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Abstract
The numerical study of electromagnetic wave prop-

agation in nanophotonic devices requires among oth-
ers the integration of various types of dispersion mod-
els, such as the Drude one, in numerical methodolo-
gies. Appropriate approaches have been extensively
developed in the context of the Finite Differences
Time-Domain (FDTD) method, such as in [1] for ex-
ample. For the discontinuous Galerkin time-domain
(DGTD), stability and convergence studies have been
recently realized for some dispersion models, such as
the Debye model [2]. The present study focuses on
a DGTD formulation for the solution of Maxwell’s
equations coupled to (i) a Drude model and (ii) a
generalized dispersive model. Stability and conver-
gence have been proved in case (i), and are under
study in case (ii). Numerical experiments have been
made on classical situations, such as (i) plane wave
diffraction by a gold sphere and (ii) plane wave re-
flection by a silver slab.

1 Drude model
The Drude model describes the response of certain

dispersive media to an electromagnetic wave propa-
gating in a certain range of frequencies. The con-
sidered model permits to establish a dependency be-
tween the permittivity of the material and the an-
gular frequency of the electromagnetic wave in the
following form:

εr,d(ω) = ε∞ −
ω2

d

ω2 + iωγd
,

where ωd, γd and ω are respectively the plasma fre-
quency and the damping constant of the medium,
and the angular frequency. Adding a Drude disper-
sion model therefore implies a coupling, in the time
domain, between the electric field E and an addi-
tional field, the dipolar current (Jp), through an ODE
whose solution we choose is here approximated in a
DG framework. A centered fluxes DG method has
been chosen to develop a numerical approximation
of the problem, given the geometry and the inho-
mogeneous media to be considered. It is associated

with a second-order Leap-Frog scheme in time, there-
fore inducing a non-dissipative scheme. A theoretical
study of the latter has been made, demonstrating an
error convergence in O

(
hmin(s,p) + ∆t2

)
, where p is

the spatial order of approximation, and s is related
to the regularity assumptions made on the electro-
magnetic field.

2 Generalized dispersive model
Recently, several arbitrary dispersive models have

been proposed, such as the Critical Points (CP)
[3] and the Complex-Conjugate Pole-Residue Pairs
(CCPRP) [1]. Here, another formulation is consid-
ered: in accordance with the fundamental theorem
of algebra, the permittivity function is written as
a decomposition of a constant, one zero-order pole
(ZOP), a set of first-order generalized poles (FOGP),
and a set of second-order generalized poles (SOGP).
This leads to the following expression in the fre-
quency domain:

εr,g(ω) = ε∞−
σ

jω
−
∑
l∈L1

al

jω − bl
−
∑
l∈L2

cl − jωdl

ω2 − el + jωfl
.

This general writing allows an important flexibility
for two reasons: (i) it unifies most of the common
dispersion models in a single formulation (such as
Drude, Drude-Lorentz and Debye media for exam-
ple), and (ii) it permits to fit any experimental data
set in a reasonable number of poles (and thus a rea-
sonable number of coefficients). The stability and
convergence properties of the resulting DG formula-
tion seem at first glance to be a feasible extension
of the Drude case, and are currently under investiga-
tion.

3 Numerical validations
First, a simple validation case has been set up in

order to verify that the orders of convergence theo-
retically obtained for the Drude model based DGTD
method were achieved. A unitary PEC cavity with
dispersive properties defined by a Drude model is de-
fined. A forced source current has been added to the



set of equations in order to obtain an analytical so-
lution to compare with. The calculated convergence
orders match the theoretical prediction, as presented
in table 1.

Then, a more physical case is considered: a gold
nanosphere of radius 20 nm, whose properties are de-
scribed by a Drude model, is illuminated by a plane
wave, the latter being modulated in time by a gaus-
sian function. The discrete Fourier transform of the
field is processed along the computation, and is in the
end compared with the Mie solution1 of the problem,
which is taken as a reference solution. A good ade-
quation has been found between the reference and
the numerical solution, which is displayed on figure
1. Further accuracy and performance assessment will
be performed on this fondamental case, then paving
the way to situations of high interest in the nanopho-
tonic domain.
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1The Mie theory provides an analytical solution to diffraction
problems in the case of spherical obstacles.

Table 1: Convergence orders with P1 and P2

approximations for the PEC cavity case.

(a) Convergence rate, P1

Refinement Convergence rate
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(b) Convergence rate, P2

Refinement Convergence rate

1
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1
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1
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Figure 1: E field magnitude in the frequency
domain calculated by the DGTD method in
the vicinity of the gold nanosphere. The view

is a z = 0 slice.


