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ABSTRACT. We prove global existence of smooth solutions for a slightly super-
critical dyadic model. We consider a generalized version of the dyadic model
introduced by Katz-Pavlovic and add a viscosity term with critical ex-
ponent and a supercritical correction. This model catches for the dyadic a
conjecture that for Navier-Stokes equations was formulated by Tao [13].
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1. Introduction

The a prior: estimate of relevant quantities is a crucial part of the analysis of
PDEs. For our purposes, the most interesting example is the system of Navier—
Stokes equations in dimension three. In that case the kinetic energy and the energy
dissipation are super—critical, hence in a way negligible, quantities with respect to
the scaling invariance of the problem. Indeed, proofs of regularity are available only
in the so—called hyper—dissipative case, where the Laplace operator is replaced by
(=A)* for a > 5/4 and this additional dissipation makes the energy relevant again
(see for instance [11, @]).

In a recent paper Tao [13] has shown that hyper—dissipativity can be slightly
relaxed by a logarithmic factor. The idea originates from the same author [12] and

1991 Mathematics Subject Classification. Primary 35; Secondary 76.
Key words and phrases. Dyadic model, global existence, slightly supercritical dyadic model.

(©2014 International Press

39


https://core.ac.uk/display/80254379?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

40 D. BARBATO, F. MORANDIN, AND M. ROMITO

has been applied in other problems, mainly from dispersive equations. In [13] Tao
adds a small correction to the hyper—dissipative term, replacing (—A)5/ 4 with

(-a)!
A=Ay P

and provides a simple and neat proof of global existence if [1/(sg(s)*) = co. He
then suggests that the same result should hold, based on some heuristics on the
flow of energy, under the weaker condition [ 1/(sg(s)?) = oc.

The aim of this paper is to prove Tao’s conjecture for the dyadic model, a
simplified version of the Navier—Stokes equations, that nevertheless has shown to
be an effective tool in the understanding of the full Navier—Stokes problem [14].
In particular, we believe that the main result of our paper (Theorem [5) gives a
complete answer to some questions raised in Remark 5.2 of [14]. As a bonus result,
in Section we prove that the conjecture in [13] is true for the vector-valued
dyadic model introduced in [14]. A proof of the conjecture for the full Navier—Stokes
equations is a work in progress.

1.1. The model. Given § > 0 and two real sequences ¢ = (¢n)n>1 and
g = (gn)n>1, With ¢ bounded and g¢ positive, set k,, = 26" for n > 0. Consider the
critical hyper—dissipative generalized dyadic model,

( ) {X;L = Qﬁnflknle»?Lil - ¢nanan+1 - g%an'ru

t>0,n>1,
Xn(0) =z,

where X = (X,,)n>0 is a family of real functions, Xo = 0 and « = (z)n>1 is the
given initial condition.

The classical critical regime here corresponds to g = 1. Tao’s statement for
Navier-Stokes equation, transposed on our model, works whenever )" g, 2 =
(gn = /n for instance), while the conjecture, on our model, states that global
regularity should hold for " g,' = oo (e. g. g, =n).

The role of the coefficients ¢ is to break the structure of the non-linearity.
Otherwise, as shown in [4], if ¢ = 1, the energy flow is very steady, in the sense
that the transfer of energy from X,, to X, i starts before X,,_; is discharged
enough and this allows to prove regularity in a full supercritical regime. Further
generalizations are possible, see Section [3.3]

The dyadic model has been introduced in [10] and analyzed in several other
works [7), 8, [, [2]. The model with viscosity has been initially introduced in [6]
and further analyzed in [5l, 4].

1.2. The dyadic version of [13]. It is casy to be convinced that Tao’s condi-
tion [1/(sg(s)*) = oo reads in our case as Y 1/¢g2 = co. To this end, we reproduce
in this section a non-rigorous sketch of the idea of [13] adapted to the dyadic frame-
work. Assume also, as we do, that (g,)n>1 and (kn/gn)n>1 are non-decreasing.
Assume moreover, for simplicity, that g, = g(n), where g is non—decreasing, con-
tinuous, non-zero on [0, 00) and [ g(x) ™% = oo.

Given a solution X, set for s > 1,

= kn e & k28+1
a(t) = Z g—Xﬁ, A(t) = Z k25 X2, B(t) = Z Inx2,
n=17"

n=1 n=1 Gn
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We know by the energy estimate that a € L'([0,00)). By differentiating and using
the Cauchy—Schwartz and Young inequalities,

&A +2B =202 = 1)) k2T XX 1 S B4 gkt TX2XD

n=1 n=1

Split the sum on the right-hand side in a sum [L] up to N and in a sum [H] from
N on, where N will be chosen at the end. On the one hand,

Z ( ) stXZm < CQJZVQA,

on the other hand
Z: ) (e X ) < ZAQ.
If we choose N so that ky =~ A, that is N ~ log A, we have
A < (14 a)g(log A)%A,

whose solutions stay bounded on bounded sets.

1.3. The dyadic version of Tao’s conjecture. We present here a heuris-
tic argument that shows, as in Remark 1.2 of [13], that the weaker assumption
Y>onIn 1 = o0 is sufficient for global regularity.

Indeed, let X be a weak solution on [0,T") and consider a blow—up scenario in
T: at some time t the energy of solution is concentrated in n,n 4+ 1,...n + m and
n — oo when ¢t — T'. The balance of energy on n,...,n + m yields:

n+m n+m

dt(Q Z X2) = ¢n71kn71X72171X (bmk Xn+m n+m+1 — Z X

where we could imagine ¢, _1k,_1X2 ; X, as the energy moving from n — 1 to n,
Ok X2
energy dissipated in i. So, roughly speaking, k, X? is the speed at which the energy
moves from n to n+ 1, whereas %X% is the speed at which the energy is dissipated
in n.

Now in the blow—up scenario, to go to high “n”s, the energy has to go through
all the states. The ratio between the energy dissipated and the energy that goes
through n is 7 1Xn > %. So, to have a non—trivial amount of energy reaching the

Xptm+1 the energy moving from n +m to n +m + 1, and ’;—qXZQ the

n+m

infinite state, we have to require Y g, ! < oco.

Our proof is a rigorous version of the above argument. We find a recursive
formula @ for the tail energy and dissipation. Then we prove that any sequence
satisfying the recursion decays super—exponentially fast.

2. Preliminaries

2.1. Basic definitions.

DEFINITION 1. A weak solution is a sequence of X = (X,,)n>1 of differentiable
functions on all [0,00), satisfying .
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Whenever X denotes a weak solution, E,, (t) and F,(t) will denote the energy
of the tails: for all n > 1 and ¢ > 0,
E,(t):=) X}(t)<oo, and  F,(t):=Y X}(t)<oc.
i<n i>n
We will also denote by F the total energy of the solution X: for all ¢ > 0,
B(t) = Y X2(0) = lim B, (1) = [X(D)]}.
n>1
Clearly E(t) = E,(t) + F,11(t) for all n > 1. From () we get
d 2
%(X?z) = 2¢n—1kn—1X727‘71Xn - 2¢nan721Xn+l - ;an27
so that if X is a weak solution, for all n > 1,
2
(2) El = 26k, X2X 1 — Z kX2
i<n i

To compute the variation of F,, we need an extra condition on solutions.

DEFINITION 2. A weak solution X satisfies the energy inequality on [0,T] if

t

2

() B(t) + / S 2k X2(s)ds < B(0),  te[0,T)
0 n>1 9n

A weak solution satisfies the energy equality if there is equality in the above formula.

We remark that, as is expected in this class of problems, regularity readily

implies uniqueness and that the energy inequality holds (there is no anomalous

dissipation). The converse is not true in general (see for instance [1J, [3]).
By and it follows that, if X satisfies the energy inequality, then

t t
2
(4) F,(t) an(o)+/ 2¢n,1kn,lxg,lxnds—/ Z;kin ds.
0 0 7

i>n

The following proposition gives a sufficient condition for the energy equality.

We first introduce some functional spaces. For all s € R and p > 1, let W*P denote
the Banach space

WSap — {;[; = (mn)n21 c RN . H‘r||€VS'p = Zstnlxnlp < OO}
n>1
In particular, we set H® = W*? and H := H° = (*(R).
PrOPOSITION 3. Let T > 0 and X be a weak solution with initial condition
r€ H. If X € L3([0,T); WFP/33), then X satisfies the energy equality on [0,T).
PROOF. Let ¢ € [0,T] and n > 1. By equation ({2)),
t t
2
(*)  0<E,(t)+ / D kX (u)du = E,(0) — / 2bn ki X2 (1) X g1 ().
0 i<n 9i 0
To prove the energy equality, it is sufficient to take the limit for n — oo and show
that the last term of (E[) converges to zero. By Young’s inequality,

t ) t 1 t
| kX2 X lde < 2 [kl aPdut 3 [kl Xl
0 0 0
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and the terms on the right-hand side converge to zero, since X € L3([0, T]; W?/3:3).
(Il

2.2. Local existence and uniqueness.

PROPOSITION 4. Let s > 0 and suppose x € H®, g € H—°. Then there exist n >
0, depending only on ||z| g=, and a unique solution in the class H := L*>([0, n]; H®).

PrOOF. In view of applying Banach’s fixed point theorem, we introduce the
operator F on H defined as follows. For all n > 1 and ¢t € [0, 7], let

k

t .
(FV)n(t) := ape”on' + / e"am (7 [qsn,lkn,lvf,l(u) — qbnann(u)VnH(u)}du,
0

so that X is a solution if and only if it is a fixed point of F. To apply Banach’s
fixed point theorem we must show that F maps some ball By (M) := {v € H :
[lv]]7 < M} into itself and that F is a contraction on the ball. To this end, we will
often use that if v € H, then |v,(¢)| < &, ®||v||x for all t > 0, n > 1.

We deal with the first requirement, so suppose V' € By (M). For all n > 1 and
t €[0,m],

kn

kn t _En iy,
FVIn0] < fanle 5+ e [ 50 b0y V2, 4+l ViV
0

Ekn

t
kn _ —u
< Jaale B o (BE725 4+ KL0RS ) [V / e (=) gy
_os _kn
< a4 20l B2 g (1 — e~ B2 V2,

0 [|FV |l < [l]ls- + 2]l [ V[2L(), where we defined

kg 1/2
L) = [Z kg2 (- o >} ,

n>1

and supy<,<, L(t) = L(n) by monotonicity. We claim that lim, . L(n) = 0. Con-
sider

N 2
_kn _ kn s _9s
L2 () = 2% k% g2 (1—e gn">2<2458§jkn2592<gn> +2400 % kg
n

n>1 n=1 n>N

Since g € H™*®, we can choose N such that the second term is arbitrarily small,
and then choose 7 in such a way that the first term is small too, hence L(n) — 0
asn — 0.

Let M := 2||z||gs. If n is small enough so that L(n) < (4| ¢l M)~1, then
| FV ]2 < M/2 + 2||¢||¢« M2L(n) < M, so the first requirement is satisfied for all
n such that L(n) < (8]l o) L.

To prove that F is a contraction, suppose X,Y € By(M). For all n > 1 and
t € 10,n],

Ekn

t
(FX=FY)u()] < |9]e / eSO [k | X2 1= | X X =YY | du
0
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With the obvious decomposition ab —cd = 1(a —¢)(b+d) + 3(b — d)(a + ¢) and
recalling that for all j, [v; ()] < k;°|[v][+, we get

t
kn (t_y
(FX = FY)(0)] < 2M 0l X = ¥l a5 + bk k] [ e300
0

kn

<AM ||l [|X = Y |l2ky 2 gn (1 — e o),
hence
IFX = FY |l < AM|¢lgm || X = Y[l L(n).
Let 6 € (0,1). Choose 7 small enough that L(n) < 0(8|@||¢= |||/ z:)"t. Then the

first requirement is satisfied and || FX — FY |5 < 6||X — Y|, and we conclude by
Banach’s fixed point theorem. (Il

3. The main result

In this section we prove our main result. The theorem follows immediately
from our Theorem [I3] which works in a slightly more general setting.

THEOREM 5. Suppose that g, is non-decreasing, % is eventually non-decreasing

and that ZnZl gyt =o0. If v € H® for all s > 0, then there exists a solution X
with initial condition © such that X € L>([0,00); H?) for all s > 0. This solution
is unique in the class L3 ([0, 00); W8/3:3),

loc
3.1. The bounding sequence. For all initial condition in H, we introduce a

sequence of positive numbers which will be fundamental to bound all weak solutions.

DEFINITION 6. A sequence y = (yn)n>1 is the bounding sequence for x € H if
it is defined by

(5) y1 = yo = 2l|z[|%,

1/2
(6) Uiz = Cogalyn/)un + Y 22, n>1,
i>n+2

where forn >3, C,, : Ry — (0,1) is the following increasing function,

1 -1
Cp(v) == <1 + > , v > 0.
%gnHQbHZ‘X"U
LEMMA 7. Suppose g is non-decreasing. Let T > 0, x € H and y be the
bounding sequence for x. Suppose X is a weak solution with initial condition x
that satisfies the energy inequality on [0,t] for allt < T. Then X2(t) < y, for all
t€[0,T) and alln > 1.

PROOF. Define
t
2
(7) )= Fat)+ 3 / 2 X2 (s)ds.
i>nt170 gi

Roughly speaking, d? represents the combination of the amount of energy stored
in all modes larger than n at time ¢ and the energy dissipated by these modes up
to time t.
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Notice that X2(t) < F,(t) < d2(t) < ||z||3 by the definition of d,, and (3).
By we deduce that

8) ()< /0 Y 1k 1 X2, (5)Xo(s)ds — /0 2 1 X2(s)ds + Fy (0).

9n
Define
d, = sup dn(t) < oo.
0<t<T
We claim that for all n > 1
(9) d%-i—Q < Chyo (Jn+1)‘j§1 + Fnio (0)
Then, since y; = ya := 2J|:1:H%I and since (), is monotone increasing, an easy

induction argument yields d2 < y,, for all n > 1 and hence that
Xo(t) < dy(t) < dyy < yn,

for all n and all ¢.
We turn to the proof of the claim @D By the Cauchy-Schwarz inequality
applied to (8)

di(t) < /0 Hd)”l“ kn71|Xn71(s)|(Xr2L,1(8) + Xﬁ(s))ds + Fn(O)

t
< H¢Ileooo?n_1/o Fen—1(X2_1(s) + X2(s))ds + F,(0)

n—1

- Ve k.,
Sgn\|¢>lleoodn71/ <g 1X3_1(8)+fg XZ(S)) ds + F,(0),
0 n

where we used the fact that g, and k, are non-decreasing with n. We get another
bound from @,

2 2 ! 2knfl 2 ¢ 2kn 2
dy, (t) = dy 5 (t) = Fu(t) — Fra(t) — Xu-a(s)ds — [ ——X7(s)ds
0 Y9n-1 0o 9n
t
K- kn,
< —2/ ( LX2 [ (s)+ Xﬁ(s)) ds,
0 gn—1 gn
hence putting the former into the latter,
t 2
kpn— kn dz (t) — Fy
d2(t) < di_g(t)f2/ ( LX2 (s) + X5(5)> ds < &2_y(t)—Sa) —Fu(0)
0 \Yn—1 gn 59nl@ledn_1
yielding
1

(1) < (1 n ) Py (1) + Fa(0) = Coldyr)d2 (1) + Fa(0).

%gn”d)HZOCJnfl
Taking the sup for s € [0,T") yields the claimed inequality @D (Il

Lemma [7] states that the variables X,,(t) can be bounded by the the bounding
sequence y, so we will spend the rest of the section to show exponential decay for
the bounding sequence y,,. As a first step we see that bounding sequences converge
to 0.
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LEMMA 8. Suppose g is non-decreasing and Zn21 gt = oo. Letx € H®
for some s > 0 and let y be the bounding sequence for x. For all n > 1, let

B =3 jon dis; T3 Then

(10)  Ynrom < un [[ Coros(pioins) + by foralln>1,m > 0.
i=1
Moreover y, — 0 as n — oo.

Proor. Since C; <1 for all j, inequality is easily proved by induction on
m using @

From this we deduce that y is bounded. Since v — C;(v) is monotone increas-
ing, we may replace the bound for y inside C; yielding that

1/2 Z1y— .

i) < M+egrH)™, i1,
for some constant ¢ > 0. Since >, gj_1 = 00, then J[,5,(1+ cgj_l)_1 = 0. Since
g is monotone, then [],-, (1 + cg;i%)*l = 0 too, hence by considering for n

and n + 1, we get,

limsupy; < by + Apyr.
jzn
Since x € H®, lim,,_, o, h,, = 0, therefore y,, — 0. [

The next step is to introduce in Definition [9] below a special sub-sequence of
the indices of g,, this step is necessary because the hypothesis ), ¢, = oo does
not provide enough information on the rate of divergence of the series.

DEFINITION 9. Given a sequence g with Zn>1 g;l = 00, a positive integer ng
and real numbers 0 > 0,s > 0, define by induction on k > 0,

n
(11) Myl = inf{n Snp+2s Y gtz 2*8k9} .
Jj=np+2
Notice that the definition above gives a finite number, because Y i>1 gj_1 = 0.
The importance of this definition will be clear with the next two lemmas.

LEMMA 10. Suppose g is non-decreasing and ), -, gl =o0. Let x € H® for
some s > 0 and let y be the bounding sequence for x. Then there exist ng > 1 and
0 > 0 such that the sequence (ng)r>o given in Definition @ satisfies the following
inequality:

(12) sup y; < 228k k>0.
Jj2nk

PROOF. In view of applying Lemmal[8 we need to bound y,, and h,, for n large.

Since x € H?, then for any ¢ > 0, z,, < €27°" eventually and in particular for n

large,
hn = Z Zx? = ij?+n71 < 2_287162_7.2_25(-7_1).

jznizj j>1 j>1
so for any 1 > 0, h,, < 272" eventually. We also know from Lemmathat Yn — 0
as n — 00. Thus fix some 1 > 0 and let ng be large enough that for all n > ny,
(13) yn <1 and h, < 772*25".

We now proceed to prove by induction on k > 0. The initial step is simply
given by the definition of ny.
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We turn to the induction step. Suppose sup,>,, y; < 2725k Then for j >
ng + 17

1 1
Ci(y?)y =1+ >1+ =14 c2%g !
’ 39l9lle=y; 2951027 T
where ¢ = 2/||¢||¢. By we have then, for n > ng — 1,
m
Ynt+om < Un H(l + C2Skg;.:,1_2¢)71 + B,
i=1
By the monotonicity of g,
m m 1 n+2m
H(l + cQSkg;izi) > 1+ 2%k Zg;}_% >1+ c2Sk§ Z g;l.
i=1 i=1 j=n+2
By the definition of ngy1 in , if n < ny and n+ 2m > np1 we have
n+2m
> gtz
j=n+2

Collecting all conditions, we have proved that if n € {ny—1,n;} and n+2m > ng41,
then

1
Yn+2m < yn(]- + 509)_1 + hn

Since n > ni — 1 > ng_1, then by inductive hypothesis y,, < 2‘23(k—1); moreover
since n > ni — 1 > k, then by the second one of , hp < 1n272% 5o the bound
above becomes

1
Yntom < 272D (1 4 5c0) " 2k,

Now we choose 6 large enough and 7 small enough that
1

225(1 + 509)_1 +n <272,

to get
Yn+2m < 2_23(k+1)7 nc {nk - 1,7’Lk}, n+2m > Nkg+1-
Since for all j > ngy1 there exist n and m such that ny — 1 < n < ng and
j=n+2m > ngy1, we have proved
Sup yj S 2—23(k7+1)7

JZnK41

closing the induction. O

LEMMA 11. Suppose g is non-decreasing and ., -, g, =o00. Let ng > 1 and
0 > 0 be constant. If (ng)k>0 is as in Deﬁm’tz’on@ then there exist infinitely many
k > 1 such that ng41 = ng + 2.

PROOF. Suppose that there exists a non—negative integer r such that ngy; >
ng + 3 for all k > r. By the definition of the sequence (nx)r>0, we know that for
k>r,

Ngt1—1

Z g;l < 275k,

J=nir+2
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Summing on k we obtain

’I’Lk+171
D D 4 <o
k>rj=ni+2
hence since g;l = 00,
(14) > (gt 4 gnli) = 0.

k>r

But g;klﬂ < g;kl < g;}ilH < 275=1@ which is in contradiction with .
Hence there exist infinitely many k such that ngy1 = ng + 2. [l

LEMMA 12. Let x € H® for some s > 0 and let y be the bounding sequence for
x. Suppose that g, is non-decreasing, g,2~°" is eventually non-increasing and that

don>1 gt =oc. Then
Z 225My,, < 0.
n>1

PROOF. Let us recall the recursion @ that defines the bounding sequence y,

(15) Yn+2 ‘= Cn42Yn + fn+27 n 2 15
where
. —1
1/2
Cp = On(yn/—l) = <1+11/2> s n23,
29nll@lleeyy 2y
and where f, := F,(0), n > 3. Since x € H*, it is immediate that
(16) > 2%, < oo,
n>1

so our strategy will be to show that ¢, — 0 as n — oo.
By Lemmathere exist ng and 6 such that the sequence (n;);>1 of Deﬁnition@
satisfies

(17) sup y; < 272 i>0.
Jj>ni

A fortiori these inequalities hold also if we take larger values for ng and 6, so let 4
be large enough to verify inequality below and let ng be large enough that:

(1) fo < 32727 for n > ng (a consequence of (16));
(2) n— g,27°" is non-increasing for n > nyg.

By Lemma there exists k such that ng41 = 2 4+ ng, that is, g;:H > 275kg
hence

1 s(k+m
(18) Do € g2 mz 2
We have all the ingredients to prove the following inequality:
(19) Ynppm < 22927 2500m) 0y >,

Let us proceed by induction on m. The initial steps for m = 0 and m = 1 follow
immediately from with ¢ = k.
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For the inductive step, suppose the inequality is true up to m+1. By
and the inductive hypothesis,

-1
<1+ ! > <<1+ 26 )_1<1245
Cnp+m+2 = < - <=z \
L gmamral Ol yn e rman [l e 2
if we choose 6 large enough that
20\ 1.,
(20) (1 + ) < o7
[[@]] o 2

Moreover, since ny > k — 1, we have

1 1
fnk+m+2 S 52725(71;&.+m+2) < 228272s(k+m+2),

=2
hence
Ynp+m+2 = Cngtm+2Ynptm + fotmy2 < 2232_23(k+m+2)7
thus closing the induction.
Inequality says us that y, — 0 at least as fast as 272", To get ), 225"y, <
oo we need a little bit more. We proved above that for any # large enough there

exists n; such that
< (1 + 20 )_1
sup ¢; < _— .
i>ny @]l e=

By the arbitrarity of 6, lim,, .., ¢, = 0. This together with and proves

that
Z 2251y < 00. O

n>1
3.2. Global existence, uniqueness and regularity.

THEOREM 13. Let x € H® for some s > % Suppose that g, € H™* is non-
decreasing, gn2~°" is eventually non-increasing and that Zn>1grjl = 00. Then

there exists a solution in the class L*°([0,00); H®). This solution is unique in the
class L} ([0, 00); WB/3:3),

loc

PrOOF. Let T' > 0 be the maximal time of existence in H® of the solution
provided by Proposition In particular, X € L*([0,¢]; H®) for all t < T and,
since s > 3/3, X € L3([0,t]; W#/33) for all t < T. Hence, by Proposition 3, X
satisfies the energy equality on [0, ¢]. Lemma applies, so if y denotes the bounding
sequence for x, we have
(21) X2(t) < yn, n>1, tel0,T).
By Lemma

sup || X ()% < Z 2251y < 00.
te(0,T) n>1

If T = oo we just proved X € L*([0,00); H®). Suppose by contradiction that
T < oo. Then the bound in (21)) can be extended to ¢t € [0,7T] by the continuity
of X,, hence again by Lemm X(T) € H® and it would be possible to apply
Proposition {4} in contradiction with the maximality of T'.

Finally we turn to uniqueness in L{} ([0, 0o); W#/3:3). By Proposition Lemmalﬂ
and Lemma if X is a solution of class L} .([0,00); W#/3:3)  then X is also of

loc
class L£2 ([0,00); H®), hence by Proposition [4] it is unique. O
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3.3. Additional remarks. The last part of the paper is devoted to some final
remarks about our results. They have been collected here in order to give a more
complete understanding of the problem, while focusing, in the main body of the
paper, on the assumptions corresponding to those of [13].

3.3.1. A useful generalization. The results presented in the previous sections
allow for more general coefficients ¢. Namely, assume that

(22) ¢n = an(t, anmy anerla e 7Xn+m)7
for all n > 1, where m > 1 is a fixed integer. For convenience we set X_,, =
X_m+1 = -+ = Xo = 0. Assume moreover that the functions (¢,)n>1 are uni-

formly bounded and uniformly Lipschitz. This ensures that the local existence and
uniqueness theorem (Proposition [4)) still holds. In Proposition [3[ and Lemma [7| we
only use the uniform boundedness, while lemmas [} [T0}I2] deal only with bounding
sequences.

The above model has a nice application to the averaged Navier-Stokes system
studied by Tao in [14]. By making a special average on the transport of the NS
equations, the author derives a vector-valued dyadic system, very similar to but
with four components for each n. A general version of this averaged system is
(23)

X, = _%Xl,n + k) (—C1 X350 Xun — CoX1,n X — C3X1,n X5+ CaX3, 1),
Xb, == Xon + k) (CoX?, — C5X2,,),
kOL
Xé,n = _?ZX?”” + kg (C3X12,n + C5X27nX3)n) ,
Xin = *%XML + k) C1 X1 0 Xgn — k) 1 Ca Xy n X1 1,
X n(0) =2z p,

)

forallt > 0 and n > 1.

Here X = (X;n)ic{1,2,3.4},n>1 is a family of real functions, X, : [0,00) — R;
X0 =0; 2 = (%n)ie{1,2,34},n>1 s the given initial condition, k, = 27 with
B >0, and Cq,...,Cs are five real constants.

In the framework of Navier-Stokes equations the constants a = 2 and v = g
give a strictly supercritical regime. In [14] the author shows that this system with
a suitable initial condition develops a singularity. For the system the critical
regime is for &« = v and g = 1 (it is the regime in which the transport effects are of
the same order of the dissipative effect) whereas the logarithmically supercritical
regime conjectured in [13] is given by a =~ and g such that ., g,;* = oc.

The latter case can be included in our model with general coefficients .

Indeed, by summing up the components X2 := Z=1 Xf)n one gets

1d o
X =~ U e Xuin — K X K1)
n
(03
= 77”X12L + ¢nng721—1Xn - ¢n+1kg+1X72LXn+l
n
and this can be reduced to the system , when o = =y by a suitable choice of 3
and appropriate functions ¢,,(t) depending on n and ¢ and uniformly bounded.
3.3.2. Conditions for smoothing. Here we study the smoothing effect of the
dissipative part. We work under the assumptions of Theorem
The linear operator. Consider the system Z! = —%Zn, n > 1, the linear part

of .
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LEMMA 14. Assume additionally that %% — 0. If x € 02 and Z is the solution
starting at x, then Z(t) € L*([e,00); H®) for every € > 0 and every s > 0.

Proor. Clearly Z,(t) =z, exp(f%t) and sup,, (2°"Z,(t)) < oo for all s > 0,
t>01fandonlyif%%0. O

REMARK 15. If %% £ 0, the linear dissipation may not have a smoothing
effect. Indeed, it is ea;y to construct a counterexample. Choose n; > 1 and set
Npt1 = np2ﬁknp/”17, p>1, gn, = kn,/ny, and define g, = gn, for n, <n < my,
and gn = gn,kn/km, for my+1 <n <n,yq, where my = ny +ky, /n, It is easy to
verify that (gn)n>1 satisfies our standing assumptions and that there are sequences
(Tn)n>1 € 02 such that the corresponding solution Z is not smooth.

Smoothing by dissipation. We now analyse the smoothing effect for the non—
linear equation. Our final result is the following.

THEOREM 16. Assume additionally that 52 — 0. If s > 8 and X is a solution
such that X(0) € H® and X € L*>([0,T]; HS) "then X € L2 ((0,T); H?) for every
s> 0.

The theorem follows immediately from the following lemma.

LEMMA 17. Under the same assumptions of the previous theorem, let s; > 3
and so € (s1,2s1 — B). If X is a solution such that X(0) € H® and X €
L>([0,T); H*), then X € L2 ((0,T; H*2). More precisely, there is a non—decreasing
upper semi—continuous function ¢ : (0,00) — R such that ¢ is continuous in 0 with
©(0) =0, and

sup (ga(t)HX(t)HHsQ) < 00.
t€[0,T)

Proor. We have that
. t
220X, (1) = 292" ¢~ it X, (0)42%2" / e 5 ) (G 1k 1 X2 —kn X X 1) ds,
0

and consider the two terms on the right hand side separately.
For the non-linear term, we use the inequality |X,,(t)| < 271" (| X || oo (1) tO
get
(21)
’282” f e_ﬁ (t=s (¢n 1kn 1Xn 1 ¢nanan+1) ds‘ S
< | X (G oo reny 1 @llem 252720 g < €l X[ F oo (g 19l 0 27052 72515) € 02,

since g, < ck, and, by the choice of so, so —2s1 + 3 < 0.
For the term with the initial condition we notice that

_kny

2521 o7 gy,

X, (0)] = 22750 e 5t (2997 X, (0)]) < () (297 X (0)]) € €2,

where ¥(t) = sup, (2(32*51)” exp(—%t)). It is easy to check that ¢ is non—
increasing, lower semi—continuous and ¥(t) T co as ¢ | 0. Choose ¢ = 1/9 to
conclude the proof. O
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