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1 Introduction
Many dynamical systems depend not only on present and past states but also involve
derivatives with delays as well as the function itself. Deterministic neutral functional dif-
ferential equations (NFDEs) are often used to describe such systems. The theory of NFDEs
has been studied by many authors, e.g., Hale [1, 2]. Motivated by the chemical engineering
systems as well as the theory of aeroelasticity, Kolmanovskii and Myshkis [3, 4] introduced
the neutral stochastic functional differential equations (NSFDEs) and gave its applications
in chemical engineering and aeroelasticity. Since then, the theory of NSFDEs has attracted
more and more attention. For example, the existence, uniqueness, and stability of solutions
to NSFDEs can be found in [5-15]. Various efficient computational methods of NSFDEs
are obtained and their convergence and stability have been studied by many authors. One
can see Jiang [16], Liu [17], Mo [18], Wu [19], Wang [20], Yu [21], Zhou [22], Zong [23, 24].
However, the global Lipschitz condition imposed on [5, 7, 8, 10, 11, 13, 15, 25, 26] is
seemed to be considerably strong when one discusses variable applications in real world.
For instance, Cox [27] proposed the Cox-Ingersoll-Ross process for describing the short-
term interest rates

dx(t) = k[k - x(t)] dt + 0/ x(t) dw(t), x(0) = xo, (1.1)

where k,A > 0,0 > 0 and xy > 0. w(t) is a one-dimensional Brownian motion. It is well
known that the diffusion coefficient of equation (1.1) is not globally Lipschitz. In this case,
it is necessary for us to find other conditions to replace the Lipschitz condition. In the
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past few decades, many people have paid much attention to the existence, uniqueness
of stochastic differential systems under some weaker conditions (see [28—30]). Different
from the global Lipschitz condition, the non-Lipschitz condition is a much weaker suffi-
cient condition with a wider range of applications. Very recently, this condition was inves-
tigated by many scholars to study the existence and uniqueness of NSFDEs. For example,
Ren [31, 32] extended the result of [15] and derived the existence and uniqueness of the
solution to NSFDEs at the phase space BC((—o0,0]; R) under non-Lipschitz conditions
in [30]; Bao [33] established the existence and uniqueness theorem of mild solutions to
a class of stochastic neutral partial functional differential equations under non-Lipschitz
conditions; Boufoussi [34] and Luo [35] studied the existence and uniqueness of mild so-
lutions to neutral stochastic partial differential equations with jumps and non-Lipschitz
coefficients, respectively; In addition, Ren [36] and Wei [37] extended the phase space
BC((-00,0];R?) of [31, 32] to the phase space B and C,, they obtained the existence and
uniqueness theorem of solutions to NSFDEs under non-Lipschitz conditions.

Motivated by the aforementioned work, in this paper we aim to study the existence and
uniqueness of solutions to NSFDEs with infinite delay and Lévy jumps at the phase space
Cg which is proposed by [38]. Meantime, we establish the exponential estimates and al-
most surely asymptotic estimates of solutions to NSFDEs with infinite delay and Lévy
jumps under non-linear growth conditions. Unlike the condition imposed by Wei [37],
we prove that equation (2.1) has a unique solution under some Carathéodory type con-
ditions and we extend the existence results [15, 31, 32] to the phase space C,. To the best
of our knowledge, under non-linear growth conditions, the exponential estimates and al-
most surely asymptotic estimates of solutions for NSFDEs with infinite delay and Lévy
jumps have scarcely been investigated.

The rest of this paper is organized as follows. In Section 2, we introduce some basic pre-
liminaries and assumptions on equation (2.1); while in Section 3 we show that equation
(2.1) has a unique solution on [0, 7] under the Carathéodory conditions; in Section 4, we
prove the pth moment of solution will grow at most exponentially with exponent Jﬁ
and show that the exponential estimations implies the almost surely asymptotic estima-

tions. Finally, we give two examples to illustrate the theory in Section 5.

2 Preliminaries and some assumptions
Throughout this paper, unless otherwise specified, we use the following notation. Let |x|
be the Euclidean norm of a vector x € R”. If A is a matrix, its trace norm is denoted by
|A| = \/trace(ATA). Let (2, F, {F:}1>0, P) be a complete probability space with a filtration
{F:}i>0 satisfying the usual conditions (i.e. it is increasing and right continuous while Fy
contains all P-null sets). Let w(¢) = (w1(¢), ..., w,u(£))T be an m-dimensional Brownian mo-
tion defined on the probability space (2, F, P).

Let {p = p(t),t > 0} be a stationary F;-adapted and R"-valued Poisson point process.
Then, for A € B(R" — {0}), here B(R" — {0}) denotes the Borel o -field on R” — {0} and 0 ¢

the closure of A, we define the Poisson counting measure N associated with p by

N((0,8] x A) :=#{0<s<t,p(s) €A} = > Li(p(s)),

to<s<t
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where # denotes the cardinality of the set {-}. For simplicity, we denote N (¢, A) := N((0, £] x
A). It is well known that there exists a o -finite measure 7 such that

_ exp(—tN(A))(ﬂ(A)t)”'

n!

E[N(t,A)]=7(A)t,  P(N(t,A)=n)

This measure 7 is called the Lévy measure. Moreover, by Doob-Meyer’s decomposition
theorem, there exists a unique {F;}-adapted martingale N(t,A)and a unique {F;}-adapted
natural increasing process N(t, A) such that

N(tA) =N(t,A) + Nt,A), t>0.

Here N(t,A) is called the compensated Lévy jumps and N(t,A) = 7(A)t is called the com-
pensator.

Let C = C((~00,0],R") denote the family of continuous functions from (-o0,0] to R”,
define

Ce= {qﬁ eC: ? is uniform continuous on (-00, 0] and sup |¢((S))| < oo},
s<0 Z4\S

where g : (—00,0] — [1,00) be a continuous and non-increasing function such that

[p(s)l
&)

g(=00) = +00,¢(0) = 1. For any ¢ € C,, define the norm: |¢|, = sup,, , then the space
(Cys | - Ig) is a Banach space, which was proved by Arion [38].

Let p > 2, MP?([a, b]; R") denote the family of F;-measurable, R”-valued process f(¢) =
{f(t,w)},t € [a, b] such that Efab |f ()7 dt < oo. In this paper, we assume that Lévy jumps N
is independent of Brownian motion w. For Z € B(R" —{0}), consider the following NSFDEs

with Lévy jumps:

d[x(t) - D(t, xt)]

= f(t,x;) dt + g(t,x;) dw(t) + / h(t,x;_,v)N(dt,dv), 0<t<T, (2.1)
z

where x; = {x(£ +0) : —oo0 < 6 < 0} and x;_ denotes the left limit of x,. D: [0, T] x C; — R",
f:00,T] x C; — R, g:[0,T] x Cg — R” and h: [0, T] x C; x Z — R" are both Borel-
measurable functions. The initial function x, is given as

x0=£=1{£():-0c0<0 <0}.

That is, £ is an Fy-measurable C,-valued random variable such that & € M?((—00,0]; R™).
In order to obtain the main results, we give the following conditions.

Assumption 2.1 Let D(¢,0) = 0 and for any ¢, ¢ € C,, there exists a constant ko € (0,1)
such that

D(t,¢) = D(t, ¥)| < kolg — ¥l (2.2)

Here, D(¢, ¢) is continuous in ¢ for each fixed ¢ € C,.
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Assumption 2.2 For any ¢,V € C, and ¢ € [0, T'], there exists a function k(¢,u) : R, x
R, — R, such that

If(t,0) - £ (&, ¥)|* v |g(t,0) —g(t, )| v /Z |i(t, 0,v) = h(t, ¥, V)" (dv)
<k(t.lg - vlp)- (2.3)

Here k(z, u) is locally integrable in ¢ for each fixed u € [0, 00), it is continuous, nondecreas-
ing, and concave in u for each fixed t € [0, T]. Moreover, k(t,0) = 0 and for any constant
C; > 0, if a non-negative continuous function z(¢), ¢ € [0, T, satisfies z(0) = 0 and

z(t) < C1/ k(s,z(s)) ds, (2.4)
0
then z(t) =0 for all £ € [0, T'].

Assumption 2.3 For any constant C; > 0, the deterministic ordinary differential equation

du
—:th, ] O<t<T;
7 2k (t, u) <t<

has a global solution for any initial value #.

Assumption 2.4 For any ¢ € [0, T], there exists a constant K such that
If(2,0)]* v |, 0)]" v / (£, 0,v)[* 7 (dv) < K. (2.5)
z

Assumption 2.5 For any integer N > 0, there exists a function ky(t,u) : R, X R, — R,
such that

If(t,0) —£ (&, ¥ v |t 0) —g(t, )| v fz |i(t, ,v) = h(t, ¥, V)" (dv)
<kn(t, 1o -v13), (2.6)

for any ¢, € C; with |¢lg, ||, <N and ¢ € [0, T]. Here ky(t, u) is nondecreasing and
locally integrable in ¢ for each fixed u € [0,00), it is continuous and nondecreasing and
concave in u for each fixed t € [0, T]. Moreover, ky(t,0) = 0 and for any constant Cs > 0,
if a non-negative continuous function z(t) satisfies z(0) = 0 and

z(t) < Cg/ kn (s, z(s)) ds, (2.7)
0
then z(t) =0 for all £ € [0, T'].

Remark 2.1 Clearly, the conditions (2.3) and (2.5) imply the growth condition. That is,
for any ¢ € C; and ¢ € [0, T, there exists a function k(t,u) : R, x R, — R, such that

[f(t,(p)|2 Y ’g(t,(p)}2 Vv /Z‘h(t,cp, V)‘Zn(dv) < 2k(t, |<p|§) + 2K, (2.8)

where k(¢, u) is defined as Assumption 2.2.
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Remark 2.2 By using the Carathéodory theorem (see [39]), it follows that the determin-

istic ordinary differential equation

K(L,u), ,
/ 2 =l =

has a global solution for any initial value . In addition, by applying Lemma 3 in [29], we
see that z(¢) of (2.7) is identically zero on [0, T7.

3 Existence and uniqueness theorem
In this section, we establish the existence and uniqueness theorem to equation (2.1) under

the Carathéodory type conditions.

In order to prove our main results, we need to introduce the following lemmas.

Lemma 3.1 Letp >2 and a,b € R". Then, for € >0,

1 bIP
|a+b|P<[l+ 11] 1(|ﬂ|p+u>.
€
Lemma 3.2 Let ¢ : R, x Z — R" and assume that
t
/f‘¢(8,v)‘pn(dv)ds<w, p=>2.
0 Jz

Then there exists D, > 0 such that

[ o] <o o [ foontrire)

¢ P
+E/0 /;|¢(s,v)| n(dv)ds}.

The proofs of Lemma 3.1 and Lemma 3.2 can be found in [9] and [4.0, 41], we omit them

( sup
0<t<u

here.

Lemma 3.3 Letp > 2 and a,b € R". Then, for any § € (0,1),

|al? bl

P < Ll
la + bl < D + =t

The proof of Lemma 3.3 can be obtained from Lemma 3.1 by putting € = %

Lemma 3.4 Forany f € M?([0, T);R"), g € M*([0, T]; R"™*%) and h € M?([0, T] x Z; R"),
the following equation:

dlx(t) — D(t,x)] = f(t) dt + g(¢) dw(t) + fzh(t, VIN(dt,dv), tel0,T],
x(0) =&,

has a unique solution x(t) on [0, T| under Assumption 2.1.
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Proof Define the operator @,
t
(Px)(t) = xo + D(t, %) — D(0,x0) + / f(s)ds
0

. /0 (s dwls) + /0 [ /Z h(s, V)N (ds, dv),

and ($x)(0) = &, then we write equation (3.1) as x(t) = (Px)(¢). Clearly, ®x is an R"-valued
measurable {#;}-adapted process and continuous in ¢ € [0, T]. By the Holder inequality
and the Doob martingale inequality, we obtain

E( sup ’(de)(t) ’2>

0<t<T

<5E sup |x|> +5E sup |D(t x;) — D(O0, x0)| +5E sup

0<t<T 0<t<T 0<t<T

/tf(s)a,’s2

t
+5E sup /g(s)dw( +5E sup / f s, V)N ds,dv)
0=<t=<Tl|JoO 0<t<T
<5lxo|* + 5k5E sup |x, —xol; +5TE/ [f(s)|2ds
<t<

T T
+ ZOE/ |g(s) |2 ds + 12Ef ‘h(s, u) |271(du) ds.
0 0o Jrn

Note that [x; |7 = sup_,,, <9 xfg( )), we obtain

E sup |xs| <E sup sup

0<s<t 0<s<t-00<0=<0

(Ix(s+o)|

2
<E|E)? +E sup |x(s 2.
<) ) < Elglg+E sup J#0)

Therefore, by applying the basic inequality |a + b|> < 2|a|? + 2|b|?, we have

T
E( sup |(d>x)(t)|2> (5+20/2)E|€ |2 + 10K2E sup |x(t)|’ ++5TE/ ()| ds

0<t<T 0<t<T
T
+2OE/ ’g(s)‘zds+l2E/ /’h(s,u)}zn(du)ds
0 0o Jrn

Since f S MZ([O,T];R“), g€ Mz([O,T];R”Xd) and 4 € Mz([O,T] x Z:R"), if
Esupyo<r lx(£)|? < 0o, then we get

E<oiltl£T|(CDx)(t)|2> < 0. (3.2)

Hence, (3.2) implies ® is an operator from M?2([0, T];R") to itself and we conclude
that @ is well defined. Now, we prove that ® has a unique fixed point. For any x,y €
M?2([0, T); R"), we have

E sup |(@x)(0) = (@) = E sup [Dex) =Dy

2
skSE SupT!x(t)—y(t)! .
0<t<
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From 0 < k3 < 1, it follows that ¢ is a contractive mapping. Thus, by the Banach fixed
point theorem, we have the operator ® has a unique fixed point in M?([0, T];R"), i.e.,

there exists a unique stochastic process x = x(¢) satisfying

E sup |x(t)—(<I>x) t)| =0.

0<t<T
So x(t) is a unique solution of equation (3.1) in [0, T']. The proof is complete. O

Theorem 3.1 Let Assumptions 2.1-2.4 hold. Then there exists a unique F;-adapted solu-
tion {x(t)};>0 to equation (2.1) such that E(sup,,.7 |x(t)]| N <ooforall T >0.

Proof We construct the sequence of successive approximations defined as follows:
() =£(0), te(-o00,T] and xp=E n=>1,
x"(t) —D(t,x;’) =£(0) - D(0,&) / f S, X ds +/ g(s,xf‘l) dw(s)
/ / v)N(ds,dv), t€[0,T],n>1. (3.3)

The solution x"(£) of the above equation exists according to Lemma 3.4. The proof will be
split into the following three steps.
Step 1. Let us show that {x"(t)},>1 is bounded. Taking € € (0, i — 1), by applying the
0

elementary inequality |a + b|? < (1 + €)]al® + (1 + € 1)|b|?> and Assumption 2.1, we derive
that

’x"(t)|2 <@+ e){D(t,x’;) |2 + (1 + e’l) |x”(t) - D(t,xf’) |2
< (1 +ekg|x) !; + (1+ €Y |x"0) - D8, 27) ).

In particular, taking € = %(% 1), we get
0

2
LKooy~ (o) . (3.4)
- &

2
’x"(t)!2 < ! +2k° }x:’|§ +

Taking the expectation on both sides of (3.4), we have

2 1+kE 2 1+Kk2 2
E sup [x"(s)|” < OE p |« ’g gE p [«"(s) - D(s,x7)|".
0<s<t o< <¢ 1-kp 0<s<t
Similarly, note that [x7[3 = sup_,, -, < x’;((t;)“ ), we obtain

E sup ’x ‘ <E sup sup (M> E|.§|2+E sup ’x ‘2.

0<s<t 0<s<t-00<0<0 g(a) 0<s<t

2
Since ky € (0,1), then we have % <1,

2
20+ kO)E sup |x”(s) —D(s,x;’)|2. (3.5)

E sup |[¢(s)|” < L+ Kk E|.s§|2
T 1- 1-k3)?  o<s=t

0<s<t
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Next, we will estimate the second term of (3.5). Using the elementary inequality |a + b +
c+d|? <4(|al* +|b|? + |c|> + |d|?), it follows from (3.3) that

E sup ’x”(t) - D(t,xf) |2

0<s<t

s 2
<4E sup ’5(0)—D(0,§‘)‘2+4~E sup /f(a,xﬁ’l) do

0<s<t 0<s<t|JO

s 2
/ g(o, 271 dw(o)
0

2

+4E sup / / o,x0 ,v N(do,dv) . (3.6)

0<s<t

+4E sup

0<s<t

By Lemma 3.1 with p = 2, we have
E|D(0,§ )|2>
ko
< (L +ko)EIE[% (37)

E sup |£(0) - D(0,8)[* < (1+/(0)(E|§(0)|2 +

0<s<t

Using the Holder inequality and Doob’s martingale inequality, we get

s 2 t
E sup /f(a,xf‘;l) do| < TE/ V(s,xf’1)|2ds (3.8)
0<s=t|Jo 0
and
s 2 t
E sup /g(o,xg‘l)dw(o*) §4E/ |g(s,xf‘1)|2ds. (3.9)
0<s<t|Jo 0

Now for the fourth term of (3.6). By using the basic inequality |a + b|? < 2(|a|? + |b|?), we

// axZ_I,VN(dG dv) // X ,vN(da av)
// o,x0 ,vn(dv)do

where N(dt, dv) = N(dt, dv) + 7 (dv) dt. By Lemma 3.2 with p = 2 and the Holder inequality,

we derive that
2
/ / |h | 7 (dv)ds

// o, %02, v)m(dv) do

have

2
< 2E sup

0<s<t

E sup

0<s<t

2
+ 2E sup

0<s<t

’

E sup

0<s<t

and

E sup

0<s<t

5DzE/t/Z|h(s,x§"1,v)|27r(dv)ds.
0

2
// o,x0 ,vN(da,dv)

Therefore,

2
E sup

// o,x:~,v)N(do,dv)
0<s<t

<2[D, + Tr(2)]E f /Z (s, v) | > (dv) ds. (3.10)
0
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Combining with (3.6)-(3.10), it follows that

E sup |x”(s)—D(t,xf)|2
0<s<t

t t
<401+ ko)2E|§|§ + 4TE/ [f(s,x;’_l) |2 ds + 16E/ ’g(s,x;q’l) |2 ds
0

D2+T71 //’hs,s ,v’n(dvds
Then the condition (2.8) implies that

E sup [+'(9) - D(t,)
<4(L+ko)EI5 + 8TE/Ot[f(s,x;“‘1) ~f(5,0)* ds+ ST/Ot[f(s,O)yzds
+32E/0t|g(s,x;’_1) —g(s,0)|2ds+32/t|g(s,0)|2ds
+16[D, + T (Z)] / /|h x7,v) = h(s, 0,v) "7 (dv) ds
+16[D, + Tr(2)] /0 /Z (s, 0,v) "7 (dv) ds
) ds

71 ds

t
< clE|E|§ +eK+ (8T + 32)E/ k(s,
0

+ [16D2 + 16Tn(Z)]E/tk(s,
0

where ¢; = 4(1 + ko)?, ¢y = (8T + 32 + 16D, + 16 T (Z)). By applying the Jensen inequality,

we have

E sup |x"(s) - D(t, %) |2

0<s<t

x:”l ‘;) ds
xf__l ’Z’) ds

t
< c1E|E|§ +62K+62/ k(s,E sup |x” 1| ) (3.11)
0

0<o<s

t
< clE|E|§ + K+ (8T + 32)/ k(s,E
0

+[16D, +16T7 (Z)] /tk( :
0

Then, inserting (3.11) into (3.5), we get

E sup ’x"(t)|2 < csE|§|§ +c41<+c4/ k(s,E sup |x” 1| )

0<s<t 0<o=<s

t
5c35|g|§+c41<+c4/ (s,E|§|2+E sup |"L(o)] >ds,
0

0<o<s



Mao et al. Advances in Difference Equations (2017) 2017:57

_ (1+ko)?(5-4k3

) 2(1+ko
where ¢3 = s and ¢y = =%

2
(1—k0))2 . This indicates that

Elg %+ E sup [¢"(2)]”
t

0<s<

t
< eBlel veik res [ k(sEEE+E sup b o)) ds (312)
0 0

=0=s

By Assumption 2.3, it follows that u(t) is a global solution of the equation

u(t) = ug + ¢y /tk(s, u(s)) ds
0

with the initial condition ug > (1 + ¢3)E|& |§ + ¢4 K. Now, we will prove the following in-

equality:
Elg %+ E sup |x"(s)|" < u(t), (3.13)
0<s<t

holding for all # > 0. For n = 0, the inequality (3.13) holds by the definition of u. When
n =k —1, suppose that

E|S|§ +E sup ‘xk’l(s)

0<s<t

> < u(e) (3.14)

holds. Then, by (3.12),
u(t) ~ Elg|2 ~ E sup %k (s)|”
<s<t

>uy—(1+ 03)E|E|§ — K + 04/0 [k(s,u(s)) - k(s,E|§~‘|§ +Eosup |xn—1(o)|2)] ds

<0=<s

> 0.
From mathematical induction and (3.14), we have

E|$|§ +E sup ‘xk(s)|2 < u(t).
0<s<t

Since k(t, u) is continuous and nondecreasing in u for each fixed ¢ > 0, we obtain

E sup |x”(t)|2 <u(T) <00 (3.15)
0<t<T

for all » > 0. This proves the boundedness of {x"(¢), n > 1}.
Step 2. Let us show that {x"(¢)},>1 is a Cauchy sequence. Since the sequence {x"(¢)},>1
is bounded by (3.15), we obtain a positive constant C such that

E sup ‘x"(t)—x’"(l,‘)|2 <2E sup |x”(t)|2+E sup |x’”(t)|2 <C.
0<t<T 0<t<T 0<t<T

Page 10 of 24
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For any ¢ € [0, T] and m, n > 0, it follows from Lemma 3.3 with p = 2 and Assumption 2.1
that

n m 9 5
’xn(t)_xm(t)‘Z < | (£) — x™(t) — [D(t,x ) - D(t, X ]| ID(t,x ) - D(¢, x! m)|

1—ko ko
"(t) —x"(t) — [D(t, x}) — D(¢t, ) 2
< [x"(£) — () — [D(¢, %}) (& %)]] ko|x;t_x;" 2, (3.16)
1-ko ¢

where § = ko. Taking the expectation on both sides of (3.16), it follows that for any ¢ € [0, T']

Esupy, |x"(s) = x™(s) — [D(s,x") — D(s,x™)]|?
ESl.lp ’x”(t)—xm(t)‘zg pO__t| () l()k[ ( 5) ( s)]l
0<s<t — R0

+koE sup |x"(s) —xm(s)|2.

0<s<t
Consequently,

E sup ’x”( rn(s)’ Esup0<s<t |x (S) X (S) [ (s, ”) D(S, m)]|

0<s<t (1 - ko)? (3.17)

Now, we will estimate E sup, ., |x"(s) —x™ (s) — [D(s, x7) = D(s, x.")] 2. Using the elementary

inequality |a + b + c|> < 3(|a|* + |b] + |c|?), we have

E sup |x”(s) —x"(s) - [D(s,x;’) —D(s,xf)]!z

0<s<t
t 2
< 3E sup / [f(o,x0) =f (0,20 7") ] do
0<s<t|JO
s 2
+3E sup /[g(o,xﬁ‘l) - g(o,x7) ] dw(o)
0<s<t
2
+3E sup / / &) = h(o, %27 v) IN(do, dv)| . (3.18)
0<s<t
Using the Holder inequality and Doob’s martingale inequality again, we get
t
E sup / [f(o,xg’l) —f( do < TE/ V S, (s, = 1)| ds (3.19)
0=<s<t|JO
and
s 2 t
E sup / [g(a X 1) g(a,xf,”_l)] aw(o) §4E/ |g(s,x:’_1) —g(s,x;”_l)|2ds. (3.20)
0ss=t|Jo 0

In the meantime, by Lemma 3.2 with p = 2 and the Holder inequality, we have

2
Esup// &) = h(o, 27, v) |N(do, dv)
0<s<t
B 2
<2E sup// X ,V h(a,x;”:l,v)]N(da,dV)
0<s<t
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+ 2E sup

0<s<t

// *v) = h(o, &2, )]n(dv)dc72

<2[D, + Tn(2)] / / (s, 227, v) = (s, 227, v) [P (dv) dis. (3.21)
Combining with (3.18)-(3.21), it follows from Assumption 2.2 that

E sup [%"(s) - #™(s) - [D(s,x2) — D(s,x")]|"

0<s<t
! n-1 m-1|2 ‘ n-1 m-1|2
<3(T+ 4)E/ k(s, |20t — & |g) ds+6[D, + Tn(Z)]Ef k(s, |2t =2 ) ds
0 0
t t
<3(T+ 4-)/ k(s,E‘xZ’_l —xg”_lﬁ) ds + 6[D2 + T]T(Z)] / k(s,E’x;’__l - x;"__l‘z) ds
0 0
t
<[3T+12+6D, + 6T71(Z)]/ k(s.E sup [# (@) - ()] ) ds. (3.22)
0 0<o<s
Substituting (3.22) into (3.17), we get
E sup |x”(s)—xm(s)|2
0<s<t
3T +12+ 6Dy + 6T (Z
< il 2+2 (2 k(s,E sup |x” Yo) - )’ )
(1 - ko) 0 0<o<s
Then, by the Fatou lemma and (3.15), it is easily seen that
lim E sup |x (s) —x (s)‘2
nm—>00  g<g<y
3T +12+ 6Dy + 6Tn(Z) (! , .
= K m E s o) o) as
Hence, Assumption 2.2 implies that
lim E sup |x”(s) x”’(s)| =0. (3.23)

n,m—00 0<S<t

This shows that {x"(¢)} is a Cauchy sequence in M?2([0, T]; R").
Step 3. According to (3.23), it follows that there exists x(t) € M2([0, T]; R") such that
|2

lim,,, o E supg,; [x"(s) — x(s)|* = 0. For any § > 0, by the Chebyshev inequality, we have

hm P( sup |x"(s) - x(s)| > 8) 0. (3.24)

0<s<t

Hence, there exists a subsequence {#;};-123,. 0 satisfying

P< sup |x"(s) - x(s)| > 1) <2l i>1 (3.25)

0<s<t

The Borel-Cantelli lemma shows that " () converges to x(¢) almost surely uniformly on
[0, T] as n; — oco. Taking the limits on both sides of (3.3) and letting n — oo, we see that
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x(t) is a solution of equation (2.1). In addition, similar to the proof of (3.15), we obtain
Esupy_,_r |x(t)|* < oo forany T > 0.

Now we address proving the uniqueness of equation (2.1). Let x(¢) and y(¢) be any two
solutions of equation (2.1), we can prove by the same procedure as Step 2 that

E sup |x(s) —y(s)|2 < Cfotk<s,E<0sup |x(o) —y(o)|2)> do

0<s<t <o<s

for all ¢ € [0, T]. By Assumption 2.2, we obtain

E sup ’x(s) —y(s)‘2 =0,

0<s<t
i.e., forany ¢ € [0, T], x(t) = y(¢) a.s. The proof is completed. O

Remark 3.1 Let k(¢, u) = c(£)k(u), t € [0, T], where c(¢) > 0 is locally integrable and k() is
a continuous, nondecreasing, and concave function with k(0) = 0 such that f0+ ﬁ du =
00. Then by the comparison theorem of differential dynamic systems we know that As-
sumptions 2.2 and 2.3 hold.

Remark 3.2 Now let us give some concrete examples of the function &(-). Let L > 0 and
8 €(0,1) be sufficiently small. Define k(1) = Lu,

o) = U, /log(i), u € [0,4],

s flogd) + K (3-)(—8), ue[8,+00],

where k' denotes the derivative of the function k. They are all concave nondecreasing
functions satisfy [, % =+00 (i=1,2).

Next, we will prove the existence and uniqueness of solutions to equation (2.1) under

the local Carathéodory conditions.

Theorem 3.2 If Assumptions 2.1, 2.3, 2.4, and 2.5 hold, then there exists a unique local

solution {x(t)};>0 to equation (2.1).

Proof Let Ty € (0, T), for each N > 1, we define the truncation function fy (¢, ¢) as follows:

e el =N,
FENE), gl >N,

W’|g

fN(t’ (P)

and gn (4, @), hn(t, ¢, v) similarly. Then fy, gy, and /iy satisfy Assumption 2.2 due to the
following inequality as regards fy, gn, and hy:

() = furlt, ¥)|* v |en(t 0) = an ()| < 2k (819 = ¥ 12),

[ Vi) e ) Pea) < 2k - 0),
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where ¢, € C; and £ € [0, Ty]. Therefore, by Theorem 3.1, there exists a unique solution
xn () and xn41(2), respectively, to the following stochastic systems:

xn () = £(0) + D(¢, (xn):) — D(0,&) + fo S(s: (xn)s) ds + /0 an (s (xn)s) dw(s)
hn (s, s— V)N (ds, dv),
+/0 /Z N (s (on)s—, V)N (ds, dv)
xn41(2) = £(0) + D(t, (¥n41)e) — D(0,€) + / S (s (enan)s) ds
0
+/0 gn (s (enan)s) dW(S)+/O /ZhNu(S, (xn41)s- V)N (ds, dv).

By Lemma 3.3 with p = 2 and Assumption 2.1, it follows that

2
E sup |xnsa(s) —xn(s)]
0<s<t

- E supg o, [Xn41(s) — xn(8) = [D(s, (xn41)s) — D(s, (xn)s)11
- (1 - ko)? )

(3.26)

Define the stopping times

on = To Ainf{t € [0, T]: [xn(2)| = N},
ons1 = To Ainf{t € [0, T]: [xna ()] = N +1},

TN = ON N ON41-

Again the Holder inequality, the Burkholder-Davis-Gundy inequality, and Lemma 3.2 with
p =2 imply that

E sup |ana(s) —xn(s) = [D(s, Genen)s) = D(s, (en)s) ]|

0<s<tATnN

INTN

<3TE vt (5, Genan)s) = fiv (s, Gen)s) | s
0
INTN 9
+12E / g1 (s, nvan)s) — g (s, (en)s) | ds
0
INTN 9
+6[D, + Tn(Z)]Ef / | (8, (ons)s=r v) = B (s, (en)ss v) | 70 (dv) ds.
0 z
Noting that, for any 0 < ¢ < 1y,

Sua(sen)s) =fu(s en)s), gns(s (an)s) = gn (s (xn)s)

hN+1 (S’ (xN)s—; V) = hN (Sr (xN)S—) V),
we derive that

E sup |xni(s) —xn(s) = [D(s (enan)s) = D(s, (a)s) ]|

0<s<tAtTy

<3TE f (5 Gervan)s) — v (5 (o)) ds
0
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INTN
+ 12E/ |gN+1 (5: (xN+1)s) - gN+1 (Sr (xN)s) iz dS
0

+6[Dy + T (Z)|E

IANTN
X / f | (8, (ons)s=r V) = B (s, (e )5 v) ‘zﬂ(dl’) ds. (3.27)
0 z
Substituting (3.27) into (3.26), it follows from Assumption 2.5 that

2
E sup |xnsa(s A Tn) — 2 (s A Ty
0<s<t

- 3T +12+6[Dy + Tn(Z)
- (1 - ko)?

[T b )~ o [ . (3:28)

If t < 7y, then we have

/0 ' ki1 (8, E| (e )s- = (n)s- }2) ds

g

t
= / kn 1 (S A TN;E|(xN+1)s/\rN— - (xN)s/\rN—E) ds
0

If t > Ty, then we have

IATN 9
/ kna1 (8, E|(enan)s- — @on)s- | ) dls
0

g

L
2
= / kn+1 (S A TN’Ei(xN+1)S/\IN— - (xN)sArN—|g) ds
0
For any fixed u € [0, 00), ky/(¢, ) is nondecreasing in ¢, so we obtain

2
E sup |ansi(s A Tn) —an(s A Tv)|
0<s<t

_ 3T +12+6[Dy + Tr(2)]
- (1-ko)?
- 3T +12+6[Dy + Tt (Z)]
- (1 -ko)?

t
/ kN+1 (S AN TN’E|(xN+1)sArN— - (xN)sArN— E) ds
0

t
X / I<N+1(s A TN, E sup ’xNH(U ATy) —an(o A rN)}2> ds
0

0<o<s

E sup |xN+1(a ATy) —an(o A tN)| )

0<o<s

3T+12+6[Dy + T
STz T [ (o
(1 ko

From Assumption 2.5, one sees that

2
E sup |xN+1(s ATn) —xn(s A rN)| =0.
0<s<t

Therefore, we obtain

ana(t) =xn(t), forte[0,To Ay].
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For each w € Q, there exists an Ny(w) > 0 such that 0 < Ty < 1y,. Now define x(¢) by
x(t) = wn, (2) for t € [0, To]. Since x(t A Tn) = xn(t A Ty), it follows that

Xt A ) = £(0) + Dt At (ki )uney ) — D(O, ) + / " s Gen)s) ds
0

+f() NgN(S» (xn)s) dW(S)+/(; N//w(s, (xx)s-, V)N (ds, dv)

= £(0) + D(t A TN, Xiary) — D(0, ) + tMNf(s, xs)ds
0

EATN IATN
+/ g(s,xs)dw(s)+/ /h(s,xs_,v)N(ds,dv).
0 0 z

Letting N — oo then yields

x(t) = £(0) + D(t,x;) — D(0,§) + /Otf(s,xs)ds
+/0 g(s,xs)dw(s)+/(; Lh(s,xs_,v)N(ds,dv), t € [0, Tyl

We can see that x(¢) is the solution of equation (2.1). O

Remark 3.3 From Theorem 3.2, we derive the existence and uniqueness of solution to
equation (2.1) under local Carathéodory conditions with the non-Lipschitz conditions in
[32, 35, 36] being regarded as special cases, which makes it more feasible that the condi-

tions of equation (2.1) can be satisfied.
If kn (¢, u) is independent of ¢, i.e. kn (¢, u) = kn (), we obtain the following corollary.

Corollary 3.1 Let Assumptions 2.1 and 2.4 hold. Assume that, for any integer N > 0 and
t € [0, T, there exists a positive constant ky such that, for any ¢, € Cg with ||y, ||y <N,

it follows that
|b(t, @)~ b(t, V)| v |0 (6 0) ~ o (6, 9)[* < kn(lp - ¥ I2), (3.29)
fz It 00) — Bt ) () < oo (1 — 0 12), (3:30)

where k(1) is a concave and nondecreasing function such that ky(0) = 0 and f0+ kNl(u) du =

00. Then equation (2.1) has a unique local solution x(t) on [0, T].

Proof Infact, if the conditions of Corollary 3.1 hold, then Assumption 2.5 also holds. Thus,

from Theorem 3.2, we can prove that equation (2.1) has a unique local solution x(¢) on
[0,T]. O

Remark 3.4 If we let ky(u) = kyu, kn, u > 0, then conditions (3.29) and (3.30) imply the
local Lipschitz condition which was investigated by [5, 9, 13]. Therefore, the correspond-
ing results of [5, 9, 13] are improved and generalized by Theorem 3.2 and Corollary 3.1.
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4 Exponential estimations for solutions
In this section, we will give the pth exponential estimates and almost surely asymptotic

estimations of solutions to equation (2.1).

Assumption 4.1 (Non-linear growth condition) For any ¢,y € C, and £ € [0, T,

feo)’ v gt o) < p(L+10P),

(/lh to,v dV)> <p(L+lgl),

where p(-) is a concave and nondecreasing function from R* to R* such that p(0) = 0 and
o(u) > 0 for u > 0.

Since p(-) is concave and p(0) = 0, one can find a pair of positive constants a and b such
that p(u) < a + bu for all u > 0.

Remark 4.1 In particular, we see clearly that if let p(u) = Lu, L > 0, then Assumption 4.1
reduces to the linear growth condition. In other words, Assumption 4.1 is much weaker
than the linear growth condition.

Suppose that equation (2.1) has a unique solution x(¢), ¢t € [-00, T]. Along with the non-
linear growth condition, we first establish the pth exponential estimates.

Theorem 4.1 Let E|& Ilg? < 00 and Assumption 4.1 hold. Then, for any t € [0, T] and p > 2,

e A—kop

0<t<T

M _My
E sup |x t){p |: ! ]e(lkow T, (4.1)

where M, My are two positive constants.

Proof Without loss of generality, we assume that x(£) is bounded. Otherwise, for each
integer n > 1, define the stopping time

=inf{t € [0, T]: |x(£)| > n}.

If we can show (4.1) for the stopped processes x(t A t,,), then the general case follows upon
letting n — oco. By the It6 formula, we derive that

() - D(t, %) |

= |(0) - D(0,%0)|” + /0 t pla(s) — D(s,x,) " [x(s) — D(s, x,)] " f (s, %,) ds
¥ /0 tg‘x(s) — D(s, %) [P |g(s, %) ds
+ /Ot @ Joe(s) = D(s, %) [”~*[[%(s) = D(s,x,)] " g(s,%,)|* s
+ /0 tP|x(S) — D(s,2,)|”*[x(s) - Dis,%,)] " g(s,%,) dw(s)

+ /t/(|x(s) - D(s,x;) + h(s,xs,,v)|p - |x(s) —D(s,xs)|p)N(ds,dv). (4.2)
0 Jz
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Taking the expectation on both sides of (4.2), one gets

E sup (|x(s) - D(s, x,)[")

0<s<t

<E sup }x(O) —D(O,xo)}p +E/‘tp|x(s)—D(s,xs)|p1 V(s,xs)|ds
0

0<s<t

+ E/Ot @ |%(s) = D(s, ;) |p_2 |g(s,xs)|2 ds

+E sup /Sp|x(o) —D(0,%,)|"*[x(0) - D(0,%,)] " g(0,%5) dw(o)
0

0<s<t

+E sup ‘/Os‘/z(|x(o)—D(a,x{,)+h(cr,xa_,v)|1’

0<s<t

- \x(o) —D(o,%,) |p)N(da,dv).

By Lemma 3.1 and Assumption 2.1, we get

B
E sup ’x(O) —D(O,xo)’p < [1 +e ]p_1 (E’x(O)’p +
0<s<t

E|D(0,x0)?
€1

1 4
<[1+e ]p_1 (E|x(0)|p + /(PEEC_()'g)
1

< (1 +ko)’EI§ 15,

where €; = k‘g_l. Using the basic inequality

-1 1
ap’lbge(p )a”+ plb", a,b>0,p>2,and e >0,
p per

we have

Eftp|x(s) — D(s,%5) |p_1 If (s,x,)| ds
0

< E/:pliez(!;_ D ‘x(s) —D(s,xs)|p + ﬁ [f(s,xs)|p:| ds
2

t 1 12
< ez(p—l)/ E sup |x(cr) —D(U,x,,)|pds+ —I E[f(s,xs)|p ds,
0 0

0<o<s 62

where €; > 0. By Lemma 3.1, it follows that

E sup |x(a)—D(G,x,,)|pds

0<o<s

< (1+k0)p’1<E sup |x(0)’p+koE sup |x, |§>

0<o<s 0=

»
5(1+k0)p[E sup |x(a)|p+E sup  sup (M) ]

0<o0<s 0<o0<s-00<u<0 g(u)

=+ ko) (ElglL + 2E sup [#(0)|")-

Page 18 of 24

(4.3)

(4.4)

(4.5)

(4.6)
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From Assumption 4.1, we obtain

¢ r
2 ds,
0

< E/Ot[a+b(1 + |x5|§)]

E./o [f(s,xs)|pds§E/ [,0(1+ Ixslz,)]

b
2

ds.

Applying the basic inequality |a + b|177 < 2%‘1(|a|§ + |b|177), it is easy to see that

t
E/ [f(s,xs)|pds
0
p ¢ p p
527’1E/ [(a+b)7 +b?|xs|§]ds
0

t
§2g’l(a+b)g(1 +E|$|§)T+2§’l(a+b)§f E sup |x(0)|" ds. 4.7)
0

0<o<s

Inserting (4.6) and (4.7) into (4.5) and letting €; = /2(a + b), we obtain

Eftp|x(s)—D(s,xs)|pIV(S,xS)|ds§EI(1 +E|§|§)T+61/tE sup }x(a)|Pds, (4.8)
0 0

0<o<s

where ¢; =2/2(a + b)(p - 1)(1 + ko)? + #. For the third term of the inequality (4.3), by
applying the basic inequality

a’’h* < e(p—Z)dp +
p peT

it follows that, for 4,6 > 0, p > 2, and € > 0,

¢ -1 -
E/O %’x(s)—l)(s,x‘g)’p zyg(s,?Cs)‘zds

p-2
2

bes
< p(pz— D /o |:€3(Pp— 2 1+ ko)l’(}5|{-‘|§7 +2E sup ’x(a)|p>:| ds

0<o<s

-1 2 t

+p(p ) — 25 a1 b)? (1+E|S|P)T+/ E sup |x(0)[" ds|.
2 pépT ¢ 0 0<o=<s

3

Letting €3 = 2(a + b),

‘pp-1) B p-2 2
E/o 5 |x(s) D(S,xs)| |g(s,xs)| ds

t
<G+EER)T +2, / E sup |x(0)|" ds, (4.9)
0

0<o<s
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where ¢; = (p — 1)(a + D)[1 + 2(p — 2)(1 + ko)’]. Noting that the fourth term of (4.3) is a
martingale, we easily obtain

E sup f S plx(0) = D(o,x,) [ *[x(0) - D(o,x,)] glo,%,) dw(o) = 0. (4.10)

0<s<tJO

Finally, note that the Lévy jump N(dt,dv) is a martingale and N(dt,dv) = N(dt,dv) +
7 (dv) dt, we derive that

E sup /OS/Z(|x(a)—D(G,xG)+h(o,x,,_,v)|p_ |x(0)—D(g,x(,)|p)N(da,dv)

0<s<t

<E sup /OS/Z(|x(0)—D(o,xq)+h(a,xa_,v)|p— |x(d)—D(o,x¢,)|p)n(dv)ds.

0<s<t

By the mean value theorem, we obtain, for any 0| <1,

E sup fos/Z(|x(o)—D(a,xd)+h(o,x(,,,v)|p— |x(0)—D(o,xa)|P)N(da,dv)

0<s<t
t
SpE/ /[!x(s) —D(s,x5) + Oh(s,xs_,v) |p_l|h(s,xs,,v)|]71(dv) ds.
0 Jz
Together with the basic inequality |a + b|P~! < 277%(|a|P~! + |b|P7!), this implies that
E sup / /(|x(0) - D(0,%,) + h(0,%5_,V)| = |x(0) - D(0,%,)|")N(do, dv)
oss<tJo Jz

§p2"_25/t/[|x(s) —D(s,xs)|p_l|h(s,xs_,v)| + |9|"_1|h(s,xs_,v) |p]7r(dv) ds.
0 Jz

By Assumption 4.1, we get

(SN}

t
ds
0

E/Ot‘/z|h(s,xs,v)’pn(dv)ds §E/ [p(1+ |xs,|§)]

t
<25 Y a+ )t <E|§|§T+/ E sup |x(o)|"ds>.
0

0<o<s

Similar to the computation of (4.8), it follows that

‘ P2 _ p-1
E /0 fz P27 |x(s) = D5, x,) " (s, %, v) | (dv) dis
_ V2
=< (10—1)2"’(1+ko)’“71(Z)+—4 Va+b|(1+EER)T

+ [(p—l)zf’(l+k0)”rr(Z)+ %\/d+bj| /tE sup |x(a)|1’ds.
0

0<o<s

Hence, we have

E sup /OSL(|x(o)—D(o,xq)+h(o,x6,,v)|p— |x(0) - D(o,%,)|")N(do, dv)

0<s<t

t
<& (L+EIEPR)T +¢s f E sup |x(0)|" ds, (4.11)
0

0<o<s
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where & = p22225 " a + b)% + (p - 1)22(1 + ko)’ (Z) + ¥2v/a + b. Combining (4.3), (4.4),
and (4.8)-(4.11), we obtain

E sup (|x(s)—D(s,xs)’p) <M, +M2/ E sup ‘x )’pds, (4.12)

0<s<t 0<o<s

where M = (1 + koVEIE[S + Y3, cx(1 + E|E5)T, My = 23"}, &. On the other hand, by
Lemma 3.3 and Assumption 2.1, it follows that

Eos<1££|x(s)| < koE sup Ixsl + WEosslzgtﬂx(s) —D(s,xs)|p)

V4 - _ 4
< koE|£ [} + koE s::gt\x s)| (l—ko)P—lEoS;Etux(s) D(s,xs)| )-

Therefore,

ko 1
Eoiligjx(s) |p ke E|¢ |§ + a- ko)PEoS;thx(S) — D(s,x;) ip)

ko M M,
< E|EI? E d
1ok |E|g+(1—ko)p+(1—ko)p/ o [x(@)| ds.

Therefore, the Gronwall inequality implies that

k M LT
E sup |x(s)]" < [1_0k0E"’3'§ o klo)p}eukow ,

0<s<t
The proof is complete. d

Remark 4.2 From Theorem 4.1, we see that the pth moment will grow at most exponen-

tially with exponent w1t should be mentioned that (4.1) can be expressed as

lk)P

M,
1 -ko)'

1
lim sup p 10g(E|x ‘p) (4.13)
—00
The inequality (4.13) shows that the pth moment Lyapunov exponent should not be greater

than T k)

The next theorem shows that the pth exponential estimations implies the almost
surely asymptotic estimations, and we give an upper bound for the sample Lyapunov ex-

ponent.
Theorem 4.2 Under Assumption 4.1, we have

9va+b+3(a+b)+16m(Z)
(1 - ko)?

1
limsup - log|x(¢)| < . as. (4.14)
tsoo L

That is, the sample Lyapunov exponent of the solution should not be greater than

9+ a+b+3(a+b) +16n(Z)
(1-ko)?
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Proof Foreachn=1,2,..., it follows from Theorem 4.1 (taking p = 2) that

E( sup |x(t)|2> < Be’”,

n-1<t<m

where 8 = &jé?zﬂé@ + 9—%(32”6”(2)(1 +E|§[7)T and y = M—W. Hence,

for any ¢ > 0, by the Chebysher inequality, it follows that

P{a): sup |x(t)|2 > e(”“)”} < Be ",

n-1<t<n

Since Y -, Be™*" < 00, by the Borel-Cantelli lemma, we deduce that there exists an integer
1o such that

2
sup |x(t){ < a5 1> n.
n-1<t<nm

Thus, for almost all w € Q, if n —1 < ¢t < n and n > ny, then

1 1 2
Zlog‘x(t)| = Zlog(‘x(t” ) <

(y +e)n
2n-1)"

(4.15)

Taking the limsup in (4.15) leads to an almost surely exponential estimate, that is,

y+e 9Va+b+3(a+b)+16m(2)
2 (1= ko)? ’

1
lim sup p log{x(t)| <
—00
The required assertion (4.14) follows because ¢ > 0 is arbitrary. O

5 Examples
Example 5.1 Let us return to equation (1.1),

dx(t) = k[)» - x(t)] dt + 0/x(t) dw(t), x(0) = xo, (5.1)
where kK, A > 0,60 > 0, and xg > 0. w(¢) is a one-dimensional Brownian motion.
Clearly, the diffusion coefficient of equation (5.1) does not satisfy the Lipschitz condi-

tion. Let k(¢, u) = 0k(u), we see that k(«) = /u is a nondecreasing, positive, and concave
function on [0, 00) with k(0) = 0 and

/ du _ /m L ogu= i /mzdf 2 lim /a|*™®
— = IIm — au = 11m u= 1m u = OQ.
0+ k(u) e—>0* e ﬁ e—=0* . e—=0* €

Then by the comparison theorem of differential dynamic systems we know that Assump-
tions 2.2 and 2.3 hold for equation (5.1).

Example 5.2 Consider the semi-linear NSFDEs with pure jumps

d[x(t) - O.Ixt] = ax; dt + / b(x;_)o (t,x,_)vN(dt,dv), te][0,T]. (5.2)
z
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Here D(t,x;) = 0.1x; and « is a constant. Assume that b(-) satisfies the local Lipschitz con-
dition: for any N > 0, there exists a positive constant Jy such that, for all ¢,y € C, with
lol, |¥] <N and ¢ €[0,T],

2
|bl@) - b(¥)|” <Inlo - ¥l2.
o(t,-) satisfies Assumptions 2.2-2.4 and there exists a positive constant C such that

sup |0(t,(p)} <C.
9€Cq,tel0,T]

It is easily seen that equation (5.2) does not satisfy the non-Lipschitz condition of [32, 34],
so the result in [32, 34] does not apply to equation (5.2).

We assume that fZ [v|?7(dv) < oo and b(u), o(t,u) are continuous in u for each u €
[0, 00). Let

An(x) = [a2 +2]N62f |v|2n(dv)]x, By(t,x) = 2|: sup ‘b(x)|2f |v|2n(dv)]k(t,x),
z z

[x|<N

where k(t, x) satisfies Assumptions 2.2, 2.3. Obviously, the coefficients 0.1x, ax, b(x)o (¢, x)v
satisfy Assumptions 2.2-2.4 and ky(t,x) = An(x) + Bn(Z,x) satisfies Assumption 2.5, by
Theorem 3.2, we see that equation (5.2) has a unique solution x(¢) on [0, T].
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