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1 Introduction and summary

Toric noncommutative spaces are among the most studied and best understood exam-
ples in noncommutative geometry. Their function algebras A carry a coaction of a torus
Hopf algebra H, whose cotriangular structure dictates the commutation relations in
A. Famous examples are given by the noncommutative tori [27], the Connes—Landi
spheres [15] and related deformed spaces [14]. More broadly, toric noncommuta-
tive spaces can be regarded as special examples of noncommutative spaces that are
obtained by Drinfeld twist (or 2-cocycle) deformations of algebras carrying a Hopf
algebra (co)action, see, e.g., [4—6] and references therein. For an algebraic geometry
perspective on toric noncommutative varieties, see [12].

Noncommutative differential geometry on toric noncommutative spaces, and more
generally on noncommutative spaces obtained by Drinfeld twist deformations, is far
developed and well understood. Vector bundles (i.e., bimodules over A) have been
studied in [4], where also a theory of noncommutative connections on bimodules
was developed. These results were later formalized within the powerful framework of
closed braided monoidal categories and therefore generalized to certain nonassociative
spaces (obtained by cochain twist deformations) in [5,6]. Examples of noncommu-
tative principal bundles (i.e., Hopf—Galois extensions [9, 10]) in this framework were
studied in [20], and these constructions were subsequently abstracted and generalized
in [1]. In applications to noncommutative gauge theory, moduli spaces of instantons on
toric noncommutative spaces were analyzed in [7,8,11,13], while analogous moduli
spaces of self-dual strings in higher noncommutative gauge theory were considered
by [25].

Despite all this recent progress in understanding the geometry of toric non-
commutative spaces, there is one very essential concept missing: Given two toric
noncommutative spaces, say X and Y, we would like to have a ‘space of maps’ ¥ X
from X to Y. The problem with such mapping spaces is that they will in general
be ‘infinite-dimensional,” just like the space of maps between two finite-dimensional
manifolds is generically an infinite-dimensional manifold. In this paper, we propose
a framework where such ‘infinite-dimensional’ toric noncommutative spaces may be
formalized and which in particular allows us to describe the space of maps between any
two toric noncommutative spaces. Our approach makes use of sheaf theory: Denoting
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by 7.7 the category of toric noncommutative spaces, we show that there is a natu-
ral site structure on .7 which generalizes the well-known Zariski site of algebraic
geometry to the toric noncommutative setting. The category of generalized toric non-
commutative spaces is then given by the sheaf topos 7% := Sh(*.#), and we show
that there is a fully faithful embedding . — <% which allows us to equivalently
regard toric noncommutative spaces as living in this bigger category. The advantage
of the bigger category ¢ is that it enjoys very good categorical properties; in partic-
ular, it admits all exponential objects. We can therefore make sense of the ‘space of
maps’ YX as a generalized toric noncommutative space in 79, i.e., as a sheaf on the
site .. As an application, we study the ‘internalized’ automorphism group Aut(X)
of a toric noncommutative space X, which is a certain subobject in Haz of the self-
mapping space X X. Using synthetic geometry techniques, we are able to compute the
Lie algebra of Aut(X) and we show that it can be identified with the braided derivations
considered in [4,6]. Hence, our concept of automorphism groups ‘integrates’ braided
derivations to finite (internalized) automorphisms, which is an open problem in toric
noncommutative geometry that cannot be solved by more elementary techniques.

Besides giving rise to a very rich concept of ‘internalized’ automorphism groups of
toric noncommutative spaces, there are many other applications and problems which
can be addressed with our sheaf theory approach to toric noncommutative geometry.
For example, the mapping spaces ¥Y* may be used to describe the spaces of field
configurations for noncommutative sigma models, see, e.g., [16—18,24]. Due to the
fact that the mapping space Y X captures many more maps than the set of morphisms
Hom(X, Y) (compare with Example 5.3 in the main text), this will lead to a much richer
structure of noncommutative sigma models than those discussed previously. Another
immediate application is to noncommutative principal bundles: It was observed in [10]
that the definition of a good notion of gauge transformations for noncommutative
Hopf—Galois extensions is somewhat problematic, because there are in general not
enough algebra automorphisms of the total space algebra. To the best of our knowledge,
this problem has not yet been solved. Using our novel sheaf theory techniques, we can
give a natural definition of an ‘internalized’ gauge group for toric noncommutative
principal bundles P — X by carving out a subobject in 7% of the ‘internalized’
automorphism group Aut(P) of the total space which consists of all maps that preserve
the structure group action and the base space.

The outline of the remainder of this paper is as follows: In Sect. 2, we recall
some preliminary results concerning cotriangular torus Hopf algebras H and their
comodules, which form symmetric monoidal categories /.. In Sect. 3, we study
algebra objects in 7. whose commutation relations are controlled by the cotriangular
structure on H. We establish a category of finitely presented algebra objects 7 fp,
which contains noncommutative tori, Connes—Landi spheres and related examples, and
study its categorical properties, including coproducts, pushouts and localizations. The
category of toric noncommutative spaces /.7 is then given by the opposite category
of # <y, and we show in Sect. 4 that H % can be equipped with the structure of a site.
In Sect. 5, we introduce and study the sheaf topos 7% whose objects are sheaves on
H 7 which we interpret as generalized toric noncommutative spaces. We show that the
Yoneda embedding factorizes through # ¢ (i.e., that our site is subcanonical) and hence
obtain a fully faithful embedding .7 — H% of toric noncommutative spaces into
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generalized toric noncommutative spaces. An explicit description of the exponential
objects YX in #¥ is given, which in particular allows us to formalize and study the
mapping space between two toric noncommutative spaces. Using a simple example,
it is shown in which sense the mapping spaces Y X are richer than the morphism
sets Hom (X, Y) (cf. Example 5.3). In Sect. 6, we apply these techniques to define an
‘internalized’ automorphism group Aut(X) of a toric noncommutative space X, which
arises as a certain subobject in 7% of the self-mapping space X¥. It is important to
stress that Aut(X) is in general not representable, i.e., it has no elementary description
in terms of a Hopf algebra, and hence, it is a truly generalized toric noncommutative
space described by a sheaf on .. The Lie algebra of Aut(X) is computed in Sect. 7 by
using techniques from synthetic (differential) geometry [19,21,26]. We then show in
Sect. 8 that the Lie algebra of Aut(X) can be identified with the braided derivations of
the function algebra of X. Hence, in contrast to Aut(X), its Lie algebra of infinitesimal
automorphisms has an elementary description. This identification is rather technical,
and it relies on a fully faithful embedding 7 #Z4ec — Modg (79) of a certain full
subcategory (called decomposables) of the category of left H-comodules 7. into
the category of K-module objects in the sheaf topos 7%, where K denotes the line
object in this topos; the technical details are presented in “Appendix.”

2 Hopf algebra preliminaries
In this paper, all vector spaces will be over a fixed field K and the tensor product of
vector spaces will be denoted simply by ®.
The Hopf algebra H := O(T") of functions on the algebraic n-torus T" is defined
as follows: As a vector space, H is spanned by the basis
{tmem = (my, ... .my,) € 2"}, 2.1
on which we define a (commutative and associative) product and unit by

Imty = tysm’> ]lH = 1. 2.2)

The (cocommutative and coassociative) coproduct, counit and antipode in H are given
by

Altm) =tm @ tm, €(tm) =1, S(tm) =1-m. 2.3)

We choose a cotriangular structure on H, i.e., a linear map R: H ® H — K satisfying

R(fg®h)=R(f®h@)) R(g®h(), (2.4a)
R(f®gh)=R(fu)®h) R(f2) ® 8), (2.4b)
e(he(®) =R (ha)y®gm) R(go) ®hw), (24¢)

forall f, g, h € H, where we have used Sweedler notation A(h) = h(1) ® h(2) (with
summation understood) for the coproduct in H. The quasi-commutativity condition
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gy hayR(ho) ® g)) = R(ha) ® g1)) h) &), for all g, h € H, is automatically
fulfilled because H is commutative and cocommutative. For example, if K = C is the
field of complex numbers, we may take the usual cotriangular structure defined by

n
R(tm @ ty) =exp [i Y m;®Fmp ], 2.5)
Jk=1

where © is an antisymmetric real n xn-matrix, which plays the role of deformation
parameters for the theory.

Let us denote by ¥ # the category of left H-comodules. An object in 7.# is a
pair (V, p"), where V is a vector space and p¥: V — H ® V is a left H-coaction on
V, i.e., a linear map satisfying

(idg ® p)op” =(A®idy)op’, (e®idy)op” =idy. (2.6)

We follow the usual abuse of notation and denote objects (V, p") in 7. simply by
V without displaying the coaction explicitly. We further use a Sweedler-like notation
,oV(v) = v(—1) ® v(o) (with summation understood) for the left H-coactions. Then,
(2.6) reads as

V1) B V) (—1) B V) ) = V-1 1) B V-1)(2) ® V), €W1) Vo) = V. (2.7)
A morphism L: V — W in #_# is a linear map preserving the left H-coactions, i.e.,
(dg®@L)op” =pY¥olL, (2.82)

or in the Sweedler-like notation
V(1) ® L(v)) = L)1) ® L(v)(0), (2.8b)

forallv e V.

The category ./ is a monoidal category with tensor product of two objects V
and W given by the tensor product V ® W of vector spaces equipped with the left
H-coaction

pV®WZ VW — HQVRIW, vQw+r— V(—1) W(—1) ® V) ® w(0)- 2.9)

The monoidal unit in # ./ is given by the one-dimensional vector space K with trivial
left H-coaction K — HQK, ¢ — 1, ®c. The monoidal category H 4 is symmetric
with commutativity constraint
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Ty.w: VAW — WV, vwr— R(w—1) ®v—1) wo) ®vey, (2.10)

for any two objects V and W in 7.7 .

3 Algebra objects

We are interested in spaces whose algebras of functions are described by certain
algebra objects in the symmetric monoidal category .. An algebra object in 7.7
is an object A in # .7 together with two # _#-morphisms 11 ,: A® A — A (product)
and 17,: K — A (unit) such that the diagrams

I»LA®idA
AQRARA——ARA K®A A®K

idA®llAJ JLA VIA®idAJ/ \ - lid/q@n,‘ 3.1

ARA—— A ARA—A+——ARA
MA My I

12
4

in #_# commute. Because 7. is symmetric, we may additionally demand that the
product p 4 is compatible with the commutativity constraints in H # i.e., the diagram

ARA— " L AxA (3.2)

N S

in ./ commutes. This amounts to demanding the commutation relations
aa =R (‘12—1) ® a(,l)) aEO) ao), 3.3)

for all a,a’ € A, where we have abbreviated the product by i ,(a ® a’) = ad’; in
the following, we shall also use the compact notation 1, := n,(1) € A for the unit
element in A, or sometimes just 1. Such algebras are not commutative in the ordinary
sense once we choose a nontrivial cotriangular structure as, for example, in (2.5), see
also Example 3.5.

Let us introduce the category of algebras of interest.

Definition 3.1 The category /.27 has as objects all algebra objects in /.4 which
satisfy the commutativity constraint (3.2). The morphisms between two objects are
all #_# -morphisms k: A — B which preserve products and units, i.e., for which
Mok @k =kopu, andkony =ng.

There is the forgetful functor Forget: # o7 — 4 which assigns to any object in
H o7 its underlying left H-comodule, i.e., (A, u,,n,) — A. This functor has a left
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adjoint Free:  .#/ — " o7 which describes the free ¥ o7 -algebra construction: Given
any object V in /., we consider the vector space

TV =P ve", (3.4)

n>0

with the convention V®° := K. Then, 7'V is a left H-comodule when equipped with
the coaction pZV: TV — H ® TV specified by

,OTV(Ul R X Un) =VI(=1) - Un(=1) X V1(0) K- X Un (0)- 3.5)

Moreover, 7V is an algebra object in ¥.# when equipped with the product
Ury: TV ®TV — TV specified by

(V1 @ @) @ (Vn1 @+ @ Upgm)) = V1 @ -+ @ Uppm (3.6)

and the unit n,,: K — 7'V given by
nry©) =ceV® cTV. (3.7)
The algebra object 7V does not satisfy the commutativity constraint (3.2); hence, it

is not an object of the category 7. We may enforce the commutativity constraint by
taking the quotient of 7'V by the two-sided ideal I € 7'V generated by

v®v — R (le) ® v(_l)) V(o) ® V() (3.8)

forallv, v/ € V. Theideal I is stable under the left H-coaction, i.e., pTV: I - HRI.
Hence, the quotient

Free(V):=7TV/I 3.9
is an object in #.o7 when equipped with the induced left H-coaction, product and
unit. Given now any “.#-morphism L:V — W, we define an 7 .o7-morphism
Free(L): Free(V) — Free(W) by setting

Free(L)(v1 ® -+ ® vy) = L(v) ® - - - ® L(vn). (3.10)
This is compatible with the quotients because of (2.8). Finally, let us confirm that
Free:  .# — "o/ is the left adjoint of the forgetful functor Forget: /.o7 — . #,
i.e., that there exists a (natural) bijection

HomHLQ{(Free(V), A) ~ HomH///(V, Forget(A)) 3.11)

between the morphism sets, for any object V in ./ and any object A in ¥ o7. This
is easy to see from the fact that any .o7-morphism «:Free(V) — A is uniquely
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specified by its restriction to the vector space V = V®! C Free(V) of generators and
hence by an #.#-morphism V — Forget(A).

From a geometric perspective, the free o7 -algebras Free(V) describe the function
algebras on toric noncommutative planes. In order to capture a larger class of toric
noncommutative spaces, we introduce a suitable concept of ideals for 7 .o7-algebras.

Definition 3.2 Let A be an object in 7/.o7. An ¥ o7-ideal I of A is a two-sided ideal
I C A of the algebra underlying A which is stable under the left H-coaction, i.e., the
coaction p# induces a linear map p4: 1 — H ® I.

This definition immediately implies

Lemma 3.3 If A is an object in P o7 and I is an ® o7 -ideal of A, the quotient A/ is
an object in " o7 when equipped with the induced coaction, product and unit.

This lemma allows us to construct a variety of o7 -algebras by taking quotients
of free ¥ .o7-algebras by suitable ¥ o7 -ideals. We are particularly interested in the
case where the object V in . that underlies the free .c7-algebra Free(V) is
finite-dimensional; geometrically, this corresponds to a finite-dimensional toric non-
commutative plane. We shall introduce a convenient notation for this case: First, notice
that the one-dimensional left H-comodules over the torus Hopf algebra H = O(T")
can be characterized by a label m € Z". The corresponding left H-coactions are given
by

P K— HQK, ¢ty Qc. (3.12)

We shall use the notation K, := (K, p™) for these objects in 7.7 . The coproduct
K, UK, of two such objects is given by the vector space K @K ~ K? together with
the component-wise coaction, i.e.,

PLO - (c®0) =1 ® (c®O), pKm Ky 0dc)=t,y®O®c). (3.13)

The free  o7-algebra corresponding to a finite coproduct of objects K, fori =
1,....N,in #_# will be used frequently in this paper. Hence, we introduce the
compact notation

my = Free(Kp, U--- UKpy). (3.14)

.....

By construction, the 7 .o7-algebras Fy,
Fun,

,,,,, my are generated by N elements x; €
,,,,, my Whose transformation property under the left H-coaction is given by
’’’’’ "N (X;) = tm; ® x; and whose commutation relations read as

Xixj = R(tmj ®tm,-) Xj X, (3.15)

foralli,j=1,..., N.
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We can now introduce the category of finitely presented o7 -algebras.

Definition 3.4 An object A in .7 is finitely presented if it is isomorphic to the
quotient Fy,, . my/I of afree H o7 -algebra Fum,....my by an H o7 ideal I = (f;) that
is generated by a finite number of elements f; € Fy, . my, fork =1,..., M, with
pF’"lv--v”’N (fi) = tn, ® fi, for some ny € Z". We denote by Hsz/fp the full subcategory
of o7 whose objects are all finitely presented o7 -algebras.

,,,,,

Example 3.5 Let us consider the case K = C and R given by (2.5). Take the free

H o7 -algebra generated by x; and x;‘, fori =1,..., N, with left H-coaction specified
by x; > tm; ® x; and X > t_p; ® x7, for some m; € Z"; in the notation above, we
consider the free 7 o7 -algebra Fin, . my,—m;,..,—m, and denote the last N generators

by x;“ := xn4i,fori =1, ..., N.The algebra of (the algebraic version of) the 2N —1-
dimensional Connes—Landi sphere is obtained by taking the quotient with respect to
the ¥ o7-ideal

N
In-1 1= (X;xi* Xj — 1) , (3.16)
1=

which implements the unit sphere relation. The algebra of the N-dimensional non-
commutative torus is obtained by taking the quotient with respect to the o7 -ideal

Ipy o= (xfxi = 1:i=1,....N). (3.17)

To obtain also the even dimensional Connes—Landi spheres, we consider the free
H oy -algebra Fin, . my.—m;,...—my,0, Where the additional generator x4 has trivial
H-coaction xpy+1 — 1y ®xon41,and take the quotient with respect to the H o7 ideal

N
Iy = (in* xi + (one1)? — 11) ) (3.18)

i=1

All these examples are *-algebras with involution defined by x; — x;" and x5 | =

X2N+1. An example which is not a x-algebra is the free H oy -algebra Fy,, for some
m # 0in Z", which we may interpret as the algebra of (anti)holomorphic polynomials
on C.

We will now study some properties of the categories 7.7 and # <, that will be
used in the following. First, let us notice that the category o7 has (finite) coproducts:
Given two objects A and B in ¥ o7, their coproduct A L B is the object in 7 .e7 whose
underlying left H-comodule is A ® B [with coaction pA"8 := pA®8 given in (2.9)]
and whose product p 4., and unit n4,,5 are characterized by

@®b) (@ ®b) = R (ai_y ®b(-1)) @afp) ® (bo) b, (3.19)
Lagp =1, ® L. (3.19b)
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The canonical inclusion # .7-morphisms t;:A— AuBand: B — AU B are given
by

H@a) =a®ly, 1,b)=1,8H>b, (3.20)

foralla € A and b € B. The coproduct A L B of two finitely presented o7 -algebras

A and B is finitely presented: If A = Fuy, .. my/(fk) and B = F,p, mrN,/(f,é,),
then

AUB = Fpy ity [ (e ® 1, 1 f), (3.21)
where we have identified F,, oy m'y,m’yy = Fmiooomy U Fyy g, - Conse-

quently, the category # < has finite coproducts.
In addition to coproducts, we also need pushouts in .7 and # <y, which are given
by colimits of the form

(3.22)

infof or “7p. Such pushouts exist and can be constructed as follows: Consider first
the case where we work in the category #.o7. We define

AUc B:=AuB/I, (3.23)

where I is the ¥ o7-ideal generated by x(c) ® 15, — 1, ® ¢(c), forall c € C. The
dashed ¥ o7-morphisms in (3.22) are given by

A— AUcB, ar—[a®1ly]l, B— AUcB, b—[1,®Db]. (3.24)

It is easy to confirm that A U~ B defined above is a pushout of the diagram (3.22).
Moreover, the pushout of finitely presented 7 o7 -algebras is finitely presented: If A =

Funy oo /(- B = Fypy /() a0d C = Fyr, o [(f1,). then

,,,,,,,,,,

,,,,,,,,,,

(3.25)

where x/, fori = 1,..., N”, are the generators of C. The isomorphism in (3.25)
follows from the fact that the quotient by the finite number of extra relations « (x;") ®
1 — 1 ® ¢(x]), for all generators x; of C, is sufficient to describe the H o7 ideal I

in (3.23) for finitely presented o7 -algebras C: We can recursively use the identities
[valid on the right-hand side of (3.25)]
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[f(/0)®1 -1t )] =[(k&xH®1) (k) ®1—-1®¢(c))], (3.26a)
[kcx)®1-1®¢(cxN]=[(k(©O®1-1®()) (kx])®1)], (3.26b)

for all generators x!’ and elements ¢ € C, in order to show that the H o7 -ideal I is
equivalently generated by « (x/) ® 1 — 1 ® ¢ (x]). Consequently, the category 7 o,
has pushouts.

We also need the localization of ¥ .c7-algebras A with respect to a single H-
coinvariantelements € A, i.e., ,oA (s) = 1, ®s. Localization amounts to constructing
an 7 o7 -algebra Als™H together with an H o7 -morphism £5: A — A[s~!] that maps
the element s € A to an invertible element £,(s) € A[s~'] and that satisfies the fol-
lowing universal property: If k: A — B is another o7 -morphism such that « (s) € B
is invertible, then « factors though £;: A — A[s™'], i.e., there exists a unique 7 o7~
morphism A[s~'] — B making the diagram

K

—r 5
X

Als™1

A B (3.27)
4\

\

\

commute. We now show that the  o7-algebra

Als™:=AUFo/(s®x —1,,5) (3.28a)
together with the /7 .¢7-morphism

b:A— Als™, ar— [a® Ll (3.28b)

is a localization of A with respect to the H-coinvariant element s € A. The inverse
of bs(s) =[s ® ILFO] exists, and it is given by the new generator [1, ® x] € Als~1;
then, the inverse of £;(s") is [1 , ® x"], because [s ® ]1F0] and [1 , ® x] commute in
Als ™11, cf. (3.3), (3.19) and use the fact that x and s are coinvariants. Given now any
H o7 -morphism k: A — B such that k(s) € B is invertible, say by # € B, there is a
unique o7 -morphism A[s~'] — B specified by [a ® x"*] — «(a) t" that factors «
through £,: A — A[s~!]. Finally, the localization of finitely presented o7 -algebras
is finitely presented: If A = Fy,... .my/(fk), then

Als ™M > Funy om0/ (fi® 1, s ®x — 1) (3.29)

4 Toric noncommutative spaces

From a geometric perspective, it is useful to interpret an object A in 7 <y as the
‘algebra of functions’ on a toric noncommutative space X 4. Similarly, a morphism
k:A— Binfl <y is interpreted as the ‘pullback’ of amap f: X p — X4 between toric
noncommutative spaces, where due to contravariance of pullbacks the direction of the
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arrow is reversed when going from algebras to spaces. We shall use the more intuitive
notation k = f*: A — B for the fp-morphism corresponding to f: Xp — X 4.
This can be made precise with

Definition 4.1 The category of toric noncommutative spaces
B = (" aty)® (4.1)

is the opposite of the category . Objects in H & will be denoted by symbols like
X 4, where A is an object in 7 %/p. Morphisms in H 7 will be denoted by symbols
like f: Xp — X4, and they are (by definition) in bijection with ffp-morphisms
f*:A — B.

As the category 7 <y has (finite) coproducts and pushouts, which we have denoted
by Au B and A Ui~ B, its opposite category H & has (finite) products and pullbacks.

Given two objects X 4 and X in /., their product is given by
Xa X Xp:=Xaus, (4.2a)
together with the canonical projection .%-morphisms
w1 XaxXp—> Xa, 7m:XaxXp— Xp (4.2b)

specified by 7 =1;:A - AU B and 7} = 1,: B — AU B, where ¢, and ¢, are the
canonical inclusion 7 fp-morphisms for the coproduct in H p [cf. (3.20)]. Pullbacks

XAXXCXBfféxB 4.3)

|
! }”
1
XA f XC
in 7.7 are given b
in are given by
XA Xx. Xp = Xau.B, 4.4)
fork = f*:C — Aand ¢ = g*: C — B [cf. (3.22)]. The dashed arrows in (4.3) are
specified by their corresponding # “ffp-morphisms in (3.24).
We next introduce a suitable notion of covering for toric noncommutative spaces,

which is motivated by the well-known Zariski covering families in commutative alge-
braic geometry.

Definition 4.2 An ¥ .-Zariski covering family is a finite family of #.%-morphisms
{fir Xy — X4}, 4.5)

where
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(i) s; € A is an H-coinvariant element, i.e., p4(s;) = 1, ®s;, for all i;
(i1) f; is specified by the canonical H fp-morphism fl* =LA — Als; 1], for all
i
(iii) there exists a family of elements ¢; € A such that } ; a;5; = 1 ,.

Example 4.3 Recall from Example 3.5 that the algebra of functions on the 2N-
dimensional Connes—Landi sphere is given by

AS%_)N = le,‘..,mN,—ml ,,,,, —mN,O/IS%_)N~ (4~6)

As the last generator xpn 41 is H-coinvariant, we can define the two H-coinvariant
elements 51 = %(11 — xon+1) and §p = %(]1 + xan+1). Then, s1 + 5o = 1, and
hence, we obtain an #.7-Zariski covering family

it 1, —>
{f’ XAS%)N[S[ 1 XAS%)N }i=1,2

4.7
for the 2N -dimensional Connes-Landi sphere. Geometrically, X , s is the sphere
s2N 151
with the north pole removed and similarly X , avls; '] the sphere with the south pole
sav b

removed.

We now show that /.-Zariski covering families are stable under pullbacks.

Proposition 4.4 The pullback of an ! .7 -Zariski covering family { f;: X AT X4}

along an ™ .7 -morphism g: Xg — X 4 is an " .7 -Zariski covering family, i.e., the left
vertical arrows of the pullback diagrams

X Xy, Xap1— = 7 Xap (4.8)
\
‘ l i
4
_
Xp 2 X4
define an " 7 -Zariski covering family.
Proof By definition, X p Xx, XA[S—I] = Xp, Al By universality of the pushout
i A i

and localization, the pushout diagram for B L, Als; '] extends to the commutative
diagram
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4.9)

Blg*(s))~ 1

It is an elementary computation to confirm that the dashed arrow in this diagram is
an isomorphism by using the explicit formulas for the pushout (3.23) and localization
(3.28). As a consequence, Xp x y X AlsT] X Blg*(s;)-11 and the left vertical arrow
in (4.8) is of the form as required in Definition 4.2 (i) and (ii). To show also item (iii)
of Definition 4.2, if @; € A is a family of elements such that Zi a;js;i = 1,, then
b; := g*(a;) € B is afamily of elements such that ) ; b; g*(s;) = 1. O

Corollary 4.5 Let{fi: X ATl ™ X} bean H _Zariski covering family. Then, the
pullback

XA[AVFI] XX a XA[S].*I] - = XA[sjfl] (4.10)

|
[ ij
<

— X3

XA[si_l] 7

is isomorphic to XA[s_q sy where
i v

Als; s = (ALsy ')y ()71 = (ALs; ' Ies 0™ (4

is the localization with respect to the two H-coinvariant elements s;,s; € A.
The dashed arrows in (4.10) are specified by the canonical ¥ Slp-morphisms
s Alsy ' — AlsT, sjfl] andesi:A[s;I] — Als; !, s;l].

Proof This follows immediately from the proof of Proposition 4.4. O

Remark 4.6 For later convenience, we shall introduce the notation

fz,
My

XA[S[—I,S]—I] A[S;l] (4.12)
f.ml Lf'j
XA[slTl] —>f' Xa

for the morphisms of this pullback diagram.
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5 Generalized toric noncommutative spaces

The category “.7 of toric noncommutative spaces has the problem that it does not
generally admit exponential objects X %4, i.e., objects which describe the ‘mapping
space’ from X 4 to Xp. A similar problem is well known from differential geometry,
where the mapping space between two finite-dimensional manifolds in general is not
a finite-dimensional manifold. There is, however, a canonical procedure for extending
the category /.7 to a bigger category that admits exponential objects. We review this
procedure in our case of interest.
The desired extension of .7 is given by the category

Heg .= sh(?.7) (5.1

of sheaves on /.7 with covering families given in Definition 4.2. Recall that a sheaf
on 7.7 is a functor Y: #.7°P — Set to the category of sets (called a presheaf) that
satisfies the sheaf condition: For any #.7-Zariski covering family {f;: X ATl

X 4}, the canonical diagram

Y(Xa) — 1 Y(XA[S,__I]) —= I] Y(XA[SI__.’S._I]) (5.2)

i ij J

is an equalizer in Set. We have used Corollary 4.5 to express the pullback of two
covering morphisms by X , -1 —1,. Because Hy = #H )P was defined as the
[

opposite category of 7 <y, it is sometimes convenient to regard a sheaf on H.7 as
a covariant functor Y: 7 ap — Set. In this notation, the sheaf condition (5.2) looks
like

Y(A) —— TTY(Als ') —= [T Y(Als; ' s7'). (5.3)

i,j

We will interchangeably use these equivalent points of view. The morphisms in 7%
are natural transformations between functors, i.e., presheaf morphisms.

We shall interpret % as a category of generalized toric noncommutative spaces.
To justify this interpretation, we will show that there is a fully faithful embedding
H .9 — H& of the category of toric noncommutative spaces into the new category.
As a first step, we use the (fully faithful) Yoneda embedding 7.7 — PSh(#.7) in
order to embed #.7 into the category of presheaves on #.7. The Yoneda embedding
is given by the functor which assigns to any object X 4 in /. the presheaf given by
the functor

Xy :=Homy ,(—, Xa): .7 — Set (5.4a)

and to any .#-morphism f: X, — Xp the natural transformation f: XA — Xp
with components
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ch:HomHy(Xc, X4) — Homy ,(Xc, XB), g+ fog, (5.4b)

for all objects X¢ in ..

Proposition 5.1 For any object X 5 in .7, the presheaf X4 is a sheaf on H Asa
consequence, the Yoneda embedding induces a fully faithful embedding .7 — H%
into the category of sheaves on ..

Proof We have to show that the functor X 4: H 0P _ Set satisfies the sheaf condition
(5.2), or equivalently (5.3). Given any ?.7-Zariski covering family { f;: X B~
Xz}, we therefore have to confirm that

Homﬁwfp(A, B) —— ]_[ HomH%fp(A, B[sl.*l]) — ]_[ HomHm,p(A, B[slfl, sfl])
i LJ
5.9

isanequalizerin Set, where we used X 4 (X5) =Hom,, V(XB’ XA)=HomHMf (A, B).
24 . o

Because the Hom-functor Homy <ty (A, —):H oy, — Set preserves limits, it is suffi-
cient to prove that

B —— [1Bls; ' —= [ Bls; ', 5; '] (5.6)
i L)

is an equalizer in 7 .
Using the explicit characterization of localizations [cf. (3.28)], let us take a generic
element

1

[[tbi®cil e []Blsy'1=]] BuFo/tsi ®xi — 1), (5.7)

where here there is no sum over the index i but an implicit sum of the form [b; ® ¢c;] =
> [(Bi)g ® (ci)q] which we suppress. This is an element in the desired equalizer if
and only if

[bi ®c;i @ 1] =[b; ®1®cjl, (5.8)

for all i, j, as equalities in Bl[s;" 1, sj_l]. Recalling that the relations in Bls; 1, s._l]
are givenby 5; ® x; ® 1 = 1 and s; ® 1 ® x; = 1, the equalities (5.8) hold if and only
if [b; ® ¢;] = [b ® 1] with the same b € B, for all i. Hence, (5.6) is an equalizer. O

Remark 5.2 Heuristically, Proposition 5.1 implies that the theory of toric noncommu-
tative spaces X 4 together with their morphisms can be equivalently described within
the category 9. The sheaf X4 specified by (5.4) is interpreted as the ‘functor of
points’ of the toric noncommutative space X 4. In this interpretation, (5.4) tells us all
possible ways in which any other toric noncommutative space X g may be mapped into
X 4, which captures the geometric structure of X 4. A generic object Y in /% (which
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we call a generalized toric noncommutative space) has a similar interpretation: The
set Y (X p) tells us all possible ways in which X p is mapped into Y. This is formalized
by Yoneda’s Lemma

Y(XB) ~ HomHg(ﬁ, Y), (59)

for any object X 3 in .7 and any object Y in 7%.

The advantage of the sheaf category ”% of generalized toric noncommutative
spaces over the original category 7.7 of toric noncommutative spaces is that it has very
good categorical properties, which are summarized in the notion of a Grothendieck
topos, see, e.g., [22]. Most important for us are the facts that Heg has all (small) limits
and all exponential objects. Limits in /% are computed object-wise, i.e., as in presheaf
categories. In particular, the product of two objects Y, Z in 74 is the sheaf specified
by the functor ¥ x Z:#.7°P — Set that acts on objects as

(Y x Z)(Xa) i=Y(Xa) x Z(Xa), (5.10a)

where on the right-hand side x is the Cartesian product in Set, and on morphisms
f: X4 — Xpas

Y X Z)(f) = Y(f) X Z(f): (¥ x Z)(Xp) —> (¥ x Z)(X4).  (5.10b)

The terminal object in 7% is the sheaf specified by the functor {x}: /.7°P — Set
that acts on objects as

{#}(Xa) := {x}, (.11
where on the right-hand side {x} is the terminal object in Set, i.e., a singleton set,

and in the obvious way on morphisms. The fully faithful embedding .7 — 7% of
Proposition 5.1 is limit preserving. In particular, we have

Xax Xp=2XaxXp, Xg={# (5.12)
for all objects X4, Xp in #.% and the terminal object Xx in .#. Here K is the
H afp-algebra with trivial left H-coaction ¢ = 1y ®c, i.e., the initial object in H .

The exponential objects in ¥ % are constructed as follows: Given two objects Y, Z in
Heg the exponential object ZY is the sheaf specified by the functor Z¥: #.7°P — Set
that acts on objects as

Z¥(X4) := Homug (Xa x Y, Z), (5.13a)

and on morphisms f: X4 — Xp as

2" (f): 2" (Xp) — ZV(Xa), g+ go(f xidy), (5.13b)
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where f: X4 — Xpisthe Haz_morphism specified by (5.4). The formation of expo-
nential objects is functorial, i.e., there are obvious functors (=)Y:Hg — Hyg and
7 Hagor 5 Ha for all objects Y, Z in 4. Moreover, there are natural isomor-
phisms

Y ~x), ZW e~z @zZxzZ)W ~z"x2'Y, 20 ~ @z, 514

for all objects Y, Y', Z, Z' in #%.
Given two ordinary toric noncommutative spaces X 4 and X g, i.e., objects in Ho
we can form the exponential object ﬁx—*‘ in the category of generalized toric noncom-

mutative spaces % . The interpretation of &X—A is as the ‘space of maps’ from X 4
to X p. In the present situation, the explicit description (5.13) of exponential objects
may be simplified via

Xp*(Xc) = Homng(Xc x X4, Xp)

= Homug (Xc x Xa, XB)
~ HomH’y(Xc X X4, XB)
= Homy ., (B, CUA). (5.15)

In the first step, we have used (5.13), in the second step (5.12), and the third step is
due to Yoneda’s Lemma. Hence,

Xp¥a~ Homy o (B, — U A): H oty — Set (5.16)

can be expressed in terms of %fp-morphisms.

Example 5.3 To illustrate the differences between the exponential objects &X—A in

H< and the Hom-sets Homu (X4, Xp),letus consider the simplest example where
A = B = Fy,, for some m # 0 in Z". In this case, the Hom-set is given by

HOH’IHEy(XFm,XFm) = Homydfp(Fm, Fn) ~ K, (5.17)
because by H-equivariance any fp-morphism k: Fy, — Fp, is of the form « (x) =

¢ x, for some ¢ € K; here x denotes the generator of F,,, whose left H-coaction is
by definition p” (x) = t,, ® x. On the other hand, the exponential object X meﬂ

is a functor from #.#°p = H oy to Set, and hence, it gives us a set for any test
H ot,-algebra A. Using (5.16), we obtain

Xp, X (A) = Hom o (F, AU Fi). (5.18)
For the initial object A = K in H pr, we recover the Hom-set

Xp, X (K) = Homu o (Xf,,, Xr,) ~ K. (5.19)
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Let us now take AT, = F_p n/(y*y — 1) to be the toric noncommutative circle,
see Example 3.5. We write y~! := y* in Ar,, and recall that the left H-coaction is
given by pf-mm(y) = t_,, ® y and pf-mm(y~1) = 1, ® y~!. We then obtain an
isomorphism of sets

meme (A1,) = Homu 4 (Fin. ATg U Fin) = F, (5.20)

because elementsa € Fy,i.e., polynomialsa = Zj Cj x/, for cj € K, areinbijection
with H;affp-morphisms k: Fpm — ATg U Fpy via

k@)=Y ciy T @xl (5.21)
J

By construction, each summand on the right-hand side has left H-coaction pf~mm (y/ =1
Qx)) = L (-Dmtjim® yj_1 RQx) =ty ® yj_1 ®x/. Heuristically, this means that
the exponential object X, Xtm captures all polynomial maps F,, — Fj,, while the
Hom-set Homwu (X f,,, X, ) captures only those that are H-equivariant which in the
present case are the linear maps x > ¢ x. Similar results hold for generic exponential
objects QX—A in <; in particular, their global points QX—A(XK) coincide with the

Hom-sets Homu o (X 4, Xp) while their generalized points &X—A(X c), for X¢ an
object in ., capture additional maps.

6 Automorphism groups

Associated with any object, X 4 in 7. is its exponential object &X—A in 74 which
describes the ‘space of maps’ from X 4 to itself. The object ﬂx—/‘ has a distinguished
point (called the identity) given by the ¥ %-morphism

e:{x} — &XA (6.1a)
that is specified by the natural transformation with components
exy: ¥} — Homyy(XB x Xa, XA), * —> (712: Xp x Xg — XA) (6.1b)
given by the canonical projection #.&-morphisms of the product. Under the Yoneda
bijections Homunu ¢ ({*}, &XJ) ~ &XA({*}) >~ Homu (X4, X4), e is mapped to
the identity /.%-morphism idy , . Moreover, there is a composition %-morphism
o:ﬂx—A X &XJ — &XJ (6.2a)
that is specified by the natural transformation with components
ox, :Homu o (Xpx X4, Xa)xHomu o (XpxXa, Xa)— Homu o (XpxXa.Xn),

(8 h)—> gex,h (6.2b)
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defined by
gexyh:=go(idx, x h)o(diagy, xidx,): Xp x Xa —> Xa, (6.2¢)

for all #.7-morphisms g,h:Xp x X4 — Xa. The diagonal “.#-morphism
diagy,: Xp — Xp x Xp is defined as usual via universality of products by

Xp (6.3)
iy, I idy
| diagy
<4
XB T XB X XB T> XB

The object &X—A together with the identity (6.1) and composition %-morphisms
(6.2) is a monoid object in #%: It is straightforward to verify that the 7/ %-diagrams

Xaks XMoo XpHa 0 XK x, M 64

idx.l l

X XA x x4 X4 X X4

and

exid idxe

{%} x Xa%4 XaXa x X% Xa%a x () (6.4b)

g

X X4

commute. Notice that ﬁx—*‘ is not a group object in 7% because, loosely speaking,
generic maps do not have an inverse. We may, however, construct the ‘subobject of
invertible maps’ (in a suitable sense to be detailed below) of the monoid object X 4: Xa
which then becomes a group object in 7% called the automorphism group Aut(X 4)
of Xga.

Let us apply the fully faithful functor Sh(”.#) — PSh(”.#) (which assigns to
sheaves their underlying presheaves) on the monoid object (ﬁX—A, o.0)in 1y =

Sh(#.#) to obtain the monoid object (ﬂX—A, e, ¢) in PSh(¥.77), denoted with abuse

of notation by the same symbol. This monoid object in PSh(*.#’) may be equivalently
regarded as a functor .#°P — Monoid with values in the category of ordinary Set-
valued monoids (i.e., monoid objects in the category Set). The functor assigns to any
object X g in 1.7 the monoid

(Xa2(X ), 0. ex,) (6.59)
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and to any .#-morphism f: Xp — X¢ the monoid morphism
XA . XA XA
Xa%8(f): (Xa%8 XY, oxerexc) —> (Xa¥4(Xp), oxpoex, ). (6.5b)

For any object Xp in .7, we define Aut(X)(X3p) to be the subset of elements
g€ &X—A(X ) for which there exists g~! € ﬁX—A(X p) such that

gox, 8 =g ex, g =ex,. (6.6)

Because the inverse of an element in a monoid (if it exists) is always unique, it follows
that any element ¢ € Aut(X4)(Xp) has a unique inverse g~! € Aut(X4)(Xp),
and that the inverse of g_1 is g. The monoid structure on X AX—A(X p) induces to
Aut(X 4)(Xp), because the inverse of ey, is ex, itself and the inverse of geoxy his
(gox, W)~ ' =h~!ex, g~!. Denoting by

invy,: Aut(Xa)(Xp) —> Aut(Xa)(Xp), g+ g (6.7)
the map that assigns the inverse, we obtain for any object X 3 in /.7 a group
(Aut(XA)(XB),oXB,eXB,inVXB). (6.8a)

The monoid morphism &X—A( f) in (6.5) induces a group morphism which we denote
by

Aut(X4)(f): (Aut(XA)(Xc), X . €Xcs ianC)
— (Aut(XA)(XB), X, Xy, iIlVXB). (6.8b)

Hence, we have constructed a functor #.7°P — Group with values in the category
of ordinary Set-valued groups (i.e., group objects in Set), which we can equivalently
regard as a group object (Aut(X ), e, e, inv) in the category PSh(¥.%). Notice further
that Aut(X4) is a subobject of ﬂfo in the category PSh(?.7).

Proposition 6.1 For any object X 4 in 1.7, the presheaf Aut(X ) satisfies the sheaf
condition (5.2). In particular, (Aut(X 4), e, e, inv) is the subobject of invertibles of the
monoid object (ﬂX—A, o, ¢) in < and hence a group object in 9.

Proof Given any #.7-Zariski covering family { f;: X
that

Bls7'1 X g}, we have to show

Aut(Xa)(Xp) —— [T Aut(Xa)(Xgr-1y) =t [T Aut(Xa) (X1 1)
i i,j J

(6.9)
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is an equalizer in Set. Recalling that Aut(X 4) is the subpresheaf of the sheaf X A
specified by the invertibility conditions (6.6), an element in [, Aut(X4)(X

can be represented by an element

1_[ 8i € H &X*A(XB[A-,*I])’ (6.10)
i i

B[r_]])

such that each g; has an inverse g; Le &X—A(X B[S.—l]) in the sense that
. -1 _ -1 -
8i 'XB[SlflJ 8 =& 'XB[X;lJ 8i = eXB[S;l . (6.11)

This element is in the desired equalizer if and only if

Xa%(fij)(8)) = Xa™(f1:0) (i), 6.12)

for all i, j, where we used the compact notation f;;; introduced in (4.12). Because
ﬂx—*‘ is a sheaf, we can represent [[; g; by the element g € ﬂX—A(X p) that is
uniquely specified by XA A(fi)(g) = gi, foralli.

We have to show that g € Aut(X4)(Xp) € X AX—A(X B), i.e., that there exists
g_1 € XAXA(XB) such that g ey, g l=g! ex, & = exy. Since XA 4(fi;;) and
X A 4(f}.i) are monoid morphisms, both sides of the equality (6.12) are invertible
and the inverse is given by

Xa®24(fi:)(85") = Xa®2 (0 (877)- (6.13)

Using agam the property that X A 4 is a sheaf, we can represent [ [; gl by the element
g€ XA A(X p) that is uniquely specified by XA A(fi)Q) =g ! forall . It is now
easy to check that g is the inverse of g: Using once more the property that X A A(f)

are monoid morphisms, we obtain XA—A(f,)(g °x, &) = g. 1 8i = ex

BIs; y
and similarly XA A(fi)(g ex, §) = ex e for all i. Because XAXJ is a sheaf, thls

implies g ox, g = g ®x, § = ex, and hence that g = g~ L O

7 Lie algebras of automorphism groups

The category 7% of generalized toric noncommutative spaces has a distinguished
object K := X, where Fy is the free H ,Q%fp-algebra with one coinvariant generator x,
ie., x — 1y ® x. We call K the line object as it describes the toric noncommutative
line. The line object K is aring object in 7%: The sum /%-morphism +: K x K — K
is induced (via going opposite and the Yoneda embedding) by the ¥ “gp-morphism
Fy — FyUFy, x = x®1+1®x. The multiplication #%-morphism : K x K — K
is induced by the H fp-morphism Fog — Fo U Fy, x — x @ x. The (additive) zero
element is the #%-morphism 0: {*} — K induced by the frp-morphism Fy —
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K, x — 0 € K, and the (multiplicative) unit element is the /¢-morphism 1: {x} — K
induced by the 7 fp-morphism Fg — K, x — 1 € K. Finally, the additive inverse
Ha_morphisminv,: K — K isinduced by the 7 fp-morphism Foy — Fo, x = —x.
It is straightforward, but slightly tedious, to confirm that these structures make K into
a ring object in 74

Remark 7.1 Regarding the line object as a functor K: .%°P — Set, it assigns to an
object X g in .7 the set

K(Xp) = Homu o (X, K) = Homu ;. (Fo, B) = B°, (7.12)

where B := {b € B: pB(b) = 1y ® b} is the set of coinvariants; in the last step,
we have used the fact that Fy is the free <fp-algebra with one coinvariant generator;
hence, ¥ “fgp-morphisms Fo — B are in bijection with B®. To an #.-morphism
f:Xp — Xp, it assigns the restriction of f*: B — B to coinvariants, i.e.,

K(f)=f8°"— B (7.1b)

The # ap-algebra structure on B, B’ induces a (commutative) ring structure on
BY, B’ and f* preserves this ring structure. Hence, we have obtained a functor
H o0 _, CRing with values in the category of commutative rings (in Set), which is
an equivalent way to describe the ring object structure on K introduced above.

The ffp-morphism Fo — Fo/ (x?) given by the quotient map induces amonomor-
phism D := Xp, ,2) > Xp, = Kin H¢7 The zero element, sum and additive inverse

of K induce to D, i.e., we obtain /%-morphisms 0: {*} — D, +:D x D — D and
inv,: D — D which give D the structure of an Abelian group object in 7%. More-
over, D is a K-module object in 7% with left K -action %-morphism -: K x D — D
induced by the H;szp-morphism Fy/(x?) = Fyu Fy/(x?), x — x ® x. Heuristically,
D describes the infinitesimal neighborhood of O in K, i.e., D is an infinitesimally short
line, so short that functions on D (which are described by Fo/ (x2)) are polynomials
of degree 1.

Following the ideas of synthetic (differential) geometry [19,21,26], we may use D
to define the tangent bundle of a generalized toric noncommutative space.

Definition 7.2 Let Y be any object in /% . The (total space of) tangent bundle of Y is
the exponential object

TY :=Y2 (7.2a)
in 79 The projection #%-morphism is
o= YO ey — Yyl yH oy, (7.2b)

where we use the property that Y (7): #4° — H@ i5 a functor.
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Remark 7.3 Focusing on the underlying functors Y: 7.7°P — Set of objects ¥ in
He . there is an equivalent, and practically useful, characterization of the tangent
bundle 7Y. By Yoneda’s Lemma and the fact that the exponential (—)2: 194 — Ag
is the right adjoint of the product — x D: 79 — H%_ there are natural isomorphisms

TY = Y2 ~ Homuy ((—). Y2) >~ Homuy ((-) x D, Y) = Y(— xD). (7.3)

Hence, the set TY (X p) at stage X p is simply given by Y (X p x D) at stage Xp x D.
The components of the projection then read as

mxy = Y(idy, x 0):Y(Xp x D) —> Y(Xp), (7.4)

where idy, x 0: Xp >~ Xp x {*} — Xp x D is the product of the HY—morphisms
idx,:Xp — XpandO: {x} = D.

We shall now study in more detail the tangent bundle
mw:TAut(X4) — Aut(Xy4) (7.5)

of the automorphism group of some object X 4 in .. We are particularly interested
in the fiber 7, Aut(X 4) of this bundle over the identity e: {*} — Aut(X,4), because it
defines the Lie algebra of Aut(X 4). The fiber T,Aut(X 4) is defined as the pullback

T,Aut(X,) — — — — — S TAUt(X ) (7.6)
I
I Jn
+
{x} Aut(X4)

in 79, In particular, T,Aut(X 4) is an object in 7%
Using the perspective explained in Remark 7.3, we obtain

TAut(X4)(Xp) = Aut(X4)(Xp x D), 7.7
for all objects X p in 7.7 The pullback (7.6) then introduces a further condition

T.Aut(X2)(Xp) = {g € Aut(X2)(Xp x D): Aut(X4)(idx, x 0)(g) = ex,} .
(7.8)

for all objects Xp in #.7. Using (6.6) and (5.16), it follows that any g €
Aut(X4)(Xp x D) is an H.dfp-morphism A — BUF/&xHuUA satisfying the
invertibility condition imposed in (6.6). For our purposes, it is more convenient to
equivalently regard g as an 7 “frp-morphism g: A — Fy/ (x?) U B U A with target
Fy/(x*) U B U A instead of B U Fy/(x?) U A (flipping Fo/(x?) and B is the usual
flip map because the left H-coaction on Fy/(x?) is trivial). Because any element in
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Fo/(xz) is of the form ¢ + ¢ x, for some cg, ¢1 € K, we obtain two H///—morphisms
80, 81: A — B LI A which are characterized uniquely by

(@) = 1p, )02 ® 80(@) +x ® g1(a), (7.9)

foralla € A. Since g: A — Fy/(x>) U B U A is an H;z%fp—morphism, it follows that
g0:A — BUAisan H;szp-morphism and that g;: A — B U A satisfies the condition

giaa’) = gi(a) go(a") + go(a) g1(a"), (7.10)

for all a,a’ € A. From (7.8), it follows that g € T,Aut(X)(Xp) if and only if
g0 =12:A — BUA, a— 1lp®aisthe canonical inclusion for the coproduct. Then,
(7.10) simplifies to

giaa) =gi(a)(1p®d) + (1 ®a) gi(a), (7.11)

for all a,a’ € A. Notice that (7.11) is the Leibniz rule for the A-bimodule structure
on B U A that is induced by the 7 wfp-algebra structure on B U A and the inclusion
H;z/fp-morphism 1:A— BUA.

Lemma 7.4 Let g: A — Fy/(x%) U B U A be any Hmffp-morphism such that gy =
t2: A — BU A in the notation of (7.9). Then, the H;a/fp-morphism 3 A — Fo/(x®)u
B U A defined by go = go = 12 and gy = —g| is the inverse of g in the sense that
8OXyxD & =8 ®XyxD & = €XyxD-

Proof From the hypothesis, (6.2) and x2 = 0, it follows that
(g oxzxp §)(a) = lryoy®1lp®a+x® (g1(a) + 21())
=1p a2 ® 1l ®a =exzxnla), (7.12)
for all @ € A and similarly that g ex,xp § = exzxD- O
This result allows us to give a very explicit characterization of the functor underlying

the object T, Aut(X 4) in % . Let us define the functor “Der(A, —1A): 7.7°P — Set
on objects X p by

"Der(A, — U A)(Xp) := "Der(A, BU A), (7.13a)

which is the subset of v € Homu , (A, B U A) satisfying (7.11), and on morphisms
f:Xp — Xp by

HDer(A, — U A)(f): "Der(A, B’ U A) — ¥ Der(A, BU A),

(v:A— B'UA) — ((f*®ids) ov: A — BUA).
(7.13b)

@ Springer



G. E. Barnes et al.

Corollary 7.5 The presheaf underlying T,Aut(X ) is isomorphic to "Der(A, —UA)
via the natural isomorphism with components

T,Aut(X4)(Xp) — Der(A, BUA), g+ g1, (7.14)

where g1 is defined according to (7.9). Hence, HDer(A,— L A) is a sheaf, i.e., an
object in "9, and T,Aut(X ») is also isomorphic to "Der(A, — U A) in 9.

Proof Since g is uniquely specified by go, g1 [via (7.9)] and gop = (¢ for all g €
T, Aut(X 4)(Xp), it follows that (7.14) is injective. Surjectivity of (7.14) follows from
Lemma 7.4. Naturality of (7.14) is obvious. Because 7, Aut(X 4) and 7/ Der(A, — L1 A)
are isomorphic as presheaves and 7,Aut(X,4) is a sheaf, it follows from the fully
faithful embedding Sh(”.#) — PSh(.#) that “Der(A, — U A) is a sheaf and that
the isomorphism is in 7% O

We conclude by showing that 7 Der(A, — LI A) [and hence by Corollary 7.5 also
T,Aut(X 4)]is a K-module object in % that can be equipped with a Lie bracket. From
the perspective used in Remark 7.1, this is equivalent to equipping “Der(A, B U A)
with a B%-module structure and a Lie bracket on this B%-module, such that both
structures are natural transformations for #/.%-morphisms f: Xp — Xp. Recall that
HDer(A, B U A) is the subset of Homu (A, B A) specified by the Leibniz rule
(7.11). Because the Leibniz rule is a linear condition, it follows that “Der(A, B U A)
is closed under taking sums and additive inverses, and that it contains the zero map.
From (7.13), one immediately sees that this Abelian group structure is natural with
respect to HY—morphisms f:Xp — Xp; hence, HDer(A, — U A) is an Abelian
group object in 7%, The B®-module structure

BY x Der(A, Bu A) — "Der(A, BUA), (b,v) —> b-v (7.152)

is defined by setting
b-v)a)=bBR1) via), (7.15b)
for all @ € A. In order to verify that (b - v) € HDer(A, BU A), i.e., that it is H-
equivariant and satisfies the Leibniz rule (7.11), it is essential to use the fact that b is

coinvariant, pB: b +— 1y ®b.From (7.13), one immediately sees that this B%-module
structure is natural with respect to H o -morphisms f: Xp — Xp/,ie.,

(ff*®idg) o (b - V) = fF*B') - ((f* ®idy) o v’), (7.16)
forall b’ € B'® and v’ € ¥ Der(A, B’ U A). This endows “Der(A, — U A) with the
structure of a K-module object in 7%

It remains to define a Lie bracket

[—. —1x,: "Der(A, BUA) ®po "Der(A, BuA) — “Der(A, BUA) (7.17a)
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on each B-module HDer(A, B U A). Let us set
[v, wly, = (up ®ida) o ((idB Rv)ow — (idp ® w) o v), (7.17b)

forall v, w € HDer(A, B U A), where up: B® B — B is the product on B. Notice
that [v, w]lx,:A — B U A is an _#-morphism. A straightforward but slightly
lengthy computation (using the Leibniz rule (7.11) for v and w) shows that [v, w]x,
satisfies the Leibniz rule; hence, it is an element in “Der(A, BLU A). Antisymmetry of
[ —, — 1x, follows immediately from the definition, and the Jacobi identity is shown
by direct computation. Moreover, B%-linearity of the Lie bracket, i.e.,

[b-v,wlx, =b-[v,wlxy =[v,b-wlxy, (7.18)

for all b € B® and v, w € " Der(A, B U A), can be easily verified by using the
fact that b is coinvariant, and hence, it commutes with any other element in B [cf.
(3.3)]. Naturality of the Lie bracket with respect to 7/.-morphisms f: Xp — Xp
is a simple consequence of the fact that f*: B’ — B preserves the products entering
the definition in (7.17). We have therefore obtained an explicit description of the Lie
algebra of the automorphism group Aut(X4).

Proposition 7.6 The functor " Der(A, — LU A) equipped with the structure morphisms
introduced above is a Lie algebra object in the category Modg ("9) of K-module
objects in 9.

8 Braided derivations

The Lie algebra object “Der(A, — LI A) constructed in Proposition 7.6 is (isomorphic
to) the Lie algebra of the automorphism group Aut(X4). Hence, we may interpret it
as the Lie algebra of infinitesimal automorphisms of the toric noncommutative space
X 4 with function # affp-algebra A. Another (a priori unrelated) way to think about the
infinitesimal automorphisms of X 4 is to consider the Lie algebra der(A) of braided
derivations of A, see [2-6]. In this section, we show that these two points of view are
equivalent.

We briefly introduce the concept of braided derivations of 7 offp-algebras A. Let us
first consider the case where A = Fiy, .. my 1s the free H oy -algebra with N generators
x; with left H-coaction x; +— ty, @ x;, fori = 1,...,N. Let 0;: Fyu\,..my —

Fu,,..my-for j =1,..., N, be the linear map defined by
Bj(xl-) =8ij 1, (8121)
dj(a a) = dj(a) a + R(a— ® l‘fmj) a) d; @), (8.1b)
foralli =1,...,N and a,a’ € Fy,, . my. The map d; should be interpreted as the

‘partial derivative’ along the generator x;; hence, it is natural to assign to it the left
H-coaction d; > 1_,,; ® 9;. It satisfies a braided generalization of the Leibniz rule
that is controlled by the cotriangular structure R. Let us define the left H-comodule
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der (Fuy,.my) = || Fmpomyl—mj]. (8.2)

with the coproduct taken in .7, where for an object V in ¥ .# we denote by V[m]
the object in .# which has the same underlying vector space as V but which is
equipped with the shifted left H-coaction

pV[m]: V—HQQV, vi— v_1)tm Q). (8.3)

Fun,....my - because the H-coaction then takes the convenient form 3¢ (Fmy..my) (1) =

.....

Zj Lj_yyt-m; ® Ljq 9;. The evaluation of der(Fp,
by the .4 -morphism

..........

..........

J

It is then easy to confirm the braided Leibniz rule
ev(L® (aa")) =ev(L®a)a’ + R (a—1) ® L—1)) apev(Loy®ad’), (8.5)

forall L € der(Fyp,....my)anda, a’ € Fu, ... .m,,whichallows usto interpret elements
of der(Fy,,....my) as braided derivations.

For a finitely presented /7 .o7-algebra A = Fm,
braided derivations is defined by

my /(fi), the left H-comodule of

.....

der(A):={L e Al=m;1:Y Ljdj(fio=0Vky c [] Al-mj].
j=1,..N j j=1,...N
(8.6)

The evaluation #.#-morphism is similar to that in the case of free 7.7 -algebras and
is given by
evider(A)@ A — A, LRYar— Z Ljdj(a). (8.7)
J

Notice that ev is well defined because of the conditions imposed in (8.6). The braided
Leibniz rule (8.5) also holds in the case of finitely presented / .o7-algebras.

Proposition 8.1 Let A be any object in 1! %rp. Then, der(A) is a Lie algebra object in
H g with Lie bracket " .4 -morphism [—, —]:der(A) ® der(A) — der(A) uniquely
defined by

ev([L,L'1®a) ::eV(L®eV(L/®a))—R(L/(_l)®L(_1)) GV(L/(O) Qev(L() ® a)),
(8.8)

forall L, L' € der(A) and a € A.
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Proof Using the braided Leibniz rule (8.5), we can compute the right-hand side of
(8.8) and obtain

(L. L' @a) = Y (L0 (L) = R(L) _ tom; ® Lty t-m) L) ) 8 (Li0)) (@

Jok
(8.9)
Hence, [L, L' ]is uniquely defined and it is a braided derivation. The braided antisym-
metry and Jacobi identity on [—, —] can be verified by a straightforward computation.
O

We would now like to compare the braided derivations der(A) with the auto-
morphism Lie algebra H Der(A, — U A) constructed in Sect. 7. There is, however,
a problem: While der(A) is a Lie algebra object in the category .# of left H-
comodules, Der(A, — L1 A) is a Lie algebra object in the category Mod g (H 4) of
K-module objects in the category /% of generalized toric noncommutative spaces.
We show in “Appendix” that there exists a functor j: /.# — Mod K (#%), which
becomes a fully faithful embedding when restricted to the full subcategory 7. Zye. of
decomposable left H-comodules (cf. Definition 9.1). Because der(A) is a decompos-
able left H-comodule (cf. Corollary 9.4), we may use the fully faithful embedding
ji it gec — Modg (H9) to relate der(A) to Der(A, — L A).

Let us characterize more explicitly the object j(der(A)) in Mod g (1<) 1ts under-
lying functor [cf. (9.7)] assigns to an object Xz in 7.7 the B®-module

j(der(A)(Xp) = (B ® der(A))0 (8.10a)
and to an #.%-morphism f: Xp — X¢ the module morphism
. . 0 0
j(der(A)(f) = (f* @ idder(a)): (C ® der(A)) — (B ® der(A)) . (8.10b)
For any object X in 7.7, we define a map
Exp: (B ® der(A))0 —> "Der(A,BUA), bQL+r— Ex,(b®L) (8.11a)
by setting
Ex,(b® L)) :=b@ev(L®a)=b® | > L;jd;a)|. (8.11b)
J
forall a € A.Itis easy to check that £x, (b ® L): A — B U Ais an H_z -morphism
by using the property that b ® L is H-coinvariant. Moreover, &£x, (b ® L) satisfies
the Leibniz rule (7.11) because L satisfies the braided Leibniz rule (8.5) and b ® L is
H -coinvariant. Explicitly we have
Ex,(b® L)(a a’) =bh® (eV(L ® a) a + R(a—1) @ L—n)) ay ev(L) ® a’))

=&x,(b® L)) (1p®d) + (1 ®a) éx, (b ® L)(a), (8.12)
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where the last step follows from (3.19) and (2.4). This shows that the image of £x,
lies in “Der(A, B L A), as we have asserted in (8.11).

The maps &y, are clearly BY-module morphisms with respect to the B’-module
structure on “Der(A, B U A) introduced in (7.15) and that on j(der(A))(Xp) intro-
duced in (9.10), and they are natural with respect to 7/.%-morphisms f: Xp — Xc.
Hence, we have defined a morphism

£: j(der(A)) —> HDer(A, — U A) (8.13)

in the category Mod g (147) of K-module objects in % . The main result of this section
is

Theorem 8.2 The Modg (") -morphism (8.13) is an isomorphism. Hence, der(A)
and "Der(A, — U A) are equivalent descriptions of the infinitesimal automorphisms
of a toric noncommutative space X 4.

Proof Fix a presentation A = Fy,,, . my/(fx) of A and any object Xp in H o We
my Dy setting

..........

3;(x) =8 15 ® Lp,,, .- (8.142)
9j(aa) =0j(@) (1p ®a)+ R(an ®t-m;) (1p ®a@) d;(a),  (8.14b)

for all generators x; and all a, a’ € Fy, ... m, - There is an isomorphism

ve [] B@A-m)" ) v;9;(fi) =0 Vk { ~ HDer(A, BU A)
j=1,...,N J
(8.15)

given by the assignment v > Y i V) /8\]-. Because A and B are decomposable, we
obtain a chain of isomorphisms

[] Beal-m"~ [] [] (8" ®Al-m;1™)
J=L...N j=1,..,.N neZ*

—n

2
=

B"® | [] Al-mj]

(8.16)

1
o
®

=
=
E

The resulting isomorphism preserves the conditions imposed in (8.15) and (8.6); hence,
it induces an isomorphism between “Der(A, B U A) and j (der(A))(Xp). O
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Remark 8.3 Even though the functor j: .7 — Modg (#4) is not monoidal (cf.
Remark 9.7), there exists a Mod g @) -morphism

Y1 j(der(A)) ® j(der(A)) — j(der(A) ® der(A)), (8.17)
which is described explicitly in (9.13). We now confirm that the isomorphism
&:j(der(A)) — #Der(A, — L A) established in Theorem 8.2 preserves the Lie brack-

ets on der(A) and “Der(A, — U A) in the sense that the diagram

4

j(der(A)) ® j(der(A)) j(der(A) @ der(A)) (8.18)
Jj([—,—])
E®E J(der(A))

|#

HDer(A, — U A) ® HDer(A, — U A) — HDer(A, — U A)

in Modg ("% commutes. Fixing an arbitrary object X g € .7 and going along the
upper path of this diagram, we obtain

(6xp 0 (dp @ [—, =D o¥x, (b ®L)®@po (W' ®L))) (a)
= R(b(_}, ® L(-1)) bbg, ®ev([L (), L'1 ® a)
= R(b(_y),, ® L(=1)) R(b(_y), ®b-1) bgy b ®ev([L). L1 ®a)
= R(b(_1) ® b1y Li-1)) bigy by @ ev([L o), L'I ® a)
=bb®ev(L,L]®a), (8.19a)

foralla € A, where in the last two steps we used the properties (2.4) of the cotriangular

structure R and the fact that b ® L € (B ® der(A))? is coinvariant. Going now along
the lower path of the diagram, we obtain

[ex, 0@ L), Ex, (' @ L))y (@) =0 b@ev(L®eV(L' ®a)) —bb @ev(L' ®ev(L ®a)),
(8.19b)

for all a € A, where we used the definition of the Lie bracket [—, —]x, given
in (7.17). These two expressions coincide because, using without loss of generality
b®L € B"®@der(A) ™ and b’ ® L' € B™ ®@der(A)™™ , the second term in (8.19b)
can be rearranged as

bt @ev(L' ®ev(L ® a)) = R(b?_l) ® b_1)) b?o) by ®ev(L' @ ev(L ® a))
= R(tw Qtm) b'b@ev(L' @ ev(L ® a))
=Rt @1_m) b'b@ev(L' ® ev(L ® a))
=R(L{_)®L1)b'b@ev(Liy ®ev(L) ®a)),
(8.20)
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foralla € A, where in the third step we used the property R(h®g) = R(S(h)®S5(g)),
forall h, g € H, see, e.g., [23, Lemma 2.2.2].
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9 Appendix: Technical details for Sect. 8
9.1 Decomposable objects in 7 7
Given any object V in 7 .#, we define
V"= {ve V:pv(v):tm@)v}, 9.1)

for all m € Z". Notice that V? is the vector space of coinvariants and that V™" C V
are 7/ -subobjects, for all m.
Definition 9.1 An object V in ¥/ is decomposable if the canonical #.#-morphism

[Tv"—vV. [[mr— D" vm 9.2)

meZ m

is an isomorphism. We denote by ... the full subcategory of decomposables.

Lemma 9.2 (Properties of decomposables)

(@) Tensor products of decomposables are decomposable, i.e., ' .My is a monoidal
subcategory of " A .

(b) Coproducts of decomposables are decomposable.

(¢) . -subobjects of decomposables are decomposable.

Proof To prove item (a), note that for V, W decomposable we have

VoW~ ]_[ ]_[ (vt w™ ™) ); 9.3)

meZ" \neZ"
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hence, V ® W is decomposable with

vew™=1]] (vtew"™). (9.4)

neZ

The monoidal unit object Ky is clearly decomposable. Items (b) and (c) are obvious.
O

Lemma 9.3 Let A be an object in 1 . Then, the left H-comodule underlying A is
decomposable.

Proof Let us start with the case where A = Fy, . my is a free H oy -algebra. As
Fuq,...my = Fm U---U Fy,,, where U denotes the coproduct in H <, (given explic-
itly by ®), we can use Lemma 9.2(a) and reduce the problem to show that F, is
decomposable. Notice that

spany (x¥) ~ K,, forn=km, k € Z=o,

F = 9.5)

0, otherwise,

where x denotes the generator of F,, with H-coaction x — t,; ® x. The canonical
H_# -morphism reads as

]_[ Fp," ~ ]_[ Kim — Fom, ]_[ Cp —> Z c xK, (9.6)
k

neZ" keZsxo k

and it is easy to see that it is an isomorphism.

For the case where A = Fy, .. m,/I is finitely presented, we use the property
that Fyu, ... m, 18 decomposable and hence so is the H o7 ideal I C Fum,,...my- Conse-
quently, the quotient A = Fy,,,....m, /I is decomposable as well. O

.....

Corollary 9.4 Let A be an object in H &fp. Then, der(A) is decomposable.

Proof Recalling the definition of der(A) in (8.6), the claim follows from the fact that
A is decomposable (cf. Lemma 9.3), and Lemma 9.2(b) and (c). m]

9.2 Embedding of .7 into 7%
We first define a functor
j:".# — PSh(".7). (9.7a)

To an object V in 7 .#, the functor j assigns the presheaf j(V): #.7°P — Set that
acts on objects X p as

JV(Xp) =B V)" (9.7b)
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and on morphisms f: Xp — X as
JW() = (F@idy):(Ce V)’ — B V). (9.7¢)

To a morphism L:V — W in #_#, the functor j assigns the presheaf morphism
J(L):j(V) — j(W) given by the natural transformation with components

J(L)xy = (dp®L): (B V)" — (B W)". 98)

Proposition 9.5 For any object V in ' .#, the presheaf j (V) is a sheaf. Hence, (9.7)
induces a functor j: " # — 1.

Proof Given any ¥ .-Zariski covering family { f;: X Bis~l] — Xp }, we have to verify
the sheaf condition (5.2), i.e., that the diagram

Be V) —— 1Bl 1o V)" == [1Bls s '1e V)’ (9.9)
i LJ

is an equalizer in Set. This follows from the same argument that we have used in the
second paragraph of the proof of Proposition 5.1. O

For any object Xp in H 7 the set jV)Xp) = (B® V)0 is a BY-module with
Abelian group structure induced by the vector space structure of B® V and B’-action
given by

B'x BaV)! — BV, b,b®@v)— b-b @0):=Bb)S 0.
(9.10)

These structures are natural with respect to .%-morphisms f: Xp — Xc, i.e.,
(f*®idy)(c- (€ ®@v) = f ) ((f* ®@idv)(c ®v)), (9.11)

forallc € C% ¢’ € C and v € V; hence, they endow j (V) with the structure of
a K-module object in #%. For any # .#-morphism L: V — W the #%-morphism
Jj(L): j(V) — j(W) is compatible with this K-module object structure, i.e., (9.8) is
a B%-module morphism, for all objects X 3 in .7. We have therefore obtained

Proposition 9.6 With respect to the K -module object structures on j(V) introduced
above, j: 1.t — Modg (19) is a functor with values in the category Modg (19)
of K -module objects in 9.

Remark 9.7 The functor j is not a monoidal functor, i.e., the object j(V & W) is in
general not isomorphic to j(V) ® j(W), where the tensor product in Mod g ") is
given by

GV)®jW)(Xp) = j(V)(Xp) ®po j(W)(XB), 9.12)
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for all objects X p in H o For example, take B = Kthen j(VQW)(Xk) = (V® W)0
but (j(V)®j(W))(XKk) = V0@ WP, However, there exists a Modﬁ(H%)—morphism

Y jV)®jw) — j(Vew), (9.13a)
for all objects V, W in /_# . The components of v are given by

Yxp:(BRV) ®@p0 (BOW)" — (BRV @ W)°,
(b ®v) ®po (' @ w) —> R(b(_}) ® v(_1)) (bbiy) @ v() @ w,
(9.13b)

for all objects Xp in #.7.

Let now V be decomposable, i.e., an object in H_/fec. Because any object B in
H “fp is decomposable as well (cf. Lemma 9.3), we obtain

in&e ~ ] (B"@Vv™). (9.14)

nez"

For the special case where B = F, is the free / 7-algebra with one generator with
coaction x — t, ® x, we use B >~ ]_[keZ>0 K m to simplify this expression further
to -

i)~ [ v (9.15)
kEZZ()

where the coproducts here are in the category of vector spaces. Using this explicit
characterization, we can establish the main result of “Appendix.”

Theorem 9.8 For any two objects V., W in ! .#e. there is a bijection of Hom-sets
Homyu ,(V, W) =~ Homyoq 115y (j (V). j(W)). (9.16)

Thus, the restricted functor j: * .#3ec — Mod K (1) to the full subcategory of decom-
posables 1 Mye. is fully faithful.

Proof Let n: j(V) — j(W) be any morphism in Mod g (14). The components
nxz: (B V) — (B W) (9.17)
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are B-module morphisms, for all objects X p in H oz such that for any H o -morphism
f:Xp — Xc the diagram

Ccov)O®—" L ceow) (9.18)

f*®idvl lf*‘@idw

BV —— (B W)’

commutes.

We first show that 7 is uniquely determined by the components nx,, , for all free
H o7 -algebras F,, with one generator. Using (9.14), we find that ny  1s specified by
its action on elements of the form b ® v € B" @ V", for all n. Given any such
element, we define an 7 fp-morphism f*: F, — B by sending x +— b. (Notice
that the morphism f* depends on the chosen element » ® v.) Then, the commutative
diagram (9.18) implies that nx, (b ®v) = (f* ®@idw)(nx, (x ® v)); hence, the value
of nx, at b ® v is fixed by nx,, . As b ® v was arbitrary, we find that 7 is uniquely
determined by the components {nx, :m € Z"}.

In the next step, we show that the components {nx,, :m € Z"} are uniquely deter-
mined by an 7_#-morphism L: V — W. Consider the 7 o%,-morphism f*: F,, —
Fp, defined by x +— ¢ x, where ¢ € K is an arbitrary constant. Using (9.15) and the
commutative diagram (9.18) corresponding to this morphism, we obtain a commuta-
tive diagram

[ vkm T g wekm (9.19)
keZ=o ke€Z>o .

The vertical arrows map elements v € V5™ to kv € [[;;. 0 V=km (and similarly

for w € W) where the power in c* depends on the term in the coproduct. Hence,
by Fy"-linearity of ny r, (Which in particular implies K-linearity), we find that nx
decomposes into K-linear maps

Ly Vkm — wkm, (9.20)

It remains to show that Ly x = Lgm.1, for all m € Z" and all k € Z=(. Consider
the # fp-morphism f*: Fy,, — Fy, defined by x +— xK. The corresponding com-
mutative diagram (9.18) then relates nx, o nx, , and we obtain the desired result
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Lm.k = Lim.1. This defines a unique 7. -morphism

L=]] Lwa: [[ V" — [ w™ (9.21)

meZ" meZn meZ

and hence by the assumption that V and W are decomposable also a unique .-

morphism L: V — W. O
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