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Abstract

The present paper provides a dynamic, non-linear and fully coupled Finite Element (FE) formulation based on the

Timoshenko beam theory to study elasto-thermoelectric responses in thermoelectric devices. The two main motiva-

tions of this work are: i) to study mechanical responses in thermoelectric devices, which must be taken into account in

the design of Peltier cells due to the fragility and relative low strength of the semiconductors , and ii) to provide a nu-

merical tool that decreases the CPU time to allow the introduction of designs based on optimization processes and on

sensitivity analyses that could require many evaluations. In order to undertake the objectives of this work, the general

three-dimensional governing equations are reduced to one-dimensional ones by means of several assumptions. Then,

a set of five multi-coupled partial differential equations is obtained. The resultant expressions are thermodynamically

consistent and form a multi-coupled monolithic FE formulation, differently to stagger formulations that require two

separated steps to reach the final result. Numerically, this set of multi-coupled equations is discretized using the FE

method and implemented into FEAP [1]. For a proper validation of the code, four benchmarks are performed using

one-dimensional dynamic analytical solutions developed by the authors. Finally, this formulation is compared with

a three-dimensional FE formulation also developed by the authors in [2] to model a commercial Peltier cell. This

comparison reveals that: i) relative errors are lower than 13% and ii) CPU times decrease significantly, more than one

order of magnitude. In conclusion, the beam thermoelectric formulation is an accurate model that reduces CPU time

and could be used in future design of thermoelectric devices.
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1. Introduction1

Thermoelectric materials, which couple thermal and2

electric fields, are used in many applications for cool-3

ing/heating and energy generation, see [3] for a com-4

plete review of thermoelectric applications.5

The study of the thermoelectric coupling has been6

widely addressed from analytical, experimental and nu-7

merical points of view. However, the inclusion of the8

mechanical field (elasto-thermoelectric) in order to take9

into account thermal stresses has not been adequately10

studied. The main reason of this lack of research works11

could be that, traditionally, the thermoelectric problem12

has been dealt by electric engineers. The electrical engi-13

neering community usually uses one-dimensional (1D)14

analytical solutions that, at least, make it very difficult to15

couple the mechanical field. Notice that, from a mathe-16

matical point of view, the mechanical field magnitudes17

are represented by tensors, while electric and thermal18

ones by vectors. In short, the mechanical behavior of19

thermoelectric devices has not been well understood to20

date, and one of the aim of this work is to provide a21

simple numerical tool to study this coupling in future22

works.23

From a numerical point of view, the authors of the24

present work have published several works on ther-25

moelectric modeling, using the Finite Element (FE)26

method. In [4], a three-dimensional (3D) non-linear27

FE formulation for thermoelectric modeling was devel-28

oped. The non-linearities emerge from the Joule term29

and the temperature dependency of the material proper-30

ties. The previous formulation was applied to model a31

commercial Peltier device in [5]. Subsequently, in [6]32

the FE formulation was extended by including a tem-33

perature relaxation time based on the Cattaneo model.34

In [7], four relaxation times were introduced and it was35

numerically verified that the hysteresis-like response of36

thermoelectrics was due to a coupled relaxation time37

[8]. In the previous FE formulations, the mechanic field38
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was not included. In [2] a thermodynamically consistent39

3D, non-linear and fully coupled formulation (includ-40

ing thermal, electric, magnetic and mechanic fields) was41

addressed under static and dynamic situtations. Small42

displacements, rotations and strains were assumed for43

the mechanical field. Other authors have used commer-44

cial FE codes to study thermoelectricity. For instance,45

Peltier devices were simulated using the commercial FE46

code ANSYS in [9, 10] and COMSOL in [11]. These works47

do not take into account the mechanical field. Con-48

versely, in [12] a Peltier cell was analyzed using an49

elasto-thermoelectric FE implemented in COMSOL. This50

last work concludes that thermal stresses cause a me-51

chanical bending of the thermocouples that compose52

the Peltier cell. Recently, the authors of [13, 14, 15]53

have analyzed thermal stresses in thermoelectric power54

generators using FE formulations. For this purpose,55

a stagger procedure consisting of two steps is devel-56

oped. First, temperature distributions are obtained us-57

ing a pure thermoelectric model implemented in ANSYS;58

then, these thermal distributions are introduced in a59

pure mechanical model. This is not a monolithic FE60

approach (fully coupled stiffness matrix) derived from61

a thermodynamically consistent formulation, as in [2].62

The authors in [15] report that thermal stresses should63

be considered to improve the mechanical reliability of64

these generators.65

The literature review shows that there exist still few66

works dealing with the elasto-thermoelectric behavior67

in thermoelectric devices, despite the fact that ther-68

mal stresses may significantly affect their mechani-69

cal performance and, consequently, their service life.70

Among others, one drawback to numerically study ther-71

mal stresses is the higher computational cost, [16]. For72

instance, the two numerical alternatives (iterative solu-73

tions as in [15] and consistent fully coupled as in [2]) to74

compute thermal stresses increase the CPU time and the75

formulation difficulty. An alternative approach to con-76

sider thermal stresses, reducing CPU time and ensuring77

a consistent formulation could be derived from classic78

mechanics of materials. For example, in [17] and [18]79

multiphysics beam formulations to model piezoelectrics80

and composites, respectively, are reported.81

The present work presents a dynamic, non-linear82

and fully coupled FE formulation based on the Timo-83

shenko beam theory to study elasto-thermoelectric re-84

sponses in thermoelectric devices. In order to obtain85

the FE formulation, several assumptions such as small86

strains, displacements and rotations, two-dimensional87

slender beam-like structures and the absence of mag-88

netic fields, convection, or radiation phenomena are in-89

troduced. Then, this beam formulation is implemented90

3D GOVERNING EQUATIONS

A0

(1) , (2)

MECHANICAL

A1 A2 A3 A5 A4
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Figure 1: Starting from a 3D formulation, several assumptions are in-

troduced to derive a thermodynamically consistent beam formulation.

All theses assumptions are justified and highlighted through the work.

into FEAP [1], a FE analysis program developed by the91

University of Berkeley at California (USA). For the val-92

idation of the implementation, four benchmarks are per-93

formed using 1D dynamic analytical solutions of a sin-94

gle thermoelement. Despite the fact that bending is not95

present in thermoelectric thermoelements, the bending96

could be relevant in Peltier devices due to the frame-97

like behavior of these devices. For this purpose, the98

present formulation is compared with the 3D one de-99

veloped by the authors in [2] to model a commercial100

Peltier device. This comparison reveals that: i) relative101

errors are lower than 13% and ii) CPU times decrease102

significantly, more than one order of magnitude. In con-103

clusion, the beam thermoelectric formulation is an ac-104

curate model and could be used in future optimizations105

and sensitivity analyses that require many evaluations.106

2. Governing equations107

The aim of this section is to establish the governing108

equations that are used for the FE formulation. Start-109

ing from a 3D set of equations, several assumptions or110

simplifications are considered to derive a thermodynam-111

ically consistent beam formulation. The assumptions112

through the document are highlighted in text-box and113

are denoted by A1, A2, etc. Furthermore, for the sake of114

clarity the complete set of assumptions is represented in115

the flowchart shown in Figure 1.116

2.1. Outline of 3D governing equations117

This section outlines the 3D elasto-thermoelectric118

governing equations, composed of three balance equa-119
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tions, three constitutive (also called transport) equations120

and six boundary conditions. In addition, one compati-121

bility equation is considered for the mechanical field.122

Assumption A0: Small strains and displacements.123

In most applications, A0 is a first and good approxi-124

mation due to the high stiffness of typical thermoelectric125

materials. Considering this assumption, the non-local126

strong forms of the balance equations are expressed as127

follow:128

0 =

∫

Ω

(∇ · σ + b − ρm ü) dΩ,

0 =

∫

Ω

(

−∇ · q − j · ∇V − T0 β : ǫ̇ − ρm c Ṫ
)

dΩ,

0 =

∫

Ω

∇ · j dΩ,

(1)

where Ω denotes 3D domain, ρm mass density, u dis-129

placement vector, σ stress tensor, b vector of body130

forces, c heat capacity, T temperature, q heat flux, j131

electric flux, V voltage, T0 reference temperature, β132

thermal expansion tensor (in Lamé form) and ǫ denotes133

strain tensor. In addition, (˙) and (¨) represent first and134

second time derivatives. The first equation is the linear135

momentum balance required to ensure the mechanical136

equilibrium. Furthermore, the angular momentum bal-137

ance requires that σ is symmetric. The second equation138

is the energy balance and takes into account the energy139

of the three fields: the first term on the right side repre-140

sents the thermal energy that flows across the boundary;141

the second and third terms are sources due to electric142

field (Joule heating) and mechanical field (Biot or two-143

way effect, see [2], [19], [20] and [21]), respectively.144

Finally, the third equation states the balance of electric145

charge and is obtained by combining the Ampère and146

Gauss laws of electromagnetism. Free electric charges147

are not considered in the present work and, therefore,148

the left term is zero.149

The constitutive equations are a set of three coupled

equations given by:

σ = C : ǫ − β (T − T0),

q = −κ(T ) ∇T + α(T ) T j,

j = −γ(T ) ∇V − α(T ) γ(T ) ∇T,

(2)

where C denotes elastic tensor, κ thermal conductivity,150

α Seebeck coefficient and γ denotes electric conductiv-151

ity. The first equation describes the thermoelastic cou-152

pling; electric and mechanic fields are not coupled since153

polarization effects (such as piezoelectric interactions)154

are not usually present in thermoelectric devices. The155

second and third equations couple thermal and electric156

fields by two separate effects, Seebeck and Peltier, both157

measured by the Seebeck coefficient.158

Although there is not an explicit relationship between159

electric and mechanic fields, the problem is fully cou-160

pled since both depend on temperature.161

In most practical situations, the materials are162

isotropic and homogeneous. Furthermore, κ, γ, α typ-163

ically depend on temperature, resulting material non-164

linearities. According to [5], the temperature depen-165

dency of material properties can be fitted using second-166

order polynomials to obtain:167

κ(T ) = κ0 + κ1 T + κ2 T 2,

γ(T ) = γ0 + γ1 T + γ2 T 2,

α(T ) = α0 + α1 T + α2 T 2,

(3)

where κi, γi, αi are coefficients reported in [5].168

As commented, the mechanical field requires a com-169

patibility equation that relates displacement vector and170

the strain tensor and is given by:171

ǫ = ∇syu, (4)

where (·)sy denotes the symmetric part of the displace-172

ment gradient. Notice that the skew-symmetric part rep-173

resents the rigid body rotations and, therefore, do not174

contribute to the strain measure.175

Finally, a set of six boundary conditions (3 Neumann-176

type and 3 Dirichlet-type) must be considered:177

σ · n = t ; u = ū ;

q · n = qc ; T = T̄ ;

j · n = jc ; V = V̄ ,

(5)

where n denotes outward normal to the boundary, t trac-178

tion vector, qc and jc denote heat and electric fluxes179

at boundary, respectively, and ū, T̄ , V̄ denote the pre-180

scribed displacement, temperature and voltage, respec-181

tively.182

2.2. Elasto-thermoelectric beam equations183

In this section, the 3D governing equations are sim-184

plified to the Timoshenko beam model. The choice of185

this model intends to find a compromise between gen-186

erality and simplicity of implementation. The former187

is achieved since this beam model is more general than188

that of Bernoulli: it takes into account shear stresses and189

strains by considering an extra rotation, a degree of free-190

dom coupled with displacements. The simplicity arises191

from the fully coupled formulation of the present work192
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Figure 2: Beam before (bottom) and after (top) deformation. The

beam is represented as a long body composed of a succession of 2D

cross sections, of area A, attached at their centroid (C) to a longitudi-

nal axis called line of centroids (LC).

in which the inclusion of the extra rotation is compara-193

ble in difficulty to that of temperature and voltage.194

The Timoshenko beam is a well established model195

from a century ago, [22], but it is here briefly reviewed196

to introduce the coupled formulations: in particular, the197

understanding of the coupling between rotational and198

translational degrees of freedom (dof) is a good intro-199

duction for the understanding of the coupling between200

mechanical, on one side, and voltage and temperature201

dof’s the other.202

2.2.1. Kinematics and thermoelectric distributions203

A beam is a long body composed of a succession of204

2D planar surfaces called cross section, of area A. The205

surfaces are attached in their centroid to a longitudinal206

axis perpendicular to each cross section, called line of207

centroids (LC).208

The beam motion is constrained by the kinematic209

beam hypothesis (assumption 1, denoted by A1):210

Assumption A1: A cross section that is plane be-

fore deformation remains plane after.
211

According to A1, the cross section moves as a rigid212

body: neither changes its shape nor deviates from flat-213

ness. Therefore, the motion of beams can be described214

as the deformation of the LC plus the rigid rotation of215

the cross section.216

Figure 2 shows a beam before and after deformation217

with LC along the x axis and with cross section of area218

A and contour Γ. The position of the cross section cen-219

troid C and of one point P inside are described by Xc(x),220

Xcp(y, z) before and by xc(x), xcp(y, z) after deforma-221

tion, respectively. The origin of the first is the coordi-222

nate center, of the second the centroid itself.223

From vector calculus:

X = Xc(x) + Xcp(y, z),

x = xc(x) + xcp(y, z).
(6)

According to the Chasles’ theorem, the rigid rotation of224

Xcp is expressed by:225

xcp = R · Xcp, (7)

where R is the rotational operator given by R = I +226

Θ + hot; hot is the abbreviation of high order terms, Θ227

is the skew-symmetric spin tensor that can be expressed228

as Θ = ǫ · θ, where ǫ is the Levi-Civita symbol and θ is229

an axial vector of rotations (also called spin vector).230

Assumption A2: Small rotations are considered:

R ≈ I +Θ.
231

In the community of Continuum Mechanics, the dis-232

placement vector is given by u = x − X. Therefore, the233

beam displacement vector is obtained by using (6), (7)234

and applying A2 to read:235

u = uc(x) + θ(x) × Xcp(y, z), (8)

where the spin vector depends on the position of the236

cross section, x. As commented, in (8) the displace-237

ment is composed of an LC deformation (first term on238

the right side) and a rigid rotation of the cross section239

(second term).240

Assumption A3: 2D beams are considered.241

In most thermoelectric applications, the geometry of242

the cross section is constant and symmetric respect to243

both axes y, z and the loads are only applied along x244

and/or y directions. According to A3 the displacements245

in (8) are reduced to:246

{

u = uc(x) − θ y,

v = vc(x).
(9)

Regarding the kinematic-like description of tempera-247

ture and voltage distributions, Taylor series expansions248

evaluated at the centroid C are used [17]:249

T (x, y, z) = Tc(x) + y ∂yT + z ∂zT + hot,

V(x, y, z) = Vc(x) + y ∂yV + z ∂zV + hot,
(10)
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where ∂y, ∂z denote partial derivatives with respect to250

y, z, respectively. Notice that the thermoelectric beam251

simplification is similar to the mechanic one given by252

(8). Temperature and voltage distributions are com-253

posed of centroidal terms Tc, Vc and across the section254

ones, given by second and third terms on the right side255

in (10). The terms across the section are not considered256

in the present work due to A4.257

Assumption A4: Voltage and temperature distri-

butions through cross section are constant.
258

The assumption A4 implies that T (x, y, z) =259

Tc(x),V(x, y, z) = Vc(x) and it is a good approximation260

for Peltier devices in the absence of magnetic field, con-261

vection and radiation phenomena, as can be extracted262

from the 3D FE model reported in [2].263

2.2.2. Strain-like measures264

The strain measures are obtained by operating the 3D265

compatibility equation (4) and using the displacement266

vector (9). Then, the non-zero entries in ǫ are given by:267















εxx = ∂xuc − ∂xθ y,

εxy =
1

2
(∂xvc − θ) ,

(11)

where ∂x denote partial derivative with respect to x. As268

is typical in beam theory, three new strain measures εx,269

εy, εθ are defined as:270



















εx = ∂xuc,

εy = ∂xvc − θ,

εθ = −∂xθ.

(12)

Using these new definitions, (11) becomes:271















εxx = εx + εθ y,

εxy =
1

2
εy.

(13)

Regarding temperature and voltage strain-like mea-272

sures, the general 3D gradients are reduced to:273

∇T ≈ ∂xTc,

∇V ≈ ∂xVc.
(14)

2.2.3. Equilibrium equations274

From an equilibrium point of view, the difference be-275

tween 3D and beam formulations arises from the con-276

cept of stress resultant. That is, the tractions t in any277

point of the cross section are expressed by the force278

F and the momentum M resultants at the center of the279

cross section, see Figure 3 (left). Mathematically, con-280

sidering that n ≡ (1, 0, 0) is the outward normal to the281

b

b t

F

Xcp

M

b

b

q

x

y

z

Xcp

A

qx

b

b j

Xcp

jx

Figure 3: From 3D to 1D. Beam models use resultants integrating

through cross section area: force and moment (left), amount of heat

along x (middle) and electric intensity along x (right).

cross section, the force and momentum resultants are282

given by:283

F =

∫

A

t dA =

∫

A

σ · n dA = N x̂ + Q ŷ + Qz ẑ,

M =

∫

A

xcp × (σ · n) dA = Mx x̂ + My ŷ + M ẑ,

(15)

where N, Q, Qz are axial and shear forces and Mx, My,284

M are the moment respect to the unit vectors x̂, ŷ, ẑ axis,285

respectively. Notice that Qz, Mx, My are neglected due286

to A3 and since the cross section is symmetric respect287

to both axes y, z in most thermoelectric applications.288

In order to ensure the mechanical equilibrium, linear289

and angular momenta must be stated by particularizing290

(1) to the beam model, see [23]. Then, a set of three291

partial differential equations is obtained:292

0 =

∫

x





















∂

∂x



















N

Q

M



















+



















fu − ρm A üc

fv − ρm A v̈c

Q + m − ρm I θ̈







































dx, (16)

where fu, fv, m are distributed applied forces and mo-293

ment and I denotes second moment of area.294

Thermal and electric fluxes must be reduced to 1D295

following a similar procedure to that described to ob-296

tain force and momentum resultants. Denoting by Q the297

amount of heat transferred per unit time and by I the298

electric intensity that flows along x, qx, jx are expressed299

as:300

Q =

∫

A

q · n dA = A qx , I =

∫

A

j · n dA = A jx,

(17)

where to solve the integral it is considered that cross301

sections are constant, Figure 3 middle and right. Intro-302

ducing this 1D approximation in the second, third equa-303

tions of (1):304
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0 =

∫

x

[

∂

∂x

{

−Q

I

}

−

{

J + T + A ρm c Ṫc

0

}]

dx,

(18)

where, for the sake of clarity, the terms due to Joule J305

and to two-way T have been denoted by:306

J = I ∂xVc , T = T0 A E αT ε̇x, (19)

respectively. Notice that F, M are vectors since the307

stress tensor is a second order tensor andQ, I are scalars308

due to the fact that heat and electric fluxes are vectors.309

2.2.4. Constitutive equations310

Assumption A5: The Poisson effect is neglected.311

Due to the kinematic approximation of the Timo-312

shenko beam model, the non-zero components of ǫ are313

given in (11). This simplification results in non-zero314

spurious stresses σyy, σzz usingconstitutive equations.315

In order to fix this inconsistency, both stress compo-316

nents are forced to zero. Using the Hooke’s consti-317

tutive equations in Lamé form, see [23], the result is318

σxx = E ǫxx. Comparing the values of all stress entries,319

(2G + λ) = E; this expression is equivalent to neglect320

the Poisson coefficient in the definition of G.321

Using (13), the first equation in (2) and taking into322

account A5, the 1D thermoelastic constitutive equation323

becomes:324

{

σxx = E (εx + εθ y − αT∆T ) ,

σxy = G εy,
(20)

where ∆T = Tc − T0, αT is the thermal expansion coef-325

ficient. Finally, using (15) and, again, considering con-326

stant cross sections, the 1D thermoelastic constitutive327

equations are given by:328



















N

Q

M



















=

∫

A



















Txx

Txy

−Txx y



















dA =



















A E [εx − αT ∆T )]

ks A G εy

−E I εθ



















,

(21)

where the first moment of area
∫

A
y dA = 0 since y, z329

cross the centre of gravity. The Timoshenko shear fac-330

tor, which is typically 5/6 for rectangular cross-sections331

[24], is denoted by ks.332

Similarly, the second and third 3D thermoelectric333

constitutive equations (2) are simplified to 1D relation-334

ships by considering (17), to give:335

Q = −A κ(Tc) ∂xTc + α(Tc) Tc I,

I = −A γ(Tc) ∂xVc − A α(Tc) γ(Tc) ∂xTc.
(22)

3. Finite Element formulation336

The current section presents the discretisations based337

on the FE method to solve the set of five fully cou-338

pled partial differential equations described in Section 2.339

As commented and since the problem is multi-coupled,340

there are five dof’s: uc, vc, θ, Tc and Vc.341

3.1. Weak forms342

The balance equations given in (16) and (18) are ex-343

pressed in weak form following the standard FE proce-344

dure, namely, multiplying by test functions and apply-345

ing the divergence theorem to obtain:346

−

∫

x













































∂

∂x







































δuc N

δvc Q

δθ M

δTc Q

δVc I







































−











































δuc (n − ρm A üc)

δvc (q − ρm A v̈c)

δθ
(

Q + m − ρm I θ̈
)

δTc

(

Aρm c Ṫc +J + T
)

0























































































dx = 0.

(23)

3.2. Residual forms347

Since the problem is non-linear due to the presence of348

the Joule term and the temperature dependency of the349

material properties given in (3), the FE formulation is350

expressed in residual forms to use the Newton-Raphson351

algorithm.352

Firstly, the continuum weak form calculated in (23) is353

discretized by using the same standard 1D shape func-354

tions of Lagrange type for all the degrees of freedom,355

since the problem holds continuity C0:356







































δuc

δvc

δθ

δTc

δVc







































≈ Na







































δau
a

δav
a

δaθa
δaT

a

δaV
a







































; ∂x







































δuc

δvc

δθ

δTc

δVc







































≈ Ba







































δau
a

δav
a

δaθa
δaT

a

δaV
a







































,

(24)

where δai
a denotes the virtual nodal value of the dofs357

i = uc, vc, θ, Tc,Vc at node a, and Ba = ∂xNa.358

Secondly, the residuals at node a are obtained by in-359

troducing (24) in (23):360
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





































Ru
a

Rv
a

Rθa
RT

a

RV
a







































= −

∫

xe







































Ba







































N

Q

M

Q

I







































− Na







































n − ρm A üc

q − ρm A v̈c

Q + m − ρm I θ̈

A ρm c Ṫc +J + T

0













































































dxe.

(25)

Notice that the residuals hold the zero, first and second361

derivatives with respect to time of the degrees of free-362

dom. In addition, the residuals are a set of five equations363

that are used to obtain the five unknowns of the elasto-364

thermoelectric beam problem.365

3.3. Tangent matrices366

The tangent matrices are obtained by deriving the367

residuals with respect to the dof, in compact form:368

K
i j

ab
= −
∂Ri

a

∂a
j

b

, C
i j

ab
= −
∂Ri

a

∂ȧ
j

b

, M
i j

ab
= −
∂Ri

a

∂ä
j

b

,

where, again, i, j denote the dof; a, b the nodes and K ,369

C,M the stiffness, capacity and mass matrices, respec-370

tively.371

The stiffness matrices are calculated by:372











































K
u j

ab

K
v j

ab

K
θ j

ab

K
T j

ab

K
V j

ab











































=

∫

xe

Ba



























































































































∂N

∂a
j

b
∂Q

∂a
j

b
∂M

∂a
j

b
∂Q

∂a
j

b
∂Q

∂a
j

b
∂I

∂a
j

b



























































































































dxe−

∫

xe

Na































































0

0
∂Q

∂a
j

b
∂J

∂a
j

b

0































































dxe,

(26)

where the non-zero derivatives are:373

∂N

∂au
b

= A E Bb ,
∂N

∂aT
b

= −A E αT Nb,

∂Q

∂av
b

= ks A G Bb ,
∂Q

∂aθ
b

= −ks A G Nb,

∂M

∂aθ
b

= −E I Bb ,

∂I

∂aV
b

= −A γ(Tc) Bb ,
∂Q

∂aV
b

= α(Tc) Tc

∂I

∂aV
b

,

∂J

∂aV
b

=
∂I

∂aV
b

Bba
V
b + IBb,

∂J

∂aT
b

=
∂I

∂aT
b

Bba
V
b ,

∂I

∂aT
b

= −A
∂γ

∂T
Nb Bba

V
b − A

∂α

∂T
Nb γ(Tc) Bba

T
b

−A α(Tc)
∂γ

∂T
Nb Bb a

T
b − A α(Tc) γ(Tc) Bb,

∂Q

∂aT
b

= −A
∂κ

∂T
Nb Bb a

T
b − A κ(Tc) Bb

+
∂α

∂T
Nb Tc I + α(Tc)Nb I + α(Tc) Tc

∂I

∂aT
b

.

The capacity matrices are due to the Biot term and374

to the heat transient. For this reason, they are closely375

related to the thermal residual and are given by:376

{

CTu
ab

CTT
ab

}

= −

∫

xe

Na

{

T0 A E αT Bb

ρm c A Nb

}

dxe. (27)

Finally, the mass matrices emerge from the mechan-377

ical inertia and they are obtained from the mechanical378

residuals, three first equations in (25):379



















Muu
ab

Mvv
ab

Mθθab



















=

∫

xe

Na ρm



















A

A

I



















Nb dxe. (28)

This FE formulation is implemented into the research380

code FEAP [1]. This code provides several dummy rou-381

tines (user elements) that can be used for the implemen-382

tation of new developed modular elements written in383

Fortran. In order to solve the non-linear problem, the384
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Newton-Raphson algorithm is used and the Newmark-β385

for time integration of the dynamic. Notice that since386

the problem is multi-coupled, several orders of the time387

derivatives are present. This drawback is solved by us-388

ing a special command implemented in FEAP. Finally,389

the shear locking, which is typically present in the Tim-390

oshenko beam models [25, 26], is solved due to the fa-391

cilities of the FEAP code.392

4. Validations393

This section presents four validations (called cases I,394

II, III and IV) to ensure a proper implementation of the395

numerical formulation developed in Sec. 3. For this pur-396

pose, the numerical results are compared with dynamic397

1D analytical solutions developed by the authors; most398

of the analytical solutions are reported in [6].399

Property Value Units

κ0, κ1, κ2 1.663,-3.58e-3,-3.19e-5 [W/m◦C]

γ0, γ1, γ2 1.09e5,-5.59e2,2.49 [A/Vm]

α0, α1, α2 1.98e-4,3.53e-7,7.52e-10 [V/◦C]

E, G 4.70e10,1.68e10 [N/m2]

ρm 7.53e3 [Kg/m3]

c 544 [J/KgK]

αT 5.37e-6 [◦C−1]

Table 1: p–type bismuth telluride thermoelement properties. For the

n–type thermoelement properties are equal, except for α0, α1, α2 with

negative sign.

For all the validations, a single p-type bismuth tel-400

luride pulsed thermoelement as that described in [16] of401

dimensions 5.8×1.4×1.4 [mm] and properties given in402

Table 1 is modeled. Figure 4 shows the p-type 3D ther-403

moelement, its 1D beam representation and the bound-404

ary conditions used for the validations. From a mechan-405

ical point of view, the boundary conditions correspond406

to a cantilever beam. Thermally, the temperatures are407

fixed at both ends of the thermoelement: at cold and hot408

sides Tco = 30 [◦C] and Tho = 80 [◦C], respectively. Fi-409

nally, for the electric field the voltage is set to zero at the410

cold side. For cases II, III and IV, an electric intensity411

of I = 2 [A] is applied.412

Table 2 summarizes all validations. For case I, the413

prescribed intensity is zero, resulting in a linear distri-414

bution of temperature along the thermoelement due to415

the Fourier effect (denoted by F in the table). In addi-416

tion, a voltage distribution is generated due to the See-417

beck effect (denoted by S). For case II, an electric in-418

tensity is prescribed and the Joule effect (J) appears.419

Then, the temperature distribution is quadratic due to420

Tco

Tho

I

F F

Figure 4: Geometric model and boundary conditions for validations.

The 3D model (left) is reduced to a 1D beam model (right).

the heat source. For case III the temperature depen-421

dency of the α(Tc) is considered and the Thomson effect422

(Th) emerges. Finally, for case IV a force is applied at423

the end of the beam; this force represents the thermal424

expansion of the copper bar, see Figure 8 (top), and is425

proportional to: EαT∆T . Consequently, a bending (Bn)426

is observed. Due to J and Th effects, cases II, III and IV427

are non-linear.428

Case Simplifications Effects

I I = 0; α, γ, κ = ct F, S

II I = 2 [A]; α, γ, κ = ct F, S, J

III I = 2 [A]; α(Tc); γ, κ = ct F, S, J, Th

IV I = 2 [A]; α, γ, κ = ct; F = 1 [N] F, S, J, Bn

Table 2: One-dimensional validation cases, simplifications and con-

sidered effects: F - Fourier, S - Seebeck, J - Joule, Th - Thomson and

Bn - bending. Constant (ct) properties are obtained by using (3) with

T=(Tco + Tho)/2.

Figure 5 compares analytical (lines) and numerical429

solutions (solid circles) for cases I to III and for three430

time instants t = 1, 5, 40 [s]. Temperature distribu-431

tions (left), voltage distributions (middle) and axial dis-432

placements (right) along the thermoelement (denoted as433

Distance in the figure) are represented. Each case cor-434

responds to a row.435

For case I (first row in Figure 5), the temperature dis-436

tribution (left) parabolically goes from 0 [◦C] at t = 0437

[s] to the linear distribution at t = 40 [s]. Notice that438

at cold and hot sides the temperature is fixed and the439

steady state is achieved at approximately t = 40 [s].440

Due to the parabolic nature of the energy balance, sec-441

ond in (1), the velocity of the temperature wave is infi-442

nite. For this reason, smooth curves without front wave443

are observed. At the steady state, a linear distribution444

is reached according to the Fourier law. Due to the See-445

beck effect, voltage distributions (middle) are generated.446
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Figure 5: Analytical (lines) and numerical solutions (solid circles) for cases I to III (each case represented in a row) and for three time instants

t = 1, 5, 40 [s]. Temperature (left), voltage (middle) and axial displacements (right) vs. distance of thermoelement.

These distributions are proportional to the temperature447

curves, in which the Seebeck coefficient given in Table 1448

is the constant of proportionality. Finally, the axial dis-449

placement is represented in the right figure for the three450

instants. At the steady state, a quadratic displacement451

is obtained since it depends on the spatial integration452

of the linear temperature distribution. In addition, the453

displacement is proportional to the thermal expansion454

coefficient given in Table 1. The resultant axial force is455

zero since the mechanical boundary conditions allow a456

free expansion of the thermoelement.457

For case II (second row in Figure 5), again parabolic458

distributions are obtained. However, the temperature459

and, consequently, voltage distributions are quadratic at460

t = 40 [s] since the Joule effect is present. This effect461

can be understood as a volumetric heat source that in-462

creases the temperature inside the thermoelement. For463

instance, the maximum temperature is 85 [◦C] (5 de-464

grees greater than the temperature at the hot side). Fi-465

nally, for the axial displacement a cubic distribution is466

reached at the steady state and, again, the resultant axial467

force is zero.468

The distributions for case III (third row in Figure 5)469

are similar to those obtained in case II since the Thom-470

son effect involves a correction of about 1-2% of the471

results, as was reported in [27]. For instance, the max-472

imum temperature inside the thermoelement is 84.24473

[◦C]. The Thomson effect decreases the maximum tem-474

perature since it is an extra heat flux with opposite sign475

to the Joule heating. This reduction of the temperature476

also slightly decreases the generated voltage and axial477

displacement. For the temperature, there exists a small478

difference between numerical and analytical results due479

to the fact that for the analytical solution is assumed a480

constant Thomson coefficient in order to solve the par-481

tial differential equation.482

Figure 6 shows the axial u and vertical v displace-483

ments and rotation θ for case IV, in which bending is484

present due to the application of a force F = 1 [N], see485

Figure 4; only the steady state solutions are represented.486

Both for displacements (left axis in Figure 6) and for487

rotation (right axis), the agreement between closed and488

numerical solutions is very good.489

In conclusion, Table 3 shows the maximum relative490
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Figure 6: Analytical (lines and dashed line) and numerical solutions

(solid circles) for case IV. Vertical v and axial u displacements (left

axis) and rotation θ (right axis) vs. distance of thermoelement.

errors at t = 40 [s] (steady state). For cases I, II and491

IV, the relative errors are lower than 0.1%; for case III492

the errors become greater than 2%. As commented, this493

fact could be due to the calculation of the Thomson co-494

efficient: from an analytical point of view it is assumed495

to be constant and, numerically, is obtained from (3).496

Magnitude Case I Case II Case III Case IV

Temperature 0.037 0.033 2.450 0.033

Voltage 0.087 0.021 3.010 0.021

Axial disp. 0.027 0.019 2.241 0.019

Vertical disp. – – – 0.061

Rotation – – – 0.062

Table 3: Maximum relative errors in [%] between analytical and nu-

merical results at t = 40 [s] (steady-state solution), see Figure 5.
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Figure 7: Study of the Newton-Raphson convergence: logarithmic

residual norm vs. iteration.

As commented, cases II and III are non-linear due497

to the presence of the Joule effect. Figure 7 shows the498

logarithm of the residual norm versus the number of it-499

erations i of the Newton-Raphson algorithm. Consid-500

ering ||Ri+1|| ≤ p1||Ri||
p2 , where p1 and p2 are positive501

constants, it is observed that p2 > 1 and a super-linear502

convergence is achieved.503

5. Comparisons with 3D FE model504

The main purpose of this section is to compare the505

present beam formulation with the 3D one reported in506

[5]. Then, CPU times and relative errors are calculated507

and the advantages and drawbacks of the proposed beam508

formulation are highlighted.509

In order to perform this comparison, a pulsed Peltier510

device as that described in [16] is simulated. This de-511

vice is composed of 127 thermocouples electrically con-512

nected in series and thermally in parallel. A thermocou-513

ple is a pair of two p- and n-type thermoelements con-514

nected by copper Cu bars and with tin S n-Pb solders,515

as shown in Figure 8 (top). The material properties of516

the thermoelements are given in Table 1; the ones of517

Cu, S n-Pb and the dimensions of the thermocouple are518

reported in [16].519

For the 3D model, the full thermocouple is modeled520

using the structured mesh shown in Figure 8 (top). For521

the beam model, only the line of centroids of each ma-522

terial is modeled. This geometry is highlighted in the523

figure by superposing solid black lines in the 3D mesh.524

Obviously, the number of finite elements required to525

model the thermocouple is highly reduced using the526

beam formulation. Boundary conditions are also repre-527

sented in the figure: mechanically, the devices is fixed at528

the hot side (bottom in the figure); thermally, the tem-529

peratures at both sides are Tco = 20, Tho = 50 [◦C];530

electrically, the voltage is set to zero at the middle of531

the horizontal Cu beams and an electric intensity I = 1532

[A] is prescribed.533

Figure 9 shows the h-convergence of the Coefficient534

Of Performance (COP), top figure, and maximum Von535

Mises (VM) stress inside the thermocouple (middle)536

versus the number of FE nodes, for both 3D (solid line)537

and beam (dashed line) steady-state solutions. Notice538

that the calculation of COP and VM involves thermo-539

electric and thermoelastic variables, respectively: all the540

couplings are required. Finally, the bottom figure repre-541

sents the CPU time for each calculation.542

For the 3D model, the COP converges with approx-543

imately 4500 nodes whereas the VM requires 6000544

nodes. This difference in the number of nodes is due545

to the vectorial nature of the thermoelectric variables546

and the second rank of the stress tensor. For a proper547

calculation of both variables a CPU time of 50 [s] is548

employed.549
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Figure 8: Top: 3D and beam (highlighted in solid black lines) meshes

of a thermocouple, composed of four materials: n– and p–type ther-

moelements, copper Cu bars and tin S n-Pb solders. Mechanical,

thermal and electrical boundary conditions also represented. Bottom:

Outline of the deformed 3D and beam meshes (zoom ×500).

For the beam model, the requirement of nodes550

(approximately 500) and consequently the CPU time551

(lower than 3 [s]) decreases since a 1D mesh is used.552

The main advantage of the beam formulation is the re-553

duction of CPU time; in contrast, the beam model has554

a lower accuracy. The relative errors between 3D and555

beam formulations are eCOP = 6.6% and eV M = 12.6%.556

To sum up, the lower CPU time for the beam model557

could permit the application of the present formulation558
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Figure 9: h-convergence and CPU time for both 3D (solid line) and

beam (dashed line) steady-state solutions. COP (top), Von Mises stress

(middle) and CPU time (bottom) vs. number of nodes. Relative errors

between 3D and beam models denoted by e.

in sensitivity analyses and optimizations, which require559

many evaluations to obtain the final results.560

Figure 10 shows the distributions of voltage (top-561

left), temperature (top-right), horizontal (bottom-left)562

and vertical (bottom-right) displacements versus the563

distance. Now, solid lines represent the 3D calculations564

and, again, solid circles the beam solutions.565

Regarding voltage, the agreement between 3D and566

beam results is very good except in the bottom Cu bar.567

Obviously, the beam model shows an idealization for568

which all the horizontal electric flux along the bar flows569
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vertically through the thermoelement. On the contrary,570

the 3D model captures the rotational effects that are571

present at both bottom corner of the thermoelement.572

This limitation of the beam model is the cause of the573

larger relative error in the COP calculation, as com-574

mented in the previous paragraphs.575

In terms of temperature, a good agreement between576

both solutions is achieved. Minor differences are ob-577

served due to the higher potential drop (consequently,578

higher Joule heating) predicted by the 3D model.579

On the one hand, the horizontal displacement580

(bottom-left) is due to the thermal contraction of the581

copper bar at the top of the devices that results in a582

bending of both thermoelements, see Figure 8 (bottom)583

where an outline of the deformed 3D and beam meshes584

are represented. On the other hand, the vertical dis-585

placement is due to the thermal expansion of the device.586

Notice that the reference temperature is assumed to be587

25 [◦C] and, therefore, both thermal expansion and con-588

traction are present. The comparison between both, 3D589

and beam solutions, shows a reasonable agreement tak-590

ing into account the limitations of the 1D formulation.591

Nevertheless, the remarkable changes in the cross592

sections observed for the 3D model in Figure 8 (bot-593

tom) can not be captured by the beam model since, ac-594

cording to A1, the cross sections in the beam model are595

assumed as rigid bodies and, consequently, they can not596

be deformed.597

6. Conclusions598

This work presents a dynamic, non-linear and fully599

coupled finite element formulation based on the Tim-600

oshenko beam theory to study elasto-thermoelectricity.601

The formulation is implemented in the research code602

FEAP and is validated using 1D analytical solutions.603

Then, this formulation is used to model a pulsed Peltier604

device and the results are compared with 3D FE solu-605

tions.606

The main advantage of the beam model is the low607

computational cost. For instance, a reduction of 47 [s]608

with respect to a 3D model can be achieved for the mod-609

eling of a pulsed Peltier devices. In contrast, the main610

drawback is the inherent error due to the 1D limitations611

of the beam theory. In this regard, a maximum relative612

COP error of 6.6% between both models is found.613

In conclusion, the combination of the beam element614

to obtain coarse results and the 3D model to calculate615

details of the Peltier devices is a methodology that could616

provide good results with a comprehensive CPU time.617

This combination could be used in future optimizations618

and sensitivity analyses that require many evaluations.619
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