] and the references therein.) In [3]
two set-ups for stochastic PDEs, concerning the driving noise are compared:
a set-up when the driving noise is a martingale measure, and an other set-
up when the equations are driven by martingales with values in infinite
dimensional spaces. It is shown, in particular, that stochastic integrals with
respect to martingale measures can be rewritten as stochastic It6 integrals
with respect to martingales taking values in Hilbert spaces. Earlier this
was proved in [6] in order to treat SDEs and stochastic PDEs driven by
martingale measures as stochastic equations driven by martingales. In [16]
super-Brownian motions in any dimension are constructed as solutions of
SPDEs driven by infinite dimensional martingales, more precisely, by an
infinite sequence of independent Wiener processes. As it is well-known, in
the one-dimensional case the stochastic equation for the super-Brownian
motion can be written as a stochastic PDE driven by a martingale measure,
more precisely, by a space-time white noise, but as it is noted in [16], most
likely this is not possible in higher dimensions.

Solvability of stochastic PDEs of parabolic type are often investigated
in the sense of the mild solution concept, i.e., when solutions to stochastic
PDEs are defined as solutions to a stochastic integral equation obtained via
Duhamel’s principle, called also variation of constant formula in the context
of ODEs (see, e.g., [2] and [3]). For the theory of stochastic PDEs built on
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this approach, often called semigroup approach, we refer the reader to the
monograph [4]. In this framework there are many results on solvability in
various Banach spaces B, including W)" spaces, when the linear operator
in the drift term of the equation is an infinitesimal generator of a contin-
uous semigroup of bounded linear operators acting on B. The equations
investigated in most papers, including [2] and [3], do not have a differential
operator in their diffusion part, unlike the equations studied in this paper.
In the case when the differential operator in the drift term is a time depen-
dent random operator, serious problems arise in adaptation the semigroup
approach. Thus the semigroup approach is not used to investigate the filter-
ing equations of general signal and observation models, which are included
in the class of equations considered in the present paper.

Finally we would like to mention that for some special degenerate stochas-
tic PDEs, for example for the stochastic Euler equations, there are many
results on solvability in the literature. See, for example, [1] and the refer-
ences therein. Concerning the equation in [1] we note that its main term is
non random, and its solution can be given in a sense explicitly.

In conclusion we introduce some notation used throughout the paper.
All random elements will be given on a fixed probability space (Q, F, P),
equipped with a filtration (F;)i>0 of o-fields 7z C F. We suppose that
this probability space carries a sequence of independent Wiener processes
(w")2,, adapted to the filtration (F;);>0, such that wj —w} is independent
of F; for each r and any 0 < s < t. It is assumed that Fy contains all P-
null subsets of €, so that (2, F, P) is a complete probability space and the
o-fields F; are complete. By P we denote the predictable o-field of subsets
of 2 x (0,00) generated by (F;):>0. For basic notions in stochastic analysis,
like continuous local martingales and their quadratic variation process, we
refer to [12].

For p € [1,00), the space of measurable mappings f from R? into a sepa-
rable Hilbert space H, such that

£, = ([ 1F@lhyde) " < .

is denoted by L,(R%,H).

Remark 1.1. We did not include the symbol H in the notation of the norm
in L,(R%,H). Which H is involved will be absolutely clear from the context.
We do the same in other similar situations.

Often H will be I3, or the space of infinite matrices {¢g € R : i =
1,..,M, 7 =1,2,...}, or finite M x M matrices with the Hilbert-Schmidt
norm. The space of functions from L, (R, H), whose generalized derivatives
up to order m are also in L,(RY, H), is denoted by wpr (R4, H). By definition
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W (R, H) = Lp(RY, ). The norm |ulwy of u in W"(RY, H) is defined by
[ulpyn = > [Dulf, , (1.1)

la]<m

where D := D{'...D3? for multi-indices a := (a,...,aq) € {0,1,..}¢ of
length |a| :== a1 + ag + ... + ag, and D;u is the generalized derivative of u
with respect to z¢ for i = 1,2...,d. We also use the notation D;; = D;D,
and Du = (Dju, ..., Dgu). When we talk about “derivatives up to order m”
of a function for some nonnegative integer m, then we always include the
zeroth-order derivative, i.e. the function itself. Unless otherwise indicated,
the summation convention with respect to repeated integer valued indices is
used throughout the paper.

2. FORMULATION
In this section H = R and we use a shorter notation
L, =L,(RYR), W' =W"RLR), W (o) = W (R 1y).
Fix a T € (0,00) and consider the problem

du(z) = (Lyug(x) + fr(z)) dt + (M ue(x) + g7 (z)) dwy, (2.1)
(t,x) € Hy := [0,T] x R%, with initial condition
uo(z) = ¢(x), w=eR, (2.2)

where
Ly = af (2)Dyj + bj(x)Di + ci(x), M] = o) (z)D; + v} (x),

and all functions, given on 2 X Hp, are assumed to be real valued and satisfy
the following assumptions in which m > 0 is an integer and K is a constant.

Assumption 2.1. The derivatives in = € R? of a” up to order max(m, 2)
and of " and ¢ up to order m are P ® B(R%)-measurable functions, bounded
by K for all i,j € {1,2,...,d}. The functions ¢* = (¢7)%2; and v = (V")
are lo-valued and their derivatives in = up to order m + 1 are P @ B(R%)-
measurable [s-valued functions, bounded by K.

Assumption 2.2. The free data, f; and ¢g: = (¢")>2, are predictable pro-
cesses with values in W™ and W;)”H(lg), respectively, such that almost
surely

T
g0 = [ (il + bl )t < o (23)
The initial value, ¢ is an Fo-measurable random variable with values in W)".
Assumption 2.3. For P ® dt ® dz-almost all (w,t,2) € Q x [0,T] x R?
o (2)2'27 >0
for all z € RY, where - - o
a¥ =2a" —o"al".
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This condition is a standard assumption in the theory of stochastic PDEs.
If it is not satisfied then equation (2.1) may be solvable only for very special
initial conditions and free terms. Notice that this assumption allows o = 0,
which can happen, for example, when o'* = (v/2a)™* for i,k = 1,...,d and
o* =0 for k> d.

Let 7 be a stopping time bounded by T

Definition 2.1. A Wpl—valued function u, defined on the stochastic interval
(0, 7], is called a solution of (2.1)-(2.2) on [0, 7] if w is predictable on (0, 7],

|
bodt < 8.
| kg < oo ),

and for each ¢ € C§°(RY) for almost all w €
t
(ut, 0) =, ¢) + / {=(af Dius, Djp) + (bsDius + csus + fs, )} ds
0
t
+ [ oD+ v+ o) du
0

for allt € [0, 7(w)], where b® = b'—D;a%, and (-, -) denotes the inner product
in the Hilbert space of square integrable real-valued functions on R

We want to prove the following existence and uniqueness theorem about
the Cauchy problem (2.1)-(2.2).

Theorem 2.1. Let Assumption 2.3 and Assumptions 2.1-2.2 with m > 0
hold. Then there exists at most one solution on [0,T]. If together with
Assumption 2.8, Assumptions 2.1-2.2 hold with m > 1, then there exists a
unique solution u = (ut);ejo,r) on [0,T]. Moreover, u is a W -valued weakly
continuous process, it is a strongly continuous process with values in W;,”‘l,
and for every ¢ >0 and n € {0,1,...,m}

E sup |ully, < N(E[y, + EKL(T)), (2.4)
t€[0,T] P P

where N is a constant depending only on K, T, d, m, p and q.

This result is proved in [22] in the case ¢ = p > 2 under the additional
assumptions that EXT, .(T) < oo and E[y|jym < oo for r = p and r = 2
(see Theorem 3.1 therein). These additional assumptions are not supposed
and a somewhat weaker version of the above theorem is obtained in [8] when
q € (0,p]. The proof of it in [8] uses Theorem 3.1 from [22], whose proof
is based on an estimate for the derivatives of the solution u, formulated as
Lemma 2.1 in [22]. The proof of this lemma, however, contains a gap. Our
aim is to fill in this gap and also to improve the existence and uniqueness
theorems from [22] and [8]. Since Du = (Dju, ..., Dyu) satisfies a system
of SPDEs, it is natural to present and prove our results in the context of
systems of stochastic PDEs.
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3. SYSTEMS OF STOCHASTIC PDES

Let M > 1 be an integer, and let (-,-) and (-) denote the scalar product
and the norm in RM | respectively. By TM we denote the set of M x M

. . . . 2 .
matrices, which we consider as a Euclidean space RM”. For an integer m > 1

we define I5(R™) as the space of sequences v = (v',12,...) with v* € R™,

k > 1, and finite norm

> 1/2
Wil = (D [VIfm)
k=1

(cf. Remark 1.1).
We look for RM-valued functions u;(z) = (u}(2),...,u} (z)), of w € Q,
t €10,7] and x € R, which satisfy the system of equations

duy :[aijDijut + bf;DZ-ut + cuy + ft] dt
+ [0 Dijuy + vEug + gF) dw?, (3.1)
and the initial condition
up = 1, (3.2)
where a; = (a;’ (z)) takes values in the set of d x d symmetric matrices,

Ui = (Uik(az),k >1) € ly, bi(x) € TM, c(z) € ™,

vi(z) € (T,  fi(x) eRM)  gi(2) € I(RM) (3.3)
fori=1,...d, forallwe Q,t>0, z € R%

Note that with the exception of a¥ and ¢'*, all ‘coefficients’ in equation
(3.1) mix the coordinates of the process u.

Let m be a nonnegative integer, p € [2,00) and make the following as-

sumptions, which are straightforward adaptations of Assumptions 2.1 and
2.2.

Assumption 3.1. The derivatives in z € R? of a” up to order max(m, 2)
and of b* and ¢ up to order m are P ® B(R?)-measurable functions, in
magnitude bounded by K for all 4,5 € {1,2,...,d}. The derivatives in z
of the ls-valued functions o® = (¢%)%  and the lo(TM)-valued function v
up to order m + 1 are P ® B(R?%)-measurable lo-valued and Io(TM)-valued
functions, respectively, in magnitude bounded by K.

Assumption 3.2. The free data, (fi)ico,r) and (gt)iepo,r) are predictable
processes with values in

WHRERM) and  WHH(RY, L (RM)),

respectively, such that almost surely

T
Ko@) = [ (il + llyp) it < o (3.4)

The initial value, v is an Fg-measurable random variable with values in
W;”(Rd,]RM ).
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Set
Bi=bl— oy i=1,2,...,d,
and recall that o = 2a% — ¢%¢7* for i,j = 1,...,d. Instead of Assump-
tion 2.3 we impose now the following condition, where 6% stands for the
‘Kronecker §’, i.e., 8" =1 if k = [ and it is zero otherwise.

Assumption 3.3. There exist a constant Ko > 0 and a PxB (R%)-measurable
R<valued bounded function h = (hi(z)), whose first order derivatives in x
are bounded functions, such that for all w € Q, t > 0 and z € R¢

|h| +|Dh| < K, (3.5)
and for all (A, ..., \g) € R?

d d
1> (BF = FRONP < Ko Y oA for kl=1,.., M. (3.6)
i=1 i,j=1

Remark 3.1. Let Assumption 3.1 hold with m = 0 and the first order deriva-
tives of b’ in = are bounded by K for each i = 1,2,...d. Then notice that
condition (3.6) is a natural extension of Assumption 2.3 to systems of sto-
chastic PDEs. Indeed, when M = 1 then taking k' = 3 for i = 1,...,d, we
can see that Assumption 3.3 is equivalent to o > 0. Let us analyse now As-
sumption 3.3 for arbitrary M > 1. Notice that it holds when « is uniformly
elliptic, i.e., @ > klI; with a constant x > 0 for all w, t > 0 and z € R
Indeed, due to Assumption 3.1 there is a constant N = N (K, d) such that

d d
1> (BF = FRONPP < N NP for every k1 =1,2,.., M,

i=1 i=1
which together with the uniform ellipticity of « clearly implies (3.6). Notice
also that (3.6) holds in many situations when instead of the strong ellipticity
of o we only have @ > 0. Such examples arise, for example, when a¥ =
(6aI7)/2 for all i,j = 1,...,d, and b and v are such that 3’ is a diagonal
matrix for each ¢ = 1,...,d, and the diagonal elements together with their
first order derivatives in x are bounded by a constant K. As a simple
example, consider the system of equations

duy(z) ={3D*uy(x) + Dvy(z)} dt + {Duy(x) + ve(z)} dw
dve(z) :{§D2vt(x) — Dug(x)} dt + {Dv(z) — ue(z) } dwy

—_

for t € [0,T], x € R, for a 2-dimensional process (u¢(x),vi(z)), where w is a
one-dimensional Wiener process. In this example « = 0 and 8 = 0. Thus
clearly, condition (3.6) is satisfied.

In section 5 it will be convenient to use condition (3.6) in an equivalent
form, which we discuss in the next remark.
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Remark 3.2. Notice that condition (3.6) in Assumption 3.3 can be reformu-
lated as follows: There exists a constant K such that for all values of the
arguments and all continuously differentiable RM-valued functions v = u(x)
on R? we have

d
(u, b Dyu) — o™ (u, v Dyu) < Ko Z o (Dyu, Dju>‘1/2<u> + h'{(Dju, u).
ij=1
(3.7)
Indeed, set 8* = B¢ — h'I)s, where I); is the M x M unit matrix, and
observe that (3.7) means

d
(u, 3" Dyu) < Ko Z a’(Dyu, Dju>‘1/2<u>-
ij=1
By considering this relation at a fixed point x and noting that then one can
choose u and Du independently, we conclude that

<Z B Dyu)? < Ko (Dyu, Dju) (3.8)

(]

and (3.6) follows (with a different Ky) if we take D;u* = \;0%.
On the other hand, (3.6) means that for any [ without summation on !

| ZBileiul|2 S Kgaij(Diul)Djul.
7

But then by Cauchy’s inequality similar estimate holds after summation on
[ is done and carried inside the square on the left-hand side. This yields
(3.8) (with a different constant Kj) and then leads to (3.7).

The notion of solution to (3.1)-(3.2) is a straightforward adaptation of

Definition 2.1 to systems of equations. Namely, u = (u', ..., uM) is a solution

on [0, 7], for a stopping time 7 < 7', if it is a I/Vp1 (R4, RM)-valued predictable
function on (0, 7],

.
Ty dt S.
/0 ‘ut’Wz} < oo (as.),

and for each RM-valued ¢ = (o', ..., o™) from Co(R?) with probability one

t

(1,9) =(6,9) + [ {~(a Dy, Dy)

0

+ (b Dsug + csus + fs, )} ds (3.9)
t

- [erDa v g0 dl @)
for all t € [0, 7], where b' = b* — D;a"I);. Here, and later on (¥, ®) denotes
the inner product in the Lo-space of RM-valued functions ¥ and ® defined

on R%.
The main result of the paper reads now just like Theorem 2.1 above.



DEGENERATE STOCHASTIC PDES 9

Theorem 3.1. Let Assumption 3.3 hold. If Assumptions 3.1 and 3.2 also
hold with m > 0, then there is at most one solution to (3.1)-(3.2) on [0,T].
If together with Assumption 3.3, Assumptions 3.1 and 3.2 hold with m > 1,
then there is a unique solution u = (u')M, to (3.1)-(3.2) on [0,T]. More-
over, u is a weakly continuous me(Rd,RM)—valued process, it is strongly
continuous as a W;”_l(Rd,]RM)—valued process, and for every q > 0 and
n€{0,1,...,m}

E sup lully, < N(El[l, + EKL,(T)) (3.11)
te[0,T] P P ’

with N = N(m,p,q,d, M, K, T).

Example 3.1. In hydromagnetic dynamo theory the system of equations
;Bf(x) = M(2)ABF(z) + Djvf (2)B] (z) — vl (z)D; BF (x), k=1,2,3,

(3.12)
for t € [0,T] and x € R3, called induction equation, describes the evolution
of a magnetic field B = (B!, B%, B?) in a fluid flowing with velocity v =
(v!,v%,03), where X\ > 0 is the magnetic diffusivity (see, for example, [23]).
Notice that one can apply Theorem 3.1 to (3.12) to obtain its solvability in
W, spaces. To study effects in turbulent flows, induction equations with
random velocity fields v have been investigated in the literature (see, for
example, [24]). In [7] convergence of (3.12) to a system of stochastic PDEs
is shown when the velocity fields are random and converge to a random field
which is white noise in time. We note that Theorem 3.1 can be applied also

to the system of stochastic PDEs obtained in this way.

In the case p = 2 we present also a modification of Assumption 3.3, in
order to cover an important class of stochastic PDE systems, the hyperbolic
symmetric systems. ' '

Observe that if in (3.6) we replace S with %% nothing will change.
By the convexity of t? condition (3.6) then holds if we replace % with
(1/2)[B* + pkl]. Since

la — b < |a+b> + 2a® + 2b*
this implies that (3.6) also holds for
Bikl — (ﬁzkl _ ﬂilk)/Q
in place of B!, which is the antisymmetric part of 5% = b* — o*"v".
Hence the following condition is weaker than Assumption 3.3.

Assumption 3.4. There exist a constant Ko > 0 and a PxB (R%)-measurable
RM_valued function h = (hi(z)) such that (3.5) holds, and for all w € Q,
t >0 and z € R? and for all (A1, ..., \g) € RY

d d
1> (B = FRNP <Ko Y aPaN forkl=1,..,M.  (3.13)
i=1 i,j=1
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The following result in the special case of deterministic PDE systems is
indicated and a proof is sketched in [9].

Theorem 3.2. Take p = 2 and replace Assumption 3.8 with Assumption
3.4 in the conditions of Theorem 3.1. Then the conclusion of Theorem 3.1
holds with p = 2.

Remark 3.3. Notice that Assumption 3.4 obviously holds with ht = 0 if the
matrices B are symmetric and o > 0. When a = 0 and ¢ = 0 then the
system is called a first order symmetric hyperbolic system.

Remark 3.4. If Assumption 3.4 does not hold then even simple first order
deterministic systems with smooth coefficients may be ill-posed. Consider,
for example, the system

duy(z) =Dvy(z) dt
dve(x) = — Duy(z) dt (3.14)

for (ui(x),vi(x)), t € [0,T], € R, with initial condition ug = ¥, vg = ¢,
such that ¢, ¢ € W3 \ Wyt for an integer m > 1. Clearly, this system
does not satisfy Assumption 3.4, and one can show that it does not have a
solution with the initial condition uy = ¥, vg = ¢. We note, however, that
it is not difficult to show that for any constant £ £ 0 and Wiener process w
the stochastic PDE system

dui(x) =Duvg(x) dt + eDvg(x) dwy
dve(x) = — Dug(z) dt — eDuy(z) dwy (3.15)

with initial condition (ug,vo) = (¥, ¢) € W3" (for m > 1) has a unique
solution (wu, vt)se(o,71, Which is a Wi-valued continuous process. One can
prove this statement and the statement about the nonexistence of a solution
to (3.14) by using Fourier transform. We leave the details of the proof as
exercises for those readers who find them interesting. Clearly, system (3.15)
does not belong to the class of stochastic systems considered in this paper.

4. PRELIMINARIES

First we discuss the solvability of (3.1)-(3.2) under the strong stochastic
parabolicity condition.

Assumption 4.1. There is a constant x > 0 such that
d
a”)\l)\j 2 KZ |>\1|2
i=1

forallw e Q,t >0,z € R and (A, ..., \g) € R%
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If the above non-degeneracy assumption holds then we need weaker reg-
ularity conditions on the coefficients and the data than in the degenerate
case. Recall that m > 0 and make the following assumptions.

Assumption 4.2. The derivatives in 2 € R? of a¥/ up to order max(m, 1)
and of b and ¢ up to order m are P ® B(R?)-measurable functions, bounded
by K for alli,j € {1,2,...,d}. The derivatives in x of the l3-valued functions
o' and lo(TM)-valued function v up to order m are P ® B(R?)-measurable
lo-valued and Io(T™)-valued functions, respectively, in magnitude bounded
by K.

Assumption 4.3. The free data, (fi)icjo,r) and (gt)iejo,r) are predictable
processes with values in WQm_l(Rd, RM) and Wi (R?, I(TM)), respectively,
such that almost surely

T
’anfm(T) = /0 (|ft|12/v2m—l + |gt|[2/V2m) dt < oo.

The initial value, v is an Fyp-measurable random variable with values in
Wi (R4, RM).

The following is a standard result from the Ls-theory of stochastic PDEs.
See, for example, [29]. Further results on solvability in W3 spaces for non
degenerate systems of stochastic PDEs in R? and in domains of R? can be
found in [15].

Theorem 4.1. Let Assumptions 4.1, 4.2 and 4.8 hold with m > 0. Then
(3.1)-(3.2) has a unique solution u. Moreover, u is a continuous W4 (R, RM)-
valued process such that u; € Wm+1(Rd, RM ) for P x dt everywhere, and

T
E sup ]ut\%vzm —|—E/ \utlf/vmﬂ dt
t€[0,T 0 2

T
< NEfg + B [ (s + o) do) (4.1)
0 2
with N = N(k,m,d, M, K, T).

The crucial step in the proof of Theorem 2.1 is to obtain an apriori es-
timate, like estimate (2.4). In order to discuss the way how such estimate
can be proved, take ¢ = p, M = 1, and for simplicity assume that (a%)
is nonnegative definite, it is bounded and has bounded derivatives up to a
sufficiently high order, and that all the other coefficients and free terms in
equation (2.1) are equal to zero. Thus we consider now the PDE

du(t,x) = a”(t,x)Diju(t, ) dt, t<€[0,T], x€RY, (4.2)

with initial condition (2.2), where we assume that 1 is a smooth function
from WI}. We want to obtain the estimate

|u(t) %/z} < NW‘@V& (4.3)
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for smooth solutions u to (4.2)-(2.2).
After applying Dy, to both sides of equation (4.2) and writing v in place
of Dyv, by the chain rule we have

dz lug|P = p|uk|p71uk(aguij + aijuijk) dt.
k

Integrating over R? we get

0> fuly = / Q(u) dx dt,
L R

where -
Q(u) = plur"ur(auije + ajl uij)-
To obtain (4.3) we want to have the estimate

[, Qe < Nipif, (1.4)

for any smooth v with compact support. To prove this we write £ ~ n if £
and 1 have identical integrals over R? and we write & < 7 if £ ~ n + ¢ such
that
¢ < N([vf” + [Dv]?).
Then by integration by parts we have
\vk\p”vka”vi]’k ~ — (p — 1)|vk|p*2aijvkivkj — \vk\p*%ka?vjk
~ = (p = DloplP~*avgsvg; — p~ Djlog[Pay
< — (p — D)|ve[P2aY vy,

By the simple inequality a8 < e~ 1a? + £3? we have

ok P~ 2vpal vy < e HoglP + eloglP 0 v |

for any € > 0. To estimate the term ]azjvijﬁ we use the following lemma,

which is well-known from [28].

Lemma 4.2. Let a = (a”(x)) be a function defined on RY, with values in
the set of non-negative m x m matrices, such that a and its derivatives in
x up second order are bounded in magnitude by a constant K. Let V be a
symmetric m X m matrix. Then

|Da V¥ < Na vk
for every x € R, where N is a constant depending only on K and d.
By this lemma |a§€jv¢j|2 < Na%v;wvj. Hence
oklP~2opa vi; < Nelog[P~2a9vyv),.
Thus for each fixed £ = 1,2, ...,d we have

Q(v) = —p(p — 1)|vk[P2a vgvkj + elog[P2avvy (4.5)
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for any € > 0. Notice that for each fixed k there is a summation with respect
to L over {1,2,...,d} in the expression e|vg[P~2a%v;vj, and terms with [ # k
cannot be killed by the expression

—p(p — 1)|Uk|p_2aijvkivkj. (4.6)

Hence we can get (4.4) when d = 1 or p = 2, but we does not get it for
p>2and d > 1. To cancel every term in the sum |vg|P~2a%v;v;; we need
an expression like

—v|vp P2 vy,
with a constant v, in place of (4.6), for each k € {1,..,d} in the right-hand

p/2

side of (4.5). This suggests to get (4.3) via an equation for ||Du|?? i
p

instead of that for 3, ]Dku\lip.
Let us test this idea. From
duk = (aijuijk + aijuij) dt
by the chain rule and Lemma 4.2 we have
d|Dul* = 2ukaijuijk dt + 2uka2juij dt < aij[|Du]2]ij dt — 2aijuikujk dt

+N|Dul[aYuu ] V? dt < a¥[|Dul?);; dt + N|Dul? dt
with a constant N. Hence
d(|DuP)?'? < (p/2)| Dul=2a | Duf?); dt + N|Dul? dt,
where
| DulP~*a¥[| Dul?);; ~ — | DulP~2a} [| Dul?);
— ((p = 2)/2)|DulP~*a”[| Duf*);[| Dul?;
< — (2/p)a?[| Duf?); < N|Dup?, (4.7)
which implies
2 2
| 1Dup[?, < NI DY P2,

by Gronwall’s lemma. Consequently, estimate (4.3) follows, since it is not
difficult to see that

()}, < Nl
holds. The careful reader may notice that though the computations in (4.7)
are justified only for p > 4, by approximating the function [¢t[P~2, ¢t € RY

by smooth functions we can extend them to get the desired estimate for all
p =2

The following lemma on Itd’s formula in the special case M = 1 is The-
orem 2.1 from [19]. The proof of this multidimensional variant goes the
same way, and therefore will be omitted. Note that for p > 2 the second
derivative, Dj;(z)? of the function (x1,z2,...,2a) — (z)? for p > 2 is

p(p = 2) ()" aix; + pla)’ "6y,
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which makes the last term in (4.8) below natural. Here and later on we use
the convention 0 - 0~1 := 0 whenever such terms occur.

Lemma 4.3. Let p > 2 and let ¢ = (YF)M | be an L,(RY,RM)-valued Fo-
measurable random variable. For i = 0,1,2,....d and k = 1,..., M let f¥
and (gk)22 | be predictable functions on Q x (0, T, with values in L, and in
Ly(l2), respectively, such that

/ Z|fm}£p+§:’gf"[ip)dt<oo (a.s.).
k

Suppose that for each k = 1,...,M we are given a Wl}—valued predictable
function uF on Q x (0,T] such that

T
/ |uf Wldt<oo(as)
0

and for any ¢ € C§° with probability 1 for all t € [0,T] we have

t t
(. 0) = @50+ [ G oyaul + [ (12.0) = (15, Do) ds
Then there exists a set Q' C Q of full probability such that

u = 19’(u17 E) uk)tG[O,T}

is a continuous Ly(RY, RM)-valued process, and for all t € [0,T]

/Rd<ut>l’dq:—/Rd pdx—i—/ /]Rd us)P " (us, g% dr dw’”
//Rd us)P " (us, f7) — plus)?~*(Djus, f2)

~(1/2)p(p = 2){us)"~ (s, f Dius)?
=3 [(1/20p(p = 2) ()" (s, 620 + (1/2)p(us)*"(g0)?] ) dads,  (4.8)

where ' := (f]”) L,andg": (gkr)kle foralli=0,1,...d andr =1,2, ....

5. THE MAIN ESTIMATE

Here we consider the problem (3.1)-(3.2) with a; = (a;/ (z)) taking values
in the set of nonnegative symmetric d x d matrices and the other coefficients
and the data are described in (3.3). The following lemma presents the crucial
estimate to prove solvability in L, spaces. It generalises the estimate for Du
explained in section 4 for a solution u to a simple PDE.

Lemma 5.1. Suppose that Assumptions 3.1, 3.2, and 3.3 hold with m > 0.
Assume that u = (ug)scio,r) 95 a solution of (3.1)-(3.2) on [0,T] (as defined



DEGENERATE STOCHASTIC PDES 15

before Theorem 8.1). Then (a.s.) wu is a continuous Ly(RY RM)-valued
process, and there is a constant N = N(p, K,d, M, Ky) such that

d/ (ug)? dx + (p/4)/ (ut>p_2aij(Diut,Djut> dx dt
R R
< p/ <ut>7’_2<ut, o™ Dy + Vfut + gf) dx dwf
Rd

+N /Rd [(ue)? + (fr)P + (Z<gf>2)p/2 + (Z<Dgf)2)p/2] dzdt.  (5.1)

k k

Proof. By Lemma 4.3 (a.s.) u is a continuous L,(R? RM)-valued process
and

d/ (up)? dox = / p<ut>p72<ut, o™ Dy + Vfut + gf) dx dwf
R4 R4

+ /d (p(ut>p_2<ut, biDiut + CtUyt + ft — Diaiijut) —p(ut>p_2<Diut, aiijut>
R

—(1/2)p(p — 2)(ue)?~* Dy (ur)* (uy, 0y Djuy)
+> {1/2)p(p — 2) ()P~ (ur, 0}" Dywy + viug + gf)?
k
H(1/2)plun)? 2 (0 Dyuy + vy + gf>2}) dz dt. (5.2)
Observe that

()P 2(us, fr) < (u)? + (£)P, ut”Z 2 < (ug)? + ( 2P
>2)p/27

> (gf)
k
(u)?2 3" e, gf) < N(u)? (Y (g0 < Nu)? + N(S(of
k

k k

()P~ (g, gf)* < (ur)?~ 22 2 < (w)? + (S (gh)A)P,

k k

)™ (g, v (ur, gF) < Nug?™ (3 (09)2)Y? < un)?+ (Y (ab)2)P"?,

k k k

(ue)? 2 (uy, coug) < (ue)? Hepuy) < Jegf(ug)?,
where |c| denotes the (Hilbert-Schmidt) norm of c.

This shows how to estimate a few terms on the right in (5.2). We write
¢ ~ n if ¢ and n have identical integrals over R? and we write & < 7 if
¢ ~ 1+ ¢ and the integral of ¢ over R? can be estimated by the coefficient
of dt in the right-hand side of (5.1). For instance, integrating by parts and
using the smoothness of aik and gf we get

p(u)? (0} Diwe, g) < —poi*(Difu)’~)(u, g7) (5:3)
= —p(p — 2)(u)’~(ur, 0" Dy ) (us, gy),
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where the first expression comes from the last occurrence of gF in (5.2),
and the last one with an opposite sign appears in the evaluation of the first
term behind the summation over k in (5.2). Notice, however, that these
calculations are not justified when p is close to 2, since in this case (u;)P~2
may not be absolutely continuous with respect to z* and it is not clear either
if 0/0 should be defined as 0 when it occurs in the second line. For p = 2 we
clearly have <U§kDiut, gf> =< 0. For p > 2 we modify the above calculations
by approximating the function (t)?=2, ¢ € RM by continuously differentiable
functions ¢, (t) = ¢, ((t)?) such that

i pn(r) = [r722, 0 lim g () = (p — 2)sign(r)|r] /22
for all r € R, and
[on(r)] < NIr|P=272, g, (r)] < Nir| P4/

for all » € R and integers n > 1, where ¢, := dp,/dr and N is a constant
independent of n. Thus instead of (5.3) we have

pon((u)?) (01" Dy, gF) = =2, ((ur)?) (ug, 01" Dywe) (uy, g7), (5.4)
where ‘
|0, ((ue)®) (g, o Dyug) (g, gF) | < N (ug)?~*(Diug) (gF) (5.5)
with a constant N independent of n. Letting n — oo in (5.4) we get
p(u)? (0" Diug, gf ) < —p(p — 2) (ue)”™{us, 03" Dyug) (us, g),

where, due to (5.5), 0/0 means 0 when it occurs .
These manipulations allow us to take care of the terms containing f and
g and show that to prove the lemma we have to prove

p(lo+ I + I2) + (p/2) 13 + [p(p — 2) /2] (14 + I5)
< —(p/4)(u)? "2 (Dyuy, Djus), (5.6)
where

Iy = 7<ut>/p_2Diaij (ug, Djugy, I = f(ut>p_2aij (Diug, Djuy)

I = (ug)P~(ug, biDyug),  Is = (ug)’>> (o Dyuy + vfue)?,
K

Iy = (ug)P™ Z(ut,aikDiut + vFug)?, Ty = —(ug)P Dy (ug)Huy, al? Djuy).
k
Observe that

Io = —(1/2)(u)?* Diay Dj(ur)* = —(1/p)Dj{us)’ Diay’ <0,
by the smoothness of a. Also notice that
13 j <Ut>p_20'§k0'{k<DiUt, Djut> + 16,

where '
Is = 2<ut)p_20§k (Djuy, Vkut>.
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It follows that
pl + (p/2)13 < —(p/2)(u)P =2} (Dyuy, Djug) + (p/2) 1
Next,

Iy = (u)? 0% 7" (up, Diug) (ug, Djug) + 2(ue)?~ 401" (ug, Dyue) (ue, vfug)
= (1/4) (u)?~*01%0]" D; (u) 2D () + 2/ (p — 2)/(Di{ue)? )i (uy, vfug)

= (1/4) ()P otk ol Di(u)* Dj(ue)® — [1/(p — 2)) 6 — [2/(p — 2|17,
where
I; = <ut>p72azk<ut, I/fDiut>.

Hence

ph+ (p/2)13 + [p(p — 2)/2 (L + I5) < —(p/2){us)* "2 (Dyug, Djug)

~[p(p — 2)/8)(u)"~ o Difur)* Dy (uy)* — pI,
and

I —I7 = <Ut>p72(<ut7 biDiUt> - U§k<ut, VfDiUt» = <ut>p72<ut7 5;Diut>7

with 87 = b* — o™*v*. Tt follows by Remark 3.2 that the left-hand side of
(5.6) is estimated in the order defined by < by

—(p/2)(us)P 2’ (Dyuy, Djuy)

—[p(p — 2)/8](us)" o Dy (ue)? Dj (uy)?

—|—Koput {Zat Dut,D Ut ‘/ Ut —|—hD<ut>

t,j=1
—(p/4)(ur)" 2 (Dyuy, D juy)
—[p(p — 2)/8)(u)”~ o’ Difur)* Dj(ur)?), (5.7)
where the last relation follows from the elementary inequality ab < ea® +
712, The lemma is proved. ([

Remark 5.1. In the case that p = 2 one can replace condition (3.6) with the
following:

There are constant Ky, N > 0 such that for all continuously differentiable
RM_valued functions u = u(z) with compact support in R? and all values
of the arguments we have

/ (u, BDsuydx < N [ (u)?dx
R4

R4
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d
1Ky / (1 S° ¥ (Dyu, Dju)| " (u) + h(Dyu, u)) da. (5.8)
R =1
This condition is weaker than (3.6) as follows from Remark 3.2 and still by
inspecting the above proof we get that v is a continuous Ly (R%, RM)-valued
process, and there is a constant N = N(K,d, M, Ky) such that (5.1) holds
with p = 2.

Remark 5.2. In the case that p = 2 and the magnitudes of the first deriva-
tives of b’ are bounded by K one can further replace condition (5.8) with a
more tractable one, which is Assumption 3.4.

Indeed, for € > 0

R := (u, (BZ - hiIM)Diu> = %ﬁilei(ukul) + (u, (BZ — hiIM)Diu>

< %Bilei(ukul) + 5((32 - hiIM)Diu>2/2 + 6_1<u>2/2.
Using Assumption 3.4 we get

R < 1™ D;(uFul) + eM Koo (Dyu, Dju)/2 + e (u)?/2

for every € > 0. Hence by integration by parts we have

/ (u, ' Dyu)dx < N | (u)*dx + / (u, h' Iy Diu) da
Rd Rd Rd

MK, /R (e/2)0" (D, Dy} + (7 /2)w)? .

Minimising here over ¢ > 0 we get (5.8). In that case again w is a continuous
Ly(R% RM)-valued process, and there is a constant N = N(K,d, M, Ko)
such that (5.1) holds with p = 2.

Remark 5.3. If M = 1, then condition (3.7) is obviously satisfied with Ky =
0 and A’ = b — ok,

Also note that in the general case, if the coefficients are smoother, then
by formally differentiating equation (3.1) with respect to ' we obtain a new
system of equations for the M x d matrix-valued function

vy = (V™) = Duy = (Dipuy).

We treat the space of M x d matrices as a Euclidean M d-dimensional space,
the coordinates in which are organized in a special way. The inner product
in this space is then just ((A4, B)) = trAB*. Naturally, linear operators in
this space will be given by matrices like (T("m)(pj)), which transforms an
M x d matrix (AP7) into an M x d matrix (B™) by the formula

m d

B — Z Z T(nm)(pj) APJ

p=1j=1
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We claim that the coefficients, the initial value and free terms of the
system for v; satisfy Assumptions 3.1, 3.2, and 3.3 with m — 1 > 0 if As-
sumptions 3.1, 3.2, and 3.3 are satisfied with m > 1 for the coefficients, the
initial value and free terms of the original system for wuy.

Indeed, as is easy to see, v; satisfies (3.1) with the same o and a and with

Bi, c, f, vk, gF in place of V', ¢, f, v, g*, respectively, where
prmIwI) = D a4 pimegim o i) — (rpgmi 4D P (5.9)

fnm = Dy f™ 4+ u" D™, I;k(nm)(pj) _ Dma_jké*np + anpdmj’

g™ = Dyngt™ + " Dyt (5.10)
Then the left-hand side of the counterpart of (3.7) for v is

d M
S Km+ Y Ju,
m=1 n=1
where (no summation with respect to m)
K, = 0" D™ — g Rty kT D ytm
and (no summation with respect to n)
Jp = 0" Dya D™ — oy D, a7k D™ .
Observe that Djv™ = D;;u" implying that
0% D07 D™ = (1/2) Dy (0% 0% Dyju™,
Jn = (1/2)0"™ Dyya? Dyju™.
By Lemma 4.2 for any € > 0 and n (still no summation with respect to n)
Jn < Ne7H{(v))? + ea” Dygu"Djpu”,
which along with the fact that D u™ = D;v™* yields

M
> Jn < NeH())? + ea ({Dyv, D;jv)).

Upon minimizing with respect to € we find

M d
> < N( Z a1 (D, D)) (0)).

Next, by assumption for any € > 0 and m (still no summation with respect
to m)

M
K < NemH () + ea? D™ D™ + (1/2)h'D; Y ~(v™™).
r=1
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We conclude as above that
d d
N K < N(Y7 ¥ (D, Do) ((0) + B {(Div, v))
m=1 ij=1
and this proves our claim.

The above calculations show also that the coefficients, the initial value
and the free terms of the system for v satisfy Assumptions 3.1, 3.2, and 3.4
with m > 0 if Assumptions 3.1, 3.2, and 3.4 are satisfied with m > 1 for the
coefficients, the initial value and free terms of the original equation for w;.
(Note that due to Assumptions 3.1 with m > 1, b, given in (5.9), has first
order derivatives in z, which in magnitude are bounded by a constant.)

Now higher order derivatives of u are obviously estimated through lower
order ones on the basis of this remark without any additional computations.
However, we still need to be sure that we can differentiate equation (3.1).

By the help of the above remarks one can easily estimate the moments of
the W'-norms of u using of the following version of Gronwall’s lemma.

Lemma 5.2. Let y = (Yt)iepo,r] and F' = (Fi)iejo,) be adapted nonnegative
stochastic processes and let m = (my).ejo,7) be a continuous local martingale
such that
dys < (Nys + Fy)dt +dmy  on [0, T (5.11)
dim); < (Ny? +4;" PGPy dt - on [0,T), (5.12)
with some constants N > 0 and p € [0,1/2], and a nonnegative adapted
stochastic process G = (Gy)icpo,1], such that

T
/ G dt < oo (a.s.),
0

where [m] is the quadratic variation process for m. Then for any q > 0
T q
Esupy! < CEyl+ CE {/ (Fi + Gy) dt}
t<T 0

with a constant C' = C(N,q,p,T).

Proof. This lemma improves Lemma 3.7 from [10]. Its proof goes in the
same way as that in [10], and can be found in [11]. O

Lemma 5.3. Let m > 0. Suppose that Assumptions 3.1, 8.2, and 3.3 are
satisfied and assume that u = (ut),c(0,1) 8 @ solution of (3.1)-(3.2) on [0,T]
such that (a.s.)

T
/ ‘ut|€vﬁ“ dt < oo.
0

Then (a.s.) u is a continuous W;’L(Rd, RM) -valued process and for any q > 0

E sup |ug|fym < N(EW|fym + ECE, (T)) (5.13)
te(0,T) P P
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with a constant N = N(m,p,q,d, M, K,Ky,T). If p = 2 and instead of
Assumption 8.3 Assumption 3.4 holds and (in case m = 0) the magni-
tudes of the first derivatives of b* are bounded by K, then u is a continuous
Wi (R4, RM)-valued process, and for any q > 0 estimate (5.13) holds (with

p=2).
Proof. We are going to prove the lemma by induction on m. First let m =0
and denote y; := \ut|1£p. Then by virtue of Remark 5.2 and Lemma 5.1,

the process y = (yt):ejo,7) is an adapted L,-valued continuous process, and
(5.11) holds with

Foim [T+ (U2 + (0e) e

k k

t
my 1= p/ / <us>p’2<us, aékDius + Vfus + g§> dx dwff.
0 JRrd
Notice that

2
=p Z</ ut,atDut—kVtut—th)d:c) dt.

< 3p%(A¢ + By + Cy) dt,

with
Ay = 2 <p/Rd< (P2 z"(ut,Diut)dx)Q = 2 (/Rd o D; (ug)P dm)Q,
B; = f:l (/Rd ()P~ (ug, v} uy) d:c>2, Cy = f:l </Rd (ue)?*(uy, g7 ) da:)2 :

Integrating by parts and then using Minkowski’s inequality, due to As-
sumption 2.1, we get A; < Ny? with a constant N = N (K, M,d). Using
Minkowski’s inequality and taking into account that

[e.9] o0

SStu < S €N S < 0
r=1 r=1
we obtain

2
BN G ([t alds) < nle o,

Consequently, condition (5.12) holds with Gy = |g:|} L, P =1 /p, and we get
(5.13) with m = 0 by applying Lemma 5.2.

Let m > 1 and assume that the assertions of the lemma are valid for
m — 1, in place of m, for any M > 1, p > 2 and ¢ > 0, for any u, ¢, f and
g satisfying the assumptions with m — 1 in place of m. Recall the notation
v = (vP) = (Du}) from Remark 5 3, and that v satlsﬁes ( 1) with the
same o and a and with b, ¢, f, 0%, §* in place of b, ¢, f, V¥, g*, respectively.
By virtue of Remarks 5.3 and 5.2 the system for v = (Ut)te[o,T] satisfies
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Assumption 3.3, and it is easy to see that it satisfies also Assumptions 3.1
and 3.2 with m — 1 in place of m. Hence by the induction hypothesis v is a
continuous W;”‘l(Rd, RM)-valued adapted process, and we have

E sup [u]

mflzp
te[0,T)

W S NER o + BR, (1)) (5.14)

with a constant N = N(T, K, Ko, M, d,p, q), where ™ = D)™,

T
Ko1(T) ::/0 (el + 13eliyn) dt.

It follows that (ut):cjo,r) is a W;”(Rd, RM)-valued continuous adapted pro-
cess, and by using the induction hypothesis it is easy to see that
EK},_1,(T)) < N(EW[fy,, + EK, ,(T)).
Thus (5.13) follows.

If p = 2 and Assumption 3.3 is replaced with Assumptions 3.4, then the
proof of the conclusion of the lemma goes in the same way with obvious
changes. The proof is complete. ([l

6. PROOF OF THEOREMS 3.1 AND 3.2

First we prove uniqueness. Let u(!) and u(?) be solutions to (3.1)-(3.2),
and let Assumptions 3.1, 3.2 and 3.3 hold with m = 0. Then v := u) — ()
solves (3.1) with up = 0, ¢ = 0 and f = 0 and Lemma 5.1 and Remark 5.2 are
applicable to u. Then using It6’s formula for transforming ]udip exp(—At)
with a sufficiently large constant A, after simple calculations we get that
almost surely

0<e Muly <my foralltel0,T],

where m := (my)icpo,r) is a continuous local martingale starting from 0.
Hence almost surely m; = 0 for all ¢, and it follows that almost surely
ugl) (z) = u?) () for all t and almost every z € RY. If p = 2 and Assumptions
3.1, 3.2 and 3.4 hold and the magnitudes of the first derivatives of b’ are
bounded by K and (M) and u® are solutions, then we can repeat the above
argument with p = 2 to get u® =),

To show the existence of solutions we approximate the data of system
(3.1) with smooth ones, satisfying also the strong stochastic parabolicity,
Assumption 4.1. To this end we will use the approximation described in the
following lemma.

Lemma 6.1. Let Assumptions 3.1 and 3.3 (3.4, respectively) hold with m >
1. Then for every e € (0,1) there exist P ® B(R?)-measurable smooth (in x)
functions a9, b &) 5 E€) Dyaf and b)) satisfying the following
conditions for every i,j, k =1,...,d.
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(i) There is a constant N = N(K) such that
659 — 0| + | — | 4 |®) — ¢| + | Dpa® — Dya¥| < Ne,

|0(5)i — o'l + |V(6) —v| < Ne
for all (w,t,z) and i,j,k=1,...,d. B A
(ii) For every integer n > 0 the partial derivatives in x of a7, e (o))
o and v up to order n are P ® B(RY)-measurable functions,
i magnitude bounded by a constant. For n = m this constant is

independent of €, it depends only on m, M, d and K;
(iii) For the matriz o = 2a% — &)k g(€)ik e have

d
QTINN > e INP for all A= (M., A7) € RY;
i=1
(iv) Assumption 3.3 (3.4, respectively) holds for the functions o, 3% :=
b g @ik, (Ok gnd b in place of &9, Bt and ht, respectively, with
the same constant K.

Proof. The proofs of the two statements containing Assumptions 3.3 and
3.4, respectively, go in essentially the same way, therefore we only detail the
former. Let ¢ be a nonnegative smooth function on R? with unit integral
and support in the unit ball, and let ¢.(z) = e~ (z/¢). Define

bl = b« Ce, ) =cx Ces o =o' Ces V&) = v Ce, W = ' Ces

and a®” = a" % (. + ked;j with a constant k& > 0 determined later, where
d;; is the Kronecker symbol and ‘*’ means the convolution in the variable
x € R?. Since we have mollified functions which are bounded and Lipschitz
continuous, the mollified functions, together with a*” and Dya®V, satisfy
conditions (i) and (ii). Furthermore,

‘O_(e)iry(e)r o O_iTVr| < |O_(E)z’ o O_i’|y(€)| + |O_iHV(€) - V| < 2K2€,
for every i = 1, ..., d. Similarly,
‘U(a)iro_(a)jr - Jirajr’ < 2K26, ’b(a)z o bz‘ < KE, ‘h(a)z - hl‘ < Ne
for all 4,57 = 1,2, ...,d. Hence setting
Bei — b(s)z _ O_(S)iky(s)k: _ h(a)zIM’

and using the notation B’ for the same expression without the superscript
‘e’, we have

‘Bai _ Bz| < |b(5)z _ bz| + |0_(a)iry(e)r _ O_iryr| + /M|h(e)i _ hz| < Re,
|IB®" 4 B <R
with a constant R = R(M, K). Thus for any z1,...,24 vectors from RM

[(B*z)? — (B'2)?| = [{(B” — B")z;, (BY + B)z))]
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d
< B — BI|B + B|(z) () < dR% 3 ()2
i=1
Therefore
d
(B%)? < (B'z;)* + Cie » ()
with a constant Cy = C1(M, K, d). Similarly,
Z(Qasij o U(s)iko,(s)jkxzi? Zj>
2
> 30201 — 00T (2, 25) + (k — Ca)e 3 (z)?
ij i

with a constant Cy = Co(K, m,d). Consequently,

d
(6% = B I)z)* < (Biz)® + Che Z(Zi>2

d

< Ky Z zz,zj + Claz zZ
2,j=1 =1
d
< Ko Z o (2, 2j) + (Ko(Ca — k) + C1)e Y (=)
5,5=1 i=1

Choosing k such that Ko(Cy — k) + 01 = —Kj we get

(87 = D Iy)z)* + K0€Z zi)? < Ko Z a9 (z;, 2;).

=1 1,j=1

Hence statements (iii) and (iv) follow immediately. O

Now we start with the proof of the existence of solutions which are
WIT(Rd,RM)-Valued if the Assumptions 3.1, 3.2 and 3.3 hold with m > 1.
First we make the additional assumptions that v, f and g vanish for |x| > R
for some R > 0, and that ¢ € [2,00) and

Ey|? m + EX], (T) < . (6.1)
For each € > 0 we consider the system
dus = oD Dyt + v ug + ") duy

+[a5 Dijus + b Dt + £ at (6.2)
with initial condition
i) =), (6.3)

where the coefficients are taken from Lemma 6.1, and (9, f(9 and ¢(©)
are defined as the convolution of v, f and g, respectively, with (.(-) =
e4¢(+/¢) for ¢ € C§°(R?) taken from the proof of Lemma 6.1. By Theorem



DEGENERATE STOCHASTIC PDES 25

4.1 the above equation has a unique solution u®, which is a WQ”(]Rd,RM )-
valued continuous process for all n. Hence, by Sobolev embeddings, u is a
WIZ”H (R4, RM)-valued continuous process, and therefore we can use Lemma
5.3 to get

E sup |uf[fyn < N(E[DE |, 5+ B, )!(T)) (6.4)

t€[0,T]

for p € {p,2} and n = 0,1,2...m, where K, 1 defined by (3.4) with 1@
and ¢©) in place of f and g, respectively. Keeping in mind that 7%/ <
max{1, 7T}, and using basic properties of convolution, we can conclude that

T a/r
B ([ ilivgat) < Nl < BT 65)
0 I3 p/ ).

for any r > 1 and with N = N(m,p,q,d, M, K,T) not depending on r.
For integers n > 0, and any 7,q € (1,00) let HJ}, = be the space of RM-
valued functions v = v (z) = (v z(al:))f\/l1 on Q x [0,T] x R? such that v =

(ve())eepo,1) are Wy (R4, RM)-valued predictable processes and

T q/r
ity = E (/0 ol dt) < 0.

Then Hy . , with the norm defined above is a reflexive Banach space for each
n >0 and p,r,q € (1,00). We use the notation Hy , for H ,

By Assumption 3.2 the right-hand side of (6.5) is ﬁnlte for p = p and also
for p = 2 since 9, f and g vanish for |x| > R. Thus there exists a sequence
(ek)ken such that e, — 0 and for p’ = p,2 and integers r > 1 and n € [0, m]
the sequence v* := uf* converges weakly in H o tosome v € H”} . which

p'r,q
therefore also satisfies

T q/r
E(/ rvtmn,dt) < N(E[fly, + EXS (T))
0 4 v ’

for p’ = p,2 and integers r > 1. Using this with p’ = p and letting r — oo
by Fatou’s lemma we obtain
E esssup |vg|d . < N(E[W|, ot EKL (T)) forn=0,1,...,m.  (6.6)
t€[0,T]
Now we are going to show that a suitable stochastic modification of v is
a solution of (3.1)-(3.2). To this end we fix an R™-valued function ¢ in
C3°(R?) and a predictable real-valued process (1t)¢ejo,), Which is bounded

by some constant C, and define the functionals ®, &, ¥ and ¥y over H},’q
by

T t
Dp(u) = E/ 77t/ {—(aikijDius, Djp) + (l_)ikiDius + cga’“)us, ©)}dsdt,
0 0

T t B .
(I)(u) = E/ nt/ {_(G?Diu&DjSD) + (béDzus + csus, (P)} dsdt,
0 0
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T t
Y(u) = E / " / (o7 Dyus + Viur, ) du} dt
0 0

T t ,
Up(u) = E/o nt/o (0§5’“)ZTDiut + Vt(g’“)rut, @) dwy dt

foru € Hzl;,q for each k > 1, where b*% = b(e)i—DjaeijIM. By the Bunyakovsky-
Cauchy-Schwarz and the Burkholder-Davis-Gundy inequalities for all u €
Hzlhq we have

(u) < ONT*fulgy [olyw,
t

U(u) <CTEsup| [ (0" Dius + v uy, @) dwl|
t<T Jo

1/2
<3CTE {/ Z 0" Diug + viug, p)? dt}

T 9 1/2
<3CTE { / ( (0" Dius + viue, )|, dw) dt}
0 R

T 1/2
2 2 2
<orNE{ [ lulylefy ] < ONT iy oy

with a constant N = N(K,d, M), where p = p/(p — 1). (In the last in-
equality we make use of the assumption g > 2.) Consequently, ® and ¥ are
continuous linear functionals over ]I-]Ill, o and therefore

lim ®(v*) = ®(v), lim ¥(v*) = (o). (6.7)

k—o0 k—o0

Using statement (i) of Lemma 6.1, we get
[Pu(w) — ()] + [ (w) — W(w)| < Neyluy lolws  (68)

for all u € H1 g With a constant N = N (k,d, M). Since v is the solution of
(6.2)-(6.3), we have

T
E / ne(ok, ) dt = E / D (05, ) di + B(o) + T (oh)
0 0

+F(f) + G(g"™) (6.9)

F(f&:)=F / ne / ©)ds dt,
(¢) = E / " / (g7, o) dul dt.
0 0

for each k, where
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Taking into account that |vk|H11) , is a bounded sequence, from (6.7) and (6.8)
we obtain

lim ®,(v*) = ®(v), lim ¥(*) = T (v). (6.10)
k—o0 k—o0
One can see similarly (in fact easier), that
T T
lim E ne (k) dt = E/ ne(ve, ) dt, (6.11)
k—o0 0 0
T ) T
lim B [ (¢, p)dt = E/ e (1, @) dt, (6.12)
k—o00 0 0
lim F(f&))=F(f), lim G(g"*))=G(g). (6.13)
k—o0 k—o0

Letting & — oo in (6.9), and using (6.10) through (6.13) we obtain

T
E/ ne(ve, @) dt
0

T t B .
= E/ m{(w, ©) +/ [ — (a¥ Diug, D) + (b, Diug + csus + fs, )] ds
0 0

t
+/ (6" Divs + V" vg, ) dw;} dt
0

for every bounded predictable process (1;):c[o,7] and ¢ from Cg°. Hence for
each ¢ € C§°

t . —_
(v, ) = (3, 0) + /0 [ (a9 Divy, Do) + (B.Divs + cxvs + for )] ds

t
—|—/ (0" Divs + Vv + g1, ) dw?,
0

holds for Pxdt almost every (w,t) € 2x[0,T]. Substituting here (—1)1*/ D%y

in place of ¢ for a multi-index o = (aq, ..., aq) of length |a| < m — 1 and

integrating by parts, we see that

t t
(D%01.0) = (D) + [ [ (FL. Do) + (P, ] ds+ [ (Ghp)du

(6.14)

for P x dt almost every (w,t) € Q2% [0, T], where, owing to the fact that (6.6)

also holds with 2 in place of p, F* and (G")>2, are predictable processes with

values in Lo-spaces for 1 = 0,1, ..., d, such that

T d
/ (Z |Fl|7, +1Gsli,) ds < oo (as.).

0 =0
Hence the theorem on It6’s formula from [21] implies that in the equivalence
class of v in HZ', there is a WQm_l(]Rd,]R{M )-valued continuous process, u =
(ut)iefo,r), and (6.14) with u in place of v holds for any ¢ € C3°(R?) almost
surely for all ¢t € [0,T]. After that an application of Lemma 4.3 to D%u for
la| < m — 1 yields that D% is an L,(R?, RM)-valued, strongly continuous
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process for every |af < m —1, ie, uis a Wﬁ_l(Rd,RM)-Valued strongly
continuous process. This, (6.6), and the denseness of C§° in W)™ (R4, RM)

implies that (a.s.) u is a W];”(]Rd,RM )-valued weakly continuous process
and (3.11) holds.

To prove the theorem without the assumption that v, f and g have
compact support, we take a ¢ € C5°(R?) such that ((z) = 1 for |z| < 1
and ((r) = 0 for |x| > 2, and define (,(-) = ((-/n) for n > 0. Let
u(n) = (ut(n))iep,r] denote the solution of (3.1)-(3.2) with (9, ¢, f and
(ng in place of ¥, f and g, respectively. By virtue of what we have proved
above, u(n) is a weakly continuous W," (R4, RM)-valued process, and

B sup fu(n) =l < NEIG = Gl

te[0,T
! /
NE( [ 160~ @il +160 = Dl )

Letting here n,l — oo and applying Lebesgue’s theorem on dominated con-
vergence in the left-hand side, we see that the right-hand side of the in-
equality tends to zero. Thus for a subsequence nj; — oo we have that uy(ny)
converges strongly in W;”(]Rd, RM) uniformly in ¢ € [0,T], to a process wu.
Hence u is a weakly continuous W;”(Rd,RM )-valued process. It is easy to
show that it solves (3.1)-(3.2) and satisfies (3.11).

By using a standard stopping time argument we can dispense with con-
dition (6.1). Finally we can prove estimate (3.11) for g € (0,2) by applying
Lemma 3.2 from [8] in the same way as it is used there to prove the cor-
responding estimate in the case M = 1. The proof of the Theorem 3.1 is
complete. We have already showed the uniqueness statement of Theorem
3.2, the proof of the other assertions goes in the above way with obvious
changes.
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