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Abstract
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1 Introduction

We study the existence, stability and localization of soliton type solutions for

the Non Linear Schrédinger Equation (briefly, NLSE) in the semiclassical limit

(that is for h — 07), for a bounded domain with Dirichlet boundary conditions.
In our framework, the problem takes the form

9y

Zha

h? 1
= =AUt WU+ V@ v e O R 13 (2.0)

1?(0733) = ¢h(x)7 z €, (1)

Y(t,r) =0 on R{ x 99,

Q) C RY being open and bounded, N = 3, a > 0, where ¢,(z) € H3(Q) is
a suitable initial datum, and V is an external potential. Conditions for the
nonlinear term W and the potential V' are to be precised and discussed in the
following sections.

The NLSE in the presence of a potential is largely present in literature. In
particular, it has been extensively studied the effect of the potential V' on the
existence and the profile of a stationary solution, that is a solution of the form
Y(t,z) = U(x)e #%!, w = \/2, where U solves the equation

1
hoc

The first attempt to this direction is the work of Floer and Weinstein [15], for
the one dimensional cubic NLSE (with a generalization for higher dimensions
and different nonlinearity in [21]) where, by means of a Lyapunov - Schmidt re-
duction, it is proved that, if V has a non degenerate minimum, then a stationary
solution exists, and this solution has a peak located at this minimum. Del, Pino
and Felmer [14] showed that any (possibly degenerate) minimum of V' generates
a stationary solution. We also mention [1, 20], in which similar results are ob-
tained with different techniques.Concerning global methods, in [24] Rabinowitz
proved the existence of a stationary solution with a Mountain Pass argument.
Later, Cingolani and Lazzo [13] proved that the Lusternik - Schnirelmann cate-
gory of the minimal level of V' gives a lower bound for the number of stationary
solutions. The topological approach was also adopted in [2], where a more re-
fined topological invariant is used, and in [9], where the presence of a negative
potential allows the existence of a solution in the so called “zero mass” case.

Another interesting feature is the influence of the domain in the stationary
NLSE, when V' = 0. In this case, a single-peaked solution can be constructed.
In [22], Ni and Wei showed that the least energy solution for the equation

~h2AU + —W'(U) + 2V (2)U = \U.

—h?Au+u=uP, u>0in Q, (2)

with homogeneous Dirichlet boundary condition, has a unique peak, located at
a point Pp, with d(P,, 09) L), Mmaxg d(P,09). Later, Wei [26] proved a result
—



that can be viewed as the converse of the forementioned theorem. Namely, the
author showed that for any local maximum P of the distance from the boundary
09, one can construct a single-peaked solution of (2) whose peak tends to P as
h — 0T. The profile of the solution is, up to rescaling, close to the profile of the
ground state solution of the limit problem

—Au+u=uP, u>0,

in the whole of RY. We also mention [10] in which the existence of a multi-
peaked solution of (2) is proved.

In the present work we follow a different approach, incorporating and ex-
ploiting ideas found in [4, 6, 7], where the problem (1) had been studied for
the whole of RY for both cases: V = 0 (existence and stability), and V # 0
(existence, stability and dynamics).

We want to point out two main differences between this paper and [4]. First,
dealing with a bounded domain and a bounded nonlinearity gives us enough
compactness to easily prove an orbital stability result. In particular our result
is also true for positive nonlinearities, which is forbidden in the whole space by
Pohozaev’s Theorem.

This difference is less evident in what comes after, since, when dealing with
the semiclassical limit, we have to face a limit problem in the whole space RY,
which is the same of [4], so we have to reintroduce some hypothesis.

However, our orbital stability result could be used when studying other
situations, e.g. fixing h and looking for solitons of prescribed, possibly large,
L? norm (the so called large solitons). If one is interested in these topics, we
recommend the nice paper by Noris, Tavares, Verzini [23], which deals with
orbital stability for solitons with prescribed L? norms in bounded domains, and
the references therein. We point out that in [23], the authors work with pure
power nonlinearities, so they can have some compactness loss -for L2-critical and
supercritical powers- even if the domain is bounded. In particular, for critical
and supercritical powers they have orbital stability only for small L? norms.

The second point in which the bounded domain marks a difference with the
paper [4], is pointed out in the Appendix. In fact, when trying to describe dy-
namics, immediately it appears a repulsive effect of the boundary. The soliton
is affected by a force oriented with the inward normal to the boundary. Unfor-
tunately, the value of the force depends on the D2 norm of the solution on the
boundary, so, at the moment, we were not able to give a quantitative estimate
of this repulsive force, and further efforts are needed.

According to this line of thought, we have divided the present work into
three sections and an appendix:

In Section 2, existence and orbital stability results are obtained for the case
V =0, by referring to the related eigenvalue problem

AU+ W'(U) = AU,inQ

U = 0,o0n0Q,



given that a solution U(z) in HZ(2) of (3) results to a solution ¢ = U(z)e™ 2"
of (1), with initial condition ¢ (0,2) = U(x). These results are summarized in
Proposition 6. One should notice that the relative proofs work without having
to impose the usual restriction 2 < p < 2 + %, by relaxing the restriction to
2<p<2t = % instead. It is the boundedness of the domain that allows us
in doing so.

In Section 3, where we assume the presence of an external potential, our basic
result, obtained by means of a rescaling procedure, is to prove L? localization in
the sense that if we start with an initial datum close to a ground state solution
U of

w

W(U) = —U,inQ

—hAU + hot1

hoz+1
(4)
U = 0, on 09,

the corresponding solution of (1) will keep its L? profile along the motion,
provided that A is sufficiently small. Here and in what follows, the restriction
2<p<2+ % is imposed, since we need to face a limit problem in R¥.

In Section 4, an H' modular localization result is obtained for the case
V # 0, and for both cases: the unbounded and the bounded one. When we
work on the whole of RV, we start with a ground state solution U; of the RV
counterpart of (3), proving that a solution of the RY counterpart of (1), with
initial condition close to U;, preserves its basic modular H' profile as time
passes, in the sense that given € > 0, for all ¢ > 0, the ratio of the squared
L? norm of |Vuy,(t, z)| with respect to the complement of a suitable open ball
over the squared L? norm of |Vuy,(t, z)| with respect to the whole of RY is less
than e for h sufficiently small, where uy(t, ) is taken by the polar expression
of 1(t,x), namely 9 (t,z) = up(t,z)e’*»®*) . The bounded case is treated by
exploiting ideas developed for the L? problem (Section 3).

Finally, and as we mentioned before, in the Appedix it is described an at-
tempt to study dynamics in the frame of a bounded domain, where we encoun-
tered difficulties due to computational complications related to the action of
VV on the motion as well as to the repulsive effect of the boundary.

2 ThecaseV =0

2.1 Existence

For simplicity of the exposition we assume h = 1. As it has been already said,
the case V = 0 is related to problem (3), and a solution u(z) in HE(Q) of (3)

it

results to a solution ¢ = u(z)e” 2 of (1) with initial condition ¥ (0,z) = u(z).

Notice that a minimizer of

() = /Q (; IVl +W(u)> do



on S, = {u € HH(Q): ull 20 = 0’}, for some fixed o > 0, is a solution of (3),
for suitable A. Thus we focus on the existence of such a minimizer. We impose
on W the following conditions:

Condition 1 W is a C!, bounded and even map R — R.

Condition 2 |W'(s)| < c[s|P71, 2 < p < 2" = 2N where ¢ is a suitable

e N—2’
positive constant.

Remark 3 Although it is intuitively quite clear the construction of such maps,
an easy concrete example is furnished by choosing W = sin(sP), for s > 0, and
evenly expanding it on the whole of R. We also stress the fact that a bounded
W is related to the global well posedness results by Cazenave.

Notice that

—00 < = ulenggJ(u). (5)

If {uy,} is a minimizing sequence in S, for J(u), that is J(u,) — p, it is evident

that {u,} is bounded in H}(f2), thus, up to a subsequence, u,, — u € H}(Q),

and wu,, — % in L?(£2). The latter implies lunllpzi0) = Il 2y, thus 7 € So.
Next, we obtain a similar result to Proposition 11 in [4],

Proposition 4 If {w,} is a minimizing sequence in S, for J, that is J(wy,) —
L, satisfying the constrained P - S condition, that is, there exists a real sequence
An of Lagrange multipliers such that

—Awy, + W (wy) — Apw, = 0, — 0, (6)
then \,, is bounded.

Proof. Since, as we saw above, w,, is bounded in H}(Q), (6) implies

[ (190 497w = A2 | < ol gy = 0

where by |[|-||, is denoted the dual norm for H} (). We have
/ (IVwal® + W (wn)wn = Au? ) dz - =
Q
/ (100 + 200 (1) = 2W () + W/ () — Ay} de =
Q

2J (wy) — A\po? Jr/ (W (wp)wy, — 2W (wy,))dz — 0.
Q



Notice that J(w,,) is bounded, and because of Condition 2,

<

/ (W (wp)wy, — 2W (wy,)) dz
Q

IN

/|W’(wn)wn|dx+2/ W ()| da
Q Q

1 HwnH’;I&(Q) + 2kmeas (Q) < +oo,

where k is an upper bound of |W|. Thus A, is bounded. m

By Ekeland’s principle, if {u,} is a minimizing sequence in S, for J(u), we
may assume that it satisfies the constrained P - S condition, that is, there exists
a real sequence A, so that (6) holds. Because of Proposition 4, A, is bounded,
and the following hold

A — A
u, — wuin Hé(Q)
U, — win LP(Q) for 1 <p < 2",

We have already shown that u € S,. Thus, u # 0. Next, we show that
—Au+ W'(u) = \u. (7)

To this end, if ¢ is a test function, combining the three considerations above
with Condition 2, we have

/Vuanodx — /Vquoda?
Q Q
/W’(un)godx — /W’(u)gpdm
Q Q

A | uppdr — )\/ugpdx,
Q Q

implying (7).
Notice next that due to Condition 2, the Nemytskii operator
W L' Q)= L'(Q),2<t< 2%,

is continuous, whereas u,, — u in L*(Q), for 2 < t < 2*. Thus,

w<J(u) = 1/ |Vul? der/ W(u)dx < lim J(u,) = p,
2 Q Q n— o0
proving that J(u) = p.
This completes the proof for the existence of a non trivial solution of (3),
for suitable A. In fact, the weak convergence u,, — u turns out to be a strong
one: Since J(un) — J(u), [o(W(uy)— W (u))dx — 0, we obtain HunHH(}(Q) —



[[ull g3 (2)» thus proving that u, — u in H}(2). Since W has been assumed even,
we may take a non trivial nonnegative solution of (3). By Harnack’s inequality,
this solution is strictly positive on 2. We thus obtain a positive solution @ € S,
for problem (3), for suitable A\. The wave function

iw

U(t,z) =a(z)e  w=A\/2 8)

is a stationary solution of (1), for h =1, V' = 0, with initial condition ¢(x) =
¥(0,2) = u(z). Evidently, —u(x)e™ ™t w = \/2, is a stationary solution of (1),
too.

2.2 Stability

We turn next our attention to the stability of the stationary solution. To this
end, we focus on the reduced form of (1),

v ot
225 =—-AY+W (|1/}|)m n R x Q,
$(0,2) = (), (9)

Y(t,r) =0 on R{ x 99,

by taking, as it was mentioned above, h = 1. The different time slices ¥ (x)
of each solution of (9), where such a solution may be understood as the time
evolution of some initial condition %g(x), could be thought of as elements of a
proper phase space X C L2(2,C), with the set

= {u(x)eie, 0 € R/27Z, u € Sy, J(u) = p= inf J(w)} (10)
weSs
being an invariant (under evolution) manifold of X. Evidently, +u(x) € T
To make the description of all this more clear, one should notice that if
1, (z) is a time slice of a solution (¢, x) of (9), the evolution map is defined
by
Usthey (7)) = tto14(2),

meaning that this time slice might be considered as the initial condition of the
solution vy (t,z) = 9 (t + to, ). Now, if u(x)e® € T, then u is a solution of (3),
with suitable A\, and, at the same time, u(m)ew is the initial condition of the
solution ¥ (t, x) = u(z)e'®=7/2) of (9). Since u(z)e!®=*/2) €T for each t > 0,
the invariance of I" follows. We are going to prove orbital stability of ﬂ(:r:)eﬂm,
w = A/2, following the definition of orbital stability found in [12], meaning that
I is stable in the following sense:

Ve > 0, 3 § > 0 such that if (¢, ) is a solution of (9) satisfying

%réfr l(0,x) — @HH(%(Q) < 4, then Vt 2 Ogg l(t,x) — @”Hé(ﬂ) <e. (11)



In Lemmas 21 and 22, we will see how the orbital stability result leads to a
precise description of the modulus of a solution (¢, x) starting from a suitable
initial datum. It is the need to stretch the localization results described there
that made us adopt the proof through polar decomposition that follows rather
than the more straightforward approach in [12] (see also Remark 5).

Notice that I' is bounded in H}(f2), since for each of its elements w =
w(z)e?, w(z) is a constrained minimizer of .J, whereas W is bounded. Notice
that we may take w(z) > 0.

Suppose T is not stable. Then 3 ¢ > 0, and sequences &, — 0%, ¥, (¢, z) of
solutions of (9), and ¢, > 0 such that

inf [[9n(0,) = @y ) < Ons 10f [nltn, 7) = Ty 22 (12)

Notice that the first inequality of (12) implies
inf ||1,(0,2) — w|| <04, =0,
wel L

2(@)

where C' is the Sobolev constant satisfying [|-[|;2(q) < C||~HH3(Q). Thus, we
may obtain a sequence w,, in I, such that

14 (0, 2) = @all , =0 (13)

We express now 9, (t, z) in polar form, namely v, (t, 2) = u, (t, z)e?*(H®) | with
un(t,x) = |Yn(t, z)|, V& 2 0. Since H@nHLQ(m = o, (13) implies that wu, (0, z) is
bounded in L?(2), and at least up to a subsequence, still denoted by wu, (0, z),
||un(0,x)||L2(Q) — M > 0. Rewriting (13) in its squared form, and taking into

consideration that

/ 1 (0, 2) [ (2)dz < ([ (0, 2)|
Q

07
L2()

we take
0> M?—2Mo + 0% = (M —0)?,
thus obtaining M = o.
The polar form t(t, z) = u(t, z)e**®®) | turns (9) into the system

Au  W'(u) Os 1 2\
5 T (m*z'vs' u=0

ou? +V - (u?Vs) =0, in RS x Q,

(14)
u(0,z)e* %) = ¢(x), u(t,z) = 0 on RY x 99,

with the two equations of (14) being the Euler - Lagrange equations of the
action functional

_ 1 2 1 1 0s 1 2 2
Alu,s) = i // [Vu|” dedt + 3 // W (u)dzdt + 3 // (8t t3 |V ) u?dxdt.

(15)



The total energy is given by

B() = E(uws) = [

1 1
(2 IVul® + §u2 Vs|® + W(u)) dx, (16)
Q

that is,
B = E(u, s) = J(u) + %/ 2 |Vs[? da (17)
Q

Independence of time for the energy and for the charge imply that for a solution
Y(t, ) = u(t,z)e’* ") of (9), it holds

%/ u(t,z)?de =0 (18)
Q
%E(u7 s)=0. (19)
Equivalently, (18) and (19) can be expressed as
e, =16, (20)
E(p(t, ) = E(¢(x)) (21)

for all ¢ > 0. Noteworthy, for stationary solution, (17) yields E(v) = J(u).
Returning to the sequence ¥, (¢, z) satisfying (12), we may assume, as we

saw, that ||u, (0, x)HLz(m — o, that is Hun(t,x)||L2(m — o, for t > 0, because of

(20)). We want to show that {u,}, is a minimizing sequence for the functional
J on the constraint ||uHL2(Q) =

One should notice that the first inequality of (12), combined with the bound-
edness of ' ensure that v,(0,x) is bounded in H}(2). Since W is bounded,
(17) ensures that E(,(0,z)) is bounded, and because of (21), E(i(t,z)) is
bounded, for all n and all ¢ > 0. In particular, E(¢,(t,,x)) is bounded. A
new application of (17), ensures now that u, (t,,z) is bounded in H}(Q). The

sequence Uy (tn, ) = apun(tn,x), where o, = W, is in S,. We
have, writing for simplicity u,, U, instead of u,(t,,x), Uy (t,,z), respectively,
for suitable I,, = I,,(z) € (0, 1), and because of Condition 2,

~ 1 ~
@) = T < lad =11 [ (Vundot [ W@~ W) ds
Q Q
1
= f|aifl|/|Vun|2d:r
2 Q

+|a, — 1] / |unW/(lnun + (1= 1n)un)| dz
Q

< 1|a721—1|/|Vun|2dm
2 Q
+ oy, — 1] {/ clln+ (1 —1,) an]p_l |un|pdx}
Q
— 0,



since in the right hand side of the last inequality, the two summands are products
of a zero sequence by a bounded one. Thus, J(u,) — J(u,) — 0. We return
now to

”1:[}71(0"77) - @n|| Oa (22)

HY (@)
which, as a result of the triangle inequality combined with the boundedness of
19 (0, ) + ||wn () , readily gives

)

HY(Q HY ()

2

(0, 2)] 1
HE (@)

= [[wn ()] — 0,

2
HE ()

that is,
/ [\Vun(O,x)|2 +ul(0,2)|Vsn(0,2)* — |an(x)|2} dv —0.  (23)
Q

We claim that
/ u?(0,2) |Vsn(0,z)|* dz — 0. (24)
Q

If not so, up to a subsequence,
/ [|vun(o,x)\2 — V()] dz = k < 0. (25)
Q
Combining L' convergence of u,,(0,z) — w, () to 0, with Condition 2, we have

W n0.20) = W 0, )] = 0 (26)
Now (25) and (26) give
T (un(0, 7)) — J (wn(z)) = k/2 < 0. (27)
However, as we have shown above,
J(@in(0,2)) — J(un(0,2)) — 0, (28)

thus obtaining
J(Un(0,2)) — J (wp(z)) = k/2 < 0, (29)

an absurdity, since 4, (0,z) € S,, and w,(z) is a S, minimizer of J. Thus (24)
holds, and because of (23) and (26), we get

J(un(0,2)) = p.

Thus,
E(wn(ovx)) - E(wn) — 0,

and by (21) we have
E(n(tn, ) — E(wn) — 0. (30)

10



From (30) we obtain
/ng(tn, ) |Vsn(tn, z)|* dz — 0. (31)
To see this, let us assume that this is not the case. Then, up to a subsequence,
/Qui(tn,x) Vs (tn, 2)|> dz — p > 0.

Then (30) implies that
J(un(tnax)) - J(wn(x)) — —p< 0.

Since

J(Un (tn, ) — J(un(tn,z)) = 0,

we obtain
J(Un (tn, 2)) — J (wp(z)) = —p <0,

which is absurd, for the same reason as above. That is, (31) holds, resulting to
J(un) = J(un(tn, ) — p,

thus implying
J (U (tn, ) = .

In other words, we may consider w, = u,(t,,x) as being a minimizing se-
quence in S, for J(u). As such, by the previous discussion, up(t,,x) —
u'(x), with «/(z) € S,, being a minimizer of J(u). Now (31) ensures that
||wn(t”,x)||Hé(Q) — Hu'(a:)”Hé(Q), and by lower semicontinuity of the norm we
finally obtain that v, (t,,z) — u'(x), thus proving orbital stability of the sta-
tionary solution.

Remark 5 As we claimed before, once (0, x) is sufficiently close to T, ¥(t, x),
t 20, are all close toT'. This implies that the modulus | (t, )| is, for any t = 0,
close to a (possibly different) ground state of the NLSE. This consequence is the
key tool for proving two main results of the next section, Lemmas 21 and 22.

Thus, the orbital stability in this context becomes a localization result for the
moduli [9(t, ).

We summarize the existence and stability results in the following:

Proposition 6 The problem

R 1o
Zha = —?Aw‘f‘%w (|¢|)m n]RO XQ,
1/)(0,52) = ¢h($), r € Q, (32)

Y(t,z) =0 on RY x 09,

11



where h > 0, and ¢p(xz) being a suitable initial datum, admits a stationary
solution (t, ) of the form uy,(x)e~**. More concretely, uy(z) is obtained as a
solution of the eigenvalue problem

——Au+——W'(u) = ku,inQ

u = 0, on 09,
for suitable k. In addition, 1(t,x) is stable in the sense of (11).

We give next the definition of a solitary wave with respect to a bounded
domain 2. To this end, we have to define first the notion of the barycenter
of a family of states ¢;(x), t = 0, whose members are obtained by the ”time”

evolution of an initial state ¢g(z), in the frame of a proper phase space X C
L?(Q,C).

Definition 7 For ¢ (x), t =2 0, as above, its barycenter, q(t), is defined by the

relation )
 Jor (@) de

Jo lu(@) da -

Remark 8 An analogous definition of the barycenter is given in [3], under the
condition that it makes sense. In our case, the definition of q(t) makes always
sense, because €2 is bounded.

q(t) (34)

Remark 9 Notice that q(t) does not belong to Q necessarily, unless ) has spe-
cific geometric features. For instance, convexity of  would ensure that q(t) € Q
for allt = 0.

Definition 10 The state 1 = (x) in the phase space X C L*(Q,C), is called
a 7solitary wave” in the frame of a dynamical system Upp = u(x), t 2 0,
where U : RS‘ x X — X is the evolution map, if: Given € > 0, we may find
k(e) > 0 such that for each t 2 0, there exists a neighborhood V; , of ¢(t) with
meas[Q — (Vo N Q)] 2 k(e), and

/Q e (@) der — /V PRCCIEEE (35)

Remark 11 It is easy to see that the stationary solution of (32) is a solitary
wave in the above sense: The barycenter in this case is fixed for all t, and
one needs to suitably blow up a given neighborhood of it, in order to meet the
requirements of the above definition.

3 L? localization for V # 0

12



For the rest of the exposition, we assume without loss of generality that 0 € Q.
We also restrict p in Condition 2 so that 2 < p < 2+ %, and we impose on W
the additional condition:

Condition 12 Tsq such that W(sg ) <0,
and on V the following one:
Condition 13 V(z) € C°(Q), is nonnegative.

Remark 14 With these restrictions and additional conditions on the nonlin-
earity and the potential, problem (1) is globally well posed (see [11, Thm 3.3.1,
and Thm 8.4.1]), with the energy and the mass remaining constant in time.
Commenting especially on Condition 12, we notice that in the opposite case,
there would exist no nontrvial stationary solution for the related R problem,
undermining thus the basic tool we will use in order to prove the main stability
result. In the previous section, where we had posed weaker conditions on ),
W, and p, we were led to nontrivial stationary solution without any particular
comment on . It is trivial to see that for W having positive lower bound, \ is
positive, too. Under the additional conditions imposed above on Q, W, and p,
we can prove, as we will see soon, that we may obtain a nontrvial solution of
(3) sitting in S, for suitable o, with A = A(o) < 0, provided that Q@ contains a
suitably big open ball B(0,7(c)) centered at 0 with radius r(o).

3.1 Rescalings
We set 3 =1+ 5. For h <1, we define the inflated domain

Qh:{xGRN:thGQ}.

If v is a H} () solution of the stationary problem

—Au+W'(u) = wu,in Qp
(36)
u = 0, on 0Qy,
then vy, (2) = v(;%) is a Hg(€2) solution of the stationary problem
hA W () = ——u,inQ
— u+ ha+1 ('U,) = Wu, n
(37)
v = 0, on dN.
Furthermore, we define the functionals
1
Cp(u) = TNF Qu2(x)dx, Cq, (u) = /Qh u?(z)de,
Tu(u) = i/ WS + W) do, Jo () —/ L\ 9ul £ W(w)| de
h - hNB o 2 h ) Qh - Qh 2 9

13



where Wy, (u) = 75 W (u).
We have the following identities:
Jh(vh) =h"%Jg, (U), Ch(’l)h) =Co, (’U) (38)

We next define
m(h,Q) := inf Jj.
Cr=1

Lemma 15 For Qq,Q9 two bounded domains as described above, with Q1 C Qs
it holds m(h, Q) < m(h, Q).

Proof. It is straightforward, since Hg(2;) C Hg (22 ) by extending a function
in H}(Q1) into a function in H}(Qs ) by zero on Q5 \Q;. =

Lemma 16 m(h,Q) = h~*m(1,Q4), where m(1,Q) = Cinf 1JQ;L.
Qp =

Proof. By rescaling. m
Notice that the conditions satisfied by p, W correspond to the prerequisites
for the existence result given in [4] to hold. Namely:

Lemma 17 There exists some @ > 0 such that for all ¢ > & a positive mini-
mizer u, € HY(RN) exists for J(u) over all u € H'(RY), Hu||L2(RN) =o. In
fact, ||ug||p2gny =0, J(us) <0, and uy is a solution of the RY wersion of (3),
with A < 0.

We consider an increasing sequence {r,}, with 7, — co. Let

me(B(0,7y,)) = inf J(w).

lwllz2(p0,rn) =7
Trivially, as Lemma 15 indicates, we see that

mo(B(0,11)) Z me(B(0,12)) = - 2 me(RY) = inf  J(w) > —oo. (39)

- HwHL2(RN):U

Lemma 18 lim m,(B(0,7,)) = m,(RY).

n— oo

Proof. By Lemma 17, m,(RY) is attained by some u € H'(R"),
with [[@]| ;2 gny) = 0. Actually u is radial ([12], Thm. IL.1 and Rem. IL3).

For each n, we may choose a C°°(R¥) real function y,, satisfying

xn = Lif |z| <r,/2,
Xn 0if |z| = rp, (40)
IVxn| < 4/rn.

We define w,, = x,u. For suitable t,, > 0, we have ||tnwn||L2(RN) =
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[tnwnllp2(po,m,)) = 0- Setting u, = thwn, (39) yields
J(un) = my(B(0,7,)) = mg(RY). (41)

We want to prove lim J(u,) = my(RY), that will finish the proof. We have
n— oo

wy, — @ in L2(RY). Thus ¢, — 1, and u, — @ in L*(RY). We also have

/ Vw, — Va| dz = / (V) T+ (xn — 1)Va|” dz
RN RN

IN

2/ |(Vxn)ﬂ|2dm+2/ |(xn — 1)Va|* dz
RN RN

32/&/ [al® dz + 2/ \Va)? dz — 0
x| >7n /2 |z|>7n /2

as n — oo. So Vw,, — Vu in L?, and Vu,, — V@ in L? too. Thus u, — @ in
H'(RY). This is combined with the continuity of the Nemytskii operator

IN

WL (RY) - L' (RY), 2 <t < 2%,
to ensure that

W (up,)dx — W (a)dx.
RN RN

Thus lim J(u,) = m,(RY), and the proof has been completed. m

n—oo

Remark 19 The above Lemma makes clear the final assertion of Rem. 14: If
Q contains a suitably big open ball B(0,r(0)) with T < o, then m,(1,) has to
be negative, and so has to be the eigenvalue A = A\(o) related to (3).

Lemma 20 For a sequence of positive numbers hy, — 0, for k — oo, it holds

lim my(1,Qp,) = ma(RN),

k—o0

where mq(1,Q, ) = inf Jo, .

Qhk o

Proof. Combine Lemmas 15 and 18. =

3.2 [? localization

To facilitate exposition, we make the harmless assumption that ¢ = 1, thus
suppressing subindices in all involved infima m. We have the following;:

Lemma 21 For any € > 0, there exist § = §(g), ho = ho(e) > 0, and R =
R(g) > 0 such that, for any 0 < h < hq(e), there is an open ball B(gn, h’R) C
Q so that for any u € HE(Q) with Cp(u) = 1, and Jy(u) < m(h,Q) + Sh=2,

1 / 9
— udr < e
hNE Jo\ B no r)

to hold.
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Proof. We argue by contradiction. Assuming the contrary, there exists € > 0
such that for any r > 0 we may find sequences 8, = 8,,(r), hy, = hy,(r) — 07, and
a sequence up, = up, (r) € H}(Q) with Cy, (up,) = 1, Jn, (up,) < m(h,, Q) +
b @ such that, for all open balls B(q,, h2r) C €,

/ uin dx > ehl\P
Q\B(qr,hir)

to hold. For each n, we now pass to the €, counterpart of wy, , denoted
by wun, that is, u,(z) = up, (h22). Combining (38) and Lemma 16, we have
Ca,, (un) =1, Jo, (un) <m(1,Qp,) + 6,, and

/ uldr > e, (42)
Qn \B(hn?gqr,r)

According to Lemma 15 in [7], there is a 6 > 0, and an open ball B(g, R') in
RY such that, for each w in H'(R"), with [wilpz@yy =1, J(w) < m(RY) + 4,

/ widr < e
RN\B(q,R’)

to hold. Take now 0, (R’), h,(R’) as above. Because of Lemma 20, for n big
enough, we may ensure that B(q, R') C Qp (ry, and m(1,Qp,) + 6, (R') <
m(RY) 4 6. Extending u, by 0 outside €, (), we obtain a H*(R") function
meeting the requirements of Lemma 15 in [7], thus

/ u?de = / ulde < e,
th(R/)\B(@R') RN\B(@R/)

that contradicts (42). =
Lemma 21 makes obvious the following;:

Lemma 22 For any € > 0, there exist § = §(g), hg = ho(e) > 0, and R =
R(e) > 0 such that, for any 0 < h < hg(e), there is an open ball B(qn, h’R) C
Q so that for a solution (t,x) of (1) with Cp(|¢(t,)|) =1, and Jp(|(t, x)]) <
m(h, Q) + Sh™%, for each t € RY,

1 / )
— |(t,)|" dx <
WY JonB(@.noR)

to hold.
The correlation of the solutions of the equations (36) and (37), combined

with (38), ensure the existence of ” ground state” solutions of (37), that is,
solutions that are minimizers of Jj,(u), with u satisfying Cj(u) = 1.

16



We define next, the following set of admissible initial data, for given K,
h>0:

$(0,2) = up(0, x)ern = (0:2)

with up(0,2) = (U + w)(x)

U is a ground state solution of (37), and w € H}(Q) s.t.
Crh(U+w) =1, and ||w||Hé(Q) < Kh*

I954(0,0)] o < KHNO/2

Jo V(2)u}(0,2)dx < KRN

(43)

We prove next the basic stability result.

Proposition 23 Given € > 0, there exists ho = ho(e) > 0, and R = R(e) > 0
such that, for any 0 < h < ho(e), there is an open ball B(gy,h’R) C Q so
that for a solution (t,z) of (1) with Cy(|¢(¢t,x)]) = 1, and with initial data
¥(0,2) € BE, where K is a positive fized number, it holds

1 / )
NG [Y(t, o)|" dr <e,
WP Jor B(G,n7 R)

for any t € R{.
Proof. Because of conservation of energy, we have

E(@(tz) = E(0,))

= hNﬁJh(uh(O,ZL’))+/Q

|Vsn(0, )|

dzr
2

u? (0, ) [ + V()

IA

KQ
RN T (un (0, 2)) + 7hNﬁ + KhFP
NP I, (un (0, 2)) + CRNP

= WP, (U +w) + CrNP

A8 (m(h, Q) + C'Kh* 4 C)

= WV [m(h, Q) +h™* (K**C'K + Ch*)] ,

IN

since a Mean Value Theorem application ensures that J,(U + w) < m(h,Q) +
C'Kh®, for suitably small h. More precisely, since .J;, is C', we may find some
n € (0,1) so that

Jn(U+w) = Jp(U) = Jo(U +nw) [w]
/ V(U + nw)Vwdz
Q

+ [ WU + nw)wdz.
Q

We have

/Q V(U + ) Vwds| < |90y 190] 2y + V00300 < Ca l0l01
(44)

17



since Hw”Hg(sz) < 1. Because of Condition 2,

< Collwll ooy < Cs llwll gy q) - (45)

/ W'(U + nw)wdz
Q

Combining (44) and (45), we obtain the desired inequality. Thus

|Vsn(t, )|

5 +V(x)

Tn(un(t,z)) = nNF {E(%/J(t,x))/QUi(tvx)[

[m(h, Q) + h~* (h**C'K + Ch®)],

since V() > 0. We use now Lemma 22, by choosing hy small enough in order
to ensure h3®C'K + Ch§ < §(¢), and the result follows. m

IN

Corollary 24 Given e > 0, if q(t) is the barycenter of a solution ¥(t,z) of (1)
with Cy([¢(¢, 2)]) = 1, and with initial data ¥(0,x) € B, where K is a positive
fized number, then for any t € Ry, q(t) € B(qn,ds + h’R), where h and R are
as in Proposition 23, and d = diam(€2).

Proof. One has for any t € R,
Jo @ — =) [0t )" da
Jo [t @) da

pN8 /Q G — 2] [(t,)|? da

- 2

fQ\B(qﬁ“hﬁR) Gn — x| |¢(t, x)|" do
o~ 2

S mer @ — 2l 10t @) da

< h7NP[dhNOe + 1P RhNP] = de + WP R,

gn —a(t)] =

_ p N \ [ @ -2l ds

IN

hoNP

thus proving the claim.

Remark 25 The above Corollary may be interpreted as follows: If we choose
a pretty small ¢ > 0, and we make a consequent choice of small h, then
B(qn, WP R) C Ay = B(Gn,de + BPR) N Q, with meas(Q — Ap) > 0. In other
words, we have found a neighborhood of q(t), for any t € R}, as in Def. 10,
in the sense that a solution ¥(t,x) of (1) with a perturbed initial state, meeting
the requirements of Proposition 23, concentrates basically on this neighborhood
of q(t), exhibiting a behavior quite similar to a solitary wave.

4 H' localization for V # 0
4.1 The case Q =RY

We start with the following assumption: The problem

0 h2 1
A ey NS 7 VY

- 2 2he oy V@Y

18



[t z)| = 0, as |z — oo,
considered as the RV analogue of (1) admits a unique solution
¥ € CO(R, H*(RN))nCH(R, L*(RY)) (47)

(see [19], [11] or [18] for sufficient conditions.) We also impose on W, V further
conditions, namely:

Condition 26 W is C3, with |W"| < ¢|s|’"> for some ¢>0,2<p <2+ +
Condition 27 V : RN — R is a C° nonnegative function
In order to proceed, we will need the following lemma:

Lemma 28 For every € > 0, there exists R = R(e) > 0 such that for every
ground state U, there exists q(U) € RY such that

/ (|VU|2+U2) dz < ¢
RN\B(q(U).R)

Proof. If we assume the contrary, then we may find € > 0 such that we may
have a sequence of pairs (R, > 0,U, ground state) so that for each ¢ € R

/ (|VUn\2+U5) de > ¢,
RN\B(q(U).Rn)

thus obtaining

inf

/ (|VUn|2 + U,%) dz > e. (48)
4€RY JRN\B(q(U),Rn)

Then {U,}, is a minimizing sequence, and by concentration compactness we
know that {U,}, is relatively compact up to a translation by {g,},, € R¥. Thus
there exists a ground state U with U,(-— ¢,) — U in H}(RY), and

inf /
a€RN JRN\ B(q(U),Ry)

/ (VU + U2) de
RN\B(fqnaRn)

/ (VUL + U2) (& — gu)da
RN\B(0,R,)

(\VUn\Q + Ug) dz

IN

/]RN\B(O Ry) (|VU|2 + UQ) dz + on(1) = on(1),

contradicting (48). m
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Lemma 29 For every > 0, there exist R = ﬁ(s) >0, 6 =d(e) > 0 such that,
for any u € J™ONS,, we can find a point § = q(u) € RN such that

fRN\B(a,E) \Vu)? (z)dx
f]RN \Vu|2 (z)dx

where m = m(RY) (see Lemma 21), J™*% = {u € H'(RN)/J(u) <m+6}.

<e, (49)

Proof. Exploiting Rel. (50) in [7], we obtain a point § = g(u) € RY and a
radial ground state solution U such that

u(z) = U(z — q) + w, with [Jw[| g g~y < Ck, (50)

where C is a constant not depending on U. According to the previous Lemma,
we may find R > 0 and a point ¢ = ¢(U) such that

2
C
/ (|VU|2 + U2> o < 255, (51)
RN\ B(q,R) =1

where ¢; is the Sobolev constant related to the embedding H'(RY) — L2(RY).
If we choose R big enough, then B(q, R) C B(0, R), resulting to

2C
(IVUP +0?) dz < 7=, (52)
RN\ B(0,R) C%

We have

2
fRN\B(O)E) |VU|2 (lL’)dl‘ N C% IRN\B(&I?) (‘VU‘ + U2) dx
Jon IVU? (z)dz Jon UZdz

< Ce. (53)
Now
/ VuP(@)dr < / VU (z - )da
RN\B(3,R) RN\B(3,R)
+/ . (|Vw|2+2wU) dx
RN\B(3,R)
= / R VU (x)dz
RN\B(0,R)
+/ . (|Vw|2+2VwVU> dz.  (54)
RN\B(G,R)

By (50), (53) and (54), we get the claim. One should notice that R does not
depend on u, U. m

Our main objective in this subsection is to prove an H' modular stability
result of the solution of (46) with suitable initial data; more precisely, we prove
that, for fixed t € Rar , this solution is a function on RY with one peak localized
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in a ball with its center depending on ¢ whereas its radius not. To this end, it is
sufficient to assume that (46) admits global solutions ¥ (t,z) € C(R, H'(RY))
satisfying the conservation of the energy and of the L? norm.

Given K > 0, h > 0, we define the following set of admissible data:

(0, ) = up (0, z)ensn(02)
with u,(0,z) = (U + w) (53?)
Brnp=4 9€ RN, U is a ground state solution, and w € H*(RV) s.t.
" U+ w2 = Ul =0, and |||z < KR*
IVsn(0,2)|| ;o < K for all b
Jan V(@)ui (0,2)de < KhNA—2«

We next study the rescaling properties of the internal energy
~ h? s 1
Jp(u) = — |Vu|" + —=W(u) | dx,
RN \ 2 he
and of the L? norm of a function u(x) having the form

x
ua) =v (55).
with 8 =1+ 5. We have

2 _ TN gy = VB 206 — BB [[oI2
e = [ o () do =0 [ otede =¥ ol

and

i = [5G g ()]

(N—-2)B+2
L[ ve@r e neew e ae

w5 Vel < W w©)] =)

We can now describe the concentration properties of the modulus of the
solution of (46).

Lemma 30 For any € > 0, there exist positive numbers 6 = J(e), R = ﬁ(s)
such that: for any ¢(t,x) that solves (46), with |1(t, hPz)| € J™ NS, for all
t, there exists a map qy, : RS‘ — RY for which

2
Jen\B@. 1. 7) [ Vun(t,2)|" dz

Jan [Vup(t, 2)]? da (56)
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Proof. For fixed h and t, we set v(£) = |1(t, h#€)|. By Lemma 29, there exist
§ >0, R> 0 and g =g(v) such that: if |(t,hPxz)| € J"TO N S,, then
fRN\B(q,ﬁ) [Vev (5)‘2 dg
Je [Vev (€)[7 d

By a change of variables, we obtain

Jemp@m Vet O d€ Jampuognon |Vun(t, o) do

Jen [Vev (€ de S \Vun(t, )| da
fRN\B(hﬂqﬁ) |vuh(t,$)|2 dx
Jon [Vun(t, )| da

, since h < 1.

Setting @, (t) = h?g, we complete the proof. Notice that g, (t)depends on ¢, and

~

1, while R depends only on . m

Proposition 31 Let V € LjS.. For every € > 0, there exists R >0 and ho >0
such that, for any (t,x) that solves (46), with initial data ¥(0,x) € Bg p,
where h < hg, and for any t, there exists @, (t) € RY, for which

1
72/ [ Vun(t,x)Pdr <. (57)
[Vun(t, z)l72: JRN\B@,(1),h5 R)

Proof. By the conservation law, the energy Ep, (1) (t, x)) is constant with respect
to t. Then we have

Eh(w(tvl‘)) = Eh(w(oﬁx))
= Ju(un(0.2)) + / (0, 2)

RN

|Vsn(0,2)|”
2

+V(z)| dx

IN

Jn(un(0,2)) + gg%w + KhnNP
RNE= (U +w) + hVPC,

where C' is a suitable constant. By rescaling , and using that (0, z) € Bk 5, and
that ||wl| ;1 < Kh® implies J(U +w) < m + Kh® (see the proof of Proposition
23), we obtain

EL(¥(t, x)) NP J(U 4+ w) + WNPC
NP (m + Kh®) + hNPC

= NPT (m+ Kh* + h*C) = KNP (m + h*Cy),

N

where we have set C; = K 4+ C. Thus

Tuunts)) = Baole) - [ i) [qu) da
< VB~ (m+hoCy), (58)
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since V' > 0. By rescaling the inequality (58), we get
J (up(t,hPz)) < m+ h*Cy.

So, for h sufficiently small, we may apply Lemma 30, and get the claim. m

4.2 The case () is bounded

The case where €2 is bounded is easily treated, once one makes the crucial remark
that Lemma 29 has to replace Lemma 15 in [7], that it was used in the proof of
Lemma 21. The rest of the proofs in the consequent Lemmas 32 and 33 and of
the final Proposition 34 follow precisely the pattern of the proofs for Lemmas
21, 22, and of Proposition 23, respectively. For completeness, we give below
the precise statements, where we have assumed for simplicity, as in the L? case,
that o = 1.

Lemma 32 For any € > 0, there exist § = §(g), hg = ho(e) > 0, and R =
R(e) > 0 such that, for any 0 < h < hg(e), there is an open ball B(qn, h’R) C
Q so that for any u € HE(Q) with Cy(u) =1, and Jy(u) < m(h,Q) + 6h™°,

2
Jonp@,nor [Vul” de
Jo \Vul? da

to hold.

Lemma 33 For any € > 0, there exist 6 = (), ho = ho(e) > 0, and R =
R(e) > 0 such that, for any 0 < h < hg(e), there is an open ball B(qn, W’ R) C
Q so that for a solution (t,x) of (1) with Cr(|¢(t,z)|) =1, and Jp(|9(t,x)]) <
m(h, Q) + h™%, for each t € RY,

fQ\B(q”h,hBR) |Vu(t,z)|” dx
Jo IVu(t,z)” do

<e

to hold, where u(t,z) = |(t, z)|.

Proposition 34 Given ¢ > 0, there exists hg = ho(e) > 0, and R = R(e) > 0
such that, for any 0 < h < hg(e), there is an open ball B(gy,h’R) C Q so
that for a solution (t,x) of (1) with Cp(|¢(t,z)|) = 1, and with initial data
¥(0,2) € BE, where K is a positive fived number, it holds

fQ\B({j,“hﬁR) |Vu(t, CU)|2 dx
Jo [Vu(t, z)|? da

for any t € R, where u(t,z) = [¢(t, 2))|.
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5 Appendix

In order to gain some control over the dynamics of the problem, that is, to
try to formulate Newton’s equation describing the motion of the barycenter for
a fixed value of h, one needs to express suitably ¢(t). To this end, a further
assumption on W is made, namely that W (0) = 0. For the sake of simplicity,
we fix h = 1, a = 1 in what follows, the general case being straightforward.
Also, we suppose that a solution (¢, x) is sufficiently smooth in order to make
the integration by parts meaningful. Given this, the general case can be proved
with minor technical efforts. Finally, we use the Einstein convention on the
summation indices.

We will use the Lagrangian formalism. Equation (1) is the Euler-Lagrange
equation relative to the following Lagrangian density L:

— 1
£ =Re(ipd) — 5 [VYI* = W(¢]) = V(@) [0
By Noether’s theorem, there are continuity equations related to £, which we

will use to derive an equation for the motion. In particular, we are interested
in the following continuity equations:

Lot 0)P = -9 - Im (599) (59)

and

d _
ZIm (V) = —[$PVV ~ V- T, (60)
where T is the so called energy stress tensor and has the form
— 1— 1 s 1,
Ty = Re (00, 900, 9) ~ 03t [Re ( 508 ) + 5 [Vl = S (1) |91 + W (J)
For an introduction to the Lagrangian formalism for equation (1) and continuity
equations we refer to [5, 8, 16].

In the light of equation (59), and by divergence theorem, one has for j =
1,..., N,

i) = 5 [ osloteof o= [ 2o (10P)da
_ _/ijv.lm (@VY) da
= [V om0+ [ @0,0)
Q Q

- / T (30, )
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since ¥ (t,x) = 0 on 9. Thus we have the momentum law

q(t) = Tm ( /Q wvwm) . (61)

For the second derivative of the center of mass, we have, by (60) and by
divergence theorem,

i) = [ 1 (00, 0ds) = [ 0 Tytaddo — [ 10it,0) 0.,V (@)

:/ Tix(t, x) - npdo — / [(t, 2)[?0,, V (2)dz == 11 + I,
o9 Q

n being the inward normal to 0f.
Let us use the polar form ¢ (t,z) = u(t, z)e****) . Then

IQ = —/ U2axJV(JU)d.T
Q

This appears to be a force term depending on the potential V. This, when the
concentration parameter h — 0, gives us the Newtonian law for the motion of
a particle (see [7], where this approach is used in the whole space RV).

Since u = 0 on the boundary (and since W (0) = 0), the expression of T is
simplified and the term I; becomes

1
I :/ Tipnido = / (8%.11 Oz, 4 — =0k A (u2)> nido
a0 ) 4

1
:/ ((%J.u O, U — 25jk|Vu|2> nido.
a0

Again, because u = 0 on the boundary, by implicit function theorem, we have
that Vu is orthogonal to 9Q. In addition, we have by defintion u = |¢)| > 0,
so whenever Vu # 0, the inward pointing normal vector can be written as

_ Vu
n= Thus

1 Op, U
I = . 5. 2 Tk
1 /aQ <(‘3%u Oz, U 26.7k|Vu| ) |Vu|da

1 1
:/ (Oz;ulVu| — 50,,ulVul|)do = f/ Oz;u|Vuldo =
o0 2 2 Jaa
:1/ |Vu|*n;do.
2 Jaq
Concluding, we have
1
q(t) = —/ UQVV(Z‘)dx—F*/ |Vul*ndo. (62)
Q 2 Jaq



In the case of a bounded domain with Dirichlet boundary condition, it appears
an extra term, which represents the centripetal force. Unfortunately, there are
some obvious computational challenges concerning the last integral of (62), and
we cannot give a simple expression of this term, when h — 0. As it was said in
the Introduction, these challenges call for further work on the dynamics of the
solution of (1).
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