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THE COHOMOLOGY OF THE BRAID GROUP B; AND OF SL,(Z) WITH
COEFFICIENTS IN A GEOMETRIC REPRESENTATION

F. CALLEGARO, F. R. COHEN*, AND M. SALVETTI

ABSTRACT. The purpose of this article is to describe the integral cohomology of the braid group
B; and SL»(Z) with local coefficients in a classical geometric representation given by symmetric
powers of the natural symplectic representation.

These groups have a description in terms of the so called “divided polynomial algebra”. The
results show a strong relation between torsion part of the computed cohomology and fibrations
related to loop spaces of spheres.

1. INTRODUCTION

This article addresses the cohomology of the third braid group Bs or SLo(Z) with local coeffi-
cients in a classical geometric representation given by symmetric powers of the natural symplectic
representation. Calculations of this type have been basic in several areas of mathematics such
as number theory as well as algebraic geometry. These results can be regarded as giving the
cohomology of certain mapping class groups with non-trivial local coefficients.

For example, the first characteristic zero computation of this type, important in number theory;,
is the classical computation of a certain ring of modular forms due to G. Shimura [Shi71]. A version
for the “stabilized” mapping class group in characteristic zero was developed by Looijenga [L0o096].
The new feature of the current article is (1) a determination of the torsion in the cohomology of
this special case of B together with (2) an identification of this torsion as the cohomology of
another space which has been basic within homotopy theory.

The main new results in this paper gives the cohomology of the braid group Bs as well as
SL(2,7Z) with natural coefficients over integral symmetric powers of the natural symplectic repre-
sentation. One of the main new points is that the construction of Shimura which gives the ring of
modular forms also “transforms” polynomial rings to torsion variations of divided power algebras
closely connected to the cohomology of the loop space of a sphere and related fibrations.

The precise problem considered here is the computation of the cohomology of the braid group
Bs and of the special linear group SLs(Z) with certain non-trivial local coefficients. First consider
a particularly natural geometric, classical representation. In general, let M, be an orientable
surface of genus g with n connected components in its boundary. Isotopy classes of Dehn twists
around simple loops ¢y, ..., cyy such that

lecNep|=10G=1,...,29—1), ¢; N¢; =0 otherwise
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represents the braid group B,y in the symplectic group Aut(H;(M,,); <, >) of all automor-
phisms preserving the intersection form. Such representations arise classically, for example in
singularity theory, as it is related to some monodromy operators (see [Waj80| for example) as well
as in number theory in the guise of modular forms (see [Shi71] for example), and geometry (see
[Loo74] for example).

In this paper we restrict to the case ¢ = 1, n = 1, where the symplectic group equals SLy(Z).
We extend the above representation to the symmetric power M = Z|x, y]. Notice that this repre-
sentation splits into irreducibles M = @,,>¢ M,,, according to polynomial-degree.

Our result is the complete integral computation of

H*(B3; M) = &, H*(Bs; M,,)
and
H*(SLy(Z); M) = @, H*(SL2(Z); M,,).

The free part of the cohomology of SLy(Z) is a classical computation due to G. Shimura ([Shi71],
[ETYS8SY]) and is related to certain spaces of modular forms.

In |[FTYS8S|, Furusawa, Tezuka and Yagita study the group Diff, T? of orientation preserving
diffeomorphisms of the 2-dimensional torus 72. They compute its cohomology with coefficients
in Q and Z,. As an intermediate step they compute the cohomology of the group SLy(Z) with
coefficients in the module M ® Q and M ® Z,, p # 2, 3, as this provides the Es-page of a spectral
sequence converging to the cohomology H*(Diff {72, Z) (see equation (7). The results in this
paper extend the computations in [FTYS8S§| for the cohomology of SLs(Z) to the primes p = 2, 3.
Moreover we compute for all primes the higher order torsion of H*(SLy(Z); M), providing in
Theorem and Theorem a description of the Z-module and in Corollary a description of
the torsion of order different from 2 and 3 in H*(Diff,T%;Z).

The groups H*(SLy(Z); M) and H*(Bs; M) have an interesting description in terms of a vari-
ation of the so called “divided polynomial algebra”. Unexpectedly, we found a strong relation be-
tween the cohomology in this case and the cohomology of some spaces which were constructed in
a completely different framework and which are basic to the growth of p-torsion in the homotopy
groups of spheres.

An outline of the paper is as follows. In section [2, we give the general results and the main
tools which are used here. Section |3|is devoted to giving all precise statements together with some
additional details concerning a mod p variation of the divided polynomial algebra. In sections [4]
[}, [6], [7] we develop all the technical tools for the computations. In particular, section [ is devoted
to the first cohomology of SLs(Z) and of Bs, where we use some classical results on polynomial
invariants under SLy(Z); in section |5 we compute polynomial invariants under the Zs, Z,, Zg-
subgroups of SLy(Z); section [0]is devoted to the p-torsion of the higher cohomology of SLy(Z); in
section [7| we use the previous results and the associated spectral sequence for the full computation
of the second cohomology of Bj. Section [8 compares the cohomology determined here to the
cohomology of some spaces which seem quite different. We are led to ask questions about possible
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connections as well as questions about analogous results concerning congruence subgroups as well
as extending these results to B, for all n.

These structures are at the intersection of several basic topics during the special period on
“Configuration Spaces”, which took place in Pisa. The authors started to work together to develop
the problem considered here precisely during the special period on “Configuration Spaces” in Pisa.

The authors are grateful to the Ennio de Giorgi Mathematical Research Institute, the Scuola
Normale Superiore as well as the University of Pisa for the opportunity to start this work together
and the wonderful setting to do some mathematics ; they would like to thank the referee for many
suggestions and for the great help in simplifying proofs.

The second author would like to thank many friends for an interesting, wonderful time in Pisa.

2. GENERAL RESULTS AND MAIN TOOLS

Let B; denote the braid group with 3 strands. We consider the geometric representation of Bj
into the group
Aut(H (M1 Z), <, >) = SLy(Z)
of the automorphisms which preserve the intersection form where M ; is a genus-1 oriented surface
with 1 boundary component. Explicitly, if the standard presentation of Bj is

Bg =< 01, 09 : 0109201 = 090109 >,

then one sends oy, oy into the Dehn twists around one parallel and one meridian of M; ; respec-
tively. Taking a natural basis for the Hy, the previous map is explicitly given by
1 0 11
AN:Bs — SLy(Z): — — .
3 2(Z) 01 [_1 J y 02 {O J
Of course, any representation of SLy(Z) will induce a representation of Bs by composition with
A. We will ambiguously identify o; with A(0;) when the meaning is clear from the context.
It is well known that X is surjective and the kernel is infinite cyclic generated by the element
¢ := (0102)® ([Mil71, Th. 10.5]) so that we have a sequence of groups

(1) 1 7 —1 By —2 SLy(Z) — 1.
Let V' be a rank-two free Z-module and z,y a basis of V. The action of SLy(Z) over V

{ T—T—y { r—x

o1 , 09!
y—y y—r+y
extends to the symmetric algebra S[V], which we identify with the polynomial algebra M :=
Zlz,y]. If we fix degx = degy = 1, the homogeneous component M,, of degree n is an irreducible
invariant free submodule of rank n + 1 so we have a decomposition M = €D, M,,.
In this paper we describe the cohomology groups
H*(Bs; M) = @5 H*(Bs; M,)

n>0
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and

H*(SLo(2);: M) = @ H(SLy(2); M,)

n>0

where the action of B3 over M is induced by the above map A.

The free part of the cohomology of SLy(Z) tensored with the real numbers is well-known to be
isomorphic to the ring of modular forms based on the SLy(Z)-action on the upper 1/2 plane by
fractional linear tranformations:

Theorem 2.1 (The Eichler-Shimura isomorphism [Eic57, [Shi59]). There exists an R-linear iso-
morphism

HY(SLy(Z); My ®R) =2 ModS, ., ®R  n>1
HY(SLy(Z); M, @ R) = 0 i>1ori=1, oddn

where Mod®. is the vector space of cuspidal modular forms of weight n.

In our computations, a basic first step is to rediscover the Poincaré series for the cohomology
of SLy(Z) with coefficients in M.

Essentially, we use two ”general” tools for the computations. The first one is the spectral
sequence associated to the long exact sequence in , with

(2) Ey' = H*(SLy(Z); H(Z,M)) = H*"(Bs; M)
Notice that the element ¢ above acts trivially on M, so we have

M fori=0, 1

H{(Z;M) = H(Z;Z)® M = {0 o i~ 1

and the spectral sequence has a two-row FEs-page
0 fort > 1
® B -
H*(SLy(Z),M) fort=0, 1.

The second main tool which we use comes from the following well-known presentation of SLy(Z)
as an amalgamated product of torsion groups. We set for brevity Z,, := Z/nZ.

Proposition 2.2. ([MKS66, [Ser03]) The group SLy(Z) is an amalgamated product

SLQ(Z) = Z4 *7 Z6
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where i
. ‘ 0 1
Zy 18 generated by the 4-torsion element wy := Lo
. . 1 1
Zg 1is generated by the 6-torsion element wg := 10
, : -1 0
Zo 18 generated by the 2-torsion element ws := 0 1 0

So, for every SLy(Z)-module N, we can use the associated a Mayer-Vietoris sequence

(4) — HY(Zy; N) ® H'(Zg; N) — H(Zy; N) — H(SLy(Z); N) —

We start to deduce some ”general” result on the cohomology of SLs(Z). From and very well-
known properties of cohomology groups, it immediately follows:

Proposition 2.3. Assume that multiplication by 2 and 3 is invertible in the module N (equivalent,
6N = N). Then
H'(SLy(Z);N) = 0 fori> 1. O

Corollary 2.4. If 6N =N and N has no SLy(Z) invariants (i.e. H°(SLy(Z); N) =0) then
H'(B3;N) = HY(SLy(Z); N) = H?*(Bs; N).

Proof. The corollary follows immediately from the above spectral sequence which degenerates at
Es. a

Remark 2.5. The group Bs has cohomological dimension 2. This follows since the trefoil knot
complement is a K (Bs, 1)-space (see [Mil71) p.84]). From a slightly different point of view it can
be seen also from the construction given in [Sal94] and [DCS96], where a K(B,,1) is proven to
be homotopy equivalent to a (n — 1)-dimensional CW-complex. So we only need to determine
cohomology up to H?2. It also follows that the differential

s,1 . s,1 s+2,0
dy”: Ey” — E,
is an isomorphism for all s > 2, and is surjective for s = 1.

For a given finitely generated Z-module L and for a prime p define the p-torsion component of
L as follows:

L = {x € L | 3k € N such that p"z = 0}.
Moreover write F'L for the free part of L, that is F'L defines the isomorphism class of a maximal
free Z-submodule of L.

Return to the module M defined before. The next result follows directly from the previous
discussion (including Remark [2.5)).
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Corollary 2.6. (1) For all primes p we have
H'(Bs; M)y = H'(SLy(Z); M) ).
(2) For all primes p > 3,
H'(B3; M)y = H'(SLy(Z); M)y = H*(Bs: M)y).
(3) For the free parts for n > 0,

FHY(B3; M,)) = FH'(SLy(Z); M,) = FH?(Bs;M,). -

Notice that statement of Corollary fails for the torsion-free summand: see Theorem
below for the precise statement including it.

3. MAIN RESULTS

In this section we state the main results, namely the complete description of the cohomology
of the braid group Bs and of SLs(Z) with coefficients in the module M. First, we need some
definitions.

Let Q[z] be the ring of rational polynomials in one variable. We define the subring
[[z] :=Tz[z] C Q[z]

as the Z-submodule generated by the elements z,, := fL—T,L for n € N. It follows from the next
formula that I'[z] is a subring with

1+
(5) xixj = ( i]>$€i+j.

The algebra I'[z] is usually known as the divided polynomial algebra over Z (see for example
chapter 3C of [Hat02] or the Cartan seminars as an early reference [Carb6]). In the same way, by
using equation (), one can define I'g[z] := ['[z] @ R over any ring R.

Let p be a prime number. Consider the p-adic valuation v :=wv, : N\ {0} — N such that p*™
is the maximum power of p dividing n. Define the ideal I, of I'[z] as

Ip = (pv(i)—i-l

and call the quotient
Iplz] == T[2]/1,
the p-local divided polynomial algebra (mod p).

Proposition 3.1. The ring I')[x] is naturally isomorphic to the quotient

Z[£1a§p7§p275p37 .- ]/‘]P

where J, is the ideal generated by the polynomials
P&, & —pépn (i > 1).

The element &, corresponds to some invertibile multiple of the generator x, € I'plx], i > 0.
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Proof. The ideal I, is graded and there is a direct sum decomposition of Z-modules with respect
to the degree

Tylz] = @izo [Z/p"VH'Z] ().
We fix in this proof degxz = 1, so the i-th degree component of I, is given by the ideal pl, C 7,

T v i v(i— i v(i

Since v (p”(k) (;)) = (z <li:: 11)) > (i) for any k < i, we have I, = (p*@).

Now we show that the xz,:’s are generators of I',[z] as a ring. We will make use of the following
well known (and easy) lemma.

where

Lemma 3.2. Let n = Zj n; p’ be the p-adic expansions of n. Then

n—=>; " p—1
v(n!) = —]1 = Z nj
p— ; p—

Let n := Zf:o n; p’ be the p-adic expansion of n. It follows from H that

k

(6) IT () = n! .

j=0 (pl)m (p2)n2 . .. (pkl)me

From Lemma the coefficient of z,, in the latter expression is not divisible by p. This clearly

shows that the x,:’s are generators.
Again by we have

P
(2,7 = o

(p*!)
From Lemma the coefficient of w,:+1 in the latter expression is divisible by p to the first
power. Therefore, up to multiplying each z, by a number which is a unit in Z,ui+1, we get the

xpi+1 .

relations

(J}pi)p = P Tpit1, 1> 1.

Notice that these relations, together with pz; = 0, imply by induction that p'*'z, = 0. Using
equation @, we obtain pv()+1 2y = 0. Therefore one has a well defined surjection between
Ipz] = Z(&, & &p2, &p3, - - -]/ Jp and Tplz].

In I')[x] there exists a unique normal form, which derives from the unique p-adic expansion of a
natural number n: each class is uniquely represented as a combination of monomials H?:o (&pi ).
Such monomials map to @, an invertible multiple of x,,, as we have seen before.

This concludes the proof of Proposition [3.1] O

Remark 3.3. Note that if I'[z] is graded with degx = k, then also Z[&1, &y, &2, . . -]/ J, is graded,
with deg &, = kp'.
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Proposition 3.4. Let Zg,) be the local Ting obtained by inverting numbers prime to p and let
[z, [z] be the divided polynomial algebra over Z,). One has an isomorphism:

Fp[x] = FZ(p)I:x]/(px>.

Proof. The ideal (pz) is graded (here we also set degz = 1) with degree i component given by the
ideal

(pi) = (') C Zgy.
This statement follows directly from the natural isomorphism

Z(p)/(pk) = Zpk' 0

We can naturally define a divided polynomial ring in several variables as follows:

Uz, o', 2",...] =T[z] @z T[2] @z T[z"]| @z - -
with the ring structure induced as subring of Q[z, 2, 2", ...]. In a similar way we have
Loz, 2’ 2", . ] :=Tpla] @z Ty’ @z Tpla"] @z - - - .

In the following we need only to consider the torsion part of I',, which is that generated in
degree greater than 0. So, we define the submodule

Crlz, 2, 2", ] = Tplz, 2’2", .. Jaeg>o-

For every prime p and for k£ > 1 define polynomials
k

Py = ay(a? Tt — ).

Set
p

Ppi=Ppr, O i=Pp/Py= Y (@ )Py € Zfx,y).

h=0
Remark 3.5. There is a natural action of SLy(Z) on (CP*)? which induces on the cohomology
ring
H*((CP*)%Z) = Zlz,y|
the same action defined in section [2| (see [FTY88]). For coherence with this geometrical action,
from now on we fix on Z[z, y| the grading degxz = degy = 2. Then we have
degP, =2(p+1),degQ, =2p(p — 1).

Remark 3.6. Let Diff /T2 the group of all orientation preserving diffeomorphisms of the 2-
dimensional torus 72 and let Diffy7? be the connected component of the identity. As showed
in [EE69] the inclusion T? C DiffyT? is an homotopy equivalence. We recall from [FTYSS| the
exact sequence of groups

1 — DiffgT? — Diff ,T? — SLy(Z) — 1
that induces a Serre spectral sequence

(7) EY = H(SLy(Z); H((CP*)% Z)) = H™(Diff , T2, 7).
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The spectral sequence above collapses with coefficients Z[1/6]. The total space Diff ;72 is homo-
topy equivalent to the Borel construction

E X sp,(z) (CP*)?

where FE is a contractible space with free SLs(Z)-action.
Our cohomological computations turn out to give all the p-torsion in H*(BDiff ,/ 7% Z) for a
prime p > 3. The result is stated in Corollary

Let G be By or a subgroup of SLs(Z). For any prime p, we define the Poincaré series

(8) PL(t) Zdlm]p (H(G; M,) @ F,)t"
n=0

and for rational coefficients

(9) Pl o(t) Zdlm@ WG M, ®Q)t"

We obtain:

Theorem 3.7. Let M = @®,5¢ M,, ~ H*((CP*)?,Z) be the SLy(Z)-module defined in the previous
section. Then

(1) H°(B3; M) = H°(SLy(Z), M) = 7 concentrated in degree n = 0;
(2) H'(Bs; Mp) @y = 1(5L2(Z);Mn)(p) = I[P, Qlacg=n;

(3) H'(SLy(Z); My) = 0; H(By; My) = 7;

(4) FHY(By; M,)) = FHl(SLQ(Z) M,) = Z' forn>0

where the rank f, is given by the Poincaré series

1+ tt— 12 +19)
1 n o __
(10) Py, o ant 1)

and we fix gradings deg P, = 2(p+ 1) and degQ, = 2p(p — 1).

The proof of part 1 of Theorem [3.7]is given in Proposition 4.4} part 2 is proved in Theorem [4.5}
the proof of part 3 and 4 follows from the results in section [5} in particular the Poincaré series
Pp, o(t) is computed in Remark |5.12]

Theorem 3.8. Forn > 1 the cohomology H"(SLy(Z), M) is 2-periodic. The free part is zero and
there is mno p-torsion for p # 2,3. There is no 2'-torsion for i > 2 and no 3*-torsion for i > 1.
There is a rank-1 module of 4-torsion in H*"(SLy(Z), Mg,,), all the others modules have no

4-torsion.
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Finally the 2 and 3-torsion components are determined by the following Poincaré polynomials:
1— 4+ 25 — ¢34 ¢12

(1 —22)(1+¢5)(1 —¢8)

tH2 — 2+t 410 — 1)

(11> P§L2(Z),Q(t) =

12 P} t) =
( ) SLQ(Z),Q( ) (1 _ t2)(1 +t6)<1 _ tg)
1
(13) Pir,mst) = T2
3 t8
(14) P, st) = T2

The proof of Theorem [3.8] follows from the results in section [6f equations and follow

from Proposition 6.5} equations and follow from Lemma and the computations of
section [l

Since the spectral sequence collapses with coefficients Z[1/6], as a corollary of Theorem

and Theorem we recover the following result (see [FTY88] for the computation of the
cohomology with coefficients in Q and Z,):

Corollary 3.9. Let p > 3 be a prime.
H°(Diff [ T?:Z) = H'(Diff \ T* Z) = Z
and for i > 1
H'(Diff y T% Z) ) = Ty [Pp, Qplacg=i—1
and
HY(Diff , T% Q) = Q. O

We recall (Corollary that for any SLy(Z)-module N the free part and part of p-torsion in
H'(SLy(Z); N) and H?*(Bs; N) are the same, with p # 2 or 3. We obtain the following theorems.

Theorem 3.10. The following equalities hold:
(1) H*(B3; M)y = H'(Bsi M)y = I[Py, Q] forp # 2,3;
(2) FH2(B3;M7’L> = FHl(B3;Mn) = an

where the ranks f, have been defined in Theorem[5.7

The proof of the isomorphisms of Theorem follows from the description of the spectral
sequence given in section [7} the last isomorphism of part 1 follows from Theorem [4.5]

For the 2 and 3-torsion components, we find that the second cohomology group of Bjs differs
from the first cohomology group as follows. We consider the Z-module structure, and notice that
I'F[Q,] and P, - I'J[Q,] are direct summand submodules of I';[P,, Q,], for all p. In the second
cohomology group we have modifications of these submodules.

Theorem 3.11. For the 2 and 3-torsion components of the module H*(Bs; M) one has the
following expressions:

a) H?(By; M) = (I3 [P2, Q] © Z[Q))/ ~
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Here Qy is a new variable of the same degree (= 4) as Qq; the quotient module is defined
by the relations % ~ 25’; for n even and % ~ 0 forn odd.
b) H?(Bs; M) = (I3 [P35, %] & Z[Q3])/ ~

Here Q3 is a new variable of the same degree (= 12) as Qg; the quotient module is defined
by the relations % ~ 30, and ?3% ~ 0.

The proof of Theorem follows from the results of section

Remark 3.12. For p = 2 one has to kill all the submodules generated by elements of the form
% for odd n. All these submodules are isomorphic to Z/2. For n even the submodule generated
by i—%, that is isomorphic to Z/2™*1 where m is the greatest power of 2 that divides n, must be
replaced by a submodule isomorphic to Z/2™"2.

For p = 3 one has to kill all the submodules generated by elements of the form ?3%, that
are isomorphic to Z/3. Moreover for all n the submodule generated by %, that is isomorphic
to Z/3™! where m is the greatest power of 3 that divides n, must be replaced by a submodule

isomorphic to Z/3™"2.

4. POLYNOMIAL INVARIANTS FOR SLs(Z)

In this section we prove the part of the main Theorem [3| which concerns H'(Bs; M,) =
HY(SLy(Z); M,) for n > 0.

A classical result ([Dicll]) characterizes the polynomials in Fylyi,...,y,] which are invariant
under the action of GL,(F,) (or of SL,(F,)). We state only the case n = 2, which is what we
need here.

Theorem 4.1. ([Dicll],[Ste87]) For p a prime number, the algebra of SLo(F,)-invariants in
F,[z,y] is the polynomial algebra

Fp [Tp? QP]?
where P,, Q, are the polynomials defined in section @

Of course, the algebra F,[P,, Q,] is graded. We keep here deg x = deg y = 2, so the degree is
that induced by deg®P, = 2(p + 1), and deg Q, = 2p(p — 1).

Theorem 4.2. ([Ste87, Th. J]) For p a prime number, a polynomial P € Z,[x,y] is invariant
for SLy(Zyr) if and only if

r—1

P=>pF

1=0

where F; is a polynomial in the p"~" " -th powers of the P, Q,.

For our purposes, we need a slight variation of the statement of this theorem.
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Corollary 4.3. A polynomial P € Zy[x,y|, homogeneous of degree n, is invariant under the
action of SLy(Z) on Zy[x,y] induced by the action on M, if and only if

where F; is a polynomial in the p"~"~*-th powers of the P, Q,.

Proof. The corollary follows directly from Theorem and from the surjectivity of the natural
projection SLy(Z) — SLo(Zy). In order to prove the surjectivity consider a matrix

— (a b
A= - Lo(Z/p" 7).
(£ 3) estatziz)
We suppose ¢ = 0. There is a matrix A with integer coefficients such that A maps to A and we
a b
A=
(¢ 3
with ad — be = 1+ kp”. Clearly d is not divisible by p since d is invertible. We can choose ¢ = p"
and hence (¢,d) = 1. Then we choose new values a’ = a + zp", V' = b+ yp" and the determinant

of the matrix
,fad
= (7 0)

is 1+ kp" + p"(zd + yp”). Hence we can find values of z,y such that det A" = 1. The cases when
any of the other entries is zero is analogous and the surjectivity follows since triangular matrixes
with a zero entry generate the group SLs(Z,r). O

have

We also need
Proposition 4.4. If n > 0, there are no invariants in M, under the action of SLo(Z).

Proof. One can prove this result directly. However, it easily derives from Theorem In fact,
let P € Z[x,y] be an invariant, homogeneous of degree d. Then P must be invariant modulo all
primes p, which is impossible by Theorem the polynomial P should be 0 modulo p for every
p>d. a

Corollary and Proposition [4.4] give us, by the Universal Coefficients Theorem, a complete
description of
HYSLy(Z); M @ Zy) = Zp ® Tor(H*(SLy(Z); M); Z,y)
(and similar for Bs). The result can be stated in the following way.
Theorem 4.5. For all prime numbers p and all n > 0, the p-torsion component
H'(SLy(Z); My) ) = H'(Bs; My,) ()
18 described as follows: each monomial

PRQM 2k(p+ 1)+ 2hp(p — 1) =n

p~p’
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generates a Zym+1-summand, where

p™ | ged(k,h), p™*t ged(k, h). o
Recall that since we fix degx = degy = 2 we have that the module M is concentrated even
degree.
The condition stated in the previous theorem over the number m is equivalent to saying that
m is the minimum power of p which is present in the p-adic expansion of k£ and h.
It is easy to check the equivalence between Theorem and the description of the cohomology
given in section |3 by using divided powers.

5. COHOMOLOGY OF Zo, 7Ly, Zg
Recall from section , Proposition , that wy = (515951)% € SLy(Z) generates a group isomor-

-1
phic to Zs, acting on the module Z? as multiplication by the matrix [ 0 0 J .

Proposition 5.1. For even n we have:

Mo, ifi=0
H' (Zy; My,) =< 0 if i 1s odd
M, ® Zo if i > 0 is even

For odd n we have:
; 0 if i is even
HY"(Zo: Ms,)) =
(Z2: Man) { Mo, @ Zy if i is odd

For rational coefficients we have:

My, ®Q fi=0

H (Z2§ My, ® @> = { 0 otherwise.

Proof. We use the standard resolution for a cyclic group Z,, (see [Bro94]):

(15) I VA S s 2 N

where N is any Z,,-module with action given by a T such that T™ = 1.
In the present case the sequence becomes:

T+1 T-1

(16) M, =4 M, M, L

Notice that T" acts as Id in degree 2n, n even , while it acts as —Id in degree 2n with n odd .
Then everything follows trivially from sequence . O

The following proposition describes the ring structure of the Zs-invariants. It directly follows
from Proposition [5.1]
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Proposition 5.2. The module of invariants H°(Zy; M) is isomorphic to the polynomial ring

Zlag, by, ca]/(azby = c3)

under the correspondence as = 1%, by = Y%, co = wY.

The module M ® Zo is Zo-invariant. O
Proposition 5.3. The Poincaré series for H'(Zo, M) are given by
: 1+t
PZQ;I)(t) % for any prime p and i =0 or p =2 and i > 0;
: 212
2141 _
PZQ,Q (t) - (1 . t4)2'

Proof. By Proposition ([5.1]) all we have to consider are the series of the dimensions of the polyno-
mials of degree 2n with n even and odd respectively. These are exactly the series written here. O

Recall from Proposition that the element wy = s15951 € SLo(Z) generates a group isomor-
T -y

yr— x

The following proposition is quite trivial to verify.

phic to Z4 and the action on M is given by {

Proposition 5.4. The group M, as a Z4 module, is the direct sum of modules of the following
kinds:

a) Iy isomorphic to a submodule linearly generated by the monomials x*y* , x%y*" for fived
i F£ o

b) I, isomorphic to a submodule linearly generated by the monomial x*y* for fived i;

c) Iy isomorphic to a submodule linearly generated by the monomial x*1y**1 for fived i;

d) Iy isomorphic to a submodule linearly generated by the monomials x?T1y?IT1 20+l 201

for fixed i # j;
e) Is isomorphic to a submodule linearly generated by the monomials x> 1y? % y**1 for
fixed v, 7. a

Proposition 5.5. The cohomology H'(Z4; I;) is 2-periodic for i > 1 and is given by the following
table:

L | L| 13|15
H|Z|Z|0|Z|O0
HY[ 0| 0 |Zy| O |Zy
H?|Zy|Zs| 0 |Zo| O
Referring to the notation of[5.4] for the generators of the modules, we give the following represen-
tatives for the generators of the cohomology:

I I I3 I I5
HO | 22y 22y% (xy)% 0 2L 2T 2 20 0
Hl 0 0 (l.y)%—i-l 0 x2i+1y2j
H2 inij + ijyZi (xy>22 0 x2i+1y2j+1 _ $2j+1y2i+1 0
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Proof. Tt derives easily from the above standard 2-periodic resolution for cyclic groups , applied
to the modules I;’s. a

Proposition 5.6. The module of invariants H°(Z4, M) is isomorphic to the polynomial ring

(17) Zldy, eq, fa]/(fi = (d5 — des)es)

under the correspondence dy = 2% + %, ey = 2%y?, fy = 23y — 2.
The module of mod 2-invariants H°(Zy, M @ Zs) is isomorphic to the polynomial ring

(18) Z[O’l, 0'2]
under the correspondence o1 = x + 1y, 09 = TY.

Proof. In the mod 2-case, notice that Z, acts exchanging the variables x, y, so the invariants are
all the symmetric polynomials.
In the integral case, first notice that the given polynomials are clearly invariants for Z,.
Second, each class in the ring has a standard representative of the form

(19) P(da, e4) + Q(d2, €4) fa.

A polynomial of this form is zero iff P and () both vanish, because the variables appear at an odd
power in f;. But notice that ds, e4 are the standard generators for the symmetric polynomials in
22, y?, so they are algebraically independent. This means that P and @ are the zero polynomials.
Therefore all the relations among dsy, ey, f4 derive from the give one and the form is unique.

Finally, we have to show that the given polynomials generate all the invariants. It is sufficient
to see that the polynomials given in the first row of the generators-table in Proposition are
generated.

The polynomial appearing in the second column is a power of e;. The one in the first column,
after dividing by the maximum possible power of e4, becomes a polynomial of the form

J]2i 4 yQi.

This is a symmetric polynomial in 22, 2 so it is generated by ds, ey.
The polynomial appearing in the fourth column, after dividing by the maximum possible power
of ey, becomes of the form (up to sign)
ZHHy P s,
This latter is divisible by f4, with quotient a symmetric polynomial in z?%, 12 O

Proposition 5.7. With respect to the gradation of M the Poincaré series for H'(Zy, M) are given

by
2 1+ . . ,
PZM(t) = A= =) for any prime p and 1 =0 orp=2 and i > 0;
) t2 t4 t6 _ t8
PR =

-1 —6)
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Proof. By looking at the generators-table in Proposition [5.5] we see that in odd dimension one
has terms
¢ 2
(=) T-op
coming from the generators for I3, I5 respectively. Such terms add up to the expression for

P74 (t) given in the statement.

Similarly, in even dimension we have three terms
¢ 1 t8
(1—t8)(1—t4) " 1—8" (1—1)(1—1t4
coming from the generators for Iy, I, I respectively, which add up to the given expression for
3t (1), O

The cohomology of Z, (so also H*(SLy(Z); M)) contains 4-torsion, as it follows from Proposition
.5l We define in general the polynomial

(20) P u(t) == i dimg, (2H"(G; M,,))t".

We have immediately from Proposition [5.5

Proposition 5.8.

1
2 _
Recall (Proposition [2.2)) that the element wg = 5159 € SLo(Z) generates a group isomorphic to
. . — -
Zg, where the action over M is T : v v,
Y= T+y

Proposition 5.9. The module of invariants H°(Zg, M) is isomorphic to the polynomial Ting

(21) Zpa, g6, 76) /(1§ = q6(ph — 13¢s — 576))
via the correspondence py = 2% + zy + y%, ¢ = 2%y*(x + )2, r¢ = 25y — Sy — 5ayt — xyP.
The module of mod 2-invariants H(Ze, M @ Zy) is isomorphic to the polynomial ring
(22) ZQ[SQ, t3, Us]/(ug = Sg + t% + t3U3)
with the correspondence sy = 2% + xy + 3, t3 = vy(x +v), us = 3 + 2%y + °.
The module of mod 3-invariants H°(Z¢, M & Z3) is isomorphic to the polynomial ring
(23) Zs[va, wy, 26]/(’604% = Ua2)

with the correspondence vy = (x — y)?, wy = zy(x +y)(xr — y), 26 = 2?y*(x + y)*.

Proof. Tt is an easy check that ps, ¢¢ and 76 = xy(x + y)(z* — 2%y — 4dzy® — y®) are invariant.
Moreover it is easy to check the relation 72 = gg(p3 — 13¢s — 57) stated in the theorem.
Modulo this relation, each polynomial can be reduced to one of the form

(24) P(p2,q6) + Q(p2, )76
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Notice that p, and g¢ are symmetric polynomials, while the last factor of r¢ is not. This implies
that a polynomial of type vanishes iff P and () both vanish.
An homogeneous relation between p, and gg would be of the form

0 = > avpy g =

k>0

= Z ar, (x?"2*y?* 1 terms containing z in lower degree).

k>0

Since each term in the sum contains x to a maximum power which is decreasing with £, all the
ai’s must vanish. Therefore, all relations follow from the given one and the form is unique.
We now have to show that the given polynomials generate. First notice that the ring in (21) is
a free Z-module. The Poincaré series reproducing its ranks is given, by the normal form , by
14 #12
(1 —t4)(1 —¢t12)’

Let w be a primitive 6th-root of the unity. Let us extend the action of Zg over the extension

Qw)[z,yl D Zlz,y

where Q(w) is the cyclotomic field generated by w. One can diagonalize the action as follows: one
sees immediately that the two polynomials

(25)

p(z,y) =Wz +y, D(r,y) =wr+y
are eigenvectors with eigenvalues w, W respectively. In degree 2n, one has eigenvectors
PP’ a+b=n.

with eigenvalue w®®. It follows that the invariants are generated by all the monomialls p®p® such
that a = b (mod 6). It is quite easy to check that the Poincaré series of the dimensions of the vector
space of the invariants is given by the same series . Since such dimensions do not dependent
on the extension, it follows that the given polynomials ps, ¢g, ¢ generate the invariants over the
rational numbers. So, in each degree, they generate over Z a lattice of the same rank as that of
all the invariants, and we have to exclude that they generate a sublattice.

An homogeneous integral invariant of degree 4n is a rational combination (keeping into account
(24])) of the form

Hr,y) = Y M P3G+ D> fap D30T =
a+3b=n a+3b=n—3

= E Aap (2274y% 4 terms containing x in lower degree) +
a+3b=n

+ g fap (22T4F592H 1 terms containing x in lower degree)
a+3b=n—3
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with Ay p, ftap € Q. Since the maximum powers of x which are contained into each summand are
pairwise different, and they appear with coefficient 1, all the A’s and p’s must be integer. This
concludes the first part of the theorem on the integral case.

The proof in case of Zs-coefficients is similar. First one verifies that the given polynomials
S9, t3, uz are invariants and the given relation holds. Each class in the ring has a unique
representative of the kind

P(sg,t3) + Q(s2,13)us.

In fact, since sg, t3 are symmetric while u3 is not, an argument as in the integral case proves that
all the relations among the given polynomials derive from that in (22)).
Next, we consider the action over the extension

Fylz,y] D Zs[z,y]

where we identify the field Fy with Zs[z]/(z* + 2 + 1). Let a := [z] € F4. There are eigenvectors

p(z,y) = (a+ Dz +y, ble,y) =ar+y

with eigenvalues a, a + 1 respectively. In degree 2n , there are eigenvectors p*p", k + h = n, with
eigenvalues a®(a + 1)". Similar to the integral case, we deduce that the invariants correspond to
the case

k= h (mod 3).
So, the Poincaré series of the dimensions of the invariants, gradated by the degree, is

1+1¢8
(1=t (1 —1t°)

which coincides with the Poincaré series of the ring .

In case of Zs-coeflicients, again one verifies that the given polynomials are invariant and the
given relation holds. As in the previous cases, one sees that each class in the ring has a
unique representative of the kind

(27) P (v, 2z5) + Q(va, 26)ws.

(26)

Notice that, as in the integral case, there are no invariants in degree 2n, n odd , since T° = —Id.
On the contrary, the operator does not diagonalize in this case. In degree 2 , with respect to

— 1
p=2x —vy, ¢ =x the operator T' is given by the matrix [ } . In degree 4n, with respect to

1
0 -1

n—kgk 0 < k < 2n, T is given by an upper triangular matrix with the only eigenvalue

the basis p
1. Notice that in degree 4n we have T3 = Id, so

(28) (T —1d)?* = T>—1Id = 0.

Therefore, the Jordan blocks of T" have dimension at most 3.
We need the following lemma. Denote for brevity by M/ := M; ® Zs.
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Lemma 5.10. Let P be an invariant polynomial of degree d (so P € ker(T —1d): M} — M)).
Assume that P € Im(T — Id)"™', P & Im(T — Id)". Then, for every invariant polynomial Q of
degree 1 the product QP € M], , is an invariant of degree | 4+ d such that QP € Im(T — Id)" .

Proof. Let R be a polynomial such that (7' — Id)""'(R) = P. Then, since @ is invariant we have
(T —1d)"H(QR) = Q(T —I1d)""(R) = QP. .

In degree 4, we have
(T — Id)*(—2°) = vy
so here there is a single Jordan block of dimension 3 for T'— Id. It follows from Lemma [5.10] and
from equation that each polynomial of the form vsu, u invariant, satisfies:
vou € Im(T — Id)?, vou & Im(T — Id)>.
In degree 8, we have
(T — Id)(—2®y — 2%9?) = wy, wy & Im(T — Id)?,

so v, wy belong to a Jordan base where vy is contained into a 3-block and wy is contained into a
2-block. It also derives from Lemma that an invariant of the form w,u, v invariant, satisfies
wyu € Im(T — 1d).

In degree 12, we have 25 & Im(T — I), so we have two 3-dimensional blocks containing v§ and
vowy respectively, and a 1-dimensional block containing zg.

The Poincaré series for the ring is given by

148
(1 —t4)(1 —#12)°

In M, all monomials in the ve, w4, zg (reduced in normal form, with the exponent of w, not

(29)

bigger than 1) are linearly independent. They can be taken as part of a Jordan basis for 7', where
all monomials containing v, belong to a Jordan block of dimension exactly 3. All monomials
containing w, and not vy belong to a Jordan block of dimension > 2, and monomials containing
only z¢ belong to Jordan blocks of dimension > 1. Let u, be the sum of the dimensions of the
Jordan blocks which contain all monomials of degree n in the vs, wy, zg, Wwhere the exponent of wy
is < 1. Let u(t) := > . unt" be the associated series. By the above arguments we have that the
series p is bigger (term by term) than

14t° 14¢8 ¢ 1 14t
3 — + 2 + =
(1 —t4)(1 —¢1?) (1 —1t12) (1 —¢12) (1 —1t12) (1 —1t4)2
but this last series is exactly
d T

dri—r2

Z (2k + 1)7%*  with 7 = #?
k>0
which coincides with the series of the dimensions of even-degree polynomials. Therefore the two
series coincide, which means that vs, wy, zg generate the invariants.
This concludes the proof of the proposition. a
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Proposition 5.11. With respect to the gradation of M the Poincaré series for H'(Zg, M) are

given by
i 14t ,
PZ%;,p(t) = (1 — (1 — 12 forp=2or i=0, anyp
i 1 :
PZZ6,3(15) = {2 for 1 >0
. 2t6
2141
2i+1 t*
P (1) 1_ 2

Proof. The first formula for p = 0 is just the Poincaré series of (see ) In general we use
the resolution and the Universal Coefficient Theorem in the form

(30) Py (t) = P () + Pitl(t)

where we set
Py (t) = > dimg, H(Zg M, ® L,) t".
n>0
Let TV :=T°+---+T+1.

In characteristic 2 one has T3 = Id and 1" = 0 in any degree. It follows
H(Zg; M @ Zy) = H*(Zg; M @ Zy) = H* Y (Zg;: M @ Zs), i > 0.

Therefore PY , = P} , and by P = P, i >0, which gives the wanted expression for P}’ ,.
By and by the knowledge of the Poincaré series of the H’s, we recursively find, using :
1+ 14 ¢12
PZla,2<t> - — A1 — 6) —A(] _ 412
(1 —¢t*)(1 —t5) (1 —¢t4)(1 —t1?)
which gives the written expression for Pzégl, concluding the case of characteristic 2.
In a similar way we have in characteristic 3 (using equation ([29)):

1+ 1+ ¢
P; () = — =
26,3( ) (1 . t4)<1 o t12) (1 _ t4)(1 _ t12)

t° 2i+1 -
which gives the above formula.
We now calculate Pzégl. It derives from the discussion given in the proof of Proposition
that T" decompose into Jordan blocks of dimension < 3, where the 3-blocks correspond to the

monomials containing a vy generator. One sees immediately that

rank(7") = number of 3-blocks in T

and therefore (by (29))
i i L+
Prs(t) = Pi5l(t) = T—g >0
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Therefore, by ([30))
. 148 8 1
21 _ _
PZe,3(t) T 12 2 T ] 2

which is the given formula. a

Remark 5.12. As a corollary of the given formulas we obtain part 3 of Theorem In fact, by
the Mayer-Vietoris sequence and by Propositions , we have

PSILQ(Z),O(t) = 1 - (P£4,0(t) + Pgﬁ,o(t)) + ng,o(t) =

1+ 1+t 1+
A=) =) (A-tHAa—=12) ) (1 -*)?
which reduces to the expression given in Theorem [3.7] a

6. COHOMOLOGY OF SLsy(Z) mod p

We use the results of the previous sections to compute the modules
H'(SLy(Z); M ® Z,)

and the module of p-torsion H*(SLy(Z); M)y for any prime p.
In dimension 0 we have that H°(SLy(Z); M) is isomorphic to Z concentrated in degree 0. The
module

H°(SLy(Z); M ® Zy,)

has already been described in section 4] as well as H'(SLy(Z); M) ) (Theorem [4.5).
We can understand the p-torsion in H'(SLy(Z); M) by means of the results cited in section 4| for
Dickson invariants. In fact the Universal Coefficient Theorem gives us the following isomorphism:

HY(SLa(Z); M)y = Ty [Py, Q-
We want to remark that the previous equation gives an isomorphism only at the level of Z-modules.
The Poincaré series for the previous module is:

£2(0+1) 4 42p(p=1) _ 42(p*+1)
Ple z)p(t) = s :
2(2).p (1 — 2e+)) (1 — ¢2p(—1))

Moreover from the decomposition
SLQ(Z) = Z4 *Z4 ZG

we have the associated Mayer-Vietoris cohomology long exact sequence given in equation .
Since H'(Za; M)y = H'(Zo; M)y = 0 for a prime p # 2 and ¢ > 1 we have

Lemma 6.1. Fori > 2, H(SLy(Z); M ® Z3) = H (Z¢; M @ Z3) and we have the isomorphism
H'(SLy(Z); M) 3y = H'(Zg; M)5) i > 2.

For any prime p # 2,3 and fori > 2 we have H'(SLy(Z); M ®Z,) = 0 and H'(SLy(Z); M), = 0.
O
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For p = 2 we need to compute in detail the maps in the Mayer-Vietoris long exact sequence.
As seen in section , the element z%y? generates a module Z, C H?%(Z,; Mg;). Moreover the
following relation holds in H?/ (Zg; Mg;) for the powers of the polynomial 2% + xy + y* = po:

(31) P2 = (2% + )2y 4 Z Ca (9 Y0 4 (—1) by
a#2i

for some integer coefficients k and ¢, for a = 0,...,4:¢. Let us call py; the right term of the
equation. The summands in the sommatory of po; generate Z, submodules of H?/ (Z4; Ms;)
hence py; represents a class in H?(Zy; Myg;) that generates a submodule isomorphic to Z4. It
follows that Z, generated by (pa;, p3') is in the kernel of the map

H? (Zy; Mg;) & H¥ (Zg; My;) — H? (Zo; Ms;).
These are the only Z4 subgroups of H?(SLy(Z); M;). In fact we have:

Lemma 6.2. Let j > 2. For j odd ori# 0 mod 4 the group H’(SLy(Z); My;) has no 4-torsion
while for j even the group H?(SLo(Z); Mg;) has a subgroup isomorphic to Z4 that is uniquely
determined modulo 2-torsion elements.

Proof. From Propositions , and we have that the module H?(Zy; My;) is trivial for
i odd and j even and for i even and j odd, while HITY(Z; My;) ® HITY(Zg; My;) is trivial for ¢ odd
and j odd and for ¢ even and j even. Hence from the Mayer-Vietoris long exact sequence we can
see that for 5 > 2 the Z4 submodules previously described are the only possible Z, submodules of

To determine completely the 2-torsion cohomology H?(SLy(Z); M)y we need to compute the
rank of the kernel and of the image of the maps

HYZy; M ® Zy) ® H (Zg; M @ Zy) 25 HY(Zy; M @ Zy).
and

H*(Zy; M @ Zy) ® H*(Ze; M @ Zy) B3 H*(Zy; M @ Z).
We recall that we have the following commuting diagrams for £ > 0:

Pk

H (Z47M®Z2 @Hk(Zg,M(XJZQ) Hk(ZQ,M®Z2)

P2j+k

H2]+k(Z4 M®ZQ @H2J+k<Z6 M@ZQ) *)HQJ—M; Z M®Zg)

Hence the informations about ker p; and Imp,, together with the previous remarks will allow us
to determine completely the 2-torsion cohomology H7(SLy(Z); M)2) by means of the Universal
Coefficient Theorem.

It is convenient to start with the case p,. We have that

HQ(Z(;; M X ZQ) = ZQ[SQ,tg,Ug]/(ug = Sg + t% + t3U3)
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where s, = 2% + zy + 3%, t3 = 2y(z + y) and uz = 2° + 2%y + > (see equation ([22));
H*(Zy; M @ Zy) = Zp|o1, 09
where 07 = 2+ y and 09 = zy (see equation ((18));
H*(Zoy; M @ L) = o, y]
(see Proposition [5.2)).

The map ps is the natural inclusion of submodules of M and hence the image is the submodule
ZLs|o1, 09) B ussloy, 03]. The kernel is isomorphic to the intersection of Zs|[ss, t3, usg] and Zs[oq, 03]
Hence ker py = Zs|[so, t3]. This proves:

Lemma 6.3. The Poincaré series for ker psy is
1
(1 —t4)(1 —1t5)

while the Poincaré series for Impy is
1410

In the case p; we have
HY(Z; M ® Zy) = Zo[so,t3,u3]/(uj = s3 + 13 + taus)
where sy = 22 + 2y + y?, t3 = zy(z + y) and uz = 23 + 2%y + o3,

HY(Zy; M @ ZLy) = Lo, xy]
and
HY(Zy; M @ Zy) = Loz, y).
The equalities above can be computed using the standard 2-periodic resolution for Z,. Since
Z;é Tf = 0 on M ® Zy we have that the cohomology H*(Z,; M ® Zs) is 1-periodic in degree
greater than 0. In particular

HY (Zy; M ® Zo) = H*(Zy; M @ Zy)  q = 2,4,6.

The generators that we provide are genuine representatives with respect to the standard periodic
resolution of Z,. This is trivial in the case of Z,, where the boundary maps of the complex are
the null maps for our system of coefficients. For Z, it is clear that we are providing a set of
representatives for the quotient
Lolz,yl/(Ty — 1d)Zs|z, y]
where T} acts on Zs[x,y] by
Ty : { Ty )
Yy T
For Zg we show that H'(Zg; M ® Zs) and H?(Zs; M ® Zy) have the same generators. In fact, let

ng{x'_) y
Yy~ T+Y
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be the homomorphism corresponding to the action of a generator of Zg on Zs[x,yl, it is clear
that the Ti-invariant elements in Zy[z,y| are in the kernel of the map d* = Id+ Tg + -+ Tg =
(1+Ts + T2)(1 + T¢). Moreover if 1) € Zs[z,y] is Tg-invariant and is in the image of Ty — Id we
have that

3 =Id+Ts + Ty = (Id + Ts + Tg)(Ts — 1d)y)' = (T — 1d)y)' =0

and so the intersection Im{Ts — Id : Zs[x,y] — Zslx,y]} N Za[z,y]™® is trivial. An argument of
dimension implies that H'(Ze; M ® Zs) = Za[s2, t3, u3]/(u3 = s3 + t3 + t3us).

In order to compute explicitly the map p; we need to compute the lifting of the inclusion
homorphisms Z, < Z, and Z; < Zg to the corresponding resolutions. Let Tp = T} = T3
the automorphism of Zs[z,y] given by the generator of Z,, then have the following commuting
diagrams for Zy:

ZQ[xa y] - Z2[$, y]

iTz;—Id \LTQ—Id
Ti+1d
Loz, y) ———= Za[z,y]
and for Zg:

Loz, y| == Lo, ]

ngId iTgId
T24+Ts+1d
Z’Q[‘ray] A ZQ[x7y]

The map iy = Ty + Id : Zy[z,y]™ acts as follows:
xayb — x(zyb + xbya
and the image is Imiy = 01Zs[01, 09).

The map ig = T¢ + T + Id is the natural inclusion, as the map Tg acts as the identity on the
invariant elements and we are working modulo 2. The intersection Imz, N Imig is the submodule

0109702 + 09, 0109] B ZLo0s].

Lemma 6.4. The Poincaré series for the kernel of py is
1 £ 1

I~ A== (=)= 0

The computation of the Poincaré series Pg Lo(Z) ,(t) is now strightforward. We resume our result
in the next proposition. We write Tng(Z)p(t) for the Poincaré series for H?(SLy(Z); M;)p) © Zy.

Proposition 6.5. Let us assume j > 0. The module H’(SLy(Z); M;)(2) is given as follows:

a) for j even andi =0 mod 8 H’(SLy(Z); M;) ) is the direct sum of one module isomorphic
to Zy and some modules isomorphic to Zs; the generator of the module Zy (up to elements
of 2-torsion) maps to the couple

(p2i, p3') € H™ (Zy; M;) ® H™ N (Zg; M)
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i the Mayer-Vietoris long exact sequence;
b) for all others i,j H7(SLy(Z); M) is the direct sum of a certain number of copies of Zs.
The series TéLz(Z),Q(t) are given by:
t4 + tﬁ _ th
1 _
TSLQ(Z),2(t) - (1 _ t4)(1 _ t6)
: 1—t* 4210 — ¢85 4-t12
TZ t) = >0
sta@.2(t) (1—t2)(1+125)(1 —18) '
tH2 — 2+t 4 10 — 1) ,
1> 0.
(1—t2)(1+15)(1 —18) O

2141

TSLJ;(Z) 2()

The computations follow from the results of section . The modules H*(SLy(Z); M ®Z,) can be

completely determined from the previous observations using the Universal Coefficient Theorem.

In particular we have that the Poincaré series for H'(SLy(Z); M ® Z,) with respect to the grading
of M is given by the formula

Pér, ZdlmJF YSLa(Z); M @ L)t = Ty, ,(t) + Téﬁ(z)p( )+ Té1,2)0(t)-

7. COHOMOLOGY OF Bj

In order to compute the cohomology of B; we use the Serre spectral sequence already described
in section [2] for the extension
0 —Z— By — SLy(Z) — 1.

We recall (equation ({3))) that the FEy-page is represented in the following diagram:
HO(SLQ(Z)’M) Hl(SLQ(Z)vM) H2(SL2(Z)7M)
do d2
HO(SLy(Z),M)  HY(SLo(Z),M)  H?(SLy(Z), M
where all the other rows are zero. Recall that H*(SLy(Z), M) is 2-periodic and with no free part
for ¢ > 2.
The free part of H*(Bs; M) can easily be determined since the Ej* is torsion for s > 1, hence
the spectral sequence for H*(Bs; M ® Q) collapses at Ey and we have:
(1) H°(B3; M) = H°(SLy(Z), M) = Z concentrated in degree n = 0;
(2) H'(B3; Mo) = H°(SLyo(Z), My) = Z;
(3) FHY(By; M,) = FH'(SLy(Z); M,) = Z' for n > 0;
(4) FHX(By; M,) = FH'(SLy(Z); M,) = Zh.
This proves what we stated in Theorem [3.7] and [3.10] for the free part.
Since the cohomology group H'(SLs(Z), M) has only 2 and 3-torsion for 7 > 2, the same
argument implies that for the p-torsion with p > 3 the spectral sequence collapses at E,. Hence
for p > 3 we have the isomorphism

H'(Bs; M) () = H?*(Bs; M)y = H' (SLa(Z); M)y = Tt [Py, Q]
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where deg P, = 2(p + 1) and deg Q, = 2p(p — 1) as in section [3
Moreover, since the first column of the spectral sequence is concentrated in degree 0, we have
that

HY(Bs; M) = H (SLy(Z); M) © Z

and the contribute of the summand 7Z is concentrated in degree 0.

For a complete description of the cohomology of H?(Bs; M) we have to study the behaviour of
the spectral sequence for the primes p = 2 and p = 3.

We consider the subgroups Zs, Z, and Zg of SLy(7Z) from the presentation given in Proposition
and the induced extensions. One has diagrams

7 —— 7 —— 7—1

b2 \ b4 / b /
(32) 7Z—— B3 7~ Bs 27— Bs

/ J ! ’ ! |

ZoC> SLy(Z) 74> SLy(Z) Zs> SLy(Z)

and the corresponding maps of spectral sequences give the commuting diagram
Hi(SLo(Z); M) -2 H*2(SLy(Z); M)
o0, e
, d :
Hi(Zp; M) ——= H™**(Z,; M)

for m = 2,4,6. We recall that the spectral sequences for Z =5 Z — Z,, collapses at F, and the
differential

H (Zp; M) B H(Z,; M)
is surjective for ¢ = 0 and isomorphisms for i > 0.

For odd n the ds differential in the spectral sequence for the cohomology of B3 has a very simple
behaviour:

Lemma 7.1. For odd n the differential:
dy : H*Y(SLy(Z); Myy,) — H*3(SLo(Z); May,)
18 an isomorphism.

Proof. For odd n the groups H*(Zy; Ms,) are trivial and we have the following commuting dia-

gram:
0 = H* T (SLy(Z); May,) = H* 1 (Zy; May) & H* T (Zg; May) = H* T (Zy; Moy,)
¢d2 ng ‘dez
0 > H2i+3<SL2(Z);M2n) . H2i+3(Z4;M2n) o) H2i+3<Z6;M2n) . H2i+3(Z2;M2n)
The statement follows from the Five Lemma. O

For a detailed computation of the differential d for the degree 4n part of the spectral sequence
we have to consider the representations of SLy(Z) and Bz over the module M, ® R. Here R can
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be either Z,, the ring of integers localized at the prime p, or the cyclic group Z,:. We need to
consider only p =2 or p = 3.

7.1. 2-torsion. Let us first focus on the 2-torsion. We need to compare the Serre spectral sequence
for 7 > 7 — Zo and the spectral sequence for Bs through the connecting homomorphism of the
Mayer-Vietoris sequence.

Since in the spectral sequences associated to the central extension Z — Bs — SLs(Z) and

7357 Zso the differential ds is just the cup product by the Euler class, we have that for any
SLy(Z)-module N the following diagram associated to the decomposition SLy(Z) = Z4 *z, Zg is
commutative:
o= H™YZoy; N) — H(SLy(Z); N) — H (Z4; N) ® H (Zg; N) —= - -
(33) o b o
o> HTYZy; N) = HV2(SLy(Z); N) = H"2(Zy; N) ® H?(Zg; N) > - - -
Recall from section [l that for n =0 mod 4 we have

HY(Zy; M) = M,,, H (Zy; M,,) = 0 and H*(Zo; M,,) = M,, @ Zs.

Let now N = M, ® Z). As H(Ze; N) is trivial for i odd (see Proposition [5.11)) the diagram (33)
specializes to:

0 — NSL2(2) NZs g NZe
b P
0 — H?(SLy(Z); N) — H?*(Zy; N) ® H*(Z¢; N) —

— H%(Zy; N) — HY(SLy(Z); N) — HY(Z4; N) — 0

s b -
— H*(Zy; N) — H*(SLa(L); N) — H*(Zy; N) — 0

Lemma 7.2. For even n and N = My, ® Z) we have the following equalities:
ker(dy : H*(SLo(Z); N) — H*(SLy(Z); N)) =
(35) = 2Im(H°(Zy; N) = H'(SLy(Z); N)) =
= 2ker(H'(SLy(Z); N) — H'(Z4; N)).
Moreover H3(SLo(Z); N) = H(SLy(Z); N) @ Zy and the differential
dy : H'(SLy(Z); N) — H*(SLy(Z); N)
is the projection map H'(SLy(Z); N) — H'(SLy(Z); N) @ Zs.

Proof. For even n and odd i we have H'(Zy; Ms,) = 0if n =0 mod 4 and HY(Zy; Ms,) = Zs if
n =2 mod 4. Moreover the differential

dz : 13'1(247 M2n> — HS(Z4, M2n)
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is an isomorphism. The inclusion map iy : Zy — Zg4 %z, Zg = SLo(7Z) has a right inverse vy :
SLy(Z) — Z,4 defined on Z,4 as the identity and on Zg as the multiplication by 2. Hence the exact
sequences of diagram ([34)) split, respectively in H'(SLy(Z); N) and H?*(SLy(Z); N). Finally it is
easy to verify that the differential
d2 : HO(ZQ, M2n> — HZ(ZQ, Mgn)
is the quotient mod-2 map Ms, — Ms, ® Z> and we recall that the differential
dy : N% @ N% — H*(Zy; N) ® H*(Zg; N)
is also surjective. The lemma follows from diagram 1) O

th

We write here 3, as the r**-order Bockstein operator associated to the sequence of coefficients

0 — Zyr 5 Lizr —> Lyr — 0.

We can decompose H'(SLy(Z); M, ® Z)), for n =0 mod 4 , as a direct sum of a free Zs)-
module of rank f, (see Theorem and some modules of the form Z,.. We can choose a
decomposition

(36) HY(SLa(Z); M, ® L) = L5 & €D 23
k

and an analogous decomposition for H(Zy; M,, ® Z2)) such that the map
H'(SLy(Z); My, @ Zz)) — H' (Z4; My, ® Zga))
is diagonal with respect to the two decompositions. According to Lemma the decomposition
of H'(SLy(Z); M,, ® Z2)) induces a decomposition of H*(SLy(Z); M,, @ Z2)) = H'(SL2(Z); M,, ®
Z(z)) & L.
From the previous lemmas the differential dy is completely determined and hence also the term
E ., as the spectral sequence lives only on rows 0 and 1 and then collapses at Ej3.

Lemma 7.3. In the Serre spectral sequence for H*(Bs; M,, ® Z2)) the Es-term forn =0 is given
by:

Z(Q) 2H! (SL2 (Z); My ® Z(g)) 0

L) HY(SLoZ); My® Zz)  H*(SLa(Z); My @ Zg)
and forn >0, n =0 mod 4, by:
0 2HY(SLy(Z); M, ® Z2) 0

0 H(SLZ)M,8Zu)  H(SL(Z); M, ® )

O

Now we consider the extension problem associated to the F.-term, in order to determine the
cohomology groups H*(Bs; M ® Z)).
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Theorem 7.4. We consider the extension problem for the E. -term of the spectral sequence of
Lemma above. We can choose a decomposition in the form of equation @ such that for the
induced decomposition of 2H'(SLy(Z); M,, @ Zs)) we have the following cases:

a) for n = 0 mod 8 there is a summand Zy C 2H'(SLy(Z); M, ® Z)) corresponding,
via Universal Coefficient Theorem, to the generator Q3" € HO(SLy(Z); M ® Zy) where
n=2%n (24 h, i > 0); the summand has a lifting to the module Zyi+2 through the
extension with the module Z4 corresponding to the generator

(@) =i € HAZys M @ Ly);

b) for all others torsion summands in 2H'(SLy(Z); M,, @ Z2)), that we can suppose to be in
the form Zqi-1, there is a lifting to the module Zqi through the extension with a submodule
Zs corresponding to a generator in H*(SLy(Z); M ® Z));

c) for all the free summands Z) C 2H'(SLa(Z); M,, ® Z2)) there is no lifting and the exten-
sion 1s trivial.

Proof. We study the spectral sequence E,
EY = H{(SLy(Z); My, @ Zr) for j = 0,1

and zero otherwise, that converges to H*(Bs; M,, ® Zqx) for any integer k > 0. The dependence
on the integer k is understood in the notation. As before, the spectral sequence collapses at Es.
We compute the cardinality of E;’l @ E§’° that is the cardinality of H?(Bs; M, ® Zx ).

We will need to consider also the E(Z,,), spectral sequences for H*(Z; M,, ® Zx) obtained by
the extensions given in the diagrams of equation (32), induced by the inclusion Z,, < SLy(Z),
m = 2,4,6.

The Mayer-Vietoris exact sequence gives us maps of spectral sequences:

Oy Ey — E(Zy)o,
g : Ey — E(Zg)o,
Ay E(Zy)y — B
where the last map is the homomorphism that appears in diagram and has a degree shift
coherently with the Mayer-Vietoris exact sequence connecting homomorphism.
Moreover we need to consider the map
7. s By — Eo
induced by the morphism of coefficients Z — Zo. and the Bockstein homomorphism
Box : Ey — By
and, for m = 2,4,6,
Box  EBo(ZLm) = Eo(Zin)

defined before.
Here we use a V b for max(a,b) and a A b for min(a, b).
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Let w = P5Q5 be any monomial in Py, Qy. Let 2¢ be the greatest power of 2 that divides
both a and b. The polynomial w is S Ly(Z)-invariant modulo 2! hence it generates a submodule
Zoivr C HY(SLy(Z); M @Zoi+1). More generally, for k < i the polynomial w generates a submodule
Zor C HY(SLo(Z); M®@Zyk ), while for k > i+1 the polynomial 2¥=1"1w is S Ly(Z)-invariant modulo
2k and generates a submodule Zgit1 C H°(SLo(Z); M ®@Zyr). We remark that all these submodules
are also direct summands.

Define 6 = max(k —i — 1,0).

The Bockstein homomorphism

Bor : HY(SLy(Z); M @ i) — H*(SLoy(Z); M @ Zii)

maps the polynomial 2°w as follows. For k > i + 1 the image . (2°w) generates a Zyi+1 that is a
direct summand of HY(SLy(Z); M ® Zyx), while for k < i the image By (2°w) is 2¢+1~*-times the
generator of a module Zy: that is a direct summand of H'(SLy(Z); M ® Zyx). In particular for
i+ 1> 2k, Bor(2°w) = 0.

In both cases (k > i+1 or k < i), the module Zoxni11y C H'(SLy(Z); M ®@Zqyr) considered above
is the image through 7, of a module Zyi+1 that is a direct summand of H'(SLy(Z); M @ Z)); we
call @ € H'(SLy(Z); M ® Z3)) the generator of this module and we have

QIR =0r & = Bor (2°w).

Let us now focus on the polynomial w = Q%ih for odd h and ¢ > 0. We need to prove the
following;:

Lemma 7.5. The differential ds : Fg’l — E;’O maps the module Zoknuv1y generated by 2‘59%%

surjectively to a module isomorphic to Zs if k > i+2 ork=1and to Z4 1f2 <k <i+1.

Proof. Let k <i+1 and set w = Q2" Then § = 0 and it is easy to verify that monomial (zy)*"
appears with an odd coefficient in the algebraic expansion of 20w = Q%ih. Hence the cocycle
®,(20Q3") generates a direct summand Zox in E(Zy), and for k # 1 the differential dy maps the
cocycle ®4(20Q%") to the generator of a module Z, in E(Zy)s. Since H2(SLy(Z); M & Zy:) has
no 8-torsion from Lemma [6.2], the claim for 2 < k < i+ 1 follows from the commutativity of the
maps dy and ®,4. Se the diagram in table[I] The same argument shows that for k£ = 1 the cocycle
d5(2°Q2™) generates a module Zy C B .

S B
\ @4

—20
E,

TABLE 1.
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Now suppose k > ¢ + 2. In this case 6 > 0 and by the same argument as before, we have that
the class dy®,(2°Q%™) has no 4-torsion. From the description of the cohomology of SL;(Z) given
in Lemma it follows that also the class dy(2°Q%3™) has no 4-torsion. In fact the morphism ®,
maps any class of 4-torsion in E;  isomorphically to a class of 4-torsion in E(Z4)5".

In order to complete the proof of the lemma we need to show that dy(2°Q2") is non-zero

for K > i+ 2. We consider the diagram of table 2] From the previous computations we have

1,1
E,

da
i \

—0,1 Pak —1,1 —

3,0
E2 — Ez \dg‘\ E2
d
: —20%2k —30 /
E27 —_ E27
TABLE 2.

Bok(2°w) = m,& and the Bockstein map By maps isomorphically the submodule Zyi+1 generated
by 2%w to the submodule Zyi+1 generated by m.@. Moreover from Lemma, the differential do
maps 7w to the generator of a submodule Z,. Hence, by the commutativity of the differential ds
and the Bockstein map fx, the cohomology class dy(2°w) is non-zero. The lemma follows. a

In case w is different from an even power of Q,, we have:

Lemma 7.6. Let w = P4Q% be a monomial in Py and Qo different from an even power of Qy. The
differential dy : Eg’l — E§’° maps the module Zgrniv1y generated by 2°w surjectively to a module
1somorphic to Zs.

Proof. Let k > i+ 1. In this case we can use the Bockstein morphism [, and compare the
spectral sequence E, with E, by means of the map m,. The Bockstein By« maps the submodule
Zsir1 generated by 2°w isomorphically to the submodule Zqi+1 generated by .o and from Lemma
the differential do maps m,w to the generator of a submodule Zy. The argument in the proof
of the previous lemma implies that the class dy(2°w) has no 4-torsion.

Now we assume k < ¢ and hence 6 = 0. If @ is odd then ¢ = 0 and there is nothing to prove.
If @ = 0 then b is odd and again ¢ = 0 and there is nothing to prove. If a # 0 and a even,
a symmetry argument that exchanges x and y shows that the power of xy that appears in the
algebraic expansion of w has even coefficient. Hence the class do®4(w) has at most 2-torsion
and can be eventually zero. We need to prove that ds(w) is non-zero. It is easy to see that the

monomials 22472°y% and z%y2*+2

appear in the algebraic expansion of w with coefficient 1. As
we are assuming that a is even we have that ®,(w) has non-trivial projection to the Zs-invariant
submodule of Zok[x,y] generated by 22%+%y% and x%y?*t2® and since do(22¢+2ys + 1%9%2+20) £ (

we have also that dy®,(w) # 0. O

Lemma 7.7. The differential ds : Eg’l — Ei’o induces an injective map dy : E;M@Zg — E;’()@Zg.
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Proof. We define the map Box : Eg’l ® Zog — E;’l ® Zs induced by the Bockstein [y and we
consider a splitting Eg’l ® Zy = ker Bor @ cokerfopr.

The kernel of B, is generated by those classes 2°P2Q5 such that § = 0, that is k < i + 1 where
2% is the greatest power of 2 that divides both a and b. It follows that the restriction of ®, to
ker B is injective. Moreover it is easy to verify that the induced map

— =,y 10,1 =y 12,0

d2 : E(Z4)2 &® ZQ — E(Z4)2 &® Z2
is injective. Hence the restriction of dy to ker Bor C E;M@Zz is injective and the image is contained
in the kernel of the map

sz : E;O (29 ZQ — EZ’O X ZQ.
The image of B : Eg’l ® Ly — E;’l ® Zg is contained in the image of the projection
T BN ®Zy o By @7,

and since the map
d_g : E21’1 ®ZQ — ES,O ®ZQ

is an isomorphism it follows that the restriction of the differential dy to ImfBy. N E;’l is injective
and the image of dy is contained in the image of BZk : EZ’O ® Loy — E;’O ® Zy.
The claim of the lemma follows. O

The previous arguments together with Lemmas and [7.6|determine completely the differential
dy: By — B,

Now we focus on d : E;’l — Eio.

We consider the splitting of the module E;’l =T, & Fy, & T,, where T} is the image, through
7, of the torsion subgroup of Ezl’l; Fi is the image, through m, of the torsion-free part of E21’1
according to the chosen decomposition in equation ; T, is a subgroup corresponding, through
the Bockstein homomorphism and the map 7., to the torsion subgroup in E; o

We recall from the previous results that the differential d, : Ey' — Eg’ Y is the quotient modulo
2 for degree multiple of 4 (see Lemma and an isomorphism for degree 2n, n odd, (see Lemma
7.1)) with a 2-torsion module. Since the map , induces a surjection

EM S FPleT c By

and the map 7, : E2° — Ey" is injective. We can also remark that F1 & T in in the kernel of
the Bockstein operator S5x. Hence we have the following

Lemma 7.8. The differential do :F;’l — Eg’o acts on the submodule F* & T' C E;’l as quotient
modulo 2:

dy : F'oT' - (FraTH)®Z, C By
The image do(F* © T") is contained in the kernel of the Bockstein operator Bax. O
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Pok
—1,1 P2k —21
E2 = E2 do
d2 \
Bk
—3,072F —4,0
TABLE 3.

Finally we consider the diagram of table [3[ and we look at the submodule 72 C E;’l. Note that
T? is a Zs-module. In particular for k > 2 the restriction of the Bockstein map By : E;’l — Ez’l
to the submodule T2 C F;’l is injective. Moreover, since B3 has homological dimension 2, the
differential dy : E§’1 — E;"O is an isomorphism. It follows that for £ > 2 the restriction of the
differential d : E;’l — E§’° to the submodule 7% C E;’l is injective. Since the Bockstein operator

Bor is injective in T? C F;’l we have also that the image dy(T?) projects injectively to the cokernel
of the Bockstein and hence for & > 2.

For k£ = 1 we can consider the long exact sequence of equation for N = M, ®Zs. Fori >0
and m = 2,4, 6 the differential

dy 2 H'(Zm; My, @ Zg) — H™(Zn; M, @ Zs)
is always an isomorphism. Hence, by the five Lemma, it follows that the differential
dy : H'(SLy(Z); M,, @ Zy) — H (S Ly(Z); M,, @ Zy)

is an isomorphism too.
In general we have proved:

Lemma 7.9. For any k > 1 the kernel of the map d : E;’l — Eg’o 15 equal to the kernel of the
restriction
dy : F'oT' —» (FraTH)®Z, C By

For the computation of the cardinality of H?(Bs; M, ® Zyx) we define the function
f(k) == logy(|H?(Bs; My, @ Zy)|)

and since K (Bs, 1) is realized as a 2-dimensional complex, from the Universal Coefficient Theorem
it follows

f(k) = logy(|H?(Bs; My,) @ Zyi|)
and the function f(k) determines the group H?(Bs; M,,) ® Z). If we suppose that

. ~ 7D Dt
H?(Bs; My) ® Zoy ~ 23" & @D Z3"
t

where f,, is the integer defined in Theorem and the p; are non-negative integers, we have

Fk) = fuk + > mlt A k)
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and we need to determine the function f(k) only up to constants in order to get the integers p.
The spectral sequence E, collapses at the term E3 and we have |H?(Bs; M, ®Zx)| = \F;’I@E?O\
and

—1,1 —=2,0
(37) f(k) =logy(|E5"|) + log,(|E5™ ).

The term log2(|E£1,)’1 |) can be computed using Lemma and the description of H*(SLy(Z); M,,) )
given in Theorem [4.5] We obtain:

logy (|3 ) = kfo + > ((Mala,b) + 1) Ak —1)

6a+4b=n

where Ay(a, b) is the greatest integer such that 2)‘2 b | gcd(a b).
From the description of the differential dj : E — E given in Lemmas I m and . 7| we
have that, up to constants, the cardinality of E ? follows by:

log,( |E3 | Z X{k>i+2}-

2i+2h=n

Hence, up to constants,
FR)=kfat Y (Qe(ab) + AR =1+ (i+2)Ak—1)

where the sum ), is given for a,b € N such that 6a + 4b = n and a # 0 or b odd and the sum
>, is given for i, h € N such that ¢ > 0, h is odd and 2°"'h = n.

From the description of the spectral sequence it follows that the extension involves the generator
described in the statement of the Theorem [7.4l a

As a consequence of Theorem [7.4] we have the first part of Theorem that is the result:
Theorem 7.10. We have the following isomorphism:
H?(Bs; M) = (§ [P2, ©o] & Z[T,])/ ~

Here Q, is a new variable of degree 4; the quotient module is defined by the relations i—? ~ 25; for

n even and Q—%L ~ 0 forn odd. a
ni

7.2. 3-torsion. Let now consider only the 3-torsion of H?(Bs; Ms,). For odd n the 3-torsion part
of H'(SLy(Z); Ms,) is trivial, so we investigate the Serre spectral sequence and the differential

0 H'(SLu(Z); N) — HY(SLy(Z); N)
where now N is the module My, ® Zs) for n even. In this case from diagram (33) we get
> HYZy; N) = H(SLy(Z); N) > H' (Zg; N) >~ 0

(38> ¢1d2 ¢1d2
0 — = HYSLy(Z); N) = H(Zg; N) = 0

Again the spectral sequence collapses at E3 and we have:

Lemma 7.11. In the Serre spectral sequence for H*(Bs; M, @ Z)) the Es-term is given by:
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L3) K 0

Ly  HY(SLa(Z); My ® L)  H*(SLa(Z); My @ Zs))
where K = ker(H'(SLy(Z); M, ® Zz)) — H'(Ze; M, @ Zz)). O

Similar to the case p = 2, the final step is to consider the extension problem associated to the
E-term. We can assume also for p = 3 to have a decomposition

(39) H'(SLy(Z); My, ® Zs)) = L3 © @D Zgk
k

and an induced decomposition on
H' (Zg; My, ® Zs)) = H*(SLy(Z); M, ® Zs))

such that the differential dy is diagonal with respect to the two decompositions.
As for the 2-torsion, we use F, for the spectral sequence defined by

EY = HI(SLy(Z); M, @ Zy) for i = 0,1
and zero otherwise, that converges to H*(Bs; M,, ® Zs) and also the E(Z,,); spectral sequences
for H*(Z; M,, @ Zsk).
The two spectral sequences are connected by the map
CI)6 : EQ — E(Z(j)g
induced by the inclusion Zg < SLo(Z) given in the third diagram of equation ([32]).
Proposition 7.12. Let us consider the generator PsQ3* € HO(SLy(Z); M @ Zs) = Eg’l. The cor-

responding module Zy C H'(SLy(Z); M,,@Z3)) = Ey" withn = 6-3'k+4 is mapped isomorphically
by the differential dy to the module Zs = H*(SLo(Z); M,, @ Z3)) = E5".

Proof. The statement follows considering the spectral sequence E;j with coefficients in M, ® Zs
and the spectral sequence E(Zg)s’, both for k = 1 and the maps of the diagram in table .

We have the equalities P3 = wy and Q3 = v5 + 25 mod 3. The generator of the module
Zs = H*(Ze; M, ®Z3)) = E5° projects through 7, to the Bockstein class f3(w, (v +2)*") € Ei’”
and hence the statement follows from comparing the differentials d5 : E;” — Eg’o, that is

dy : H(SLy(Z); M,, @ Z3) — H*(SLy(Z); M, @ Zs3)
and dy - E(Zg)y" — E(Zg)>", that is
(40) d2 : HO(Zﬁ,Mn®Z3) —>H2(ZG,MTL®Z3)
O

Theorem 7.13. We consider the extension problem for the E.-term of the spectral sequence of
Lemma|7.11| above.
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1,1
Ey

—01 Bs 11—

Ey ——F
2,0 —3,0

g D6 E27 T E27
(7,01 EE 7 L1 ® ®
(Zg), (Zg), — " 6
KA d2 \

E(Zs)y" 7 E(Zg)y"

TABLE 4.

For n = 0 mod 12 the summand Zzi+1 C H*(SLy(Z); M, @ Zz)) = Ey' corresponding, via
Universal Coefficient Theorem, to the generator Q3" € HY(SLy(Z); M @ Z3) (31 h, i > 0) has a
lifting to the module Zsi+2 through the extension with the module Z3 corresponding to the generator

(03 + q6)* " € H(Zg; M © Zs)).
For all the other summands there is no lifting and the extension is trivial.

Proof. We study the spectral sequence F, converging to H*(Bs; M,, ® Zsi) for any k > 0. As
before, the spectral sequence collapses at E3. We compute the cardinality of Ei, @Ez’o that is the
cardinality of H?(Bs; M, ® Zsr). We start with an explicit description of Eg’l = H°(SLy(Z); M, ®
Zy), By = HYSLy(Z); My, @ Zy), B3 = HX(SLy(Z); My, @ Zy) and By = H3(SLy(Z); M, @
Z:) and of the corresponding E(Zg), terms of the spectral sequence for H?(Z; M,y ® Zst).

The term E(Zg)y" = H(Zg; M, &Zs:) is given by the ring of invariants Zsx [z, y]%¢. In particular
we have the polynomial qg’jh, for h # 0 mod 3, that generates a group Zsr and the polynomial
3" lw,qé that generates a group Zs; the groups are direct summands of Zgx [z, y|%6.

The term E(Zg)y"' = H'(Zg; M,®Zs:) is a free Zs-module generated by the polynomials 3%~ 1¢3""
and by the image B3 (3* tw,q}), where fs is the Bockstein map associated to the extension

Ligie —> Ligzre —> Ligk.

The term E(ZG)S’O = H?*(Ze; M,, ® Zs) is a free Zg-module generated by the polynomials
3 lwyg and g% = G (31621,

The term E(Zg)y" = H*(Zg; M, @ Zs:) is a free Zg-module generated by the polynomials
3 1gd" and E%k1(3k*1w4qé).

The term E," = H°(SLy(Z); M,y @ Zsx) is given by the ring of invariants T'3[P3, Qs] ® Zas.
In particular 3*7'P;Q% generates a group Zs and 3-=7~DV0Q3'h generates a group Zgina+1); the
groups are direct summands of H°(SLy(Z); M,, @ Zsy).
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The term F;’l = HY(SLy(Z); M, ®Zs) is given by the direct sum of a free Zsr-module Zg,:Z , the
modules Zz generated by classes 3¥~1gi such that ®g(Ssx(351¢)) = ¢4 € H*(Ze; M, @ Zs) and
a module isomorphic to I's [P3, Q3] @ Zgx C HO(SLy(Z); M,y ® Zs). In particular Bg (3F1P3Q%)
generates a group Zs and for k > j the cocycle B (3*—I=DV0Q¥h) — 3., (3=~ Q¥h) generates
a group Zarni+1) = Zsi+1 and all these groups are direct summands in E;’l.

The inclusion Zg < SLy(Z) induces for i > 2 the isomorphism @} : H'(SLy(Z), M, @ Zsi) ~
Hi(Zg; M, ® Zsy.). Hence the terms B2 = H2(SLy(Z); My, ® Zy) and By = H3(SLy(Z); M, @
Zs) are generated respectively by the counterimages of the polynomials 3 1w,qi and qgjh =
B (35 1¢3") and by the counterimages of the polynomials 3*1¢3'" and Sy (3 Twsq}).

Now we compute the differentials dy : E(Zg)y"' — E(Zg)3" and dy : E(Zg)y' — E(Zg)y" and
the corresponding differentials for E,.

We use the fact that the spectral sequence E(Zg) collapses after the differential dy to the
cohomology H*(Z; M,, @ Zsx).

For the computation of dy : E(Zs)y' — E(Z)2" we have the maps dy : ¢2" — ¢ and
dy : 3*Ywyqh — 3 twyql that is the quotient map Zgr — Zs and the isomorphism Zs — Zs for
the corresponding generated submodules. From the Jordan blocks decomposition in the proof of
Proposition one can see that for the other monomials in E(Z6)g’l the differential is trivial.

The differential dy : E(Zg)y' — FE(Zg)s° must be an isomorphism we have the maps dy :
3k*1qgjh > 3k*1qgjh and dy : Bgr (3F Twyql) > Bar (35 1wyql).

Finally we can describe the differential d, for E. We use ®g : Eo — E(Zg)g to compute it.

Recall that we have the equalities P3 = wy and Q3 = ¢ + p3 mod 3.

For the classes 3¥71P;Q% € E>" we have (38 1P50Q1) = 3 lwyg, and dy ¢ 3Flwygh
3 lwyql. Hence dy(3F1P5Q%) = &g (35 wyg).

For the classes 3(:-7-DV0Q3h ¢ T we have ®g(3¢—i-DV0Q¥h) = 3(—3-1V0(go 1 13)¥h mod 3.
Moreover da((gs + p3)*'") = ¢¥'". Hence dy(3k—7-1V0Q¥h) — 3(k=i=DVOHL(¢3h) and since the
cocycle qg’jh generates a Zs module, the map is surjective if and only if £ < 7 + 1.

As the group B; had dimension 2 the differential d5 : E"' = B must be surjective.

As we did before for the 2-torsion of higher order, the computation of the cardinality of
H?(Bs; M,, @ Zgx) is straightforward and we can define the function

f(k) := logs(|H*(Bs; My @ Zy)|)

As the spectral sequence E, collapses at the term E3 we have |H?(Bs; M,, ® Zs)| = |F;1 @E§’0|
and hence:

(41) f(k) = €n(k) logs(|Zs]) + logs(|1Z33]) + logs (|, rZsernae])

The first summand in equation corresponds to the submodule in E;’O generated by @4 1(qgjh)
and since the generator survives to E, if and only if & > j 4 1 we have that the coefficient e, (k)
is given by

e (k) = 1 ifn=12-3h with3thand k > j + 1,
"1 0 otherwise.
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The second summand in 1) corresponds to the submodule Zgz - E;’l.

1) corresponds to the submodule of T3 [P3, Q3] ® Zgx C E;’l gener-
ated, for ¢ running over all positive integers, by the monic monomials in 2 variables F(z,y) with
deg F(P3,Q3) = n, such that F(Ps,Q3) can be written as a monomial in P3, 03" but not as a
monomial in P3 Q3™ and F(Ps, Q) is not in the form P3Q%. The direct sum runs over all these

The third summand in

polynomials.
From (41]) we get

fh) = en(k) + foki+ ) i+ 1) Ak
where the sum runs for 7, F' as before. It is clear that this is the logarithm of the cardinality of
the degree n part of a module N ® Zsr where N is given by

Pz & (I§[Ps, %] @ Z[Qs))/ ~
where Qs is a new variable of the same degree (= 12) as Q3 and the quotient module is defined by
the relations i—ﬁ ~ 35; and fP;;% ~ 0.
From the description of the spectral sequence we can see the the extension involves the generator
described in the statement. O

Hence we have proved also the following :

Theorem 7.14.
H?(Bs; M)y = (I [P35, Q3] @ Z[Q3])/ ~
with deg Qg = 12, where the quotient of modules is defined by i—‘? ~ 39y and ?3% ~ 0. =

8. TOPOLOGICAL COMPARISONS AND SPECULATIONS

The purpose of this section is to describe a topological space with the features that the reduced
integral cohomology is precisely the torsion in H*(SLs(Z); M @ Z[1/6]).

In particular, there are spaces T),(2n + 1) which are total spaces of p-local fibrations, p > 3, of
the form

S2=t 5 T (2n + 1) — QS+

for which the integral cohomology is recalled next where it is assumed that p > 3 throughout this
section ([Ani93], [GT10]).

The integral cohomology ring of Q(5?" ) is the divided power algebra I'[x(2n)] where the degree
of x(2n) is 2n. The mod-p homology ring (as a coalgebra) of T,,(2n + 1) is

E] @ Fplw]

where the exterior algebra E|[v] is generated by an element v of degree 2n — 1, and the mod-p
polynomial ring Fj,[w] is generated by an element w of degree 2n. Furthermore, the r-th higher
order Bockstein defined by b, is given as follows:

s 0 ifr<s
br(w?) = { vw P if r = s,
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information specifies the integral homology groups of 7),(2n + 1) (and thus the integral

cohomology groups) listed in the following theorem. Recall the algebra I',[z] of Proposition [3.1{In
addition fix a positive n, and consider the graded ring I',[z(2n)] where z(2n) has degree 2n > 0.

Theorem 8.1. Assume that p is prime with p > 3.

(1)

(2)

(3)

The reduced integral homology groups of T,(2n + 1) are given as follows:

- [ Z)pZ ifi=2np 'k —1 where ptk,
Hi(T,(2n + 1)) = { {0} otherwise.

The additive structure for the cohomology ring of T,(2n + 1) with Z, coefficients is given
as follows:

Z)p"7 if i =2np 'k where p 1k,

HY(T,(2n + 1)) —{ {0} otherwise.

The cohomology ring of T,(2n + 1) with Zg, coefficients is isomorphic to T'y[x(2n)] in
degrees strictly greater than 0. a

The next step is to compare the cohomology of the spaces T,,(2n+1) to the earlier computations.

Theorem 8.2. Assume that p is prime with p > 3. The p-torsion in the cohomology of

EB3 X B (CPOO)2

is the reduced cohomology of the following space:

[Ani93]

[Bri73]

[Bro94]
[Car56)

[Coh01]

[DCPY5]

[DCS96]

[Dic11]

SA(Tp(2p +3) x Tp(2p° = 2p + 1)) V E(T,(2p + 3) V T, (2p° — 2p + 1)).
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