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STRUCTURE OF METRIC CYCLES AND NORMAL
ONE-DIMENSIONAL CURRENTS

EMANUELE PAOLINI AND EUGENE STEPANOV

ABSTRACT. We prove that every one-dimensional real Ambrosio-Kirchheim
normal current in a Polish (i.e. complete separable metric) space can be nat-
urally represented as an integral of simpler currents associated to Lipschitz
curves. As a consequence a representation of every such current with zero
boundary (i.e. a cycle) as an integral of so-called elementary solenoids (which
are, very roughly speaking, more or less the same as asymptotic cycles intro-
duced by S. Schwartzman) is obtained. The latter result on cycles is in fact a
generalization of the analogous result proven by S. Smirnov for classical Whit-
ney currents in a Euclidean space. The same results are true for every complete
metric space under suitable set-theoretic assumptions.

1. INTRODUCTION

In [10] it has been shown that every acyclic normal one-dimensional real current in
a complete metric space can be naturally decomposed in curves, the decomposition
preserving the mass and the boundary mass. Namely, roughly speaking, every such
current T can be represented as an integral

r- [ 100

of simple rectifiable currents [#] associated to injective Lipschitz curves 6: [0,1] — E
over some measure 7 defined on the latter set of curves ©(E), the mass of the current
M(T') being equal to the integral of the masses M([f]) (in this particular case equal
to lengths £(6)) of the respective curves,

w(r) = [ waohno) = [ (6 dn(o),
o(E) O(E)

with n-a.e. 8 € O(FE) belonging to the support of T, and a similar decomposition

being valid also for boundary masses. This is a direct generalization to metric

currents introduced first by E. De Giorgi and further studied by L. Ambrosio and

B. Kirchheim in [1] of the analogous result for Whitney currents in a Euclidean

space proven in [13].

The primary goal of this paper is to prove the analogous decomposition result for
all (not only acyclic) real one-dimensional metric currents. This is accomplished in
Corollary 3.3 based on Theorem 3.1 which fills the gap by providing an appropriate
decomposition of cycles, i.e. real one-dimensional metric currents without boundary.
It is curious to mention that the latter theorem is mainly based on the decomposition
of acyclic currents.

Once the primary goal is accomplished, it becomes natural to ask whether any
cycle can be decomposed as an integral of currents associated to closed curves.
Unfortunately, as shown in [13] this is not true even for the Euclidean space, but at
least in a Euclidean space every one-dimensional real Whitney currents with zero
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boundary (i.e. a cycle) can be decomposed in so-called elementary solenoids (called
also solenoidal vector charges in [13]). Such solenoids, i.e. the natural “elementary”
cycles, are strictly related to the asymptotic cycles introduced by S. Schwartzman
in [11] and further studied in [12] (in fact, roughly speaking, up to technical details,
and in particular up to the fact that Schwartzman asymptotic cycles are normally
defined as elements of the space of homology classes [7], one may identify the two
notions). It is worth remarking that these objects appear quite natural in the
problem of representation of homology classes of manifolds (see [7, 9, 8, 6]). The
decomposition of a one-dimensional cycle into such solenoids appeared to be quite
helpful in the study of Mather’s minimal measures [2, 5].

Here we prove the analogous result for Ambrosio-Kirchheim currents in an ar-
bitrary complete metric space. Namely, we introduce the notion of a solenoid as a
current S over a metric space E such that there exists a Lipschitz curve §: R — E
with Lip 6 < 1 with the property

. 1
S = tilgrnoo Q—t[[ﬂ\_[—t, t]]
in the appropriately weak sense, while the trace §(R) of the curve 6 is in the support
of S, ie. §(R) C suppS. We show then that, roughly speaking, for every cycle T
with compact support there is a measure 7 concentrated over the set C' of solenoids
of unit mass such that

T= /CSdn(S),

M(T) = /C M(S) dn(S),

and a similar result holds also for arbitrary cycles (not necessarily with compact sup-
port). The result we provide for cycles with compact support in an arbitrary metric
space (Corollary 4.5) is the precise generalization of the result of [13] on decomposi-
tion of cycles in a Euclidean space restricted to cycles with compact support, since
for Ambrosio-Kirchheim normal currents in compact subset of a Euclidean space
the notion of mass coincides with that of the usual Whitney currents. The careful
reader would observe that the result we provide for the general case of currents with
possibly noncompact support (Theorem 4.4) is “almost like” the respective general
result in a Euclidean space setting from [13], the difference standing in the different
definitions of mass for metric currents and for Whitney currents in a Euclidean
space.

It is curious to note that although the technique used to prove Theorem 3.1 which
is the basis for all the results present in this paper resembles the basic idea of [13]
of extending the space F by an “extra dimension” and considering the appropriate
extension of the original current 7', the main line of the proof is in a certain sense
opposite to that used in [13]. Namely, here we use the representation result for
acyclic currents from [10] as a starting point, while in [13] one does the contrary,
i.e. first proves the decomposition result for cycles and then deduces the respective
results for acyclic currents from the latter. Therefore, since the proofs in [10] do
not depend on the results of [13], we may consider also the results present in this
paper independent on that of [13] even in the Euclidean setting.

2. NOTATION AND PRELIMINARIES

The metric spaces are always in the sequel assumed to be complete. The para-
metric length of a Lipschitz curve 0: [a,b] — E will be denoted by £(#). The space
of Lipschitz functions 0: [0,1] — E equipped with uniform distance and factorized
by reparameterization will be denoted by ©(FE) (see [10]). Every element of ©(FE)
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therefore represents an oriented rectifiable curve. For a finite Borel measure 7 over
O(FE) we set (i) := e;un, where e;: ©O(E) — E are defined by e;(0) := 0(i), i =0, 1.

In the sequel we will always assume that the mass measures of the currents we
are dealing with are all tight (in fact, Radon, since the underlying metric space is
complete). This is not restrictive because, as mentioned in [1], the theory of metric
currents remains valid under such a requirement. Thus, all our results hold in every
complete metric space E for normal currents 7' when its mass measure pr (and the
mass measure of its boundary par, if appropriate) is tight, and hence, in particular,
for normal currents in a Polish (i.e. complete separable metric) space. Equivalently,
one could assume that the density character (i.e. the minimum cardinality of a
dense subset) of every metric space is an Ulam number. This guarantees that every
finite positive Borel measure is tight (even Radon when the space is complete), is
concentrated on some o-compact subset and the support of this measure is separable
(see, e.g., proposition 7.2.10 from [4]), and is consistent with the Zermelo-Fraenkel
set theory.

All the measures we will consider in the sequel are signed Borel measures with
finite total variation over some metric space F¥. The narrow topology on measures
is defined by duality with the space Cy,(E) of continuous bounded functions. The
supremum norm over Cy(E) is denoted by || - || co-

For metric spaces X and Y we denote by Lip(X,Y) (resp. Lip,(X,Y) and
Lip,(X,Y)) the set of all Lipschitz maps (resp. all Lipschitz maps with Lipschitz
constant k, the set of bounded Lipschitz maps) f: X — Y. If Y = R we write just
Lip(X), Lip.(X), Lip,(X) respectively.

For the metric currents we use the notation from [10] which is almost completely
taken from [1], except mainly the notation for the mass measure. In particular,
D*(E) = Lip,(E) x (Lip(E))* stands for the space of metric k-forms, its elements
(i.e. k-forms) being denoted by fdm, where f € Lip,(E), = € (Lip(E))*, My(E)
stands for the space of k-dimensional metric currents, N (E) stands for the space of
k-dimensional normal metric currents, M(T") stands for the mass of a current T', and
ur stands for the mass measure associated to this current. The one-dimensional
current associated to a Lipschitz curve 6: [a,b] — E will be denoted by [0], namely,

b
[61(f dr) = / F(6()) dr(0(1))

for every fdr € DY(E). Recall that M([0]) < £(). The weak topology in My (E)
is defined by a family of seminorms {T' — |T(w)| : w € D*¥(E)}. It is clearly a
Hausdorff locally convex topology. The notation S < 7T means that S is a subcurrent
of T in the sense that M(S) + M(T — S) = M(T).

3. DECOMPOSITION OF NORMAL CURRENTS IN CURVES

The first important result of this paper is the following statement.
Theorem 3.1. Let T € My (E) satisfy 0T = 0. Then there is a finite positive Borel
measure 7] over O(E) such that

T(w) = /@ 1) 10),

M) = [ M) din6) = / (6) dn(6),
o(E) O(E)

for all w € DY(E), while 7(0) = 7j(1) = ur and fj-a.e. € O(E) belongs to supp T
and has M([0]) = ¢(0) = 1.
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To prove this theorem we need some preliminary constructions. Equip the space
E x [0, 1] with the distance

doo((ul,tl), ('LLQ,tQ)) = d(ul,ug) V |t1 — tQ‘.
Let T € My (E) satisfy 0T = 0. Define
T =T x pgo,1y) + pr % [[0,1]] € N1(E x [0, 1]).

Letting Pg: (z,t) € E x [0,1] = x € E and P: (z,t) € E x [0,1] — t € [0,1], we
get
PeaT =T,  PuT' =M(T)[[0,1]].
Further,
oT' = nr & (51 — (50)
and M(7T”) = M(T) by Lemma A.9. At last, we have the following statement.

Lemma 3.2. T’ is acyclic.

Proof. Let C" < T’ be a cycle, and let C' := PyC’. We have
M(PyT" — C) + M(C) = M(Py(T" — C")) + M(PxC")
<M(T" - C")+M(C") = M(T") = M(PxT"),
which means C < PxT’ = M(T)[[0, 1]], and hence C' = 0. But M(C) = M(C’),

since otherwise in the above relationship the inequality would be strict, which is
impossible. Hence, M(C") =0, i.e. C' =0. |

We are now ready to prove the announced result.

Proof of Theorem 3.1. By representation theorem for acyclic one-dimensional cur-
rents [10][theorem 5.1] one has

(W) = /@ o A0

M(T') = / «(6) dif (6),
O(Ex[0,1])

for some finite positive Borel measure 7’ over O(E x [0,1]) and for all w’ € D(E x
[0,1]), while n’-a.e. 8 € E x [0,1] is an arc belonging to supp 7”, and
1'(0) = pr @ do, n'(1) = pr ® 6.
Denoting 7 := Pgy1n’, we get
T(0) = (PepT)(w) = T'wo Pe) = [ [8](wo Pe) i/ ®).
O(Ex[0,1])
(3.1)
— [ @I 6) = [ [6lw)dn).
O(ExX[0,1])

o(E)
This also implies
M(T) < [ M([o]) dii(6) < / 0(6) di(9),
o(E) o(E)
On the other hand,
/ 0(6) di(6) = / (P (6)) dif (6)
O(E)

O(Ex[0,1])

(3.2)
</ ((6) dif (0) = MI(T") = M(T),
O(Ex[0,1])
and hence
(3.3 () = [ we]) dne) = [ e(o)dn(o)
O(E) O(E)
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Further, in (3.2) the inequality is in fact an equality, and hence
U(PE(9)) = £(0) > ds(60(0),0(1)) > 1

for n'-a.e. € O(F x [0,1]), the latter inequality being true because P(6(0)) =
and P(0(1)) = 1 for n’-a.e. § € O(F x [0,1]). Thus £(f) > 1 for 7-a.e. 6 € (E)
But then from (3.3) one has M(T) > 7(©(E)). Recall now that 7(0) = (1) = pr.
This implies M(T") < 7(©(F)), and therefore M(T') = 7(©(F)). Thus £() = 1 for
fra.e. 0 € O(E).

The relationship (3.1) implies also

(OT)(f) = /@ , F60) = 560 dn(0)

/ f@)di(1 / fa / e —1(0)) (@),

so that 9T = 7(1) — 74(0), which gives 77(0) = 7j(1). Finally, 7-a.e. § € O(F) belongs
to supp PexT’ = suppT O

The above theorem allows to formulate the following corollary on the structure
of all one-dimensional real metric currents.

Corollary 3.3. Let T € Ni(E). Then there is a finite positive Borel measure 7
over O(E) with the total mass f(O(E)) < M(T) + M(9T) such that

T(w) = /@ ) o),

MT) = [ M([6]) di(6) = / «(6) dn(6),
o(E) o(E)

for all w € DY(E), with fj-a.e. § € O(E) belonging to suppT.

Proof. Decompose (say, by proposition 3.8 from [10]) T'= S+ C with S < T acyclic
and C < T acycle, i.e. 9C = 0. Use theorem 5.1 from [10] to decompose S in curves
and the above Theorem 3.1 to do the same for C'. This gives the result. O

As a toy application we mention here for purely illustrative purposes the following
immediate corollary on nonexistence of nontrivial normal currents in the space
without rectifiable curves.

Corollary 3.4. Let E be a metric space which has no nonconstant Lipschitz curves.
Then Ni(E) contains only the zero current for all k > 1.

Proof. For k = 1 this follows from the Corollary 3.3. For general k proceed by
induction: suppose that the statement is true for k — 1, i.e. Ny_1(E) contains only
the zero current. Let T € Ny (E), and consider an arbitrary 7, € Lip(E). Then
for every ¢ € R the slice (T, 7, t) € Ni_1(F) and hence (T, 7, t) = 0 by induction
assumption, which by slicing theorem 5.6 from [1] gives T'udn, = 0. Consider now
an arbitrary fdr € D*"1(E). Then minding the alternating property of currents
(theorem 3.5 from [1]), we get

|T(fdmy A ... Ndrg—1 Admy)| = |Todmg(f dm)| = 0,
so that T' = 0. g

4. DECOMPOSITION OF CYCLES IN SOLENOIDS

This section is dedicated to another decomposition result for one-dimensional
real metric currents without boundaries (i.e. cycles). In fact, given the validity
of Theorem 3.1, it is natural to ask whether any cycle can be decomposed as an
integral of (currents associated to) closed curves. As it is shown in [13] this is
unfortunately not true even in the 3-dimensional Euclidean space R? but at least in
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all Euclidean spaces there is a natural decomposition of cycles in so-called solenoids
(called also solenoidal vector charges in [13]). We will extend this result to generic
metric spaces.

We start with the following corollary of Theorem 3.1.

Corollary 4.1. Let T € My (FE) satisfy 0T = 0. There is a finite positive Borel
measure 7 over X := C([0,1]; E) (with the topology of uniform convergence) con-
centrated over Lip, ([0, 1]; E) such that

T(w) = /X [6](w) di(0),
M(T) = /X 0(6) dif(9) = (X)),

for all w € DY(E), while fj-a.e. € X belongs to supp T, and 7j(0) = 7j(1).

Proof. Let h: O(FE) — X send every § € O(FE) in its parameterization with constant
speed. It is enough to set then 7 := hyx%, where 7 is provided by Theorem 3.1. [

Now we will prove the following extension statement.

Proposition 4.2. Let 7 be a Borel measure over C([0,1]; E) satisfying the prop-
erties provided by Corollary 4.1. Then there is a Borel measure 7} over C(R; E)
(equipped with the topology of uniform convergence over bounded intervals) concen-
trated over Lip, (R; E) such that

(a) muh = 7, where m: C(R; E) — C([0,1]; E) is the map defined by w(8) :=
(b) gif) = 1), where gt: O(R;E) — C(R;E) are the shift maps defined by

(c) forij-a.e. 8 € C(R; E) one has O(R) C suppT.

Remark 4.3. The measure 7] provided by the above Proposition 4.2 satisfies

m—1 m—1
memr@ =3 [ B0 =3 [ o) bie)

=N

_ Z /L [6[0, 1]](w) di(6)

ip; (R;E)

=n

_ i /L i) die)

— [ pplnmll) i)
Lip, (R; E)
for all {m,n} C Z and w € D'(E). Analogously,
(m =) = [ 2 ([Oufn,m]]) di0).
Lip; (R;E)

Proof. The proof will be achieved in two steps.

STEP 1. Without loss of generality we may assume 7] to be a probability measure.
Let X := C([0,1]; E) be equipped with the usual uniform topology, and let e;: X —
E be defined by e;(#) := 6(t). Consider the Borel probability measures 7 over X
defined by the disintegration formulae

1= (eow) ®ny =7(0) @nt,
= (e1n) ®@n, =7(1) @n,,
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nie) = *+(e) dn x) = —(e)dn €T
iie) /Em()dn(o)() /Em()dn(l)()

for every Borel e C X. It is worth remarking that since 77(0) = 7(1), then 0} =7, ,
while both measures are defined for 7(0) = 7(1)-a.e. z € E, so we may omit the
superscripts writing just 7, instead of 17;‘[.

Define now inductively the measures 1, over X* by setting for all k¥ € N and
Borel e C X%,

m = 777
ni(e) = /X7];;71(1)(@(91,...,%,1))dnk—l(ola~~-aak—l)a

where egg, g, ) =10 € X: (01,...,0k_1,0) € e}, so that in particular,

nr(er X ... X ep) = Ua71(1)<ek)dnkfl(91; vy Ok1),

e]X...Xep_1

na2(e1 X ea) Z/ 77;1(1)(62)d771(91)-

Let mp_q1: XF = XF1x X - XF1and 7F~1: XF = X x X*1 — X*~1 be defined
by
Te—1(Z1, ., Th—1,2) := (T1,...,Tp—1),
A CA R R (S
i.e. as in Lemma B.4. Note that

nk(exX):/ng)l_l(l)(X)dnk,l(Gh...79k,1):/dnk,l(el,...,ﬁk,l)

— a(0)

for every Borel e ¢ X*~! which means Tr—14Mk = Nr—1 for all £ € N. On the
other hand,

(X xea) = [ e dn®) = [ (e an((@) = nien) = m(ea).

Assuming inductively that W’;ﬁflnk = n—1 for some k € N, k > 2, we get

Mea1(X X ez X ... X epy1) :/ na(l)(ekﬂ)dnk(@l, o 0r)
X><€2>< Xek+1

- / 77;;(1)(6k+1) dni—1(02,...,0k)
eaX...X€k41

=ni(e2 X ... X €xt1),

and hence by induction 71';&_177]6 =ng_q forall ke N, k£ > 2.
By Lemma B.4 there is a Borel measure 7, over X% such that for p;(z) := (z),
one has

l l
(4.1) ne | (V7 ) | =ms | [ e
J=k J=k

for pj(x) = x;. In particular, one has
(i) mx is concentrated over (Llpl([O 1]; )%, B B

(ii) 74n. =7, where 7: X% — X7 is the map defined by 7(0) := 64,

(iil) 7. 1s invariant with respect to the shift maps gt: X% — X7 defined by
(g

(0))k = Oz,
(iv) for n.-a.e. 8 = {0y }rez one has 0 (1) = 0x11(0) for all k € Z,
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(v) for n.-a.e. § = {01 }rez one has 0y C supp T for all k € Z.

In fact, (ii) and (iii) are immediate from (4.1), (i) follows from the fact that 7 is
concentrated over Lip, ([0, 1]; E'), while to prove (iv) it is enough, in view of (iii), to
prove that

n2({(61,62) € X?: 01(1) # 62(0)}) = 0.

The latter equality follows by a simple calculation
12({(61,02) € X: 61(1) # 62(0)}) = /)(77&(1)({92 € X: 01(1) # 62(0)}) dij(61)
= [ e € X: 2 £ 0D di1)(@) =0,

the final equality being due to the fact that 7, is concentrated over e, ! (z). Finally,
0.({0: 0 & suppT}) = 0. ({0: 61 ¢ supp T}) by (i)
=7({0: 0 ¢ supp T'}) by (ii)
=0,

which proves (v).
STEP 2. Define the map ¢: X% — E® by setting

q(0)(¢) = 01 ({t}),

and set 1) := qun.. Clearly, for n.-a.e. § = {0 }rez one has q(f) € C(R; E), since
for every k € Z one has

lim g0 = b () = 6:0), by (i)
=, lim RIQIO

and hence, by (i), ¢(f) € Lip,(R;E), so that 7 is concentrated over Lip;(R; E).
Finally, (a) follows from (ii), (b) follows from (iii) and (c) follows from (v). O

We are now in a position to prove our main results regarding decomposition of
cycles in solenoids. Let E be a metric space with distance d and X C E be a
o-compact set. Consider X to be equipped with the distance d and consider the
new distance d over X provided by Lemma B.1 (with X in place of E) and let X
stand for the completion of X with respect to d (equipped with d). We may write,
slightly abusing the notation, Lip(X) C Lip(X) identifying each v € Lip(X) with
its restriction to X. Analogously, C(X X) C Cyp(X). Thus, D¥(X) ¢ D¥(X), and
hence, My,(X) = My (X) with continuous immersion (namely, for every T € - M (X X)
one has that M(T') < M(T'), where M stands for the mass norm in M (X)). We
start with the following general result.

Theorem 4.4. For every T € Ni(E) having 0T = 0 and supported over a o-
compact set X C E there is a finite positive Borel measure ) over Lip; (R; E) such
that for n-a.e. 6 there is a limit

(4.2) Sg = lim f[[eL[ t,1]] € My (X)

t——+oo 2t

in the weak sense of currents in My (X), while

T(w) = / Sp(w) dii(8) for all w € DY (X),
Lip, (R; E)

M(T) = 7)(Lip, (R; E))
and the trace 6(R) C supp T,

(4.3)
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Proof. For every w € D'(E) and every 6 € Lip, (R; E) we define

fu(0) = [6:[0, 1]](w).
By Remark 4.3 (with m := 1, n := 0) one has that f,, € L'(C(R; E);7) (so that in
particular f, is finite on C(R; E) for f-a.e. § € C(R; E)). By the ergodic theorem
one has the existence for 7j-a.e. § € C(R; E) of a limit

_ 1 & .
fo(0) = lim — fu((g7)(0))
(4.4) k—+oo 2k j:z_:k g
— lim [0k K] (),

T hostookeN 2k
and the validity of the relationship

(4.5 [ r@ae = [ pede).
C(R;E) C(R;E)
Let {w/} € D'(X) be as in the proof of Lemma A.1, and let C; C C(R; E) be
such a set of curves that (4.4) is valid for w = w’ and all § € C(R; E) \ C;, so that
7(Cj) = 0. Set €' := U;C;. Minding that 1y 1o (g xy(£) = 1/2k — 0 as k — oo
and M (55 [0L[—k, k]]) < 1, for all 6 € Lip, (R; E), hence for 7-a.e. 6, while the X is
compact, we get that the sequence of currents {57 [0k, k]]} is precompact in the
weak topology of currents in Ml(X' ). On the other hand, by the choice of C' one
has that the latter sequence of currents is convergent in the distance d,,, and thus,
by Lemma A.1, also in the weak sense of currents in M;(X) for all § € C(R; E)\ C.
We have proven therefore the existence for 7-a.e. § € C(R; E) of a limit

1

Sp = li
o k—>+1£keN2k

[0 [k, K]]

in the weak sense of currents M; (X)) with

/ So(w) dil(6) = / £.(0) di(9) = / [x(6)](w) di(9)
C(RE) C(RE) C(R;E)
- / [o](w) dii() = T(w)
C([0,1;E)

for all w € D'(X). We show now that Sy is in fact as in the statement being proven,
i.e. 1
Sg = lim —[O[—tg,t
o= dm g et tel]
in the weak sense of currents for every sequence t;, — 400 as k — 400, because

i 0t tull = B0 1))

_ i ([6c[—tx, —Lta )11 + [0 [1e), ]]) + ﬁ ( _ Lig) (=Lt ), [ 1L,
which implies

o8 (g5 I tus )] = Tl Lo L) < -+ (1= B2 50
as k — oo.

Minding that
M(T) = H(C(R; E)),

and that 7) is concentrated over Lip; (R; E), we conclude the proof. O

We may now formulate the following important corollaries to the above state-
ment.
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Corollary 4.5. Let E be a metric space. Then for every T € Ny(E) with compact
support having 0T = O there is a finite positive Borel measure 1 over Lip;(R; E)
such that for n-a.e. 0 there is a limit

Sy = lim %[[Gl_[—t,t]]] € Mi(E)

t— o0

in the weak sense of currents in My (E), and the trace 6(R) C supp T, while

Lip, (R;E)

(4.6)
M(T) = / M(S5) dn(8) = n(Lipy (R; E)),
LiPl (R§E)

so that in particular, Sp C M1(E) has unit mass for n-a.e. € Lip, (R; E). Finally,
we may assume O(R) C supp Sp for n-a.e. 0.

Proof. Without loss of generality we assume E to be compact. We now repeat the
proof of Theorem 4.4 with the original space E instead of the compactification X,
getting the existence for 7j-a.e. 6 of a limit

. 1
So = tllinoo Q*t[[ol—[*t»t]]] € My (E)

in the weak sense of currents in M;(E), such that
)= [ Siw)di(0)
Lip, (R; E)
for all w € D' (E), which implies
M) < [ M(S)dil6) < (O B) = M(D),
C(R;E)

and hence in particular M(Sp) = 1 for -a.e. 6 € C(R; E).

The trace §(R) C supp T for fj-a.e. § € C(R; E) by Corollary 4.1. This gives all
the claims of the theorem being proven but the last one for n := 7. Finally, to prove
the last claim, consider the set

Y= {S e My(E) : 8S = 0,M(S) < 1}.

Clearly ¥ is a convex compact subset of M;(E), and ¥ equipped with the weak
topology of currents is compact and metrizable by Lemma A.1. We claim now that
if S € ¥ is extremal, then S = Sy for some 6 € Lip;(R; E). In fact, consider the
representation

S(w) = / So(w) d(6),

(4.7) OR:E)

M(S) = / M(Sp) dn(6) = n(C(R; E))
C(R;E)

for all w € DY(E). Note that (4.7) implies that for every Borel e C C(R; E), defined
S1() = [ Sa(w)dn(o),
for all w € D'(E), one has S; < S, because

(5 - S1)(w) = / So(w) diy(6),

C(R;E)\e
and hence
M(S1) < n(e)
M(S = S1) < n(C(R; E) \ e),
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so that M(Sy) + M(S — S1) < n(C(R; E)) = M(S). Since S is extremal, then
S1 = AS for some A € [0,1] and thus M(S1) = n(e) = A, so that we can write

1
REL&MWW)

If S # Sp, then there are two different curves {61,602} C Lip;(R; E) such that
Ry := Sp, # Ry := Sy, and for every £ > 0 one has n(B.(R;)) > 0, where B.(R;)
stands for the set of § € C'(R; EF) in the support of n such that Sy € B.(R;), the
notation B.(R;) standing for the ball of radius e and center R; in the space of

cycles (with respect to the distance d,, provided by Lemma A.1), i = 1,2. Choose
an w € D'(E) such that

(4.8) S(w) =

a:=|Ri(w) — Ra(w)| >0,
and an € > 0 such that
IR(w) — Ri(w)| < % for all R € B.(R;), i=1,2.

B.(R;)
so that
1 1 .
0 O 5 oy SO

This contradicts the equality

So(w) dn(9) = S(w)

1 1
Ai/ Sp(w) dn(0) = Ai/
1(Be(R1)) JB.(r) 1(Be(R2)) Jb.(r2)

valid in view of (4.8), and thus shows the claim.
Clearly also for every extremal point S of ¥ one has M(S) = 1, hence

n(C(R; E)) = M(S) = 1,

and therefore we have proven that for such S one has the representation (4.7) with
S = Sp for n-a.e. € C'(R; E). Since it has already been proven that one may assume
n (4.7) that 6(R) C supp S for n-a.e. § € C(R; E), then one has §(R) C supp Sp. It
remains now to refer to Choquet theorem [3, theorem 4.2] to show the existence of
a representation (3.2) with 6(R) C supp Sp for n-a.e. 6 € Lip;(R; E). ]

Another corollary refers to the noncompact case.

Corollary 4.6. For every T € Ni(E) having 0T = 0 and supported over a o-
compact set X C E there is a finite positive Borel measure 1 over Lip; (R; X) such
that for m-a.e. 6 there is a limit

Sp = lim %[[0\_[—15, t]] € My (X)

t——+oo 2t

in the weak sense of currents in My(X), and the trace O(R) C supp T, while

T=/ ~ Sydn(6),.
Lip; (R; X)

(4.9)
Wﬂz/‘  WI(Sy) dn(6) = n(Lip, (R; X)),
Lip; (R;X)

s0 that in particular, Sy C My (X) has unit mass for n-a.e. § € Lip, (R; X). Finally,
ws, are concentrated over O(R) for n-a.e. 6.
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Proof. Tt is enough to apply Corollary 4.5 with X instead of E. (]

APPENDIX A. SOME STATEMENTS REGARDING CURRENTS

Here we collect some statements regarding currents which are used in this paper.
We start with the following statement regarding metrizability of the weak topology
of currents.

Lemma A.1. Let X C E be a o-compact set. Then there is a distance d,, over
My (X) which generates a topology coarser than the weak topology of currents, such
that for every ¥ C My (X) weakly sequentially precompact, the topology generated
by d,, over ¥ coincides with the weak one.

In particular, if X C My (E) is such that the family of measures {pr + por }res
is uniformly tight and there is a C > 0 such that M(T) +M(0T) < C for all T € 3,
then weak topology of currents is metrizable over X.

Proof. Let {K,} be an increasing sequence of compact subsets of F such that
X = U,K,. Notice that Lip,,(K,) is separable with respect to the norm || - ||oc-
Recall that every function in Lip,,(X) can be uniquely extended to a function in
Lip,,(X). Hence it is possible to endow Lip,, (X ) with a separable metric inducing
uniform convergence on each K,. Let Z™ C Lip,,(X) and

Zy"" € {u € Lip,,,(X) : [lulloc <n}

be countable dense subsets with respect to this metric. Set Z := US_,Z™ and
Zy = Up_y ne1 2" We let then

do (T, T") 22 I(T (W) = T' (W) A 1),

where {w/} = Z, x (Z2)F ¢ D¥(X), ie. w = fidr] A ... Adrl with 7 € Z,
wg € Zforall j e Nand all i = 1,..., k. To show that this is a distance, assume
dw (T, T") = 0 for some T € Ny(X), T’ € Ni(X). This means T(w’) = T"(w’) for
all w/. But for any w = fdm A ... Adm, € DF(X), letting m € Z be such that
Lipm; < m, Lipf < m, we may ﬁnd a sequence of w/ = fJ d7r1/\ /\dﬂ'k € Zyx(2)k
with f9 — f, 7rf — m, 1 =1,...,k, pointwise over X (in fact, even uniformly over
each K,) as j — oo and Lipwg < m, Lipf/ <mforal j € Nandi = 1,...,k.
Then for every Z € X and and arbitrary z € X one has

7 (@) = ma(®)] < |7 (@) = 7 (@) + ] (2) = mo(@)| + |mi(F) — ()|
< 2md(z, x) + |7 (z) — ()],

which, minding the convergence 7l (x) = mi(x), gives the convergence 7/ (Z) — ; (%)
as j — oo. Hence, 7! — m;, i = 1,...,k (and analogously f/ — f) pointwise over
X, and thus by the continuity property of currents we get T'(w) = T"(w) for all
w € D¥(X), which means T = T". Clearly, the topology induced by d,, is coarser
than the weak topology of currents.

Let now T, € X, where X be as in the statement of the lemma being proven, and
assume that d, (T, T) — 0 for some T € My, (X), so that T, (w’) — T(w’) for each
wl € Zy x (Z)* as v — 0o. Under the assumptions on ¥, every subsequence of T},
has a further subsequence (all subsequences not relabeled) such that T, — T in the
weak sense of currents, hence also d,,(7,,T) — 0 as v — oo. Hence d,,(T,T) = 0,
i.e. T =T, and therefore the whole sequence {T},} converges to T in the weak sense
of currents.

In the particular case indicated in the statement we let {K,} be an increasing
sequence of compact subsets of E such that ur(K,)+ por(K,) < 1/v, X :=U,K,,
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and refer to the fact that ¥ is sequentially precompact in the weak topology of
currents by theorem 5.2 from [1]. O

Remark A.2. In the above Lemma A.1 it is possible to choose the distance d,, over

M (X) so as to have additionally the semicontinuity property for masses

(1.1) M(TLU) < liminf M(T, U)

for every open U C X, and in particular

M(T) < liminf M(T,)

whenever d,,(T,,T) — 0. In fact, for this purpose let {z;} C X stand for a count-
able dense subset of X, and consider the countable family of open sets F = {U;}
consisting of all finite unions of open balls B, (x;), where {r;} = Q is the enumer-
ation of rational numbers. Let also p; stand for the projection map from R* to
the Euclidean unit ball B;(0) C R*. Now, in the proof of the above Lemma A.3
when constructing Z, one should first add to Z, := Uﬁzl’n:lZ;”’" to each k-uple
of functions (f1,..., fx) C Zy also the function py(fi(), ..., fe(:)), and then add to
the obtained set of functions (let us call it Z}) all functions of the form uly,; for all
u € Zj and U; € F thus forming the set Z,. Now, to prove (1.1) it is enough to
prove
k

(1.2) > T(fid;) < limint M(T, .U)

i=1
whenever Zle fi <1y and Lipm; < 1. One can then find sequences {f 121 C 2y
and {7} }32, C Z such that Ele f? <1y, Lipr! <1 and

fzj_>f’b7 Wi—>7Tz‘

pointwise as 7 — oo. Then

k
lim inf M(T,,LU) > liminf » T, (f/ dr?)
i=1
k o k o
> liminf T, (ff dnl) =Y T(f] drl),
i=1 i=1
and taking a limit in the above inequality as j — oo we get (1.2), and hence (1.1).

Lemma A.3. If T, € My(F) and T € My(E) be such that T, — T in the weak
sense of currents and M(T,) — M(T) as v — oo, then pur, — pr in the narrow
sense of measures.

Proof. One has pr, (E) — p(E) and
pr(U) < liminf pr, (U)

for every open U C FE, and therefore p1, — pr in the narrow sense of measures by
theorem 8.2.3 from [4]. O

Remark A.4. Tt is easy to observe that the result of the above Lemma A.3 re-
mains true if the condition 73 — T in the weak sense of currents is substituted
by the weaker one d,,(T;,T) — 0 once the distance d,, satisfies the semicontinuity
property (1.1) (the proof is word-to-word identical to the above one).

The following lemma allows to pass to diagonal subsequences in the weak con-
vergence of currents.
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Lemma A.5. Let E be a metric space, T € Ny(E), Tj € Np(E) and T} € Ny(E)
be such that

T; =T as j — oo,
7" —Tj as m — oo,
in the weak sense of currents, and
M(T;) — M(T), M(0T;) — M(OT') as j — oo,
M(T}™) — M(Ty), M(OT}") — M(9T}) as k — oo.

Then there is a subsequence of m = m(j) such that ij(j) — T in the weak sense
of currents, Popm () — 1 and Hopm@) — HoT in the narrow semse of measures as
j j

j — oo.
Proof. Note that under the conditions of the statement being proven
HT; = KT, por; — Hor as j — 00,
KT = HTy, HoTm — [oT; 88 M —+ 00,

in the narrow sense of measures by Lemma A.3.
Let K, C E and K]} C E be such compact sets that

pr, (K7) + por, (K7) < 1/v for all j € N,
MT;?L((KZ)C) + MaT]m((KZ)C) <1/v, for all m € N.
Note that setting
X =K u| K.,
IV v

we have that all T, T/ and T are concentrated over X. Let d, stand for the

distance over N (X) provided by Lemma A.1, and denote by |- ||o the Kantorovich-
Rubinstein norm metrizing the narrow topology on positive finite Borel measures
over X (see [4][theorem 8.3.2]). For every n € N choose a j = j(n) and m = m(n)
such that

1 " 1
dw(ﬂyT) S ﬁad’w(Tj aT]) S Ey
i, = el < o o, = oy <
BTy = Hrilg = 3 [[HOT; — HoTllg = 7
< ! < !
HHT;" THT| S w HOTM™ — HaTy || = o
Clearly, with this construction
T = lim T; = lim 7"
(1.3) ]LIEO J ji>nolo J

in distance d,,. But the sequences {ym) } and {y,m;) } converge in the norm
J J

[I]lo (hence also in the narrow sense of measures), and therefore, they are uniformly
tight by the Prokhorov theorem for nonnegative measures (theorem 8.6.4 from [4]).
Thus, by Lemma A.1, the convergence in (1.3) is also in the weak topology of
currents. g

The following lemma is in fact implicitly contained in [10] in the sense that its
arguments are widely used in that paper. We make it explicit here for the readers’
convenience.

Lemma A.6. Let E be a Banach space with metric approximation property, T €
Ni(E) with ur and por concentrated over a o-compact set. Then there is a sequence
of currents T,, € Np(E,) supported over some finite dimensional subspaces E,, C E,
such that T,, — T weakly as currents in My (E), pr, — pr and por, — por in the
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narrow sense of measures as n — co. In particular, if k = 1, then identifying the
zero-dimensional currents with measures one has (9T,,)* — (OT)* in the narrow
sense of measures as n — 0.

Remark A.7. From the proof of the above Lemma it is clear that when T is a cycle
(i.e. T = 0) with bounded support, then T}, are cycles as well.

Proof. Let {K,} be an increasing sequence of compact subsets of E such that pr
and pgr are concentrated on U, K,,, and let P, be a finite rank projection of norm
one such that ||P,x — z|| < 1/v for all z € K,,. Thus P,x — x as v — oo for all
reUK,.

Consider first the case when supp 7’ is bounded. Let T, := P,xT. Then T,, = T
in the weak sense of currents. In fact, for every fdr € D*(E) with Lipm; < 1 for
allt=1,...,k we have

|T(f o PydroP,)—T(fdn)| <|T(foP,droP,)—T(foP,dr)|+
T(f o Ppdr) = T(f dr)|

k
SZ/E|fopn|'|7TiOPn—7Ti|dM8T+
i=1

k
Lipr/ |7 0 Py — m;| dpr+
i=17E
|T(f o P, dm) — T(f drm)| by proposition 5.1 of [1]

< (Ifllow + Lip )k /E |Paz — 2 d(pior + pr) +
|T'(f o Ppdm) — T(f drm)|,

all the terms in the right-hand side tending to zero as n — oo by the choice of P,
(the first one by Lebesgue theorem, recalling that || P,z —z|| < 2||z|| and the support
of T, and hence of 9T, is bounded, while the last term because f(P,(z)) = f(z)
for ur-a.e. z € E).

Further, we have M(T,,) < M(T') which together with lower semicontinuity of
the mass with respect to weak convergence gives M(7,,) — M(T), and the latter
implies g, — pr in the narrow sense of measures as n — co. In the same way one
shows that par, — par.

For the general case of a current T with possibly unbounded support, we approx-
imate T by a sequence {T,,} C M (FE), such that each T, has bounded support and
M(T, —T) +M(9T, — 9T) — 0 as v — oo (for this purpose just take T, := TLg,
for a g, € Lip;(F) with bounded support having 0 < g, <1 and g, = 1 on B,(0)).
Approximating now each T, by the currents 7, as above, and choosing a diagonal
subsequence provided by Lemma A.5, we get the result. O

Lemma A.8. Let E be a finite-dimensional normed space endowed with the norm
-1, and T € My(E). Then

(1.4) T(fdﬁ):/ f(@)(Vr(x), () dpr (x),

E
when © € CY(E), for some Borel measurable vector field |: E — E satisfying
()] = 1 for pr-a.e. = € X, where (-,-) stands for the scalar product of vec-
tors.

Proof. The representation of T' in the form (1.4) with I € L°°(F;ur) is due to
theorem 1.3 from [16] when pr < £™; the general case follows by approximating T
by a sequence of Ty, € My (E) with T, = T, pup, — pr as k — 400, and pp, < L
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for all k¥ € N. Further, minding that ||V7(z)||" < Lipn for all z € E, where | - ||
stands for the norm in the space E’ dual to E, the representation (1.4) implies

T(f dm)] S/Ef(x)llvﬂ(w)ll“IIZ(x)IIduT(w) SLip?f[Ef(x)Hl(x)HduT(w%

so that, by the definition of the mass measure of a metric current one has pr <
[l|lger. This implies ||I(z)|| > 1 for pr-a.e. z € E. To prove the opposite inequality,
let a: R® — R™ be a Borel measurable vector field with ||a(z)|" = 1 such that
(a(z),l(z)) = [|l(z)|| (such a vector field exists, say, in view of corollary A.2.1
of [15]). Denote for the sake of brevity p := ||l||ur. For a given € > 0, we choose a
finite 6-net {c;}¥_; of the unit sphere {||z||’ = 1}, where § = £/u(FE), and set

E; = {lla(z) — el < 6}

Dy = Ex, D; = E; \U;_, Dy,

so that for a. := Zle 1p,¢; one has

k
/E o)~ acto)l dn =3 /D o) — e d

k
<8y w(D;) =puE) <e.

Letting m;: £ — R be a Lipschitz function with Lipm; = 1 and V&; = ¢;, one gets

k
pr{l >1+a}) > > T (Lgsiyalp, dmi)
=1

(ac, (2)) dpr (2)
{I>1+a}

> /{blm}(a,l(az)) dur(x) — /E lla — ac| - |1(x)]| dpr(z)
>A+a)ur{l>1+a}) —e.

Sending ¢ — 07, we get ur({l > 1+ a}) > (1 + a)ur({l > 1+ a}), which can be
only true when pr({l > 1+ a}) = 0. Since a > 0 can be taken arbitrary, we get
[I7]] <1 which concludes the proof. O

Now we consider another construction which is used in the paper. Let (E;,d;)
be metric spaces, i = 1,2, T1 € My(E;) and ps € Mo(E3). We define the current
Ty x Lo € Ml(El X EQ) by setting

(15) (T % ) = [ Tifel2)) dia(as)

E>

for every w = fdr € DY(E; x E3). Analogously we define u; x To € My (E; x Es)
for Ty € Ml(EQ) and [ Mo(El)

Lemma A.9. Let (E;,d;) be complete spaces, T; € N1(E;), i = 1,2, and
T:=T) X pr, + pr, X Ta € N1(Eq x Ea).
Then M(T) = M(T1)M(Tz), if the distance d in Ey X Es is defined by
d((z1,2), (27, 25)) = di(z1,21) V d2(z2,25).
Proof. Let us first observe that it is enough to show

(1.6) M(T") < M(T1)M(T3).



STRUCTURE OF METRIC CYCLES AND NORMAL ONE-DIMENSIONAL CURRENTS 17

In fact, denoting by P;: E; X Ey — E; the projection map P (z1,22) := 1, we
have
Pry(Ty x pr,) = M(T2)Th,  Pig(pr, x Tx) =0,
so that
M(T) = M(PrxT) = M(T1)M(13).

We divide the proof of the remaining claim (1.6) in three steps.

Step 1. Consider the case when F; are finite-dimensional normed spaces with
norms || - ||;. Then Fy X Fs is equipped with the norm ||(x1,x2)|| := ||z1|[1 V ||z2||2-
By Lemma A.8 we may assume

Eizla

Tfidr) = [ o) (Fme). ) dur (o). I
for every f;dm; € DY(E;). Then, for fdr € D'(E; x Es) one has
r(fan) = [ ( [, 22) (Va2 1) diany <x1>) dyir, (22)
Eo Eq
o ( F (1, 22) (Ve(a, w2), o) dper, <x2>) dyir, (1)
Eq Eo
- / Flan,a2)(Vr(ar, 22),1) dyir, © iy (1, 22),
E1XEo

where [ := (I1,0)+(0,12) = (I1,12) € E1 X E5. Since ||I|| = 1, we have by Lemma A.8
that ur = p, ® pry,, so that in particular M(7T) = M(T} )M(T%).

Step 2. We now show this result for the case when both F; are Banach spaces with
metric approximation property. Let T* € M;(E;) be normal currents supported
over some finite-dimensional subspaces of E; such that 7;> — T; in the weak sense
of currents, while pup: — ur, as n — oo (such sequences of currents exist due to
Lemma A.6, with T} := P,.T; in the notation of its proof). We claim that for

T = Tln X pry +,uT1n X T2n S Nl(El X Eg)

one has T™ — T in the weak sense of currents as n — oo. This would complete the
proof of this step since then

M(T) < liminf M(T™)
= lim inf M(T7")M(T3") (by Step 1)
= lim M(T7) lim M(TZ") = M(T})M(T%).

To show the claim consider an arbitrary w = f dr € D*(E; x Ey). One has

/E TP (w (-, 22)) dpirg (e2) = /E (TP — Ty)(w(-, 22)) dpr (2)
(1.7) 2 2

+ /E2 Ty(w(- 22)) dpry (22).

But (17" — T1)(w(-,z2)) — 0 since T7* — T, and moreover, the above conver-
gence is uniform over compact subsets of Es. In fact, 2§ — 29 in Ey implies
f(Pu(4),2%) — f(-,z2), pointwise, and hence also in ur, (because || f(-,25)|lco <
| flleo), and 7 (-, 25) — 7(-, x2), pointwise with Lip (-, %) < Lip, so that

T (w(- 73)) = Ta(w(Pa(-), 23)) = Ti(w(, x2))
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as n — o0o. Therefore,

/E (TP — 1) (-, 22)) dpry (22)

< / (T] = Ta) (@ (- 22))| d(Pagpirs ) (i2)
E>
- /E (T3 = T3) (e, Pa(2)))| djer (102) = 0

as n — +o0o by Lebesgue dominated convergence theorem, minding that

(T = T1)(w(+, Pu(x2)))] < (M(TT") + M(T1))|| f[loo Lipm < 3M(T1)]| f | oo Lip

when n is sufficiently large. On the other hand, the map zo C Ey — Ty (w(:,x2))
is bounded by M(71)|| f||coLip 7 and continuous by the basic properties of currents,
because, as just shown, x5 — x5 in E implies f(-,25) — f(-,22) in pz, and
7(-, %) — 7(-, 72) pointwise with uniformly bounded Lipschitz constants. There-
fore,
/ T (w(,22)) durp (v2) = [ Ti(w(:, 22)) dpr, (22),
E, E>
since pr2 — pr, as n — oo. Thus, from (1.7) we get

[E TP (- 22)) duy (22) = | Tr(w(-,2)) dpury (1),

Es

Analogously we obtain

| o) durp () - [ Tatelon, ) du (o),
E4 Ey
and hence the claim.

Step 3. In view of lemma 5.5 from [10] and of the previous step of the proof the
result is proven in the case By = FEy = (*°. If E; are arbitrary complete metric
spaces, we may assume without loss of generality that they be Polish (otherwise
just take suppT; in place of E;). Denoting then by j;: E; — £°° the isometric
imbeddings, and minding that p;, 1, = jizpr,, we get that

jl#Tl X oy Ty + Mgy Ty X j2#T2 = (jlan)#T'
But then M((j1,52)#T) < M(j14T1)M(jopT2) = M(T1)M(T3), but since the map
(J1,72): E1 x Eg — £°° x £ is an isometry, then M(T) = M((j1,j2)»T), and the
proof is completed. O

APPENDIX B. AUXILIARY LEMMATA FROM PROBABILITY THEORY

Here we collect some more or less folkloric statements (or something “around”
mathematical folklore) from abstract probability theory which are used in the paper.
We start with the following compactification result which is a variation on the theme
of lemma 3.1.4 from [14].

Lemma B.1. Let (E,d) be a separable metric space. Then there is a new distance
d < d over E topologzcally equivalent to d such that (E, d) is totally bounded. In
particular, denoting by E the completion of E with respect to d we have that E
is compact, while the space C(E) = Cy(E) is separable. Thus, letting Cy(E,d) to
stand for the set of bounded functions uniformly continuous over E with respect to
d, we get the existence of a countable set {fi.} C Cy(E,d) dense in Cy,(E,d) in the
uniform norm || + || o-

Proof. Let {x} C E stand for a countable dense set in F, and consider the map
g: E — [0,1]N defined by
d(x,xy)

gn(2) = o= P
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for all z € E. Note that [0, 1] is compact when equipped with the product topology,
while the latter may be metrized, say, by the distance

; o |7 — il
k=1

Thus, defining i A
d(x,y) = d(g(x),9(y))

for all {z,y} C E x E, we get that (E,d) is totally bounded.
Now, clearly,

- = 1| d(z, ) d(y, vx)
d(z,y) = kz::l 2k |1 4+d(z,zr)  1+d(y,zx)
<Y gl ar) = dly,ap)| < Y gpd(a,y) = d(z,y)
k=1 k=1

Vice versa, J(yj,y) — 0 for some y € E implies g,(y;) — gn(y), and hence
d(y;, zn) = d(y, x,,) for all n € N as j — co. Then

d(yj,y) < d(yj, zn) +d(y, ©n) — 2d(y, z,),

and hence, since x,, is an arbitrary element of a dense set in F, we get d(y;,y) — 0
as j — oo.

Hence, denoting by E the completion of E with respect to d we have that E
is compact, and therefore the space C(E) = Cy(E) is separable. Further, every
f € Cy(E) is clearly uniformly continuous. Vice versa, if f € Cy(E,d), then for
every fundamental sequence {y;} C E one has that {f(y;)} C R is fundamental,
and hence f can be extended by continuity to a function from C (E) Thus we may
identify C,(E,d) with C(E), so that the last claim of the lemma being proven is
just separability of C'(E). O

Remark B.2. For the case of a Euclidean space F := R" (or, more generally, for a
space with Heine-Borel property, i.e. a space where closed balls are compact) the
above Lemma B.1 gives just the ordinary Alexandrov one-point compactification
E. In fact, if a sequence {yr} C E is fundamental with respect to the new distance
d, then so is the sequence {d(yx,xn)/(1 + d(yk,x,))} C R for each n € N. Then
either of the following two separate cases may happen.

(i) d(yg,xn)/(1+d(yk,zn)) = 1, which means d(yx, x,) — oo for some n € N,
which happens if and only if y, — oo (i.e. d(yg,y) — oo for all y € E) as
k — co. This is the case when the {y;} determines the point oo € E.

(ii) The sequence {yx} is uniformly bounded (note that the case of yr — oo as
k — oo only for a subsequence of {y} is excluded since otherwise one would
have d(yk, ©n)/(1+d(yk, z,)) — 1 along this subsequence, and hence for the
whole sequence, since the latter sequence of numbers is fundamental). Then
up to a subsequence (not relabeled) y, — y € E, hence d(yx, z,) — d(y, Tn),
and therefore also d(yg,z,)/(1 + d(yk, zn)) — d(y,x,)/(1 + d(y,x,)) for
all n € N as k — oo. Again, the latter convergence must be now valid
for the whole original sequence, which means that the same must be true
also for convergence d(yg, ) — d(y,z,). Now, for any other convergent
subsequence of {yx} (again not relabeled), say, y — z € E, one would have
d(yk,x,) — d(z,x,), which implies d(y, z,) = d(z,z,) for all n € N. This
means y = z and hence the whole sequence {yx} is convergent to y € E.

Summing up, we have E = E U {oo}. Therefore, C,,(E,d) consists of continuous
(with respect to d) functions having (finite) limits at infinity.
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Remark B.3. In the case of a Euclidean space E := R"™ for every compact K C F
there is a C' > 0 such that

d(y,z) < Cd(y, z) for all (y,2) € K x K.

To show this suppose the contrary, i.e. the existence of {(yg,2;)} C K x K such
that

lim Ay, zk) .
k d(ykazk)

and thus

1; d(yka xn) d(zkv xn) 1
m —
k|1 +d(ye,zn)  1+d(zk,70)| d(yk, 2xk)

for all n € N, which is only possible when

o ) — d(e, )
k d(ykazk)

:0’

:O7

for all n € N. Since by compactness of K we may assume without loss of generality
that zx — 2z and yr — y as k — oo, then the above equality is only possible once
and in particular y = z. But for z,, # y the relationship

d(ykv $n) - d(zk’ Jin) Y—Tn Yk — 2k

= : +o(1
d(yr, z1) ly — 0| |yr — 2kl S

for k — oo holds. Since up to a subsequence (not relabeled) (yx — 21)/|yx — 21| — €
as k — oo for some unit vector e, then choosing an n € N such that

Y—Tn

— e >0,
|y - $n|
we get a contradiction with (2.1).

We also use in the paper the following easy consequence of corollary 7.7.2 from [4]
(i.e. of the Kolmogorov extension theorem).

Lemma B.4. Let (X,Y) be a measure space (X being a metric space and ¥ being
its Borel o-algebra) and ny be (Borel) tight probability measures over X* satisfying
the following compatibility conditions:

Thk—14#Mk = NMk—1,

W;]Zfl??k = NMk—1,

where mp_1: XF = XF 1 x X — XF1 and 7F71: XF = X x XF=1 5 XF=1 gre
defined by

7Tk_1(331, ‘e ,xk_l,a:k) = (3}1, ‘e ,xk_l),

T (g, @0, k) = (T2, ),

Then there is a probability measure 1, over X% such that

l l
| o) | =mr [ [[es] €3
j=k j=k

where pj: X2 — X is defined by p;(x) := (x);.
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