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We consider the properties of the gauge-invariant two-point correlation functions of the gauge-field
strengths for QCD in the presence of a magnetic background field at zero temperature. We discuss the
general structure of the correlators in this case and provide the results of an exploratory lattice study for
Nf ¼ 2 QCD discretized with unimproved staggered fermions. Our analysis provides evidence for the
emergence of anisotropies in the nonperturbative part of the correlators and for an increase of the gluon
condensate as a function of the external magnetic field.
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I. INTRODUCTION

The study of strong interactions in the presence of strong
magnetic fields has attracted increased interest in the last
few years (see, e.g., Ref. [1]). This is justified by the great
phenomenological relevance of the issue: the physics of
some compact astrophysical objects, like magnetars [2], of
noncentral heavy-ion collisions [3–7] and of the early
Universe [8,9] involve the properties of quarks and gluons
in the presence of magnetic backgrounds going from 1010

Tesla up to 1016 Tesla (jejB ∼ 1 GeV2). The study is also
interesting from a purely theoretical point of view, since it
reveals new nonperturbative features of non-Abelian gauge
theories.
One emerging feature is that gluon fields, even if not

directly coupled to electromagnetic fields, can be signifi-
cantly affected by them. This is not unexpected, since
effective QED-QCD interactions, induced by quark-loop
contributions, can be important, because of the nonpertur-
bative nature of the theory [10–26]. In particular, a uniform
magnetic background is expected to lead to gluon-field
anisotropies [10,11,16,22], which may also have phenom-
enological implications. This has been confirmed by
various lattice QCD studies [27–34]. In particular, anisot-
ropies have been observed in various pure-gauge quantities,
like the average plaquettes taken in different planes [30,31]
and the static quark-antiquark potential [35], with possible
effects on the spectra of heavy quark bound states [36].
In the present study, looking for a more systematic

analysis of the nonperturbative vacuum modifications
induced by the magnetic field, we consider the gauge-
invariant two-point field-strength correlators (see Ref. [37]
for a complete review on this subject), which are defined as

Dμρ;νσðxÞ ¼ g2hTr½Gμρð0ÞSð0; xÞGνσðxÞS†ð0; xÞ�i; ð1Þ

where Gμρ ¼ TaGa
μρ is the field-strength tensor, Ta are the

SUð3Þ generators in the fundamental representation, and
Sð0; xÞ is the parallel transport from 0 to x along a straight
line (Schwinger line), which is needed to make the
correlator gauge invariant. Such correlators have been first
considered, together with analogous correlators involving
fermionic fields, to take into account the nonuniform
distributions of the vacuum condensates [38–41]. Then,
they have been widely used to parametrize the nonpertur-
bative properties of the QCD vacuum, especially within the
framework of the so-called stochastic vacuum model
[42–44], since they represent the leading (Gaussian) term
in the cumulant expansion. Gluon-field correlators have
been also exploited as a tool to explore the response of the
QCD vacuum to external magnetic fields [25,45]; however
this has usually been done by considering the unmodified
correlators, i.e. computed at zero magnetic field. The
question that we approach here is different: how are
the zero-temperature correlators themselves modified by
the background field?
A first issue to be considered regards the symmetry

properties and the associated parametrization of the corre-
lators. In the vacuum and in the absence of external sources,
Lorentz symmetry implies a simple form for the two-point
functions in Eq. (1), which can be expressed in terms of two
independent scalar functions of x2, which are usually
denoted by Dðx2Þ and D1ðx2Þ [42–44]:

Dμρ;νσðxÞ ¼ ðδμνδρσ − δμσδρνÞ½Dðx2Þ þD1ðx2Þ�
þ ðxμxνδρσ − xμxσδρν þ xρxσδμν − xρxνδμσÞ

×
∂D1ðx2Þ
∂x2 : ð2Þ

The presence of a uniform external field breaks Lorentz
symmetry explicitly, so that such a parametrization is not
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justified any more, especially in light of the already
observed propagation of symmetry breaking from the
electromagnetic to the gluon sector. Therefore in Sec. II,
on the basis of the residual symmetries of the theory, we
discuss what form the correlators can take in this case.
Then, in Sec. III, we present an exploratory lattice

determination of the gluon-field correlators in a magnetic
field which is performed for Nf ¼ 2 QCD, discretized by
means of unimproved staggered fermions, and exploits
cooling as a technique to smooth out ultraviolet fluctuations.
Numerical results are analyzed, within the parametrization
proposed in Sec. II, in order to clarifywhich properties of the
gluon correlators are mostly affected by the presence of the
magnetic field. The analysis then focuses on a quantity of
phenomenological interest which can be extracted from the
gluon correlators, the so-called gluon condensate. Finally, in
Sec. IV, we draw our conclusions.

II. FIELD CORRELATORS IN A CONSTANT
MAGNETIC BACKGROUND

As we have already emphasized in the introduction, the
presence of an external field breaks Lorentz symmetry
[SOð4Þ symmetry in the Euclidean space], so that the most
general parametrization is more complex than the one
reported in Eq. (2). Let us discuss this point in more detail.
The required general symmetry properties for the corre-

lator in Eq. (1) are that it be left unchanged under exchange
of the μρ and νσ pairs, and antisymmetric both in the μρ and
in the νσ indices, i.e. we can write in general

Dμρ;νσ ¼
X
n

fnT
ðnÞ
μρ;νσ; ð3Þ

where (i) TðnÞ
νσ;μρ¼TðnÞ

μρ;νσ , and (ii) T
ðnÞ
ρμ;νσ ¼ TðnÞ

μρ;σν ¼ −TðnÞ
μρ;νσ .

A class of tensors satisfying such properties is written as

TðA;BÞ
μρ;νσ ≡ AμνBρσ − AρνBμσ − AμσBρν þ AρσBμν; ð4Þ

where Aμν and Bμν are two rank-2 tensors which are both
symmetric (Aνμ ¼ Aμν, Bνμ ¼ Bμν) or both antisymmetric
(Aνμ ¼ −Aμν, Bνμ ¼ −Bμν).
In the absence of external background fields, there are

only two available rank-2 tensors, which are symmetric and
can be constructed in terms of the metric tensor gμν ¼ δμν
and of the four-vector xμ: they are δμν itself and xμxν, so that
the most general parametrization reads as in Eq. (2),

Dμρ;νσ ¼ f1T
ð1Þ
μρ;νσ þ f2T

ð2Þ
μρ;νσ; ð5Þ

where

Tð1Þ
μρ;νσ ≡ 1

2
Tðδ;δÞ
μρ;νσ ¼ δμνδρσ − δμσδρν;

Tð2Þ
μρ;νσ ≡ Tðxx;δÞ

μρ;νσ ¼ xμxνδρσ − xμxσδρν þ xρxσδμν − xρxνδμσ;

ð6Þ

(Tðxx;xxÞ ¼ 0 by construction), while f1 ≡DþD1 and
f2 ≡ ∂D1

∂x2 (or, equivalently, D and D1) are two scalar
functions of x2.
In the presence of an external background field Fμν,

instead, many additional rank-2 tensors appear, both anti-
symmetric (like Fμν itself or Hμν≡hμxν−hνxμ, where

hμ≡Fμνxν) and symmetric (like Fð2Þ
μν ≡FμαFαν or Mμν ≡

pμxνþpνxμ, where pμ≡Fð2Þ
μν xν¼Fμαhα). Correspondingly,

many more terms appear in the parametrization in

Eq. (3), with new rank-4 tensors like 1
2
TðF;FÞ
μρ;νσ , TðF;HÞ,

Tðδ;Fð2ÞÞ, Tðxx;Fð2ÞÞ, Tðδ;hhÞ, Tðδ;MÞ and so on. Moreover, for
a magnetic field directed along the z axis, the coefficients
fn will depend separately on x2 þ y2 and on z2 þ t2,
because of the breaking of the Euclidean SOð4Þ symmetry.
All that makes a numerical analysis based on the more
general parametrization (3) of the correlator quite involved
and not easily affordable.
On the other hand, in our present investigation on the

lattice, we consider only correlators of the kind

Dμν;ξðdÞ≡Dμν;μνðx ¼ dξ̂Þ; ð7Þ

where the two plaquettes are parallel to each other and the
separation x is along one (ξ̂) of the four basis vectors of the
lattice [x̂ ¼ ð1; 0; 0; 0Þ, ŷ ¼ ð0; 1; 0; 0Þ, ẑ ¼ ð0; 0; 1; 0Þ,
t̂ ¼ ð0; 0; 0; 1Þ]. These amount, in general, to 24 different
correlation functions. Without any additional external
field, the symmetries of the system group these 24
correlators into two equivalence classes, usually denoted
(as in [46]) D∥ (when ξ ¼ μ or ξ ¼ ν) and D⊥ (when ξ ≠ μ
and ξ ≠ ν), with

D∥ ¼ DþD1 þ x2
∂D1

∂x2 ;
D⊥ ¼ DþD1: ð8Þ

The dependence of the correlators on the distance d, in the
case of zero external field, has been directly determined by
numerical simulations on the lattice in [46–50]1: the
functions D and D1 have been parametrized in the form

1In another approach [51], the correlators have been extracted
from lattice calculations of the heavy-quark potential, by analyz-
ing field-strength insertions into a Wilson loop under the
assumption of factorization, as in the stochastic vacuum model.
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D ¼ a0
d4

þ A0e−μd;

D1 ¼
a1
d4

þ A1e−μd; ð9Þ

where the terms ∼1=d4 are of perturbative origin and are
necessary to describe the short-distance behavior of the
correlators, while the exponential terms represent the
nonperturbative contributions. In particular, the coefficients
A0 and A1 can be directly linked to the gluon condensate of
the QCD vacuum [see Eq. (20) below], while the corre-
lation length 1=μ, which sets the scale of the spatial
variations of the nonperturbative vacuum fluctuations,
governs the effect of the condensate on the levels of QQ̄
bound states [38–41], and, moreover, enters the description
of various QCD vacuum models [42–44]. In Refs. [47,48],
the perturbativelike terms had the form ∼e−μad=d4: in the
present work, instead (following what was done also in
Ref. [50]), we have neglected the exponential term e−μad,
by fixing μa ¼ 0, since, in the spirit of the operator product
expansion, we concentrate on the behavior of the correla-
tors at short distances. In terms of the quantitiesD∥ andD⊥
defined in Eq. (8), the parametrization (9) reads

D∥ ¼
�
A0 þ A1

�
1 −

1

2
μd

��
e−μd þ a0 − a1

d4
;

D⊥ ¼ ðA0 þ A1Þe−μd þ
a0 þ a1

d4
: ð10Þ

In the presence of a constant and uniform magnetic field
~B oriented along the z axis, i.e. Fxy ≠ 0, the SOð4Þ
Euclidean symmetry breaks into

SOð2Þxy ⊗ SOð2Þzt: ð11Þ

By virtue of this residual symmetry [which implies two
equivalence relations, one between the two transverse
directions x̂ ∼ ŷ and another between the two longitudinal
(or “parallel”) directions ẑ ∼ t̂], the 24 correlation func-
tions in Eq. (7) are grouped into eight equivalence classes,
as shown in Table I. It must be noted that we can also group
the eight correlation functions in Table I into three “over-
classes” by the plaquette indices μ and ν,

Dtt ¼ fDtt;t
∥ ;Dtt;p

⊥ g;
Dtp ¼ fDtp;t

∥ ;Dtp;p
∥ ;Dtp;t

⊥ ;Dtp;p
⊥ g;

Dpp ¼ fDpp;t
⊥ ;Dpp;p

∥ g: ð12Þ

In other words, the 24 correlation functions in Eq. (7) can
be written, using the parametrization in Eq. (3), as linear
combinations of eight linearly independent tensors TðnÞ,
e.g., the two fundamental tensors in Eq. (6) plus six other
linearly independent tensors among those listed below
Eq. (6), with eight (nonzero) independent functions fn.

[For these particular correlators, the contribution from any
other possible tensor will be (i) simply zero, or (ii) a linear
combination of the first eight independent tensors.] Now
the question is the following: how should we parametrize
the eight independent functions fn, or, equivalently, their
eight linear combinations which represent the eight func-
tions listed in the first column of Table I? We use for these
eight functions the following parametrization [which is a
simple generalization of the parametrization (10) used in
the B ¼ 0 case]:

Dtt;t
∥ ¼

�
Att
0 þ Att

1

�
1 −

1

2
μtt;td

��
e−μ

tt;td þ att;t∥

d4
;

Dtt;p
⊥ ¼ ðAtt

0 þ Att
1 Þe−μ

tt;pd þ att;p⊥
d4

;

Dtp;t
∥ ¼

�
Atp
0 þ Atp

1

�
1 −

1

2
μtp;td

��
e−μ

tp;td þ atp;t∥

d4
;

Dtp;p
∥ ¼

�
~Atp
0 þ ~Atp

1

�
1 −

1

2
μtp;pd

��
e−μ

tp;pd þ atp;p∥

d4
;

Dtp;t
⊥ ¼ ðAtp

0 þ Atp
1 Þe−μtp;td þ atp;t⊥

d4
;

Dtp;p
⊥ ¼ ð ~Atp

0 þ ~Atp
1 Þe−μtp;pd þ atp;p⊥

d4
;

Dpp;t
⊥ ¼ ðApp

0 þ App
1 Þe−μpp;td þ app;t⊥

d4
;

Dpp;p
∥ ¼

�
App
0 þ App

1

�
1 −

1

2
μpp;pd

��
e−μ

pp;pd þ app;p∥

d4
;

ð13Þ

where the dependence of the various parameters on B is
understood and is discussed in the next section on the basis
of the numerical results obtained by lattice simulations of
Nf ¼ 2 QCD. Similar investigations exploring cases of

TABLE I. The eight equivalence classes of linearly independent
correlation functions in which the 24 components of the corre-
lator Dμν;ξ, defined in Eq. (7), can be grouped. The superscripts t,

p stand respectively for the x̂, ŷ (transverse to ~B) directions and

for the ẑ, t̂ (parallel to ~B) directions.

Class name Elements ðμν; ξÞ
Dtt;t

∥ (12,1), (12,2)

Dtt;p
⊥ (12,3), (12,4)

Dtp;t
∥ (13,1), (14,1), (23,2), (24,2)

Dtp;p
∥ (13,3), (14,4), (23,3), (24,4)

Dtp;t
⊥ (13,2), (14,2), (23,1), (24,1)

Dtp;p
⊥ (13,4), (14,3), (23,4), (24,3)

Dpp;t
⊥ (34,1), (34,2)

Dpp;p
∥ (34,3), (34,4)
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broken Euclidean SOð4Þ symmetry, like the finite-temper-
ature case [50], show that the nonperturbative coefficients
A0 and A1 are the quantities showing the most significant
variation; however, in principle, both the perturbative and
the nonperturbative coefficients, as well as the correlation
length, might depend on the particular correlator class and
on the value of the magnetic field. The only assumption that
can and will be made a priori consists in the following
constraint: ~Atp

0 þ ~Atp
1 ¼ Atp

0 þ Atp
1 , meaning that, at d ¼ 0,

the nonperturbative part of the correlation functions belong-
ing to the same overclass, as defined by (12), has the same
value. When B ¼ 0, the nonperturbative coefficients A0, A1

andμ no longer depend on the particular correlator class and,
moreover, att;t∥ ¼ atp;t∥ ¼ atp;p∥ ¼ app;p∥ ≡a∥ and att;p⊥ ¼
atp;t⊥ ¼ atp;p⊥ ¼ app;t⊥ ≡a⊥, so that the eight functions in
Eq. (13) reduce to the two functions D∥ and D⊥ in
Eq. (10), with a∥ ≡ a0 − a1 and a⊥ ≡ a0 þ a1.

III. NUMERICAL INVESTIGATION
AND DISCUSSION

We have considered Nf ¼ 2 QCD discretized via unim-
proved rooted staggered fermions and the standard pla-
quette action for the pure-gauge sector. The background
magnetic field couples to the quark electric charges and its
introduction corresponds to a modification of the Dirac
operator: in the continuum an appropriate electromagnetic
gauge field Aμ must be added to the covariant derivative,
corresponding to additional Uð1Þ phases entering the
elementary parallel transports in the discretized lattice
version. For a magnetic field B ¼ Bẑ the functional
integral reads

Z≡
Z

DUe−SG detM
1
4½B; qu� detM1

4½B; qd�; ð14Þ

Mi;j½B; q� ¼ amδi;j þ
1

2

X4
ν¼1

ηi;νðuðB; qÞi;νUi;νδi;j−ν̂

− u�ðB; qÞi−ν̂;νU†
i−ν̂;νδi;jþν̂Þ; ð15Þ

where SG is the gauge plaquette action, qu ¼ 2jej=3 and
qd ¼ −jej=3 (jej being the elementary charge) are the quark
electric charges, i and j refer to lattice sites and ηi;ν are the
staggered phases.
The Abelian gauge field Ay ¼ Bx and Aμ ¼ 0 for μ ¼ t,

x, z, which is a possible choice leading to B ¼ Bẑ, is
discretized on the lattice torus (we assume periodic
boundary conditions in the spatial directions) as

ufi;y ¼ eia
2qfBix ; ufi;xjix¼Lx

¼ e−ia
2qfLxBiy ð16Þ

with ufi;μ ¼ 1 elsewhere, while periodicity constraints
impose to quantize B as follows [52–54]:

jejB ¼ 6πb=ða2LxLyÞ; b ∈ Z: ð17Þ

The correlator in Eq. (7) has been discretized through the
following lattice observable [46]:

DL
μν;ξðdÞ ¼ hTrfΩ†

μνðxÞSðx; xþ dξ̂Þ
× Ωμνðxþ dξ̂ÞS†ðx; xþ dξ̂Þgi ð18Þ

where ΩμνðxÞ stands for the traceless anti-Hermitian part of
the corresponding plaquette. In order to remove ultraviolet
fluctuations, following previous studies of the gauge-field
correlators, a cooling technique has been used [55,56]
which, acting as a diffusion process, smooths out short-
distance fluctuations without touching physics at larger
distances: for a correlator at a given distance d, this shows
up as an approximate plateau in the dependence of the
correlator on the number of cooling steps, whose location
defines the value of the correlator. In Fig. 1, the effect of
cooling on the correlation function is shown for one
particular explored case: the value of the correlation
function is taken at the maximum, and the error is assumed
as the independent sum of a statistical error and systematic
error due to the uncertainty in the determination of the
plateau, estimated as the difference between the value at the
maximum and the mean of the two neighboring points at
the plateau.
We stress that the prescription adopted in the present

study is one among other possible definitions of the
correlators, which we have chosen consistently with
previous lattice studies of the same quantities. It will be
surely interesting, in the future, to investigate in more detail
the issue of the dependence of the correlators on the
smoothing procedure. Let us sketch the main open issues.
First, one could adopt a different smoothing technique, like
the so-called gradient flow [57]: while cooling and the

25 50 75 100
Cooling Step

0.0001

0.0002

0.0003

0.0004

D
12,1

   b=0

D
12,2

   b=0

D
12,1

   b=18

D
12,2

   b=18

FIG. 1. Effect of cooling and of the magnetic field on the D12;1
and D12;2 correlation functions (evaluated for d=a ¼ 8), defined
in Eq. (7). Both correlation functions belong to the Dtt;t

∥ class,
defined in Table I.
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gradient flow have been shown to provide equivalent
results for the determination of topological quantities
[58,59], the situation could be different in the present case.
Second, the adopted procedure implies that a different
number of cooling steps is taken for different correlators; in
particular, as noted in previous literature on the subject (see,
e.g., Ref. [48]), the number of cooling steps at which the
maximum is reached increases approximately quadratically
with the correlator distance, as expected for a diffusion
process. Therefore the adopted definition, consistently with
previous studies, is one in which the regulator is scaled
proportionally to the explored physical distance. Of course,
one could adopt a different definition, in which the
regulator (i.e. the number of cooling steps) is kept fixed:
correlators at larger distances, for which the maximum is
broader and resembles an extended plateau, and which are
also the ones most sensitive to nonperturbative effects, do
not change dramatically. In the present study, we regard
such ambiguities as a possible systematic effect, related to
the very definition of the correlator, which is not included
in the reported errors. However, we note that a large part of
this systematics is expected to cancel when one considers
the dependence of the correlators on the magnetic field,
which is the main issue considered in the present study. For
that reason, a detailed comparison of different smoothing
procedures is left to a forthcoming investigation.
Numerical simulations have been performed on a 244

lattice by means of the rational hybrid Monte Carlo [60,61]
algorithm implemented on GPU cards [62], with statistics
ofOð103Þmolecular dynamics time units for each b (with b
ranging from 0 to 27). The bare parameters have been set to
β ¼ 5.55 and am ¼ 0.0125, corresponding to a lattice
spacing a≃ 0.125 fm and to a pseudo-Goldstone pion
mass mπ ≃ 480 MeV [63]. The correlators have been
measured on about 100 configurations for each explored
value of jejB, chosen once every 20 molecular dynamics
trajectories. The effects of autocorrelation in the data were
assessed with a blocking procedure, and appear to be
negligible.

A. Results and analysis

To give an example of the dependence of the correlators
on the magnetic field, in Figs. 2–3 we plot results obtained
respectively for the parallel and perpendicular classes, as a
function of the distance, for the particular case
jejB ¼ 1.46 GeV2. Correlators are normalized to the values
they take at zero external field. The huge error bars on the
points at d ¼ 3a in Fig. 3 are due to the fact that, for the
perpendicular correlators at that distance, the flat region
surrounding the maximum is considerably narrower than
for the other distances, and the procedure explained in the
previous section to assess the systematic uncertainties takes
this into account, yielding a larger error as one would
reasonably expect. This happens both at jejB ¼ 0 and

jejB ¼ 1.46 GeV2, and the resulting effect in the ratios
plotted in Fig. 3 is even larger.
For each value of jejB, we have fitted the correlators with

the parametrization (13), including distances in the range
3 ≤ d=a ≤ 8, thus obtaining an estimate for all parameters.
From this first step, it has emerged that the eight parameters
pertaining to the perturbative part of the correlation
functions satisfy, within errors, the following equalities:

att;t∥ ≃ atp;t∥ ≃ atp;p∥ ≃ app;p∥ ≡ a∥

att;p⊥ ≃ atp;t⊥ ≃ atp;p⊥ ≃ app;t⊥ ≡ a⊥; ð19Þ

as it is possible to see from Table (II); moreover their
dependence on jejB is negligible. This means that as far as
the perturbative part of (13) is concerned, the parameters

2 4 6 8 10 12 14
d/a

0.9

1

1.1

D
||(d

)/
D

||,
b=

0(d
)

D
||

pp,p
/D

||

D
||

tp,p
/D

||

D
||

tp,t
/D

||

D
||

tt,t
/D

||

FIG. 2. Effect of the magnetic field on the parallel correlators:
the ratio Dclass

∥ ðdÞ=D∥ðdÞ is plotted, where Dclass
∥ ðdÞ is measured

at jejB ¼ 1.46 GeV2 and D∥ðdÞ at B ¼ 0. The data points are
shifted horizontally for the sake of readability.

2 4 6 8 10 12 14
d/a

0.8

0.9

1

1.1

1.2

D
⊥
(d

)/
D

⊥
,b

=
0(d

)

D⊥
pp,t

/D⊥

D⊥
tp,p

/D⊥

D⊥
tp,t

/D⊥

D⊥
tt,p

/D⊥

FIG. 3. Effect of the magnetic field on the perpendicular
correlators: the ratio Dclass⊥ ðdÞ=D⊥ðdÞ is plotted, where
Dclass⊥ ðdÞ is measured at jejB ¼ 1.46 GeV2 and D⊥ðdÞ at
jejB ¼ 0. The data points are shifted horizontally for the sake
of readability.
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introduced in the jejB ¼ 0 case are enough to describe
our data.
Driven by this evidence, we have performed a best fit on

all measured correlation functions for b ≤ 18, assuming the
perturbative parameters a⊥ and a∥ to be independent of
jejB, but without making any further assumption about the
jejB-dependence of the other parameters. From this fit we
obtain the satisfactory χ2=ndof ¼ 335=322: therefore the
parametrization in Eq. (13) together with the assumptions
in Eq. (19) are assumed in the following discussion.
In Fig. 4, the inverse of the correlation lengths is plotted

as a function of jejB. It is not trivial to give an interpretation
of the data: they show a modest decrease for most of the
correlation lengths,which amounts to about 5%–10% for the
largest values of jejB. We have also performed a fit setting
the six correlation lengths in Eq. (13) equal; however in this
case we have obtained χ2=ndof ¼ 1237=358, which is not
satisfactory.We also notice that correlation lengths along the
direction perpendicular to B (empty symbols in Fig. 4) tend
to be slightly smaller than the corresponding ones along the
parallel direction.
We have also varied the fit range to assess the part of

systematic error in our results which is related to this
choice, exploring the ranges 3 ≤ d=a ≤ 7, 4 ≤ d=a ≤ 8
and 4 ≤ d=a ≤ 9, in addition to 3 ≤ d=a ≤ 8. The

estimates of the perturbative parameters a∥ and a⊥ show
a maximum variation around 10%. The estimates of the
correlation lengths have a maximum variation around 5%;
however, when the ratios to the corresponding values at
jejB ¼ 0 are considered (see Fig. 4), the systematic effect is
comparable to or smaller in size than the statistical error.
Among the various parameters entering Eq. (13), the

ones showing the most pronounced variation with jejB
have been the nonperturbative coefficients A0 and A1. That
implies a significant dependence on the magnetic field of
the gluon condensate, which is discussed in detail in the
next section.

B. Gluon condensate

The gluon condensate is defined as

G2 ¼
g2

4π2
X
μν;a

hGa
μνGa

μνi ð20Þ

and is related to the correlator in Eq. (1) through an operator
product expansion. It encodes the main effect of non-
perturbative physics to gluon dynamics and its relevance
was first pointed out in Ref. [64]. In the case of jejB ≠ 0we
can distinguish three contributions, coming from different
sets of plaquettes in the sum in Eq. (20), in a fashion similar
to Eq. (12):

G2 ¼ Gtt
2 þ Gtp

2 þ Gpp
2 : ð21Þ

For the relation between the gluon-field correlator (1) and
G2 the reader can refer to [48] and references therein; one
obtains G2 from the small distance limit of the non-
perturbative contributions to the correlator; hence in prac-
tice, following the parametrization in Eq. (13), we obtain

G2ðBÞ ¼
1

π2
½Att

0 þ Att
1 þ 4ðAtp

0 þ Atp
1 Þ þ App

0 þ App
1 �:

ð22Þ

In Fig. 5 we report the values obtained for G2 as a function
of jejB, normalized to the value of the condensate obtained
for jejB ¼ 0, where we obtainG2 ¼ 3.56ð5Þ × 10−2 GeV4,
the reported error being just the statistical one. We have
also estimated the systematic error due to the choice of the
fit range, as discussed in the previous subsection: the effect
on the absolute value of G2 at jejB ¼ 0 is significant and
amounts to 20% of the total value. We are therefore in
rough agreement, taking also into account the unphysical
mass spectrum of our discretization, with the phenomeno-
logical estimates of the gluon condensate [65], reporting
G2 ≃ 2.4ð1.1Þ × 10−2 GeV4. Instead, when we consider
the ratios of condensate to the jejB ¼ 0 value, which are
reported in Fig. 5, the systematic error turns out to be
negligible as compared to the statistical one.

0 0.5 1 1.5 2
eB [GeV

2
]

0.9

0.95

1

1.05

1.1

1.15

1.2

μppp
/μ(0)

μppt
/μ(0)

μptp
/μ(0)

μptt
/μ(0)

μttp
/μ(0)

μttt
/μ(0)

FIG. 4. Effect of the magnetic field on the (inverse)
correlation lengths defined in parametrization (13): the ratio
μclassðjejBÞ=μð0Þ is plotted. The value of the (inverse) correlation
length for jejB ¼ 0 is 0.721(3) GeV. The data points are shifted
horizontally for the sake of readability.

TABLE II. Values for the perturbative coefficients in Eq. (13),
for jejB ¼ 1.46 GeV2. The values of the corresponding param-
eters at B ¼ 0 are also reported for comparison.

a∥ðB ¼ 0Þ att;t∥ atp;t∥ atp;p∥ app;p∥
0.266(16) 0.279(14) 0.277(9) 0.272(9) 0.275(14)

a⊥ðB ¼ 0Þ att;p⊥ atp;t⊥ atp;p⊥ app;t⊥
0.929(16) 0.94(3) 0.873(20) 0.913(23) 0.88(3)
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We notice that G2 grows as a function of jejB, the
increase being of the order of 25% for the largest value of
jejB explored. In the same figure we also report the relative
increases in the Gtt

2 ,G
tp
2 and Gpp

2 terms. We see that the tt
term is the most affected by the magnetic field, whereas the
pp contribution shows a really modest dependence on jejB.
In Fig. 5, the best fit with a quadratic function

G2ðjejBÞ
G2ð0Þ

¼ 1þ KðjejBÞ2 ð23Þ

is also plotted. We obtain K¼0.164ð7ÞGeV−4 and
χ2=ndof¼1.52, excluding the point at jejB ¼ 1.46 GeV2.
An increase of the chromomagnetic gluon condensate with
jejB has also been found in [22], which is in qualitative
agreement with the result presented here. A similar behav-
ior for G2 has also been predicted making use of QCD sum
rules [66].

IV. CONCLUSIONS

In this study we have explored the effects of a magnetic
background field on the gauge-invariant two-point corre-
lators of the gauge-field strength. Electromagnetic fields are
coupled directly to quark fields; however, as for other pure-
gauge observables, we did expect and we have indeed
observed a nontrivial effect which can be interpreted in
terms of nonperturbative quark-loop contributions. We
have discussed the residual symmetries of the Lorentz
group in the presence of a constant and uniform magnetic
background, and how it affects the general structure of the
correlators. We have then presented the numerical results of
an exploratory lattice study performed for Nf ¼ 2 QCD
discretized via rooted staggered fermions.

Our results can be summarized as follows. We have
evidenced a significant effect of the magnetic field on the
correlation functions (see Figs. 2–3). The short-distance,
perturbative part of the correlators is practically unaffected
by the presence of the magnetic background, while sig-
nificant effects are observed for the nonperturbative part. In
particular, one observes a mild effect on the nonperturba-
tive correlation lengths, with a general tendency for a
decrease of the correlation lengths as a function of jejB,
which is slightly more visible for correlators in the
directions orthogonal to jejB.
A larger effect, and a more significant anisotropy, is

observed for the coefficients of the nonperturbative terms,
which can be directly related to the gluon condensate [see
Eq. (22)]. Due to the explicit Lorentz symmetry breaking
caused by the magnetic field, we can distinguish among
three different contributions to the gluon condensate. An
analysis based on Eq. (22) shows that each term has a
different behavior as a function of the magnetic field (see
Fig. 5). Starting from that, we have observed that the gluon
condensate itself increases as a function of B, with the
increase being of the order of 20% for jejB ∼ 1 GeV2.
Relative differences between the different contributions are
of the same order of magnitude, meaning that anisotropies
induced by B are significant and comparable to those
observed in other pure-gauge quantities (see, e.g.,
Ref. [35]). The increase of the gluon condensate provides
evidence of the phenomenon known as gluon catalysis,
which had been previously observed based on the magnetic-
field effects on plaquette expectation values [30,34,67]. We
notice that the overall effect on the correlators, in particular,
regarding the changes in the perturbative and nonperturba-
tive parts, is similar towhat has been observed in other setups
where Lorentz symmetry is explicitly broken by external
parameters, like for QCD at finite temperature [50].
In the future, we plan to repeat the present exploratory

study by adopting a discretization of QCD at the physical
point, i.e. with quark masses tuned at their phenomeno-
logical values, and by extending the investigation to other
gauge-invariant correlation functions, like those involving
quark fields [68]. It will be also interesting to study, within
the stochastic vacuum model, which takes the correlators as
an input, the effect of the magnetic background field on the
static quark-antiquark potential, and in particular on the
string tension, in order to obtain an indirect confirmation of
the anisotropy of the potential which has been already
observed by direct lattice measurements [35]. Finally, as we
have already observed in Sec. III, in this work we have
limited ourselves to the smoothing technique (cooling)
adopted in previous lattice studies for the measure of the
correlators, but one could also adopt the so-called gradient
flow [57] as a regulator, and consider a different prescrip-
tion for fixing the amount of smoothing: we postpone a
careful comparison of different smoothing procedures for
these particular observables to a forthcoming investigation.
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FIG. 5. Effect of the magnetic field on the gluon condensate G2

obtained from the parametrization (13). The effects on the three
different contributions are plotted along the total value. The data
points are shifted horizontally for the sake of readability.
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