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Abstract

The PDE under study here is a general fourth-order linear elliptic Partial Dif-
ferential Equation. Having prescribed the boundary control points, we provide
the explicit expression of the whole control net of the associated PDE Bézier
surface.

In other words, we obtain the explicit expressions of the interior control
points as linear combinations of free boundary control points. The set of scalar
coefficients of these combinations works like a mould for PDE surfaces. Thus,
once this mould has been computed for a given degree, real-time manipulation of
the resulting surfaces becomes possible by modifying the prescribed information.
Keywords: Partial Differential Equation, PDE surface, Surface Generation,

Tensor product Bézier surface, Biharmonic surface, Explicit solution.

1. Introduction

Techniques that allow interactive design are always welcome for computer-
aided design. Therefore, the purpose of this paper is to describe a method of
surface generation for PDE surfaces in the Bézier language of CAGD. A Bézier

surface is defined by

X (u, v) = Z Bl'(u) B} (v) P
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where B!'(t) are the Bernstein basis polynomials B/ (t) = ('}) t'(1 — ¢)"~*, and
P; ; are the control points. Consequently, a Bézier surface is determined by a
net of control points. Our aim is therefore to offer the explicit expression of a
PDE Bézier surface control net.

PDE surfaces are used in geometric modelling and computer graphics to
create smooth surfaces conforming to a given boundary configuration. Such
surfaces enable the designer to model complex shapes in an easy and predictable
fashion, without the need to enter the control points one by one, and to avoid
consequent irregularities in the resulting surface. Their areas of application
include computer-aided design, interactive design, parametric design, computer
animation, computer-aided physical analysis and design optimization. Tools
that enable differential equations to be solved are also a valuable aid in both
the academic world and the engineering industry; in fact, there are companies
such as Fzplicit Solutions that specialize in providing researchers with explicit
solutions to ordinary differential equations.

We have developed a wide programme of research about PDE surfaces from
the CAGD point of view. Our first steps were [12] and [13], where it was shown
that, surprisingly, a unique harmonic Bézier surface is determined by prescribing
only two boundary curves (not the four boundaries) of a tensor product Bézier
surface. The second step was to extend this result to the biharmonic case ([14])
and to a class of more general 4-th order PDE ([15]). In these cases it was shown
that by prescribing the four boundaries a unique Bézier surface satisfying the
corresponding PDE was determined. Furthermore, the tetraharmonic case was
studied in [9], whereas the triangular cases were studied in [1], [2], [3], [4] and [5].
Note that in [11] and [16] some of the formulas that appear in the cited papers
were cleaned of mistakes and typos and some of the results were extended.

In all these previous steps, the algorithms to compute the Bézier surface from
prescribed boundary control points were based on the recursive resolution of a
more or less complicated auxiliary system of linear equations whose unknowns
were the coefficients of the polynomial surface in the power basis. A new step

was paper [7], where we were able to solve those auxiliary systems of linear
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equations explicitly. We obtained explicit polynomial PDE surfaces but again
in the power basis of polynomials. Therefore, translation from the power basis
to the Bernstein basis was still needed. This is the goal we achieve here. Up
until now a change in the prescribed control points meant having to start the
computation of the PDE surface from the beginning.

The importance of our results in this work lies in the fact that control points
have geometric meaning, while the power basis coefficients do not. Now we ob-
tain the explicit expressions of the interior control points as linear combinations
of prescribed points. Once the set of scalars of these linear combinations has
been computed, PDE surfaces can be generated easily. This is why we say these
scalars act like a pattern or a mould for PDE surfaces.

In our last work, [6], we introduced a new point of view and considered
harmonicity in a more theoretical way. Instead of working with a polynomial
surface of a particular degree, we took the approach involving the use of gener-
ating functions. We constructed a set of harmonic generating functions whose
derivatives are the harmonic Bézier functions that have as their control points
the scalars on the linear combinations we are looking for.

Unfortunately, generating functions are not easily obtained, not even for
the biharmonic case. Hence, here we obtain the explicit expressions of interior
control points of a quite general PDE surface in terms of boundary control
points, but the scalars of the linear combinations in these expressions are not
deduced from any generating function. Biharmonic surfaces are a particular
case of the PDE surfaces in our study.

Now, for a given degree and only once, we compute the set of scalar co-
efficients, «, 8,7,9,&,7,7n,0, of the linear combination, which is a set for any

interior control point.

n—1

n—1 n—1 n—1
Pk’,é = § Ak 0w PO,w + § Bk,[,w Pn,w + § Vi, 0w Pw,O + § 6k,l,w Pw,n
w=1 w=1 w=1 w=1

+&k,e Po,o + e Pon + ke Pro 4+ 0k P
(1)

This set of scalars works like a pattern and allows real-time manipulation of



the resulting surfaces. Thus, to compute the control point Py ¢, we only have
to multiply the matrix of scalar coefficients by the matrix of boundary control

points entry by entry.

ke Okel o Oken—1  Thke Poo Po1 - Pon- Pon
Vk,0,1 Ok, 01 Py P,
Vi, 0,2 Ok, 0,2 Py Py,
Vi ,n—2 Ok,bn—2 P,_20 Py on
Yk, ln—1 Ok t,n—1 P, 10 |
Mee Bretr - Brion—1 ke P,o Pn1i -+ Ppn P.n

The goal we achieve here is to work with the Bézier basis. We compute the
Bézier surface control points, which have geometric meaning, while the power

basis coefficients do not. In order to show how interactive design could be per-

Figure 1: Working with the Bézier control net allows direct control over the shape of the

surface, which is the advantage of the Bézier basis over the power basis of polynomials.

formed, we have implemented our method in Mathematica and it is available on-

o line at Wolfram Demonstrations Project, http://demonstrations.wolfram.com.
In the second section of this paper we will recall the fourth-order linear
elliptic Partial Differential Equation we introduced and studied in [7]. This
PDE is the Euler-Lagrange equation of a quadratic functional defined by a
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norm, and therefore we can state that, in addition, the PDE surface minimizes
the associated functional. In the third section we give the explicit control net

formulas.

2. A Fourth-Order Linear Elliptic PDE

A tensor product Bézier surface can be written both in the power and the
Bernstein basis:

n

a S n n
X (u,v) = Z k%ukve = Z B (u) B} (v) Py 5

k,0=0 i,5=0

where B?(t) = () t* (1 — )"~ are the Bernstein polynomials. As we have said
earlier, here our aim is to find the explicit control net P; ; of the PDE surface

that satisfies the general equation
p2?uuuu + 2pcos 1% e + 1+ p2)?uuw + 2pcos t% wove + X pvon =0 (2)

for 0 <t < 2.

We introduced this equation in [7]. It is the Euler-Lagrange equation of a
kind of quadratic functional defined by a norm, and so, in addition, we can state
that the PDE surface minimizes the associated functional. Now we are looking
for the control net.

In the cited paper we gave the polynomial form of its explicit solution, that
is, the coefficients ay, ¢ of the PDE surface in terms of the power basis of poly-
nomials. First, in Lemma 1 in [7], we gave the explicit solution after prescribing

the boundary curve X (u,0) and its first three transversal partial derivatives.

Lemma 1. (Lemma 1, [7]) The solution to the linear system,

0 = p*aptae +2pcost aprgor1 + (L+ p?) @pioryo + 2pCOSt Agy1,043 + Ak oa,
(3)

for all k, ¢ € N in terms of the first four columns of coefficients is given by,

ape = A apye0+ Be akro—11 + Co apyo—22+ Dp @33, >3, (4)



where,

Zn = 7025n71a En = Sinnz_’n +Env 571 = 7(705% - 92571717

B (p* —1)sin F — 2pcostcos B + (—p)" L esct (p? sin(n — 2)t + sinnt)

D
" 1+ p* +2p2cos 2t

()

At this point, the procedure we adopted was to interchange the third and
fourth columns of coeflicients ay ¢ with the first two rows, thus solving the linear

system,
ag ke = Apte k0,0 + Brge akyo—1,1 + Crgr @kyo—2.2 + Dytr agyo—3.3,

ap kpt—1 = Apyo—1 k0,0 + Bryo—1 appo—1,1 + Crgo—1 Qhre—2,2 + Digo—1 Apqe-3,3,

with agir—292,a5+¢—33 as unknowns and then substituting the solution into

Eq.(4).

Proposition 2. (Proposition 1, [7]) The solution to the linear system in Eq.(3)
for all k., ¢ € N in terms of the first two rows and the first two columns of

coefficients is given by,
ap¢ = Apraryeo+ Breagyo—11 + Crear gre—1 + Dy gao ke (6)

for all k, € > 1, where,

Ave = oy (Ae Mio(C,D) — Cp Miye(A, D) + D¢ Miye(A, C)),
Bie = m (Bt My14(C,D) — C¢ My1o(B, D) + Dy My1e(B,C)),
Cre = m (—=C¢ Dy + Dy Criy),

Die = Dy (Ct Die—1 — D Crpe-1),

where, Ay, By, Co, Dy are defined in Eq. (5) and

M, (X,Y) = det
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3. Bézier Solutions to Fourth-Order Linear Elliptic PDEs

As we have already stated in the introduction, our aim is to work with
the Bézier basis instead of with the power basis coefficients. PDE surfaces
are advantageous in CAGD, since they enable the designer to model smooth
surfaces conforming to a given boundary without the need to enter the whole
control net. Our purpose here is to obtain the PDE surface control net by
prescribing only the boundary control points. We want to know a set of scalar
coefficients, a, 8,7,0,&, 7,7, 0, for any control point; see Eq.(1.)

In the following subsection we can see that a PDE Bézier surface associated
to our PDE in Eq.(1) has some symmetries in the scalar coefficients, which in
general we have denoted with Greek letters. This will lead us later to a change

of notation.

3.1. The control net symmetries

Suppose that Py, are the control points of a tensor product Bézier PDE
surface X (u,v) satisfying Eq.(1).

If we define Qg ¢ = Py,—k,n—r, we obtain the control net of the Bézier surface
7(u,v) = ?(1 —u,1 —v) that also fulfils the PDE. Therefore, if the control
net Q¢ satisfies Eq.(1), then we have that

n—1 n—1 n—1 n—1
Qre = Z akew Qow + Z Brew Qunyw + Z Y tow Qu,o + Z Okt,w Quyn
w=1 w=1 w=1 w=1

+Eke Qo0+ e Qon + Mt Qo + 0k Qnone

that is,

n—1 n—1
Pn—k,n—( = § Al w Pn,n—w + E ﬂk,ﬂ,w PO,n—w
w=1 w=1

n—1 n—1
+ g Yk, 0w Pn—w,n + E 6k,€,w Pn—w,O
w=1 w=1

+&kt Pon + T Pro + ke Pon + ok Poo.



But according to Eq.(1), we have that
n—1 n—1
Pnfk,nfé = Z Qp—k.n—0,w PO,w + Z ank,nfﬁ,w Pn,w
w=1 w=1

n—1 n—1
+ Z Yn—k,n—Lw Pw,O + Z 5n7k,n7£,w Pw,n (8)
w=1

w=1
+£n—k,n—£ PO,O + Tn—k,n—t PO,n

+77n7k7n7€ Pn,O + On—kn—¢ Pn7n~

Therefore by comparing Eqgs. (8) and (7) we obtain

Ak bow = ﬁn—k,n—f,n—w Yk, bow = 6n—k,n—€,n—w (9)

gk,e =O0On—k,n—¢ Tkt = Nn—k,n—¢

In the following subsection we will state a proposition in which we will denote
the remaining four different coefficients, Sk ¢ and ok ¢, by {2}, }i=; and
Mty Ok DY {2} ¢}izg, respectively. Let us remark that the coefficients that
appear with corner control points in Eq.(1) do not depend on w, and we added
this variable in order to give a unique definition of 2};7 L Therefore, we should

have in mind that
Zho = Zpew When =34 Vuw,

whereas z}, , . for i = 1,2 of course do depend on w.

A control point will be defined from now on as follows,

n—1 n—1
_ E 1 E : 1
Pkl - ank,nfé,nfw PO,'LU + Zk,@,w Pn,w
w=1 w=1

n—1 n—1
2 P 2 P
+ ank,nfé,nfw w,0 + Zk,@,w w,n
w=1 w=1
3 4 4 3
20—t P00+ 20 gt Pon + 250 Prno+ 2 Pon.

os  3.2. The control net

Before presenting the control net result we must outline several lemmas.

First, we recall the basis conversion in the following Lemma.
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Lemma 3. Let us consider a polynomial surface, ?(m v), in terms of the power

basis of polynomials and in its Bézier form,

X (u,v) = Z uvj— Z By (u) By (v) Py e.
ke,6=0

The coefficients a; ; are related with the control points Py, ¢ through the following

equations,

7,7 . .
ai,j = it <TZ> (?) Aipo’o7 with Ai’jPO,o = Z (;) (i) (_1)i+j757tPs,t
s,t=0

and conversely

n l | ’
s=0 t=0 5 s t
In the following lemma we give the explicit solution to a quite general matrix
system, whose coefficient matrices depend on By, 4, Cj ¢, which we defined in

Proposition 2. This result will be needed to prove our next Proposition.
Lemma 4. The matriz system

p :Mx+1\7y
q =Mx+ Ny

where M = (bg,m), N = (com), and M = (g&m) = (bm—t+1,m), N = (Ce,m) =
(Cm—t+1,m) are (n — 1) X (n — 1) matrices with

Br—r41,0  Chieqp 0 m—
=" m=2...n

bm:77 ,m
= = ek ) T (m— £+ D))

has a unique solution.

PROOF. First of all, note that M is a reqular matriz. Since it is an upper
triangular matriz whose diagonal elements are =y fOTj =2,...,n, we have \]Tﬂ =
H?:Q %, and so we can compute X in the first equatzon,

x=M"'(p— Ny).
Now if we substitute x in the second equation, we obtain

y=A"Y(g- MM 'p).
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This can always be done, since A = N — MM~IN is an upper triangular matriz

too, with the same diagonal as M and is therefore regular.

O

We can now give the explicit formula of each interior control point of a PDE

Bézier surface satisfying Eq.(1).
Proposition 5. The control net of a Bézier PDE surface that satisfies
pQ?UU/’U/’U/ + 2p CcOs t?uuuv + (]' + p2)?uu’u’u + 2p COsS t?uvvv + ?'U'U'U'U = 0

can be determined in terms of its boundary control points,

n—1 n—1

1 1
Pk7e = § Zn—kn—0n—w PO,w + E 2w Pn,w

w=1 w=1

n—1 n—1
2 2
+ E Zn—kn—0n—w Pw,o + E 2 lw Pw,n

w=1 w=1

(10)

3 4 4 3
+Zn—k,n—2 P070 + Zn—kn—t PO-,TL + 2k PTL,O + 2.0 Pn,na

where

: () MG

o =0 DB A+ 30 s (Bl + Gl

b =2 2 iy (Bt + Coanlii)
(11)

where & is the Kronecker delta, and {z4", yi:¥ Y| are the derivatives of {an, 1,a1,m}

with respect to Py, Puwn, Pnn, Pno respectively.
The value of xo" = 4" is given by

n i,W

. . x ’
LW oW 2 : k
k=2

except for i = 1,w =1 and for the case i = 3,Yw, which is given by

n gl n g Bw
11,1 ¢ 3w _ 3w _ ¢
Ty =Y == B $1w—y1w——27-
=2 =2
The value of {z&W, ybw}t | for m = 2,...,n is given by Lemma 4 with the

m 7ym

constant terms,

10
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1=1|p=20 qg=q"
i=2|p=4g" | q=0
i=3|p=Q | q=¢+¢
i=4|p=4q" | g=¢"

L—w n n
¢ (fj) (1) and Q' = {_(e)AZ»n—Z}Z:w
= {_(z) Ap—t.0})—9. Ak, Brg,Cry are defined in Proposition 2.

where ¢* = {q,""}}_,, with q;"" = (”

~—

ProOOF. Having in mind Lemma 3 and Proposition 2, we have that a con-

trol point can be written in terms of coefficients a,; at the first two rows and

columns,
por (Z (t) i

~— O

-

As,t aas+t 0 + Bs t 8as+t 1,1 + C(s Jt aal ,s+t—1 + Ds St 8aO s+t
slt!

)
n

3

Moreover, since coefficients a, ¢ depend on the control points too, Lemma 3,

o~

Ead
/\/\
|
-+ 3
—

t,s=0

we can compute {z} )iz Dy taking derivatives of Eq.(10). For example,

And the same would be done for {2} , , }i_o-

Now we must compute the derivatives of a,, 1 and a; ,,. We introduce the

7, 7,

notation {4yl

4, for the derivatives of {a, 1,1, } with respect to Py, ,
Py n, P, and P, o respectively. Nevertheless, let us remark that for i = 3,4
we have no dependence on w, for example, z3;% = g%:_'; and y3v = g;ﬁ for
all w.

In order to determine these derivatives, {z%”, yi®} || let us start with

{zLw yLwl We study the boundary curves, which are given data. The bound-

11
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ary curves ?(0, v) and ?(m 0) only depend on control points in the first row

and column, and from Lemma 3, we have
ap,j = _]' <7) AojPo,Q, a; o = 7! (?) AiOP()yo. (12)

On the other hand, we have the boundary curves

X(u,1) = i <Z> AMPg, ub = Z gl

a1 an ake
Z oY

k:o zn k=2,0=0 (13)
— M\ AP k,0 Akl ¢
(o) =3 () A%Puart =3 % +z L,y e
(=0 k=0 k=0,0=2
If we consider Eq.(13) for k,£ =2,...,n
(W) A Po.n = 3200 it
(14)
(?)AMPmO = Z:o %

and take derivatives with respect to Py, w, Py n, Pnn and Py, o, we obtain ma-
trix systems involving x»% = {ztwn . ybv = {ybwln . for i = 1,2,3,4,
respectively, as we will see.

To illustrate this, let us take derivatives, for example, with respect to P, 4,
in some detail. Thus, we take derivatives in Eq.(14) having in mind again Eq.(6)

in Proposition 2, then

Oakte— o -
0 = it (B B + Cus )
- Oakto— day ko
(?) (i)(_l)e vo= Z:Oﬁ (Bk,l ?;:,:1 + Che zji)ll;ji 1)
that is,
0 :ZZL=2 (bm k+1, mx W + Ccm— k+1my1 w)
() () D =30 (bem o3 + cem Y
where,

I Br—t410 S Crm—t41,0
b = e e T = e e
As we have said, it is a matrix system like the one we solved in Lemma 4, with

the unknowns x'% = {zL*}" _, and y'* = {yLw}" _, and with the constant

terms p =0, q = ¢* = {¢,"" }2:2, with ¢, = (7) (f)) (—1)577”.

12



Analogously, we would take the derivatives in Eq.(14) with respect to Py, »,
P, , and P, to obtain matrix systems as defined in Lemma 4 with constant

terms,

P=9q” |q=0
p=q" |ga=4q"
P=Q' |q=q¢"+Q°
1m0 respectively, being Q' = {Q7 175, Q% = {Qr_,}}_5 with Q = f(?) Ag s

At this point we have just computed {x%® yiw}n . We will now compute

xi’w = yi’w, which is the derivative of a; 1 with respect to Py, 4, Py n, Pp.n and

P, 0. We consider the system in Eq.(13) with k£ = 1,¢ = 1, respectively,
n(Pin—Pon) =211, 5"

n(Pn1—Pro)=> 1o 3

If we take the derivatives above, we get a pair of formulas with which to obtain

. Balwl 681,1 Bal,l 681,1
any element in {55~ 55 = 55, g, )

with respect to P,, ,,, we find that,

For example, if we take derivatives

831,1 _ Z’n y?’w
oP, . =2 "1
4,w
631,1 _ Zn 'Tk
OPpnon k=2 k!
In sum )
n 7, W
hw _ dw Ly
Ty =Y == B
k=2

except for ¢ = 1,w = 1 and for the case ¢ = 3,Vw. These derivatives are given

by

) n 1,1 9 n 3,w

i yl’l _ Oain Yy 23— y3’w _ Oain Yy
A LT TP,y = 0
1 — ™0 =2

]

From all the previous discussion, the algorithm for generating a PDE surface

Bézier control net explicitly can be formulated as follows.

13
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Define A,,, B,,, C,,, and D,, by Eq. (5).

Define Ay ¢, By, and Cy ¢ by Proposition 2.

Define the matrices M, N, N, N, A and the vectors x and y by
Lemma 5.

Define the constant terms p and q by Proposition 6.

Define % and y%" by Proposition 6.

Define z}%ye,w by Eq. (11).

Compute the control points Py, by Eq. (10).

We have finally achieved our purpose: We now have the explicit expression
of any interior control point as a linear combination of boundary control points.
Nevertheless, it would be desirable to obtain a generating function, as we did
in [6] for the harmonic case. If a generating function is known, the linear
combinations of boundary control points that describe the whole control net
are obtained more easily from this function. Unfortunately, for the time being
we are unable to do that, not even for the biharmonic case.

Therefore, as could be expected, the linear combinations of boundary control
points that describe a harmonic control net imply a lower computational cost
in comparison to the PDE surfaces satisfying the general fourth-order PDE we
compute here. In any case, as we have said before, given the degree of the Bézier
surface the set of scalar factors in the linear combinations that describe interior
control points only needs to be calculated once: one pattern for any given
degree. Once we have this pattern associated to the given degree, a change in
the boundary control points can be made freely without significantly increasing
our computational cost.

In the following subsections we will consider the modified biharmonic and
the biharmonic equation, which are particular cases of our general fourth-order

PDE.

14



3.3. The modified biharmonic case.
In [7] we can find the polynomial form of the explicit solution to the modified

biharmonic equation,
YUUILIL + QQQ?UUUU + a4?U'UUU = 07 (15)

where o € R. For k,¢ > 1,

S S N 28] | L
Al = 77 7 <(__) ? {_] k+2[£],6 mod 2 T (=)l Sl ay oa00 Elye | -
(5] + [4] a2 2 (5] 2 (5]
(16)
This expression of the power basis coefficients of the PDE surface, ay g,
simplifies our work to find the Bézier solution of the modified biharmonic case.

Moreover, in this special case we find some more symmetry relations. As before,
we have that

Qg lw = Z’}L*k,nfé,nfw Ve, low = Z?Lfk,nfé,nfw

51?,2 = Zifk,nff 7'1?7@ = Z?L*k},nfe

But, in addition, if we suppose that Py ¢ are the control points of a Bézier

PDE surface, ?(uﬂ)), satisfying Eq.(15) and we define Qg ¢ = Pp_j ¢, we get
the control net of the surface y (u,v) = X (1—u, v) that also fulfils the modified
biharmonic equation. Thus, following the same reasoning as before, we obtain

some more symmetrical coefficients,
3 _ .4
Rt = Pkn—t-

Therefore, in sum, we would only have to compute three different coefficients,

n—1 n—1
1 1
Pkl = E Zn—kn—0n—w Po,w + E 2l lw P7L7’w

w=1 w=1
n—1 n—1
2 2
+ E Zn—kn—0n—w PUMO + E 20w PUIJL
w=1 w=1

4 4 4 4
+2n k-t P00+ 2o Pon + 2o Pno+ 250 Pan.

In order to compute 2} , ,, by means of Eq.(11), we find the matrix system

we solved in Lemma 4 again, but now we can give an easier formula of the

15
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matrices involved since

(—%)[%] [£] tmod 2 (—az)[g] [£] smod 2
Bs,t = = s t Cs’t = s t
(5] + [3] 5]+ [5]
for s,t =2,...,n and with By; =0 and C;; = 1.

Athttp://demonstrations.wolfram.com/AlphaBiharmonicBezierSurfaces
we have implemented a Bézier a—biharmonic surfaces generator (see Figure 2).
There, the reader can compute his or her own examples. Some resulting bihar-

monic surfaces are shown in Figure 3.

spha 1 ¥

a4 SIG 7|8|9
net of control points
v
s
v At

Select a boundary control point...
First, choose the boundary

boundary Iﬁrst row vl

then, choose the control point position L

posiim[_0-123456| ,

... and change its height: e

i o
o <ol ,

z

Wolfram @' Demonstrations Project demonstrations wolfram.com

Figure 2: A Bézier surface generator for the modified biharmonic case can be found at

http://demonstrations.wolfram.com/AlphaBiharmonicBezierSurfaces/.

3.3.1. The Biharmonic case.
This case is a particular case of the previous one with a@ = 1. In [14] the
existence of the solution was proved and in [7] we gave it explicitly in terms of

the power basis. For k,¢ > 1,

A, = [g]lf[%] ((—1)[5] [g} A 2[4] .t mod 2 T (—1)[5] [g] A% mod 2,2[§]+1z> :

16
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Figure 3: These are some biharmonic examples obtained thanks to the surface generator
mentioned above. Once the initialization has been evaluated for a given degree, although the

general biharmonic case takes a longer time than the harmonic, interactive design is possible.

As in the modified biharmonic case, we can add some symmetry properties.

In fact it will be enough to compute two coefficients,

n—1

n—1
1 1
Pk?yé = E Zn—k,n—f,n—w P07w + E :Zk,f,u) Pn,w
w=1 w=1

n—1 n—1
1 1
+ E Zn—e,n—k,n—w Pw»o + E Zf,k,u) Pw,n
w=1 w=1
4 4 4 4
+Zn—k,n—l PO,O + Zn—k,t PO," + Zln—1 PMO + 20 Pn7n’

4. Conclusion

In this paper we show how elliptic PDEs can be used as an intuitive surface
generation and manipulation tool.

Our previous work in this field consists in, first, finding out how many control
points are free for prescription in order to determine a PDE surface and, second,
obtaining explicit PDE surfaces in the power basis of polynomials. Now, our
third step is to provide explicit PDE surfaces in Bézier formulation.

We have compared computational times in order to show the advantages
of obtaining an explicit PDE surface in its Bézier form, although improving
computational cost was not our main reason for solving this problem. In essence

our motivation comes from a theoretical point of view: explicit formulas are
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wanted as a Bézier characterization of PDE surfaces and as a direct method to

avoid the three-step algorithm involving the standard basis of polynomials:

1. Compute the standard basis coeflicients, aj ¢, prescribed by the given
boundary control points.

2. Determine those ay ¢ still unknown with the explicit solution in the power
basis of polynomials we gave in [7] and which we recalled in Proposition 2
(Explicit Power Basis Formulas) or by directly solving the linear system
associated to the PDE (No explicit solution).

3. Come back to the Bézier basis.

Our goal here was to gain explicit knowledge of the scalars that characterize
a PDE surface control net, and then avoid the change of basis.

Obviously, since we are solving general fourth-order PDEs, the expressions
we obtain are not easy to read. Nevertheless, we hope they could help to solve
other problems, such us finding a generating function at least for the easier case
of biharmonic surfaces, as we did in [6] for harmonic surfaces.

Reduction of computational cost is an additional advantage. The following
table shows a comparison between methods for computing our PDE surfaces.
We have compared execution times, on a personal computer, of our Mathematica
8.0 programs for computing a PDE surface, corresponding to three equivalent
methods. In the first column of the following table we show the computational
time with our method described in this paper, Fxplicit PDE Bézier surfaces.
Furthermore, there are two methods following the three-step algorithm involving
the standard basis of polynomials: first with the use of the explicit solution in
Proposition 2 (Explicit Power Basis Formulas) and the second one substituting
this step by directly solving the linear system associated to the PDE (No explicit
solution). Let us remark that we did not consider solving the linear system
associated to the PDE in Bézier basis directly because the times required are

extremely long.
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n  FExplicit PDE  Explicit Power  No explicit
Bézier surface Basis Formulas solution

4 1.079 4.578 0.328

5 1.656 7.281 2.172

6 3.672 15. 13.344

7 10.5 28.625 20.609

8 36.422 53.812 61.719

9 120.75 109.891 1881.13

10 404.234 270.844 14737.8

We can see that our new method improves computation times for degrees smaller
than 9, which is good since Bézier surfaces of small degrees are the most com-
monly used in CAGD. When more complex surfaces are required, B-Spline sur-
faces are generally used instead of increasing the degree of a Bézier surface.

In any case, all of these methods allow interactive design equivalently since,
for a given degree, all of them lead us to the expression of inner control points as
a linear combination of boundary control points. Once these expressions have
been computed for a given degree, with the corresponding speed afforded by the
method, the PDE surface can be obtained in real time and freely changing the
boundary.

Smooth surfaces conforming to a given boundary can be modelled taking
advantage of working with PDE surfaces, without the need to enter the whole

control net, but only the boundary control points.
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