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Single-file diffusion on self-similar substrates
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Abstract. We study the single file diffusion problem on a one-dimensional lattice
with a self-similar distribution of hopping rates. We find that the time dependence of
the mean-square displacement of both a tagged particle and the center of mass of the
system present anomalous power laws modulated by logarithmic periodic oscillations.
The anomalous exponent of a tagged particle is one half of the exponent of the center
of mass, and always smaller than 1/4. Using heuristic arguments, the exponents and
the period of oscillations are analytically obtained and confirmed by Monte Carlo
simulations.
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1. Introduction

The origin of the anomalous diffusion on fractal substrates has been well understood
several decades ago (see, e.g., Ref. [1-5]). However, in the last years, it has been
repeatedly reported that, on certain kind of self-similar objects, the anomalous diffusion
is modulated by logarithmic-periodic oscillations (see, e.g., Ref. [6-13]). In all these
cases, the time behavior of a single random walk (RW) or a set of noninteracting RWs
were studied. The origin of the anomalous diffusion (with or without oscillations) can
be found in the self-similar character of the substrate where the particles move.

It is also well known that the anomalous diffusion can also appear in a simple
one-dimensional lattice if hard-core interaction between particles is considered, i.e., two
particles cannot occupy the same lattice site, and a particle cannot cross over another
one (the so called single-file diffusion). More specifically, the mean-square displacement
(MSD) of a tagged particle behaves as A?zrye ~ t?H¢ (with 2vge = 1/2) after a
crossover time, which depends on the concentration of particles (see, e.g., Ref. |[14-19]).
Note that, despite hard-core interactions, the center of mass of the system presents a
normal behavior. This model, and similar ones, are useful to describe several microscopic
processes in physics, chemistry and biology (see, e.g., Ref. [20-22]).

The aim of the present work is to study the single-file diffusion problem on the
one-dimensional lattice with a self-similar distribution of hopping rates introduced in
Ref. [23]. We find that, for a tagged particle, the MSD presents a global anomalous
behavior A2xyc ~ t?#¢ (with 2vge < 1/2) modulated by log-periodic oscillations.
The center of mass also follows an anomalous behavior modulated by oscillations.

The paper is organized as follows. In Sec. [2| we describe the substrate where the
diffusion takes place. In Sec.[3|we review the analytical solution found for non-interacting
particles diffusing in this substrate [23]. In Sec. 4| we derive analytical solutions for the
case of many particles interacting through a hard-core potential; we analyzed both the
time evolution of the center of mass (Sec. and that of a tagged particle (Sec. [£.2).
In Sec. o, we show the results of numerical simulations and compare them with our
theoretical predictions; in the oscillatory regime (Sec. , and in the long time regime
(Sec. 5.2). Some final remarks are exposed in Sec. [f]

2. The substrate

We use the self-similar one-dimensional model introduced in Ref. [23], which depends
on two parameters L (integer greater than 2) and A (real positive). See Fig. (1| and this
reference for further details. The particles only jump between nearest-neighbor sites of
the lattice. The substrate where the particles diffuse is built in stages and the result of
every stage is called a generation. In the zeroth-generation substrate, all the hopping
rates are identical (qp). In the first generation, the hopping rates that correspond to
every lattice site j = pL — (L +1)/2, with p integer, are set to ¢; (< qo), while the other
hopping rates remain as in the generation zero. This process is iterated indefinitely



Single-file diffusion on self-similar substrates 3

and, in general, the generation n is obtained from the generation n — 1 after replacing
by ¢, (< gn_1) the values of the hopping rates which correspond to every lattice site
j=pL"— (L"+1)/2, with p integer. In the limit of an infinite number of iterations
(n — 00) we get the model, with a distribution of hopping rates ¢;, (i = 1,2, ...) defined
by
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Figure 1. Construction of a lattice with a self-similar distribution of hopping rates
(L = 5). The lattice sites i (i € Z) are located between consecutive barriers. The site
i =0 is located in the center of the scheme. Top: The zeroth generation (n = 0) with
all the hopping rates equal to go. Center: The first generation (n = 1), where the
hopping rates q; appear. The corresponding barriers are separated by a distance L.
Bottom: The second generation (n = 2) shows the emergence of the hopping rates ¢o
separated by a distance L2. In the limit n — oo a self-similar distribution of hopping
rates is obtained. For more details, see the text.

3. Non-interacting particles

In order to introduce the procedure used to obtain expressions for the period of the
oscillations and the exponent of the MSD, we begin by analyzing the case of non-
interacting particles.

As shown in Ref. [23], on the substrate obtained after an infinite number of
iterations, the diffusion of a single particle is perfectly self-similar. Then, if we
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consider a set non-interacting particles performing independent RWs, for length scales
between ~L" and ~L"™! (n = 0,1,2,...), everything occurs as in the periodic lattice
of the generation n, and the MSD of any tagged particle of the sample A’z =
([xni(t) — 2x:(0)]?) (where (...) denotes average over RW realizations) as a function
of time t satisfies

A2z, = 2Dt (2)
where
D& = qo/(1 4+ \)" (3)

is the single particle diffusion constant of the n'® generation substrate. More generally,
because of the infinite set of diffusion constants, {Dl(\ff); n=20,1,2,..}, for a time
t > 1/qo, the behavior of A%z (t) is well described by

AZle(t) = tzyf(t)v (4)
where f(t) is a log-periodic function, which satisfies f(t7) = f(¢). The values of the

single particle RW exponent v and the logarithmic period 7 are, respectively [23],
1

V= log(1n) (5)
2+ iggL)
and
r=(1+NL> . (6)

4. Hard-core interactions

If the N particles, which diffuse on the self-similar substrate described, above are not
independent but interact with each other, the problem is considerably more complex.
In what follows we study the case of hard-core interactions. That is, two particles
cannot occupy the same lattice site and a particle cannot cross over another particle.
We address first the behavior of the center of mass and then that of a tagged particle.

4.1. Center of mass

In spite of the interactions, the center of mass of the system T(t) = (1/N) S, x4(t)
mirrors the behavior of an independent particle. For any one-dimensional periodical
substrate of period ¢, the center-of-mass MSD A?Z(t) = ([Ty;(t) — Tay(0)]?) is directly
proportional to time ¢ and and inversely proportional to N, i.e.,

NA?Z(t) = 2Dt; (7)
a valid relation for times such that \/A2Z(t) > ~v¢. That is, normal diffusion should be
observed if time is long enough for the RW to be influenced by the structure periodicity.
The constant ~ is, roughly speaking, the fraction of ¢ the center of mass has moved

when start realizing the substrate is periodic. Both v and the coefficient D in Eq. 1}
depend on the concentration, ¢, of particles and on the manner they interact.
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Figure 2. (Color online) Schematic of the center-of-mass MSD as a function of
time, shown by the thick red curve. The length of the segment bc is log(2ﬁ(1)) —
log(Zb(Z)) = log(1 + A), because of Eq. . From the slopes (= 1) of the full

straight lines (representing the normal diffusion behaviors, NA?ZTye = 2D(n) t),
one gets that the segments ad and cd have the same length or, equlvadently7 that
logT = log L? + log(1 + \). The dashed straight line represents the global power law
A%Tyo ~ 1?7 with 20 = log L?/ log 7. More details in the text.

When the interactions are of hard-core type, it is found that D = Dy (1 — ¢) [24]
(let us note that the system is equivalent to a chain of N particles), where Dy, is the
diffusion coefficient of non-interacting particles on the same substrate. In particular, on
the n'" generation substrate in Fig.

=0 _ () (1—¢)g
D" =Dy(l—c¢)=-—"—
w c) 1+’ (8)
and the MSD of the center of mass will satisfy
NA*To(t) = 2Dt (9)

for ¢ long enough, i.e., such that A?Zy(t) > y*L?" (L™ is the period of this substrate).
For hard-core interacting particles, diffusing on the full self-similar substrate, the
center-of-mass MSD will behave as in the n'® generation substrate for a time longer than
t™ | given by ATy (t™) ~ 42L*" but shorter than t™+Y given by A2Zy.(t" D) ~
V2L2 ) For times between ™Y and ¢+ where A?Zyq (1) ~ 72L2("+2), it
should happen that NA?Tyc(t) = oDt t, and so on. Thus, we expect that the MSD
of the center of mass behaves as sketched in Fig. 2| where the thick red curve represents
the function A*Tyc(t). In the same figure, the inclined solid lines represent the normal
diffusion of the center of mass in every periodic substrate of the construction in Fig.
(with a coefficient D™ for the generation n), and were drawn to guide the eyes.
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According to Eq. , the ratio between consecutive coefficients results
E(n)

S =14\ (10)
which implies, as is evident after simple geometrical analysis of Fig. [2, that both the
random walk exponent and the period of the oscillations are the same as for non-

interacting particles, i.e.,

U= 1;7 (11)
and
T=(1+N\)L>. (12)

4.2. Tagged particle

When N hard-core interacting particles diffuse in a one-dimensional medium, single-
file diffusion occurs, and for a periodic substrate, after a transient time, the MSD of a
tagged particle of the sample satisfies [16]

A2z (t) = %\/Dmt, (13)

where a is the lattice spacing.

In an infinite-size system, this anomalous diffusive behavior with a RW exponent
v = 1/2 occurs for ever but, in a real system, normal diffusion of the tagged particle
is recovered after a crossover time, which grows with system linear size and decreases
with particle concentration [164|19).

For the substrate we are interested in, i.e., the self-similar lattice in Fig. [T} the task
of capturing the behavior of one tagged particle looks harder. However, the analysis
becomes straightforward if we assume that for a time t between t™ and ¢tV the
whole system behaves as in the n''-generation periodic substrate, or, in other words,
that every characteristic time t™ (n = 1,2,...) plays the role of a crossover between
two dynamical regimes; each one identical in average to that observed on some of the
periodical substrates in Fig. [T}

With this assumption, and according to Eq. , the MSD of a tagged particle will
be

A2xyo(t) = %\/D%L}t, for t between t™ and ¢tV (14)
and more generally, the form of A%z, () will be as sketched in Fig. [3} a qualitative plot
of a global power-law trend modulated by a log-periodic function, i.e.,

Alzyo(t) = t70g(t),  with g(tr) = g(t). (15)

In Fig. , the inclined solid line with slope of 1/2 correspond to the MSD of a tagged
particle in the different generations, which approximate the function A%zy.(t) on the
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Figure 3. (Color online) Schematic of the MSD of a tagged particle as a function
of time, shown by the thick red curve. The length of the segment b’c’ is

log (K(c)y/Dﬁ}R) — log <K(c) Dﬁ?) = log (14 \) /2, because of Eq. . From
the slopes (= 1/2) of the full straight lines (representing the tagged particle behaviors,
Alxyc(t) = K(c)\/Dl(\;)t, with K(c) = %), we obtain that the length of the

segment ¢’d’ is half of that a’d’. The dashed straight line represents the overall trend
AQJTHC ~ t2§HC, with 21/HC =7.

perfect self-similar substrate when ¢ lies in the appropriate time window. In Eq. ,
we have made explicit that g(t) is a log-periodic function with the same logarithmic
period 7 of f(t) (Egs. and (), as is evident from the fact that for both the center
of mass and the tagged particle 7 = t("*1 /t(") The dashed straight line stands for the
overall general trend, i.e., ~ t?#¢. As for the center of mass case, the exponent vy as
a function of L and A is dictated by the geometry of this figure:

B %log(T) — %log(l + A)

2V = 16
Vi log(7) ’ (16)
or, according to Eq. @,
v
Vyc = 5 (17)

Thus, we conclude that the MSD of a tagged particle shows a general power-law
trend (with an exponent that is half that of the center of mass) modulated by log-
periodic oscillations (with the same period as the center of mass).

5. Numerical results

5.1. Oscillatory regime

To check the validity of the analytical predictions stated above, we have performed
Monte Carlo (MC) simulations, with gy = 1/2 and the distance between nearest-neighbor
lattice sites a = 1. Each lattice site can either be occupied by only one particle or empty.
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Figure 4. The MSD of the center of mass as a function of time. Circles: L = 5
and A = 5; which give the analytical overall exponent 2 = 0.642. Triangles: L = 3,
A = 8§; giving 20 = 0.5. We used ¢ = 0.9 and an average over 30000 trajectories in
both cases. Straight lines with the theoretically obtained slopes were drawn to guide
the eyes. Inset: Is the same data, but with scaled axis. The solid line is a sine function
with the theoretical period 7 found. Phase and amplitude are fitted parameters.

We used a sixth-generation lattice (L sites) with periodic boundary conditions. This is
a self-similar substrate up to a linear scale of L. At ¢t = 0, N particles (N = cL®) are
distributed at random on the lattice. They then evolve according to the corresponding
hopping rates ¢;,7 = 0, ..., 5. Because of hard-core interactions, if a particle jumps to an
occupied site, it returns to the previous position. The simulations were performed up
to time t = 10° and the lattices used were large enough to avoid that the MSD of the
center of mass reaches the normal diffusion regime given by Eq. @D with n = 6.

The numerical results of the center-of-mass MSD as a function of time is plotted
in Fig. [ for two sets of parameters, L = 5, A = 5 and L = 3, A = 8. The dashed
straight lines have slopes 2 (with the theoretical values from Eq. (1I))) and serve
to confirm that A?Z(t) satisfy modulated power laws with these exponents leading
the general trend. The modulations are better observed in the inset, where we have
plotted NA%Z/t?” versus t, using the same data as in the main plot. Those curves
were rigidly displaced in the vertical direction to avoid undesirable superposition of the
data points. The curvilinear lines are of the form Asin(2wlog(t)/log(7) + «), with A
and « fitted parameters, which corresponds to the first-harmonic approximation of a
periodic function, with period log(7). Note the very good agreement between theory
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Figure 5. The MSD of a tagged particle as a function of time. Circles: L = 5
and A = 5; which give the analytical overall exponent 2vyc = 7 = 0.321. Triangles:
L =3, A\ = 8; giving 2vgec = 7 = 0.25. We used ¢ = 0.9 and an average over
2 x 107 trajectories in both cases (all the particles of each sample were used as a
tagged particle). Inset: Is the same data, but with scaled axis. The solid line is a sine
function with the theoretical period 7 given by Eq.[I2] Phase and amplitude are fitted
parameters.

and simulations.

The corresponding Monte Carlo results for the tagged particle are plotted in Fig. 5
There, the dashed straight lines represent the theoretical overall behavior of A%z g (t).
Their slopes are 2vyc =7 (Eq. ), and they were drawn to guide the eyes.

In the inset we have plotted A?zpc/t” as a function of time with the data of the
main plot, and sinusoidal curves with logarithmic period 7 Eq. @ Note again the very
good theory-simulation agreement.

At very short times the effects of hard-core interactions are not completely present.
The Monte Carlo results are different from the predicted analytical behavior (See the
insets of Fig. 4| and Fig. . As expected, the numerical results not shown here indicate
that the length of this transition regime increases when the concentration ¢ decreases.

5.2. Long time regime

In order to check the validity of Eq. (where D is given by Eq. ) we build
the zeroth, first, and second generation of Fig. [If on a finite lattice of L = 5 sites with
periodic boundary conditions. In these cases, Eq. holds for t > t". As mentioned
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Figure 6. Long time regime of the MSD of a tagged particle in a finite lattice build
with zero (A), one () and two (O) generations. Parameters: L = 5; A = 5; ¢ =
0.9; and an average over 2 x 10° trajectories. The horizontal dashed lines represents
the asymptotic behavior of Eq. for n = 0,1 and 2 from top to bottom. The
vertical dashed lines represent the period 7 given by Eq. .

above, at very long times, it is expected that the diffusion of a tagged particle reaches a
normal behavior (i.e., A%z ~ t) due to finite-size system effects [16]. The simulations
were performed up to time t = 3 x 10°, and the size of each lattice was chosen large
enough in order to avoid the normal regime. In Fig. [6] one can observe a very good
agreement between Eq. and numerical results.

Let us remark that, for the first generation, our results are similar to those in
Ref. [25] (single-file diffusion on a periodical potential). Indeed, if we assume the
Arrhenius behaviors ¢y = Aexp(—FEy/kgT) and ¢1 = Aexp(—E,/kgT), the MSD of
a tagged particle results as in Eq. (14) with n = 1; and the prefactor of v/# takes the

form \/ DYG (d/kgT), where T the absolute temperature, kp the Boltzmann constant,
Ey and E; energetic barriers, and d = E; — Ej.

6. Conclusions

We have studied the single-file diffusion problem on one-dimensional self-similar
substrates. The system presents a sub-diffusive behavior modulated by log-periodic
oscillation. We have found that the global RW exponent of the center of mass 7(< 1/2)
is equal to the exponent v for a single RW (i.e., when there is only one particle diffusing
on the same substrate), while for a tagged particle, the global RW exponent vyc is



Single-file diffusion on self-similar substrates 11

equal to 7/2. For both quantities, the oscillations occur with the same period 7. The
Monte Carlo results are in very good agreement with the values of 7 and 7 analytically
obtained.

In recent years, many efforts have been dedicated to the study of the single-file
diffusion of a tagged particle in a simple one-dimensional lattice where the RW exponent
vuc is 1/4 [14H519]. The novelty of this paper is that, by choosing an appropriate value of
A for a given L, it is possible to design a self-similar structure to obtain a predetermined
value of vpc(< 1/4). In this case, the resulting diffusive motion will be modulated by
logarithmic periodic oscillations with a period 7 = L/?nc,
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