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Abstract. We consider a region of Minkowski spacetime bounded either by one or by two parallel, in-
finitely extended plates orthogonal to a spatial direction and a real Klein-Gordon field satisfying Dirichlet
boundary conditions. We quantize these two systems within the algebraic approach to quantum field the-
ory using the so-called functional formalism. As a first step we construct a suitable unital x-algebra of
observables whose generating functionals are characterized by a labelling space which is at the same time
optimal and separating and fulfils the F-locality property. Subsequently we give a definition for these
systems of Hadamard states and we investigate explicit examples. In the case of a single plate, it turns
out that one can build algebraic states via a pull-back of those on the whole Minkowski spacetime, more-
over inheriting from them the Hadamard property. When we consider instead two plates, algebraic states
can be put in correspondence with those on flat spacetime via the so-called method of images, which we
translate to the algebraic setting. For a massless scalar field we show that this procedure works perfectly
for a large class of quasi-free states including the Poincaré vacuum and KMS states. Eventually Wick
polynomials are introduced. Contrary to the Minkowski case, the extended algebras, built in globally
hyperbolic subregions can be collected in a global counterpart only after a suitable deformation which
is expressed locally in terms of a *-isomorphism. As a last step, we construct explicitly the two-point
function and the regularized energy density, showing, moreover, that the outcome is consistent with the
standard results of the Casimir effect.

1 Introduction

The success of quantum field theory (QFT) is often and righteously ascribed to the associated
description of the matter constituents and of their mutual interactions. Yet one should not forget
that QFT has lead to the discovery of several unique phenomena which could be thought as really
being the blueprint of the theory. In between these one should certainly include the Casimir
effect. Heuristically often depicted as the existence of a non vanishing force between two infinite,
parallel and perfectly conducting plates due to the quantum fluctuations of the vacuum, it has
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been thoroughly studied in the literature. Much has been written about it since the publishing
of the seminal papers [Cas48| [CP48| and also several confirmations at an experimental level are
available. It is a daunting task to give an exhaustive bibliography of all different aspects of the
Casimir effect and of all its ramifications in modern physics. We do not even pretend to trying
and we limit ourselves in recommending an introduction which complements the content of this
paper [Mil01].

Our goal is instead to fill a partial gap, namely to discuss the Casimir effect by means of
the functional approach to the axiomatic description of quantum field theory. More precisely
we are interested in the so called algebraic approach, a framework first introduced by Haag &
Kastler in the sixties — see [HKG63], which divides the quantization of a physical system in two
separate steps. The first consists of collecting all observables in a unital x-algebra whose mutual
relations encode concepts such as locality and causality as well as information on the dynamics
of the system. In the second step, one identifies a quantum state, that is a positive, normalized
linear functional on the algebra of observables. Via the renown GNS theorem, one can recover
the standard probabilistic interpretation of all quantum theories. The success of the so-called
algebraic approach is doubtless, especially since it can be directly applied also to curved back-
grounds, under minimal assumptions on the causal structure of the underlying background —
see for example [BDHI3, [HW14]. With reference specifically to the Casimir effect, mathemati-
cally rigorous analyses can be found in [Kay78], while preliminary investigations in the
algebraic framework can be found in [Kuh05l [Nie09 [Som06]. It is especially noteworthy the
analysis in [Som06] which associates to a quantum field theory on a region with boundaries
the universal algebra generated by the algebras of properly embedded globally hyperbolic sub-
regions. Boundary conditions are take into account via appropriate ideals. Although this is
a viable alternative, we shall not focus on it in this paper and we leave a comparison to our
methods to future investigations.

Another notable and relevant exception is represented by [Her05, [Her10] although
our approach should be seen as parallel and complementary rather than a continuation of these
analyses.

Let us now be more specific on the goals of this paper. Although the words “Casimir
effect” actually do encompass several rather different systems, we are interested only in two
idealized scenarios, namely a real scalar field living in a bounded subset of Minkowski spacetime.
The boundary is represented by either one or two parallel, infinitely extended hypersurfaces,
orthogonal to a spatial direction. Dynamics is ruled by the Klein-Gordon equation with Dirichlet
boundary conditions. The first case is dubbed a Casimir-Polder system, in analogy with [CP43],
the second a Casimir system with reference to [Cas48]. Our choices are merely for simplicity.
On the one hand the method could be almost slavishly translated to Neumann or to Robin
boundary conditions, although some of the conclusions, that we draw, such as the existence of
KMS states, would not necessarily hold true. On the other hand the procedure we use could be
similarly adapted to study other fields such as, for example, the vector potential. Yet, we feel
that it is safer to start with a theory which does not include any gauge freedom which might
complicate the analysis, hence with the risk of turning us from the main purpose of the paper.

We give an answer to different questions concerning specific structural aspects of these sys-



tems. The first concerns which is the correct algebra of observables to associate to a free quantum
field theory in a confined region such as those considered in a Casimir-Polder or in a Casimir
system. This is not an obvious question since the standard procedure in the algebraic approach
relies heavily on the underlying manifold being globally hyperbolic and on finding the smooth
solutions to the equation(s) of motion, seen as an initial value problem. Both features are not
present in our model. In order to tackle this problem we adapt to the case at hand the so-called
functional formalism which has been used successfully in the algebraic framework in the past
few years — see for an introduction [FR12]. The net advantage of this procedure
is the following: Observables are seen as functionals on a space of kinematical/dynamical con-
figurations and the algebraic structure is obtained by deforming the standard pointwise product
so to include the information of the canonical commutation relations. As soon as one wants to
deal with interactions at a perturbative level or is interested in the expectation value of quan-
tities such as the stress-energy tensor, Wick polynomials are needed. Although their rigorous
construction is known since more than a decade [HWOI], the functional formalism allows for an
easier identification not only of the polynomials themselves but also of the underlying algebraic
structure via an additional deformation of the pointwise product.

In order to select a specific class of functionals we adapt to the case at hand a procedure
which was already successfully applied recently to the analysis of Abelian gauge theories [BDS12]
and of linearized gravity [BDM14]: We start by constructing the space of all
possible configurations allowed by the underlying dynamics, by means of a well-known procedure
in PDE theory: the method of images. Subsequently we identify a set of linear functionals on the
collection of dynamical configurations which play the role of the above mentioned generators. In
order to justify our choice we will argue that there are minimal requirements which need to be
met, namely these generating functionals should be a separating and optimal set — see [Benl4].
At this stage the analysis of a Casimir-Polder and of a Casimir system will start to diverge
considerably. While in the first case we will show that generators are, up to an isomorphism, a
subset of those for a Klein-Gordon field in Minkowski spacetime, in the second, this feature is
lost. Additionally we verify that the algebra of observables also enjoys the so-called F-locality
property introduce by Kay in [Kay92], according to which, the restriction of such algebra to any
globally hyperbolic subregion of the underlying manifold should be *-isomorphic to the algebra
of observables built directly on this region with the standard prescriptions. An important novel
point, which our investigation shall uncover, is that the algebra of observables both for a Casimir
and a Casimir-Polder system enjoys the same structural properties of the standard Minkowski
counterpart, especially the time-slice axiom, a feature which was not considered before.

The second question to which we wish to give an answer concerns the choice of an algebraic
quantum state of Hadamard form both for a Casimir and for a Casimir-Polder system. The
microlocal characterization of the Hadamard condition was formulated by [Rad96al [Rad96b] for
scalar field theories on globally hyperbolic spacetimes. Here we extend the definition so that it
can be applied also to theories in bounded regions. In particular we shall call a state Hadamard
if such property is satisfied by its restriction to any globally hyperbolic submanifold of the
underlying spacetime, extending at a level of states the above mentioned F-locality property.
Subsequently we investigate explicit examples. Also at this stage, the two systems, that we



consider, differ greatly. In the Casimir-Polder one, it turns out that algebraic states can be
constructed via pull-back from those in the whole Minkowski spacetime inheriting, moreover,
the Hadamard property. In the Casimir one, the situation is far more complicated. Here
our main goal is to make contact with the procedures often followed in the standard physics
literature, where states are constructed either with the method of Green functions or, exploiting
the special geometry of the system, via the method of images — for a preliminary investigation
see [Nie09]. The aim especially of the latter is to show that one can construct states for a Casimir
system starting directly from those for a Klein-Gordon field on the whole Minkowski spacetime.
We stress one additional advantage, which is almost never mentioned: The method of images
does not rely on modes and hence on a Fourier transform, being thus a natural candidate to be
used for a generalization of our results to curved backgrounds. We investigate how to translate
rigorously this procedure in the algebraic framework and we show that, in the case of a massless
real scalar field, if we start from the Poincaré vacuum, we obtain a full-fledged Hadamard state
for a Casimir system. At the same time we show that we can consider a larger class of states on
the whole Minkowski spacetime as starting point. More precisely we give sufficient conditions to
identify them and we show that KMS states at finite temperature meet them. As a byproduct,
it turns out that the corresponding state for the Casimir system preserves the KMS condition.

Additionally, in view of the microlocal characterization of the Hadamard states for the two
systems under investigation, we are able to construct the extended algebra of Wick polynomials.
Noteworthy is the fact that, in order to embed the local Wick polynomial, i.e., those constructed
in a globally hyperbolic subregion, into a global extended algebra, a non-local deformation of
the ordinary star product is necessary. In this respect, we recall that the local extended algebra
depends only on the choice of the Hadamard function, used to deform the star-product. Different
choices of Hadamard functions yield isomorphic algebras and the intertwining isomorphism is a
regular deformation [BDFQ9)]. Yet, in the systems under investigation, contrary to the Minkowski
case, it is impossible to construct a global Hadamard function which depends only on local
geometric properties. Hence, the Wick polynomial constructed out of local property of the
spacetime can be represented in a global algebra only after applying a local deformation. The
necessity for such deformation becomes manifest in the computation of the correlations between
local observables constructed on suitable different globally hyperbolic subregions.

The synopsis of the paper is the following: We define notations and conventions in the next
subsection. In the second section, instead we focus on a Casimir-Polder system. To start with, we
classify all dynamically allowed configurations, constructing out of them the x-algebra of fields
and relating it to a subalgebra of the one for a Klein-Gordon field on Minkowski spacetime.
Subsequently we give a notion of Hadamard states for a Casimir-Polder system and we show
how they are related to those on the whole Minkowski spacetime. Eventually we discuss the
notion of Wick polynomials and of Hadamard regularization pointing out the differences with
the standard approach. We show how one can recover, starting from the Poincaré vacuum, the
usual results for the two-point function and for the regularized energy density. In the third
section instead we focus on a Casimir system. Mimicking the same procedure of the second
section, first we construct all dynamical configurations and then the unital x-algebra of fields.
After giving the notion of Hadamard states, we investigate how to construct them starting from



those on the whole Minkowski spacetime. In particular we discuss the method of images and
we show that it gives well-defined results if we start either from the Poincaré vacuum or from a
KMS state at finite temperature, if we consider a massless Klein-Gordon field. In this respect
we extend to the algebraic framework earlier analyses, see in particular [FR8T,
for the thermal case and [Ful89)] for the vacuum case. Eventually we compute also in this case
the expectation value of the two-point function and of the regularized energy density.

1.1 Notations and conventions

Goal of this section is to introduce the notation which will be used throughout the text.

Throughout this paper we shall always indicate with R* Minkowski spacetime, hence thinking
of this manifold as endowed with the flat metric of signature diag(—1,1,1,1). We will consider
always the standard Cartesian coordinates (¢, x,y,z) and we use z as a short-cut to indicate
(t,z,y). When needed, we will also write z* to indicate the p-component, p = 0,1,2. The
remaining coordinate z will play a distinguished role as we will be interested on subsets of R,
bounded by one or two planes orthogonal to a spatial direction, which we will choose always as z.
Additionally, in Section we will be using bold face letters such as x as a short-cut to indicate
(7,1, z). From the point of view of quantum field theory, we shall think of R* as a special case
of a globally hyperbolic spacetime (see [BGPOT, [Wal84] for the definition). Furthermore we will
be interested on the set of functions which are thereon smooth, C*°(R*), smooth and compactly
supported, CSO(R‘l) or smooth and spacelike compact, C¢(R*). The latter are those functions
whose support, intersected with any Cauchy surface, is compact. Additionally we will need a
fourth class of functions, which are not so often used in the literature and whose definition is,
thus, here given for completeness:

Definition 1.1. We call Cf°(R*) the collection of timelike compact functions, that is those
a € C*°(R*) such that supp(a) N J~(p) and supp(a) N JT(p) is either compact or empty for all
p € R*. Here J*(p) indicate the causal future (+) and the causal past (-) of p € R?.

On Minkowski spacetime we shall consider a real scalar field whose dynamics is ruled by
Py = (D — m2) ¢ = 0 where O is the standard d’Alembert wave operator. As thoroughly
discussed in [BGPO7, Barl3], since P is a normally hyperbolic partial differential operator,
there exist two operators ET : O (R*) — C®(R*), called E*, the advanced and E~, the
retarded fundamental solution, such that

e Po E* and E* o P are the identity on Cf°(R?),
o for all a € C°(R*), supp(E* () C J*(supp(a)).

Starting from ET we can build the causal propagator £ = ET — E~. It yields an isomorphism
oo (o4

of topological vector spaces between % and 8(R*) = {¢ € C*(R*) | P$ = 0} via [a] —
tc

E(a). Notice that, if we consider C§°(R*) in place of C52(R*), then we obtain via the causal

propagator all smooth and spacelike compact solutions to the equation P¢ = 0.



Another key role in our investigation is played by the algebra of observables for the scalar

Klein-Gordon field in Minkowski spacetime. Following[BDF09, BFR12, [FR12], consider the
space of kinematical/off-shell configurations X (R*) = C°°(R%), which is endowed with the
compact-open topology. We consider regular functionals on the collection of kinematically al-
lowed configurations [BFR12], namely

Definition 1.2. Let F': CK¢(R*) — C be any functional and let U C CXY(R*) be an open
set. We say that F' is differentiable of order k if, for all m = 1, ..., k, the following m-th order
(Gateaux) derivatives exist as jointly continuous maps from U x (€% G(R4))®m to C:

o S
FOG)(@1, - bm) = (P61 © - @bm) = grmm) P43 Ay
mi N =..=Am= 7j=1

Here (,) denotes the dual pairing and, for each fixed ¢ € CKG(R*), F("™)[¢] identifies a distri-
bution density of compact support on R¥”. We say that a functional F is

e smooth if it is differentiable at all orders k € N.

e regular if it is smooth, if, for all k > 1 and for all ¢ € €KF(R*), F®)[¢] € C§°(R**) and
if only finitely many functional derivatives do not vanish. We indicate this set as Fo(IR?).

Since the dynamics is ruled by a Green-hyperbolic operator, we can endow Fo(R?*) with the
structure of a *-algebra by means of the following product x : Fo(R*) x Fo(R*) — Fo(R*):

(F« F') (¢) = (Mo exp (iTg) (F @ F')) (¢), (1)

where F, I’ € Fy(R*). Here M stands for the pointwise multiplication, i.e., M(F @ F')(¢) =
F(¢)F'(¢), whereas
0 0

FEi—/ E(z,7)—— ® ——,
2 Jraxps ( )5¢(33) 5o (a’)
where E(x,z’) is the integral kernel of the causal propagator associated to P. The exponential
in () is defined intrinsically in terms of the associated power series and, consequently, we can
rewrite the product also as

s

(F*F,) (¢) = Z 2in! (F(")((b),E®"(F'("))(¢)>, (2)

n=0

where the 0-th order is defined as the pointwise multiplication, that is (F(©)(¢), (F'(0))(¢)) =
F(¢)F'(¢). The *-operation is complex conjugation, that is, for all ' € F(R?) and for all

¢ € CKG(RY) F*(¢) = F($). We call

AKCRY) = (Fo(RY), %) .



While from a mathematical point of view it represents a deformation of the x-algebra of re-
gular functionals endowed with the pointwise multiplication, from a physical point of view it
describes an off-shell algebra of observables associated to the Klein-Gordon scalar field. Notice
the following relevant facts:

e Since regular functionals are such that only a finite number of functional derivatives do
not vanish, there is no issue concerning the convergence of (2)). Furthermore we can realize
AKE(R*) as being generated by functionals of the form

Fr() = / d'z f2)p(x), | € CF(RY), (3)
R4

barring a completion needed to account for the fact that C§°(R*) x ... x C§°(R?) is dense in
cge (R*x...xR*). In this respect smooth and compactly supported functions on Minkowski
spacetime represent the labeling space of the off-shell algebra of functionals, building, thus,
a bridge towards the more traditional approaches to a covariant quantization of a Klein-
Gordon scalar field.

e Dynamics can be encoded simply restricting functionals to §(R*), a vector subspace of
CHKG(R*) made of dynamically allowed configurations. As a by-product, F5(R?*) contains
redundant functionals, that is those F' € Fy(R*) such that F(¢) = 0 for all ¢ € S(R?).
At the level of AKX G(R4), this restriction can be implemented considering the quotient
between such algebra and the ideal K& (R*) generated by those functionals of the form
@) with f = P(h), h € C§°(R*). Since the product x descends to the quotient, the result

AESRY) = )

jKG(RzL)

is again a x-algebra, which we dub also as the on-shell algebra of observables. Its labeling

oo (R4

space is constituted by the equivalence classes lying in % and thus AKG(RY) is
0

x-isomorphic to the algebra of observables built out of the standard approaches, see e.g.

BDH13| and references therein.

Before concluding this section we introduce a last notation which will be useful in this paper,
namely we shall call C*°(R*) the set of all smooth functions on Minkowski spacetime such that
a(z,z) = —a(z,—z). We will also call the elements lying in this set as odd (under reflection
along the hyperplane z = 0). Conversely we refer to C°(R*) as the collection of smooth
functions which are even under reflection along the hyperplane z = 0, that is a(z, z) = a(z, —2).
Notice the following splitting of vector spaces: C*°(R?) = C>(R?) & C°(R*). Furthermore,
since the operator P contains only the second derivative along the z-direction, it holds that
P: CP(RY) — CL(RY) and, thus, P[C®(R*)] = P[C>(RY)] @ P[CP(RY)] as well as

C*®Y) _ C®Y) _ CT®Y "
PIC>(RY)] — PIC>=(RY)] ~ PO (RY)]
The isomorphism (@) holds true even restricted to Ci°(R*), C2(R?) and to C§O(R?).




2 Algebraic quantum field theory and the Casimir-Polder effect

Let us consider the following region of Minkowski spacetime, (H*, %), where H* = R3 x [0, c0)
is the four dimensional upper half-plane endowed with the Lorentzian flat metric. In agreement
with the notations introduced in section [[LI] the interval [0, c0) runs along the spatial direction,
whose coordinate we indicate as z. We consider a real scalar field vanishing on the boundary OH*
and whose dynamics is ruled by the Klein-Gordon equation. This scenario is often associated in
the physics literature to the so-called Casimir-Polder effect [CP4§], which describes originally the
interaction between a neutral atom in an electromagnetic cavity and a perfectly conducting wall
at a distance d. For that reason, from now on we shall refer to our setting as a Casimir-Polder
system.
We recall a standard definition in analysis [Lee00, Chapter 1]:

Definition 2.1. Let O C H. We say that u € C°°(O) if and only if there exist both an open
subset O of R* such that O C O and @ € C*(O) such that |, = u.

Notice that the existence of w is guaranteed if and only if u is continuous on the whole O,
smooth on the interior O = O\ O and each partial derivative of u on O has a continuous
extension to 00. With this last definition and in full analogy with the standard case of a real
scalar field on Minkowski spacetime, we call dynamical configurations of a Casimir-Polder
system the set S¢F (H*) of all u € C*°(H*) such that u satisfies the following boundary condition
problem:

{Pu:(D—m2_§R)u:0, m>0andé € R (5)
u(z,0) =0 ’

where R is the scalar curvature. Although the scalar curvature on Minkowski spacetime or on
any of its subsets vanishes identically, the coupling term £R has a consequence on the form of
the stress-energy tensor, which is proportional to the variation of the Lagrangian with respect
to the metric.

Since H* is not a globally hyperbolic spacetime, we construct dynamical configurations via
the method of images. The analysis which will involve the remainder of the section can be
divided in three parts and it will follows conceptually the one outlined for the Klein-Gordon
scalar field on the whole Minkowski spacetime in section [l

Part 1 — Dynamical configurations: Bearing in mind the notation introduced in section
L1 we introduce the isometry ¢, : R* — R* for which (z,2) — (z, —z). With a slight abuse
of notation, we adopt the same symbol also to indicate its natural action on C°°(R?*) and on
generic distribution. We also recall, that, in view of Poincaré covariance, t, o E = F o 1,, where
FE is the causal propagator of P.

Proposition 2.2. Let S“F(H*) be the dynamical configurations of a Casimir-Polder system. It

0o 4
holds that pga o (E— 1,0 E) : P[Ccti’o’i% — 8YP(H*) is a bijection. Here pga stands for the
te,—

restriction map on HA.



Proof. The map E — 1, o E implements the method of images on Minkowski spacetime. Hence
its image is a solution to Klein-Gordon equation on R? and, once restricted to H* via p, it
implements also the Dirichlet boundary condition.

Let us prove surjectivity. For any u € C*°(H*) fulfilling (5] we define the auxiliary function

Uz, z) = { u(z,z),  V(z,z) € H

—u(z,—2) Y(z,2) € R?x (—00,0)

Notice that @ € C*°(R%). To show it, it suffices to control the behaviour of the function at
OH* = R3 x {0}. Since u(z,0) = 0 then u is continuous at JH*. Let us consider now the first
order partial derivatives: Continuity at OH? is guaranteed along any of the z-directions since
u(z,0) = 0 whereas that along the z-direction descends from the fact that u is odd along the
z-directions and thus 9,u is even. A similar string of reasoning can be applied slavishly to the
second derivativ barring for that along the z-direction for which we have first to recall that
Ou(zx, z) = (8? N 85 +m? + {R) u(z, z). Consequently since u vanishes on OH*, so does
0?u. Reiterating the procedure to all orders yields in combination with Schwarz theorem the
sought result. Furthermore, since w is a solution of (), it holds that Pu = 0. Consequently, in
% such that u = E(«).

Since w is an odd function, 0 = u + t,u = E(a) + . E(a) = E(a + t,a) = 0. Hence there
exists A € O, (R%), for which a+1,a = PA. If we add the information that Eo P = 0 and that
P[C(RY)] = P[Cie, (RY)] @ P[C_(RY)], to each u € 89F(H*), we can associate an equivalence
class [a] € w.

P[Cge_(RY)]

te,—

injective as, if u = 0, then & = 0 and, thus we can write & = E(a) with o € P [Ci2_(RY)]. O

view of our discussion in section [[T], there exists [a] €

This proves surjectivity. Notice that this map is per construction

Part 2 — The off-shell algebra: Following the scheme given in Section [[L1, we define at
first a space of kinematical configurations for a Casimir-Polder system. Let us introduce the
following map:

n: CPRY) = CF(HY), ¢z, 2) = ulz,2) = —= ($z, 2) — 6(x,2))| (6)

1
V2T HA
where the numerical pre-factor is a normalization.

Definition 2.3. We call space of kinematical/off-shell configurations for a Casimir-Polder sys-
tem

P m?) = {ue C®(H*Y) | ulygs = 0 and F¢ € €XF(R?) such that u = n(eo)},

where 7 is the map defined in (B). Since C“F(H*) ¢ C°°(H*) and since 7 is for construction
surjective thereon, we endow C¢F(H*) with the quotient topology. In complete analogy we shall
also consider @g P (H*) where the subscript 0 stands for compact support.

"We are grateful to Nicolé Drago, Igor Kahvkine and Valter Moretti for an enlightening discussion on this
point.



For later convenience, we introduce ' : C§°(H*) — &'(R*) defined via

(1), @) = (h, (@) = / a4 h(z)(6) (x),
H4

Notice both that the integral kernel of 1T (h) € & (R?) is == (h(2)O(2) — [1.(h)](x)O(—2)) where
© is the Heaviside step function and that

Sl

WE(n'(h)) C {(z,k) € T*R*\ {0} | = € OH* and k' = ¢"k; = 0, Vi # 2}, (7)
where g stands here for the Minkowski metric written in Cartesian coordinates.

In analogy with Definition [L2, we now introduce regular functionals on C¢F (H?*).

Definition 2.4. Let F : C“P(H*) — C be any smooth functional. We call it regular if for
all k > 1 and for all uw € CEP(H?), F®[u] € C°(H**) and if only finitely many functional
derivatives do not vanish. We indicate this set as Fo(H?).

In order to introduce a suitable product in Fo(H?), analogous to ({), we define a map which
plays the role of E in (2):

i Coo(HY) = 897, Bya(h) =no Eonl(h), (8)

and we call it CP-propagator. Observe that E o nf(h) is well-defined in view of () and of
Th. 8.2.13]. Furthermore, for all h € C§°(H*), E(n'(h)) € C2(R*) and it solves the
Klein-Gordon equation. As a by-product Egs is well-defined map into §¢*

Let us consider now:

wa : Fo(HY) x Fo(H*) — Fo(HY),
which associates to each F, F’ € Fo(H*)

(F g F') (u) = <M o exp(il ) (F @ F’)) (u). 9)

Here M stands for the pointwise multiplication, i.e., M(F ® F')(u) = F(u)F’(u), whereas

1 1) )
r = - E ! _—
Bes = 5 /H4xH4 i (7,0 )5u(az) © du(z")’

where Epa(x,2’) is the integral kernel of (§). The exponential in (@) is defined intrinsically in
terms of the associated power series and, consequently, we can rewrite the product also as

(F xgga F) Z

u), ESI(F'™)(u)) g, (10)

where (, )y stands for the pairing on H* built of out integration. The O-th order is defined as
the pointwise multiplication, that is (F(© (u), F"O) (u)) = F(u)F'(u). Notice that () defines
a x-product. In view of (&), (F™ (u),Eﬁf(F’("))(u»Hz; is well-defined for all n > 0 and the
non-vanishing derivatives of F xya F' evaluated on any u € €“7(H?) are compactly suppported.

10



Definition 2.5. We call AP (H*) = (Fo(H"), g1) the off-shell x-algebra of a Casimir-Polder
system endowed with complex conjugation as x-operation. It is generated by the functionals
Fy(u) = [ d*zu(z)h(x) where h € C§°(H*) while u € CF(H?).

H4

Part 3 — The on-shell algebra: To conclude our investigation on the algebra of observables for
a Casimir-Polder system, we want to investigate how A“Y (H*) should be modified if we restrict
the allowed configurations from C“F(H*) to 8F(H*). At this stage it is more advantageous to
work on the counterpart of S¢¥ (H*) on Minkowski spacetime specified by Proposition

o2 _(RY)

Proposition 2.6. Let OKC(R*) be the span of all functionals AR P ®N)] — C, [(] €
% such that Fig([a]) :]Rf4 CE(a). This space is:
1. separating, that is for every pair of different configurations [a],[d/] € %, there
exists a classical observable [(] € % such that Fig([a]) # Fig([o']).

Cgo_ (R*

PlCe (&) there exists at

2. optimal, that is, for every pair of classical observables [(],[('] €

oo 4
least one configuration [a] € %ﬂ such that Fig([a]) = Fien([a])

3. symplectic if endowed with the following weakly non-degenerate symplectic forﬂE:

o: OFCRY) x OXC(RY) = R, o(F(l, FC)) = (¢, E(() = / d*z ¢(z)E((')(x).
R4

Proof. Let us prove 1. Consider any pair [a], [@/] € 8¢ (H*), [a] # [/], and two representatives
a,of € Cps (R*). On account of standard arguments in analysis we know that C§°(R?) is
separating for C*°(R*) with respect to the pairing (I2)). Hence, since E(a—a’) € C*°(R*) is not
vanishing, there must exist 8 € C§°(R?) such that (8, E(a—a’)) # 0. Since E(a—a') € C=(R?),
it holds that (8, E(a — o)) = ((, E(a — )) where ((z,2) = B(z,2) — B(z,—2) € Cgf’_(R4). ¢
identifies a non trivial element in O%%(R*), hence the statement is proven.

We focus on 2. Let [¢],[¢] € OKF(R*) and let ¢, ¢’ be two arbitrary representatives. For the
same reason as in the previous point, since F(¢ —¢’) € C*°(R*) is non vanishing there must exist
v € C§°(R*) such that supp(y)N(supp(E(¢)) Usupp(E(¢"))) # 0 and that (v, E((—(’)) # 0. Let
oz, z) =v(z,2) —v(z, —2) € Cg_ (R*) C Cf7_(R*) individuate an element in 8CP(H*) via the
action of the causal propagator E. It holds that Fi¢_ic([a]) = ((—=¢', E(a)) = —(E((—(),a)) =
2(E(¢ —{),v) # 0, which entails the sought result.

2Notice that, from a geometrical point of view, it would be more appropriate to refer to o as a Poisson structure.
We stick to the more traditional codification used in algebraic quantum field theory.
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At last we prove 3. Notice that, per construction, o is bilinear and antisymmetric. Suppose
that, per absurd, there exists a non trivial Fja] € OX%(R*) such that o(Fjo], Fio/]) = 0 for every

F[o/] € OKG(RY). Since every representative of [a] is odd, the same statement holds true for

N e _Ce®Y Cor (B g -Con B h ] h other with
every [a] S PO ®N] since PO (&) an PICss, ()] are orthogonal to each other with respect

to o. O

Corollary 2.7. Let (‘)CP( 4) be the span of all functionals Fiy SCP(HY) — C with [f] €

% such that Fiz(u f d*z f(x)u(x), endowed with the symplectic form:

oga : OYF(HY) x 0P (H") - R,  oga(Fiy), Fipy) = (f, By f )ms = / d'z f(z)Ega (f')(2).
H4

There exists an isomorphism of symplectic spaces between OCF (H*) and OKE(RY).

- - - CP (4 egrmy) .
Proof. First of all we notice that Fi(u) with u € 8% (H") and [f] € PlecP @] S well-defined
0

as the choice of the representative of [f] is not relevant. As a matter of fact, on account of

the boundary conditions of all elements involved, we can still integrate by parts canceling all

boundary terms so that, for all Pf’, f' € C§P( H4 f d'z P(f')u = [ d*z f'Pu = 0 since
H4

u € 8“P(H*). To prove the isomorphism we construct exphcltly a bijective map from 07 (H*)
to OFC(R?), preserving the symplectic structure. We observe that the map 1 of (@) is injective
on C§° (R*) thus it admits an inverse map 1" defined on n[C5° (R*)] = C§F(H*). Since both

Cgo_ (RY) eGP (1Y)

n and ! descend to the quotients m and PlecP ) Ve can define with a slight abuse
0

of notation the pull-back:
7' 0P (HY) — 0EFRY),  n*(Fip)([a]) = Fig(n(9)), (11)

Cc°_(RY .

bijection 2. of Proposition 2] n* is an isomorphism of vector spaces. It also preserving the
symplectic structure opa. To prove it, let us observe that n*(F [f]) = Fi(p- We thus can write:

where ¢ = E([a]) € 8KC. Since any u € 8“7 is the unique image of a [a] €

o (" (g, (Epn)) = o (Ent ), Fyt 1)
= (' (£), EO' (")) = (fynEn' (f)ms =
= ows (Fiyp, Fip),
which is valid for all Fiy, Fjp € OCP (H*). O
In view of this corollary,
Definition 2.8. We call on-shell x-algebra of observables for a Casimir-Polder system

the algebra (ASF (H?), xg4) generated by the functionals 0“7 (H?), where g is defined in (@).
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Before proving several important properties of AT (H*), we want to investigate how it relates
with the Minkowski counterpart AX(R?%). This will give us the chance to prove the already
mentioned properties.

Proposition 2.9. Let 7* : ACP(H*) — AKG(R*) be the natural extension of the pull-back map
n* defined on OCT(H*Y). This is an injective x-homomorphism of algebras which becomes an
isomorphism on AKG (RY), the %-subalgebra of AKG(RY) generated by functionals OFF(R?).

on,—

Proof. Let us prove that n* is injective. Suppose that there exists Fj; € ASP(H*) such that
n*(Fly) is the vanishing functional. Then, for all ¢ € SX%(R?) one has 0 = n*(Fjy)(¢) =
Fiy(n(9)) = Fyi(p)(#). Since ¢ is arbitrary, the only possible solution is n'([f]) = 0 and, thus
f =0 for all f € [f], which entails the sought injectivity. In order to prove that 77* is also a
*-homomorphism it suffices to focus again only on the generators. Let Fiy, F{y € OP(H*) and
¢ € 8KCG(R*). Then, on account of (@) the following holds true:

(7" (Figp) %" (Fi) (9) = (Fyr i * Fyrip)(9)
it (1) (O Ent (1) (9) +
= Fip(n(9)) F (n(e)) +

= (Fig s Fipp) [9)-

Since the x-operation is complex conjugation, it is left untouched by all the operations above
and, as a consequence, we can infer that 7* is a *-homomorphism. The isomorphism ASF (H*) ~
ABC (R*) descends directly from Corollary 277 O

Lt (), B (1)) =

2
(fonEn' (f))gs =

mlS

In the following proposition, we investigate the structural properties of AP (H*), in particular
causality and the time-slice axiom [BEV] [Dim80]. The latter property needs a few comments.
Recall that AKX (R?) fulfills the time-slice axiom, namely, given any open neighbourhood N of a
Cauchy surface ¥ in Minkowski spacetime, containing all causal curves whose endpoints lie in N,
then AXC(R?) is x-isomorphic to AKE(N). Since H* is not globally hyperbolic there is no notion
of a Cauchy surface. Yet, if we consider the extension of the isomorphism of Proposition
to ASP(H?), this is *-isomorphic to a x-subalgebra of AKX (R*) for which the time-slice axiom
is a well-defined concept. In addition to these two properties, we show that AOCnP (H*) satisfies
the F-locality condition [FH95, [Kay92], a requirement which should be met by the algebra of
observables of a quantum field theory on a non globally-hyperbolic spacetime. In a few words
and in the case at hand, it requires that A“F(H*) and AKE(R*), restricted to any globally
hyperbolic subregion of H* must be *-isomorphic. Such condition can be seen as an extension
of the more renown local covariance, according to which, from local algebras, one should not be
able to extract information on the global structure of the backgroundﬁ

3Recent experience with gauge theories teaches us that such conclusion should be read cum grano salis — see

for example [BDST3] [SDHT12|
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Proposition 2.10. The algebra AST (H*) is causal, it fulfills the time-slice axiom and it satisfies
the F-locality property, namely ASE(H* N O) is isomorphic to AKC(H* N O) where O is any
globally hyperbolic subregion of H*. The isomorphism is implemented by the identity.
eSP (HY)
Pleg” (H1)]
there exists two representatives f, f' € Co (H*) which are spacelike separated, F] 1] *me Flp —
Fipnxma Fip) = i f, Ega f') = 0. This descends from supp(f) N (supp(£(f’)) Usupp(E(c.(f')))) =
(). In order to prove the time-slice axiom, we need to show that, given any geodesically con-
vex neighbourhood N of a Cauchy surface ¥ in Minkowski spacetime, then ASY(N N H*) =
ASP(H*) where AST (N NH?) is the subalgebra of AST (H*) obtained by considering only those
f € €§F(H*) such that supp(f) C N. In view of Corollary 27 and of Proposition 28] this is
equivalent to considering any Fj¢) € OKG(R*) and showing that there exists at least a represen-
tative of the label [(] whose support is contained in N. Let us thus fix any 3 and N as above
and let us consider two Cauchy surfaces ¥* such that ¥ ¢ J+(X~)nJ~(XF) ¢ N. Choose
xT € C®(R?) such that x* is z-independent and x™ = 1 for all points in J*(XT) while it
vanishes on J~(X7). Let us consider any [¢(] € OKC(R?*) and any of its representatives which
we indicate with a. Define the new function

(=(—P(E(Q)+xTEQ). (12)

where E~ is the retarded fundamental solution of P. Notice that, per construction and on
account of the support properties of both E* and y, ¢ € Co (R*NN) and it is a representative
of [¢]. We are left to prove that AXG(R* N O) is isomorphic to ASF(H* N O). Each of these
algebras is generated by those functionals whose labeling space is C§°(O) and the identity
map represents an isomorphism of topological vector spaces. Since the *-operation is complex
conjugation, which is not affected by the identity map, to conclude the proof, it suffices to
exhibit the following chain of identities: Let f, f’ € C5°(O) and let Fy and Fy be the associated
generators in ASF (H* N O), then, for any u € C“F(H*)

Proof. AST(H*) is causal, since, for any two generators F| s iy L1 1] € such that

(Ff K4 Ff/) [’LL] = Ff(’LL)Ff/ (u) + %(f, E]HI4 (f/)> = (Ff * Ff/) [’LL] (13)
The last equality descends from
(f, Baa(f1)) = " £, E(T ) = (f, E(f)),

which holds true since ¢,(O) is causally disjoint from O. Notice that (I3) entails that the
isomorphism between AST (H* N O) and AXE(H* N O) is implemented by the identity map. O

2.1 Hadamard states for a Casimir-Polder system

Having constructed the algebra of observables for a Casimir-Polder system, we can focus on
discussing algebraic states thereon, namely any linear functional w : A“P(H*) — C for which

w() =1, w(a*a) >0, Va € AT (HY),
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where I is the identity element. As for the usual free field theories on any globally hyperbolic
spacetime, the key question is under which conditions w is physically acceptable. We recall
that the answer for AXC(R*), the algebra of observables for a Klein-Gordon field on the whole
Minkowski spacetime, goes under the name of Hadamard states. More precisely, assigning a
positive and normalized functional @ : AXY(R?) — C is done via its n-point functions @, :
C’SO(R4; C)®" — C which are chosen in such a way to encode consistently both the canonical
commutation relations built in the x-product. Furthermore, if all w,, fulfill also the equations of
motion in a weak sense, @ descends consistently to a state on AKG(R?).

In the class of all algebraic states for AKX (R?), distinguished are the Gaussian/quasifree
ones, namely whose for which the odd n-point functions are vanishing and the even ones can be
built in terms of the 2-point function via the following expression:

Bon(f1 @ ® fan) = > []%2 (Frantiot) @ Front) -

man€Sy, i=1

where S5, stands for the set of ordered permutations of 2n-elements. In between all quasi-free
states, those of Hadamard form can be characterized out of the singular structure of the bi-
distribution @y € D'(R* x R*) associated to the two-point function @y via the Schwarz kernel

theorem [Rad96al [Rad96b], that is
WE(@2) = {(z, 2/, kg, —ky) € T*(R* x RN\ {0} | (z,ks) ~ (2, kyr), by >0}, (14)

where ~ entails that 2 and 2’ are connected via lightlike geodesic and 17! (k,/) is the parallel
transport of 71 (k) along it. The symbol > entails that k, is a future pointing covector. Notice
that (I4)) can be straightforwardly extended to any bi-distributions defined on any globally
hyperbolic spacetime and that, if we add the requirement, that ws is a weak bi-solution of the
equation of motion ruled by P, then & identifies a state also for AXG(R*)

In view of the structure of H?, extending the above considerations to A“" (H*) is not straight-
forward. A similar problem appeared in Abelian gauge theories or in linearized gravity

[BDM14, [FHI2]. The way out that we propose is partly inspired by these papers, partly by
F-locality: We require that a physically acceptable, quasi-free state on AYY (H*) is such that its

restriction to any globally hyperbolic subregion of H* descends from a bi-distribution, thereon
of Hadamard form.

Definition 2.11. We call a linear map w : A“T(H*) — C a quasi-free Hadamard state
for a Casimir-Polder system if it is normalized, positive, quasi-free and if, for all globally
hyperbolic submanifolds O C H*, the restriction of w to A“Y(H* N O) is such that there exists
we € D'(O x O) whose wavefront set is of Hadamard form

WF(w2) = {(z,2, ky, —ky) € T*(O x O)\ {0} | (z,ky) ~ (2, kyr), kz> 0},
and, for all Fy, Fyr € AP (0)
w (Ff K4 Ff/) = (,UQ(f, f,)
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Notice that, in order for w to descend to a state on AST (H*) a compatibility condition with
the equations of motion must be required. In view of this last definition the first question to
answer is whether one can build a connection between Hadamard states for the on-shell algebra
of the Klein-Gordon field on Minkowski spacetime and that of a Casimir-Polder system.

Proposition 2.12. Let i* : ASP(H*) — AECG(R?) be the map defined in Proposition[Z3. Then,
for every quasi-free state & : AEG(RY) — C, there exists a quasi-free state w on AST (H*) such
that for all a € ASF(H*), w(a) = &(77*(a)). In particular, if @ is of Hadamard form, so is w.

Proof. As a starting point, notice that w inherits the normalization, positivity and the property
of being quasi-free directly from @. We need only to check the Hadamard property. Let O c H*
be any globally hyperbolic submanifold; for every Fy, Fy € ACP(0)

W(Ey s Fpr) = B (Fy was Fp)) = B(Fy % Fye) = %&2(1’ () = nalf),

In other words the bi-distribution associated to w can be built out of Wy itself. Since the latter
has per hypothesis the Hadamard wavefront set and since, if supp(f),supp(f’) € O C H*, then
neither ¢,(f) nor ¢,(f’) can be entirely supported therein, the only singular term in the above
identity is wo(f, f’). Hence w is of Hadamard form. O

As a last step, we wish to compare our approach with the method of images which is
commonly used on Minkowski spacetime.

Lemma 2.13. Let & be any quasi-free Hadamard state for AKG(R*) whose associated two-point
function Gy € D'(R* x RY) has an integral kernel which is invariant under reflection in both
entries along the z-direction, that is wo(x, z,2',2") = We(x, —2,2',—2"). Then the state w on
ACP (H*) built as per Proposition (212 is a quasi-free Hadamard state whose integral kernel is

w2(£7 Z, gly Z/) = (‘A&Q(gy Z7£/7 Z/) - EJQ(&) —Z, g/v Z/). (15)

Proof. On account of Proposition 2121 we can conclude that w is a Hadamard state on A“F (H*)
and it is quasi-free per construction. In order to show the last statement, it suffices instead an
explicit calculation. Let w be as per hypothesis and let ws be the associated bi-distribution.
For all £, f' € n[C§°(RY)], seen as labels for two generators of A“F(H?), it holds in view of
Proposition

W(Fy xya Fyr) = G(n* (Fy Hya Fyr)) = %@2(10 —:(f), [ = 2(f) = @a(f — (), 1),

where, in the last equality, we used the symmetry hypothesis of the two-point function to
conclude that wa(f, f') = wa(tz(f),t=(f")) and wa(f, . (f")) = wa(e=(f), f'). The above chain of
equalities entails the sought identity at a level of integral kernels. O

Remark 1. The statement of Lemma [2.13] applies to the Poincaré vacuum and the KMS state
for a massive or massless Klein-Gordon field on Minkowski spacetime, for which ws induces the
same quasi-free state which one obtains via the method of images.
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For completeness, we want now to discuss the form of the singular structure of the two-point
function of the states obtained in Lemma RT3l In view of (IZ) we have that

WF(w2) = WF(Wa|ga) UWF (@20 (12 @T)) |ga) (16)
where the restriction map refers to the points of the singular support. Furthermore

WE(wy0 (1 @D)|ga) =
{(z,2 ky, —KL)) € T* (H* x H*) \ {0} | (7, ks) ~ (022, (02) 4K ), ki > 0} = (12 @ D)W F (@2 gga).-

In the previous expression, ¢, acts on covectors inverting the sign of the z—component. Heuris-
tically, we might say that (z,2’; kg, k.,) are contained in WF((w2 (¢ ® 1)) |ga) if and only if
and 2’ are connected by a null geodesic reflected at the surface OH and if n=1 (k) and n_l(—k;,,)
are tangent vectors at the end points of this reflected geodesic. Notice that, whenever ws is re-
stricted to a globally hyperbolic region O C H, its wave front set enjoys the microlocal spectrum
condition because WF((wz o0 (1; ®1I)) |,) is the empty set. No lightlike geodesic starting from
O can re-enter after reflection.

2.2 Wick ordering in a Casimir-Polder system

To conclude the section, we show how to make contact between the previous analysis and the
standard results in the literature concerning the Casimir-Polder energy. To this avail, we need
first of all to introduce the (local) Wick polynomials for a Casimir-Polder system. From a
conceptual point of view, this question is the same as for a Klein-Gordon field on a globally
hyperbolic spacetime. We shall see, however, that, on every globally hyperbolic submanifolds
of H*, the local Wick monomials generate an algebra of observables which is isomorphic to the
restriction thereon of the Klein-Gordon one. Hence it is well-defined. Yet, in order to build
a global algebra of Wick polynomials, one has to take into account that, on account of the
presence of the boundary conditions, it is not possible to define a global Hadamard function
which depends only on local properties of the spacetime. We shall show that such obstacle can
be circumvented, though at the price that the the embedding of the local algebras into the global
one involves a non-local deformation.

Before entering into the technical details, also to make contact with the standard literature
on the Casimir-Polder effects, it is worth recalling a few facts valid for any scalar field theory
on a globally hyperbolic spacetime (M, g):

e Let Wy € D'(M x M) be a bi-distribution which induces a quasi-free state @ on the *-algebra
of fields AKE (M), which is defined in full analogy with the one introduced on Minkowski
spacetime. If the wavefront set of wy is of the form (I4) and thus w is Hadamard, it is
possible to give a rather explicit local characterization to the integral kernel of ws.

For every pair of points z,y € M lying in the same geodesic neighbourhood, we can
split wa(x, 2’) as follows — see for example [Mor03|: @o(z,z") = H(x,2’) + W (x, '), where
W (x, ) is a smooth term while H (z,2’) is a (Hadamard) parametrix. It is a singular term
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which depends only on the background geometry and on the partial differential operator
P ruling the dynamics,

e Let U C M be a geodesic convex, open neighbourhood. Following [HW01], we define the
normal ordered squared Wick polynomial via the map

feCEWU) = :Fap(f) = / ity () dpg (@) ($(@)0(@') = H(w,a")) f(2)d(x, ),

MxM

where dji, is the metric induced measure and the integral is taken over the whole manifold
on account of the support properties of f. Notice that the expectation value

B(:0%u(f)) = / dpg(z) dpg(2") (&(w,2") — H(w,2")) f(z)d(w,2) (17)

MxM

is well defined when computed on Hadamard states. Furthermore, we recall that the
Hadamard parametrix is uniquely determined up to smooth terms yielding the standard
regularization freedoms [HWOI]. In particular, if (M,g) is Minkowski spacetime and &"
is the Poincaré vacuum for a massless Klein-Gordon field, then H(z,z’) can be chosen to
be equal to Wy(z,2') and in this case, for all f € C§°(RY), :¢2:5(f) vanishes up to the
regularization freedom. The goal of the functional approach is to recollect all observables
which are regularized in a coherent body, endowing it with the structure of a x-algebra.
In other words it encodes the so-called Wick theorem.

An elegant way of introducing an algebraic structure on the set of Wick polynomials is
provided by methods of perturbative algebraic quantum field theory. We recall here this con-
struction for the Klein-Gordon case on the whole Minkowski spacetime. Notice that, in order
to encompass Wick polynomials in the algebra of functionals, it would be desirable to extend
AKE(R*) adding non linear local generators like

FPO) = [ dugfa)d*(@)f @), (18)

where f € C§°(R*) while ¢ € §(R*). The composition of two of these functionals via the
*—product introduced in (2)) is, however, ill-defined at a microlocal level. In order to overcome
this difficulty, we follow in [BDF09, BF09, [FR12], modifying the composition rule in A% (R%)
and then enlarging such set to include also additional regularized fields. The sought modification
must preserve the commutation relations among the generators of AX%(R%). It can be written
as in ([Il) with I'g replaced by

R4 xR4

The product obtained in this way is denoted by %y and on AKX (R?*) takes the same form
given in (2) where the integral kernel E(z,z’) is replaced by —2iH (z,2’), up to multiplicative
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constants the (global) Hadamard parametrix. Notice that the antisymmetric part of —2iH (x, 2)
coincides with E(z,2") and hence the canonical commutation relations among the generators of
AKE(RY) are left untouched. Furthermore, since the new x-product is built only out of local
structures, covariance of the scheme is guaranteed. In addition, the form (I4)) of the wavefront
set of H(x,2") entails that powers of H(z,2") are meaningful since the Hérmander criterion for
multiplication of distributions is satisfied — see Th. 8.2.10].

Equipping Fo(R*) with the product xg instead of the original x we obtain an algebra which
is isomorphic to AKX (R*). Furthermore, following [BF09], this isomorphism can be understood
as a deformation of the original algebra A% (R*) which is generated by

o0

- TIL{ . 1 KG KG
via
(Fxy F') = ay (g (F)* oz (F)). (20)

After such deformation, the set of elements constituting the algebra can be enriched by adding
also local non linear functionals like those of the form (I8]). For completeness, we recall the form
of the set on which, after the deformation, the algebra of fields can be extended.

Definition 2.14. We call microcausal functionals for the Klein-Gordon field, AffG(R‘l),
the collection of all smooth functionals F : €X¢(R%) — C such for all n > 1 and for all
¢ € CKG(RY), FM[¢] € &(R*)®". Only a finite number of functional derivatives do not vanish
and WF(F™) C 2, where

Z0 = T R\ { @1, sty o i) | (R ka) € (PRUTE)[ b

where V1 are the subsets of T*R* formed by elements (z;, k;) where each covector k;, i = 1,...,n
lies in the closed future (+) and in the closed past (—) light cone. The pair (Aff G(RY), *p) is
called extended algebra of Wick polynomials.

Notice that the expectation values of products of generators of AK G(]R4) with respect to
a state w must be invariant under the deformation. In other words AffG(RA‘) contains a *-
subalgebra isomorphic to AKXE(R*). As a last remark on this procedure we stress that, since
only the antisymmetric part of H(x,z’) is fixed, there is a freedom in the definition of the
extended objects. This is related to the renown regularization freedom, a discussion of
which can be found for example in [HWOI]. In this paper we will not enter into the details,
since they are not necessary to our purposes.

We recall that the procedure discussed so far can be applied almost slavishly on every globally
hyperbolic spacetime. Hence, as far as a Casimir-Polder system is concerned, our strategy is
to start by constructing an extended algebra of Wick polynomials starting from any *-algebra
ACP(0) as in Proposition Recall that O is a globally hyperbolic submanifold of H*.

To this avail we recall the definition of support for functionals as introduced in [FR12] and
adapted to our case.
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Definition 2.15. Let F : C“P(H*) — C be any functional on the space of off-shell configurations
for a Casimir-Polder system as per Definition We call support of F

supp(F) = {x € H* | ¥ neighbourhoods U > z, Ju, v’ € €ZF(H*), supp(u) C U,
such that Flu + u'] # F[u]}.

Let O C H* be any globally hyperbolic submanifold, to which we associate AT (O) as per
Proposition 210l In view of Definition 2Z11] we follow the same procedure, used to build for
Af G(RY), to obtain ASP (O) an extended algebra of Wick polynomials. Furthermore, in view
of Proposition 210 ASP (O) is #-isomorphic to Aff &(0), the restriction of Af G(RY) to O.

The next step consists of gluing together all ASP (O), so to obtain a global extend algebra of
Wick polynomials for a Casimir-Polder system. The following remark shows that an obstruction
arises in considering g as the product for the global extended algebra. It turns out that the
gluing becomes possible only after a suitable deformation of *7.

Remark 2. Let O; and Oy be two globally hyperbolic submanifolds of H* whose union is not
contained in a third globally hyperbolic submanifold of H*. Consider now F }2) € .Agp (O1,%m)

and F}?) € .AgP(OQ,*H) such that

FW = [ dny@f@e).  FPw = [ @),

where u € C¢P(H*) while suppf C O1 and suppf’ C Os. In view of Proposition 210, we choose
the Hadamard parametrix H(x,z’) to be the same one as for a Klein-Gordon scalar field on
Minkowkski spacetime, though restricted to the region(s) of interest. In order to compute the
correlations between the above two elements, we need to recognize them as being part of a larger
extended algebra. Yet, if we try to follow the same procedure used in ([20) for .Aff G(RY), we
notice that the local x-products for the undeformed algebra are defined replacing %EH4 (x,2")
with ]
H(z,2') + % (Bga(z,2') — E(z,2)) .

Pathologies in the computation of FJ@ *H F;,z) occur, as terms including (Eys(z,2') — E(z,2"))
multiplied with itself do appear. They are ill-defined.

Such obstructionsH can be removed exploiting the fact that algebras whose x—products are
constructed with different Hadamard functions are s—isomorphic [BDF09]. Mimicking the con-
struction of Epa starting from E, and in view of (I&]), let us consider the bidistribution Hpa
whose integral kernel is

HH4(£7Z7£/7Z,) = H(&u 272,7 Z/) - H(£7 _272/7 Z/)’

Notice that Hys yields ASP (H4,*HH4), a well defined global algebra. Hence, the correlations
among elements of ASP (O1,xg) and of .Agp (Og,%p) are meaningful only if we embed them

We are grateful to Chris Fewster for suggesting this approach.
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in AEP (H4’*HH4)‘ Such embedding is realized by ap,,-p as in ([[9) and it is an injective
x—isomorphism.

Despite this hurdle, concepts like smeared energy density are still well-defined within each
AEP (O). Furthermore, regardless of the existence of an extended algebra of observables, well-
known blows-up in computing quantities, such as the Casimir total energy, still remain due to
additional divergences present in observables supported on the boundaries.

We can make finally a correspondence to the standard results in the literature, in particular
recovering the dependence of the energy density on the forth power of the distance along the
z-axis between a point in the bulk and one on the boundary. Before stating the result, we
recall that, on Minkowski spacetime, the so-called improved stress-energy tensor of a massless

conformally coupled scalar field ¢ is on-shell [CCJ70, Mor03]

1
Tow = 0ud0yd = 510 $0p + £ (00 — 0,00) 8%, (21)
where ¢ is the coupling constant with the scalar curvature R introduced in ({]).

Lemma 2.16. Let us consider a massless, arbitrarily coupled to scalar curvature, scalar field
and let w° be the Hadamard state for AT (H*) induced from the Poincaré vacuum &° via Lemma
213 Let &Y(x,2') be the associated integral kernel of the two-point function on the whole R*.
Then, for all f € C°(H),

e
R4

and

— 6§ —1 )
wo(:T,WiH(f)) = A””?i?/d%f%j)y
R4

where {T},,} are the components of the stress-energy tensor 1) while A = diag(—1,1,1,0).
Proof. We need only to recollect what already proven together with the explicit form of
1 1

~0 / .
wy(x, ') = lim — , 22
2(0,0) = 1, 7o (5" (2, — ai,) + (2 — 2/)?) +ie(zg — 2p) + €2 )

where 73 = diag(—1,1,1). On account of both Proposition 212] and Lemma 2.I3] we know
that w° is a Hadamard state for A“F(H*). The definition of ASP (H*) together with both
S(z,2") = H(z,z,2',2') = H(z,—z,2',—2') and Proposition [LI2] entail that, calling { =
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L) = [ dads (o) - @) ) (@il o) =
R4 xR4

=— / dz d*a’ <% (wh(z, —2,2',2") + wy(z, 2,2, —z’))> C(x)0(x —2') =

R4 xR+
1 1 ¢(z,2)
_ 4, 340 = _ 1 o = 4 )
= / d*zd'x 2H(g, z,z', 2" (x)d(x — 2') 392 /d T
R*xR4 R4

In order to compute wo(:f\“,,: 1(Q)) it suffices to apply the point-splitting scheme as introduced
in [Mor03]. All results obtained in this cited paper apply without modifications to the case at
hand. In particular it holds that

PTn(@) = [ deds <D,8€“’> <w8<x,x'> i >>) (@) — ),
R4 xR4
where — see [Hacl0, §4]

/ 0o 0 1 0 0o 0 0o 0
(z2') — 2 _ - af _~Z pPA_Z _
D 9z 0z~ 2" e guB + ¢ (ﬁ;uﬂ? dxP Dz Dt 83;”) ’

(23)

Inserting this expression in the above integral and replacing &3(z,2’) — $H(z,z,2/,2') with
%H(g, —z,2',2") yields the sought result. O

Remark 3. Notice that we have defined the Wick polynomials only for those smooth and com-
pactly supported functions whose support does not intersect the boundary of the region of
interest. The reason can be seen explicitly looking at the last lemma: If we inspect the integral
kernels wy(z, —2,2/,2") and Wa(z, z,2', —2'), they become singular at z = 2/ = 0 so that they
cannot be tested with §(z — 2’). This is no surprise and it is at the heart of the often mentioned
problem that, in a Casimir or in a Casimir-Polder system, the total energy, computed out of the
integral of the time-component of the stress-energy tensor diverges.

3 Algebraic Quantum Field Theory and the Casimir effect

In this section we shall focus on the second scenario, we are interested in, namely the one
describing the attraction force between two parallel, perfectly conducting, plates as discussed
for the first time in [Casd8]. We shall refer to it as Casimir system. As in the previous section we
shall investigate this model from the point of view of algebraic quantum field theory and using
the so-called functional formalism. Following the same path as in a Casimir-Polder system, we
shall proceed in three main steps:
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Part 1 — Dynamical configurations: At a geometric level, the model consists of the region
Z =TR3 x [0,d] C R* endowed with the (restriction of the) Minkowski metric. In analogy to the
previous section, the interval [0,d] runs along the spacelike z-direction. At a field theoretical
level, our starting point are are all u € C°°(Z), where smoothness is meant as in Definition 211
since Z C H*. Dynamical configurations are instead the elements of the vector space 8¢ (Z)
built out of the smooth solutions of

{Pu:(D—ﬁR—mQ)uzo, m?>0, ¢£cR

u(z,0) = u(z,d) =0 ; (24)

where R is the scalar curvature. Since the scalar curvature vanishes, the term £ R plays no role at
a dynamical level, but it affects the structure of the stress-energy tensor which we will consider
later.

Notice that, in full analogy with the previous section, neither (Z,n) is a globally hyperbolic
spacetime, nor (24)) is an initial value problem, rather it is a boundary value problem. Hence,
in order to characterize 8¢ (Z), we follow the same strategy used in a Casimir-Polder system,
namely we identify each smooth solution of (24]) with a specific counterpart for a Klein-Gordon
field on the whole Minkowski spacetime. Before outlining the details, we introduce the auxiliary
regions

Yo =R3 x [~d,d], Y,={xcR'| Iz, z2)cYfor whichz = (2,2 +2nd)}, n€Z.  (25)

As a consequence R* = | Y.
neZ

Proposition 3.1. There exists a vector space isomorphism between SC(Z) and the quotient

C2 (R , . . .
#&Rz)] where %C(R‘l) is the collection of all a« € Cs2(R*) such that the following conditions
are met:

1. a € C2_(RY), that is a(z, z) = —a(z, —z)
2. a(&) Z) = _a(£7 2d — Z)

Proof. As a first step we show that there exists an isomorphism between 8¢ (Z) and a vector
subspace of K¢ (R%) = {¢ € C®(R*) | P = 0}. Let u € §°(Z) and let

L u(z), xeZ
v(z) = { —u(—x), zeYy\Z ~

Following the same argument as in the proof of Proposition[2.2] we can conclude that v € C*°(Y))
and v(z,0) = v(z,d) = v(z,—d) = 0. Define ¢(x) = ¢(z, 2) = v(z,z — 2nd), for any x € Y,,. By
a similar argument as for v(z), it descends that ¢ € C°°(R*) and that, moreover, P¢ = 0, as
this property is traded from that of u. In other words we have found a linear map

F:8%(7) — 8Y(R*) c $5Y(R?)
89(R*) = {¢ € C®(R*) | Pp = 0 and ¢(z,2d — 2) = —p(z,2)} - (26)
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The map is per construction surjective, since for every ¢ € 8 (R*), bl, € 8¢(Z) and F(9¢|,) =
¢. Furthermore F is also injective since F(u) = 0 € 8(R*) implies ¢ = 0 and, thus u =
¢|, = 0. In other words F' is an isomorphism of vector spaces. To prove the statement of
the proposition we need to show that SC(R4) is isomorphic to %. As a first step
we show that the map induced by F is surjective. Let thus ¢ € 8¢(R*). Since P$ = 0,
there must exist a € C°(R*) such that ¢ = F(a). Since ¢ is odd per reflection along the
hyperplane z = 0, we know from Proposition that o must lie in Cg7_ (R*). Repeating
slavishly the proof of Proposition with respect to the condition ¢(z,2d — z) = —¢(z, z) we
obtain that a € Cfccj—@(Rél) where Cfgj_’d(R‘l) ={aeC¥|a(z,2d - z) = —a(z, z)}. Putting
all together a € C®°_(R*) N C’fc‘j_’d(R‘l) = fc‘jC(R‘l). Taking into account that E o P = 0,

te,—
Ce2 o (RY)
—sAes——r—. We focus
P[CES o (RY)]

now on injectivity. Let o € C’fcfc(Rﬁ‘) and let ¢, = E(a) where E is the causal propagator
of P on Minkowski spacetime. Per construction P¢, = 0. Furthermore since both the map
1, : R* — R* such that t,(z,2) = (z,—2) and ¢5 : R* — R?* such that ts(z,2) = (2,2 + 5),
s € R, are isometries of (R*,n) it holds that E o, =1, 0 F and F o1, = 15 0 E. Consequently
¢ = E(a) = E(—t,a) = —1,E(a) = —1,¢ which entails ¢(z,0) = 0. At the same time, replacing
L, with t5 01,, s = 2d, we obtain that ¢(x,2d — z) = —¢(z,2) which implies ¢(z,d) = 0.

Cr o(RY)
W’ E(a) € 8“(R*) does not

depend on the choice of the representative in [ and it is, moreover, injective. As a matter
of facts, suppose E(a) = 0. This entails that there exists p € C°(R*) such that a = Pp.

we have associated to each element in §(R*) an equivalence class in

Since E o P = 0, the map which associates to each [a] €

Yet, since a(z,z) = —a(z, —2) = —a(z,2d — z) and since P is invariant both under the map
(z,2) — (x,—2) and (z,2) — (z,2+2d), p € fgC(R‘l). As a consequence Pp lies in the trivial
e o(RY)

equivalence class of [l

PO (RY)]
Remark 4. Tt is noteworthy that the two conditions defining the elements of 8¢ (R%) in (26]) are
actually already implementing the method of images at a level of dynamical configurations. As
a matter of facts, consider any ¢ € 8“(R*): For any n € Z, first applying the reflection along
the hyperplane (z,d) and then the one along (z,0), the following chain of identities holds true:

and equivalently ¢(z, z + 2nd) = ¢(z, z + 2(n + 1)d). In other words every element in 8¢ (R?) is
both odd with respect to the reflection along the hyperplane z = 0 and 2d-periodic.

Our next goal is to expand cohesively the content of the above remark. Therein our philos-
ophy was to show that, to each dynamical configuration for a Casimir system, we can associate
a solution of the equation of motion of a Klein-Gordon scalar field, which is periodic along the
z-direction. From the quantum field theory point of view, especially when constructing algebraic
states, we will be interested in a complementary problem, namely we would like to start from
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an element of 8K¢(R*Y) = {¢ € C>®(R*) | P¢ = 0} and associate to it one in 8§ (R*). Follow-
ing an argument almost identical to that of Proposition Bl this problem can be translated to
associating to an element of C£°(R*) one of fgC(R‘l). Barring the reflection along the plane

z = 0, the key procedure consists of making a smooth function on R* periodic. This operation,
which is strongly tied to the Poisson’s summation formula — see §7.2], does not yield
in general a well-defined result on the whole C£°(R%). Yet we can individuate a notable subset
which suffices to reach our goal. More precisely

Proposition 3.2. Let gf’c(R‘l) ={a € fgC(R‘l) | supp(a) N (R?® x {2}) is compact Vz € R}
and let N : C§°(R*) — gf’C(RA‘) be defined as

o0

N z) = > (fl@z+2nd) - f(z,—z + 2nd)). (27)

n=-—oo
The following statements hold true:
1. The map N is surjective, but not injective.

2. N is an isomorphism between C’SO(Z) C C§°(R?*) and C’gf’](R‘l) C gf’c(R‘l), where
C&C}(R‘l) ={a € CESC(R‘l) | supp(a) N Z is compact}.

Proof. We remark, that, per construction N(f) is a smooth function which is 2d-periodic and
odd for reflection along the z-axis for any f € C§°(R*). The compact support ensures the
convergence of the series.

Let us focus on 1.: To show that N is surjective, let ¢ € gf’C(RA‘) and let y € C°°(R*) be a
function constructed as follows. It depends only on 2z and, at fixed value of z, x(z) € C§°(R*) in
such a way that y vanishes for all |z| > 2d — a, « € (0,d). Furthermore x(z) =1if z € (—a, &
and for all other values of z it is such to satisfy the identity x(z) + x(z + 2d) = 1 for all
z € [-2d,0]. Consequently x¢ € C$°(R*) and a direct calculation shows that N(x() = (.
Hence N is surjective. To show that IV is not injective it suffices to exhibit an explicit example:
Consider any 3 € C§° ((0,d) x R?) and f(z, z) as 8(z,2) if z > 0 and as —B(z, —2) if 2 < 0. At

the same time define . (.2) 0.4)
/ _ ) 38z =2 z¢€(0,d
Blz,2) = { %ﬁ(g,z —d) z€(d,2d)

If we consider f'(z,z) as 3'(z,z) if z > 0 and as —f'(z, —z2) if z < 0, using (27)), it turns out
that N(f) = N(f).

Let us now focus on 2.: Let ¢ € &"I(R‘l); per definition f = (|, € C5°(Z). On account of
@7) N(f) = ¢, that is N is surjective on gf’C(R‘l). Let us assume that there exists f' € C§°(2)
such that N(f’) = 0. Formula ([27) entails that N(f)|, = f’ = 0, which proves that N is
injective. [
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According to our overall strategy, the next step calls for the identification of a counterpart
for a Casimir system of Fys which played a key role in studying a Casimir-Polder system.
Notice that the key role of Fys was on the one hand to generate all smooth solutions with the
wanted boundary conditions, while on the other hand, it yielded a symplectic form on the space
of classical observables. We have emphasized this second aspect since it is easy to grasp that
identifying eventually a symplectic form in Casimir system, is more difficult on account of the
periodicity of the elements in SC(Z ). A solution to this problem lies in this proposition:

Proposition 3.3. We call $€.(Z) the collection of all solutions u € C>(Z) of @4) such that
supp(u) N ({t} x R? x [0,d]) is compact for all t € R. This is

CS% (RY)
1. a vector space isomorphic to m

2. a symplectic space if endowed with the following weakly non-degenerate symplectic form.:

oc(u,u') = oc([],[¢) = (¢ E() o = = (E().¢) ¢ (28)

Ce (R%)
P[C5H [RY)]

/d3 /dng /d3 /dzE (29)

Proof. On account of Proposition 3] to every element u € 8£.(Z) C §°(Z), we can associate via
the map F in (26)) a function ¢ € C>°(R?), solution of P¢ = 0, so that u = ¢|,. Furthermore,
Cioc(®Y)

(ERED)
along the z,y-directions, but neither in time nor along z, the standard support properties of
the causal propagator E entail, in turn, that o must be smooth and compactly supported along
the t, z, y-directions without additional constraints imposed along the z-direction. Repeating
slavishly the proof of Proposition Bl 7. descends.

Let us focus on 2.: As a first step, we show that ([29) is well-posed. Since for any u,u’ €

4
8Y(Z), there exists [(],[¢'] € P%TC%%, such that u) = E(¢?), well-posedness descends from

where ¢ and ¢ are representatives of [(],[¢'] € so that w = E(¢) and v = E({)

and where

there exists [a] € such that ¢ = FE(«a). Since ¢ is per hypothesis compactly supported

showing that for any ¢’ € gf’c(R‘l) it vanishes the integral

d
R[ Bz O/ dzP({)E

Define Py = P — 88—;2 and rewrite the integral as

/d3 /dz( i) /d3 /dz<2C/ (¢) + ('P (C)>,
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where we used both that P(3) is a formally self-adjoint operator which does not depend on z and

that we are integrating along the whole R3. If we use the identity Pi3yE(() = PE(C) — %
and we integrate by parts, it holds

/ i / i (55 m0 4 0nap©) = (Kpe - Z29)

where we used that both ¢/ and F({) vanish both at 2 = 0 and at z = d. From this computation
it also descends that, for any (,(" € &OC(]R‘l)

=0,
0

(G ET (e =(PECEN())e=(E ¢ ()e,

where ET are the advanced and the retarded fundamental solutions of P on the whole Minkowski
spacetime. From this last identity it descends that (¢, E(¢'))c = —(F(¢),(’)c. In other words,
oc is both bilinear and antisymmetric. To prove non-degenerateness, suppose there exists

C5c Co (R . . .
[€] € P[C“’i((R‘z)] such that (¢, E(¢"))c = 0 for all [('] € W((Rzﬂ. In particular this entails

that (E(¢),¢")e = 0. If we choose ¢’ so that (supp(¢’) N Z) C Z, calling (o = |, the following
identity holds true:

(B©).¢)e = [ d'EQ
R4
Notice that ¢ € goc(]R‘l) C Cf2(RY) and that the right hand side coincides with the standard
pairing between P[CTE[(RALL% and %))—] on the whole Minkowski spacetime, which is non degen-
erate — see for example [Benl4]. Hence there must exist o € C£°(R?) such that ¢ = Pa. Notice
that, since (27]) guarantees us that IV is built out of isometries of the standard Minkowski metric,
it holds that E¥o N = N o E*. Since a = E*({) = E~(¢) and ¢ € gf’c(R‘l) per hypothesis, a
lies in ng(R‘l), concluding the proof that o¢ is weakly non-degenerate. O

Notice that restricting the domain of integration in (29)) is necessary to obtain finite quantities
and it encodes the physical idea that only the information contained between the boundaries at
z =0 and at z = d are physically relevant. Before concluding this part of our investigation of a
Casimir system, we elaborate from Proposition the following Definition

Definition 3.4. We call Casimir causal propagator the map Ey : C°(R*) — 8%.(Z) where
Ez =pzoEoN,

where N is defined in (27), E is the causal propagator of the Klein-Gordon scalar field on
Minkowski spacetime, while pyz is the restriction map to Z.
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Remark 5. Notice that there is no symplectic isomorphism between 8¢.(R?) and the space of
spacelike compact solutions of the Klein-Gordon equation on Minkowski spacetime . The reason
is that NV does not preserve the symplectic form, since for arbitrary f, f’ € CSO(R4),

E(f.f') # oc (EoN)(f),(EoN)(f)) =, E())e, (30)

where o¢ is the one introduced in ([28)) and, setting ¢ = N(f) and ¢’ = N(f’), the last equality
holds on account of (29]). The main consequence of this failure will be the impossibility at a later
stage to construct states for the algebra of observables for a Casimir system as the pull-back of
states for the counterpart on the whole Minkowski spacetime.

Part 2 — The off-shell algebra: Having characterized all possible dynamical configurations
for a Casimir system, we can address the question on how to build an algebra of observables
following the example given in Section [[L.Tl Our guiding principle will be the same as in section
and, in particular, we shall use the functional formalism. We stress that there will be several
modifications in comparison to our analysis of the previous section. These can be ultimately
ascribed to the more complicated underlying geometry and to the fact that we have well-under
control the convergence of the series (27]) only with respect to compactly supported functions.

Definition 3.5. We call space of kinematical/off-shell configurations for a Casimir system
Y2z = {ueC™(2)| uly, =0and 3¢ € CEY(R*) such that u = oy},
We consider € (Z) endowed with the compact-open topology.

Notice that §¢(Z) C €Y(Z). As mnext step, we want to construct a space of functionals
measuring off-shell configurations and we want to endow it with the structure of a x-algebra. In
this respect Definition B4] plays a key role.

Definition 3.6. Let ' : C¢(Z) — C be any smooth functional. We call it regular if for all
k> 1 and for all u € C°(Z), F®)[u] € ooz k), and if only finitely many functional derivatives
do not vanish. We indicate this set as F§'(Z).

Let us consider the following map:
*z: 56 (2) x 55 (Z) = TG (2),
which associates to each F, F’ € 3§ (Z)
(Fxz F') (u) = (Moexp(il'g,)(F ® F')) (u) (31)

Here M stands for the pointwise multiplication, i.e., M(F ® F')(u) = F(u)F’(u), whereas

I'p, == FE !
Ez =79 Ixz Z($’$)5u(x) du(x')’
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where Ez(x,2') is the integral kernel of (§). The exponential in ([BI) is defined intrinsically in
terms of the associated power series and, consequently, we can rewrite the product also as

o0

(Fxz F') ( u), EZ"(F'™)(w)), (32)

where the O-th order is defined as the pointwise multiplication, that is (F©)(u), F'O)(u)) =
F(u)F'(u). Notice that ([B2) is well-defined, since Ez = E'o N and thus elements in C§%,(2) are
per definition such that their image under the action of N lies in CESC(Z ). To summarize

Definition 3.7. We call A(Z) = (Er"g(Z),*Z) the off-shell x-algebra of a Casimir system
endowed with complex conjugation as *x-operation.

Remark 6. Notice that, in complete analogy with AT (H4) and with AXE(R?), A®(Z) can be
seen as being generated by the functionals Fj,(u f d3z f dzu(z, z)h(z, z) where h € C§(Z),

while u € @Y(Z). At the same time, if we con81der as generatlng functionals only those whose
labeling space is (?OI(Z ), we obtain the extensible *-algebra AS,,(Z), which is a *-subalgebra
of both A®(Z). Notice that AS,(Z) plays a distinguished role as we will be able to define

Hadamard states only for such algebra.

The causal propagator for the Casimir system is constructed modifying the causal propagator
of the Minkowski spacetime with the operator IN. Thanks to the causal properties of E, when
employed on test functions supported in a globally hyperbolic set O strictly contained in Z it
holds that

EZ(fvf/):E(va(f/))v f)flec(?o(O)

because the reflections and the translations used in N map the support of f in regions which are
causally disjoint from O. The following proposition states that the local algebra of observables
of a Casimir system cannot be distinguished from Klein-Gordon counterpart.

Proposition 3.8. Let O be any globally hyperbolic open region strictly contained in Z. There
exists a x-isomorphism between AKC(0) = .AKG(R4)|O and A°(0) = AY(Z The isomor-
phism is implemented by the identity map.

Mo

The proof of this proposition can be obtained along the guidelines of that of Proposition
2. 10 together with the property of F; stated above.

Part 3 — The on-shell algebra: Having investigated the algebra probing kinematical config-
urations, we want to conclude our analysis by constructing the counterpart on the solutions to
the equation of motion. This is tantamount to restricting the allowed configurations from €¢(Z2)
to 8(Z). As outlined in Section [T and in Section B for a Casimir-Polder system, this entails
that several functionals become redundant as they are automatically vanishing when evaluated
on any solution. This calls for the identification and for the elimination of these observables via
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a suitable quotient. At a level of algebras the solution of this problem is contained in Proposi-

oo 4
tion B and in the isomorphism between 8¢ (Z) and P[CCt’%OC;fR))]‘ This suggests to consider the
o] 4 ’
functionals Fig : Iﬂ%‘%‘%ﬁ@))} — R so that Fi¢([a]) = (¢, E(a))c, where the right hand side is
tc,

defined in (29]).
Notice that, still in view of Proposition Bl we can rewrite each of these functionals also as
F - 8Y(Z) — C, thus as a genuine classical observable on the dynamical configurations of a

C, (R4
Casimir system. The underlying philosophy is to single out via the labeling space P[co*'cgi((ﬂaz)} the
0,C

generators of an on-shell algebra of observables for a Casimir system. As a preliminary step, we
exhibit some relevant properties of these generating functionals, which justify their choice:

Proposition 3.9. We call classical observable for a Casimir system the map Fj :
Croc(®RY) O3 (RY)
P @ — C (K] € prosmmy defined as

F([a]) = (¢, E(a))c, (33)

where ¢ and « are arbitrary representatives of [C] and [a] respectively. The collection of all
classical observables O€(Z) is a vector space which is both separating and optimal in the sense
of Proposition [Z8. Furthermore (0°(Z),0¢) is a symplectic space, o¢ being defined in ([28).

Proof. We notice that (B3] is a well-defined quantity whose right hand side does not depend
on the representatives chosen, as one can infer by repeating slavishly the same reasoning as in
Proposition B3] using additionally that (supp(¢) Nsupp(E(«)) N Z is compact.

Since O is linear in [¢], OY(Z) is a vector space which is isomorphic to 8.(Z). Hence,
since the latter is a symplectic space as proven in Proposition B3] so is OC(Z ) endowed with
oc. We need only to show that the collection of classical observables is separating and optimal.

[ee]

4
The first descends from the following remark:l%%% is isomorphic via E to 8¢(Z) which
te,
> (R®x (0,d))

PIC=®x0.d)]° With respect to the pairing we have

oo (3
introduced, standard arguments in functional analysis guarantee that % separates
0 )

P[Cﬁﬁ;xx(?éfggﬂ. Since C§°(R3 x (0,d)) C o.c(Z) the sought statement holds true.

To conclude we show that our choice is optimal. Suppose that there exists a classical ob-
servable generated by ¢ € gf’C(RA‘) such that ({, E(a))c = 0 for all a € C’fc‘jC(R‘l). Equivalently
this entails that (E(¢),a)c = 0. Since a is an arbitrary timelike compact function in R? x (0, d),
the same reasoning as for the scalar field on the whole Minkowski spacetime entails that ()
must vanish thereon. In other words ¢ € P] gf’c(R‘l)], that is it generates the trivial class in

Ce (R%)
PCe®RY)] O

in turn identifies a vector subspace of

We have all the ingredients to introduce the following structure:
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Definition 3.10. We call on-shell x-algebra of observables for a Casimir system the
0o 4
algebra (AS,(Z),*7) generated by the functionals Flg 8¢(Z) — C with [¢] € P%T?ﬁl% such

that Fio(u) = [ d?@jdz C(z, 2)u(z, 2), u € 8Y(Z).
R3 0

Let us show that our choice for the algebra of observables enjoys notable properties:

Lemma 3.11. The algebra AS,(Z) is causal and it satisfies the time-slice axiom.

Proof. The property of an algebra being causal is tantamount to showing that spacelike separated
observables do commute. It suffices to check it for all generators and it is equivalent to proving

that, for all [(],[¢'] € %, it holds o¢([¢], [¢']) = 0 if there exists two representative (,(’
which are spacelike Separafed. On account of Proposition [B.3this is a consequence of the support
properties of the causal propagator.

With respect to the time-slice axiom, mutatis mutandis, the procedure is identical to the

one outlined in the proof of Lemma 2.I0] and we shall thus not repeat it. [l

To conclude we remark that AS,(Z) could have been realized also as the quotient between
AC(Z) and the *-ideal generated by elements of the form Ph, where P is the Klein-Gordon
operator and h € G5 (Z).

3.1 Hadamard states for a Casimir system

In this section we discuss a possible way to construct a certain class of states for the Casimir
system. We shall restrict our attention to those which are quasi-free and have suitable regularity.
In particular we follow the same philosophy used in the previous section, namely we will focus
our attention on those states from which stems a prescription to construct Wick polynomials
which coincides with the standard one if we restrict our attention to any globally hyperbolic
submanifold O C Z. Well-posedness of this line of thought is a by-product of Proposition [B.8]
which guarantees that A (0) is #-isomorphic to AXE(0). Accordingly,

Definition 3.12. A state w : AY(Z) — C is of Hadamard form if it is normalized, positive,
quasi-free and, if, for any globally hyperbolic submanifold O C Z, the restriction of w to A (O)
is such that there exists wo € D'(O x O) whose wavefront set is

WF(w2) = {(z,2, kg, —ky) € T*(O x O)\ {0} | (z,ky) ~ (2, ky), kz >0},
and, for all Fy, Fj, € A%(O)

w(Fh *z Fh/) = (A)Q(h, h/), h, n e CSO(O)

As for a Casimir-Polder system we want to exhibit explicit examples of Hadmard states for
a Casimir system and our initial plan is to build them starting from a quasi-free counterpart
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@ : AKG(R*Y) — C, which is of Hadamard form itself. In other words we would like to mimic
the content of Proposition Alas, there does not exist a *—homomorphism between .AC(Z )
and AKE(R*) and hence no corresponding pull-back of states. We shall avoid such hurdle
by working directly at the level of the two-point function adapting the image method used
previously in Definition B4l for the causal propagator. Notice that, with this procedure, we will
be constructing actually a state for AL (7).

More precisely our starting point is any Hadamard state & : AX%(R%) — C, whose associated
two-point function @y € D'(R* x R*). In view of Definition 4] applying the image method to
@ is tantamount to proving that &y o (I® N) € D'(Z x Z). Notice that the outcome does not
define an image state for A (Z) but only for AC,,(Z).

Since our goal is to exhibit explicit cases where this procedure works, we restrict the attention
only to quasi-free states for AX%(R*) whose associated two-function has an integral kernel which
is invariant under the simultaneous action on both entries of both ¢,, the reflection along the
hyperplane z = 0 and of ¢4, the translation of step s along the z-direction, s € R:

&2(Lz(f)v Lz(f/)) = °~U2(Ls(f)v Ls(f/)) = a}2(fv f/)v (34)

where f, f’ € C°(R*). As an additional ingredient we recall, that all two-points functions of
Hadamard form differ only by a smooth integral kernel. Hence, since in this section we are
interested in a massless real scalar field, we can split

Go(x,2") = &Y (x,2") + W(x, ") (35)

where W € C°°(R* x R%), while @9(z,2’) is the integral-kernel of the two-point function of the
Poincaré vacuum. Therefore, we will analyze separately W (z,z’) and &9(z,z’) starting from
the latter, which fulfills the requirements of (34]). Recall that

~0 N 4 4 flx)f'(«)
= lim — dxd .
@(f ) 0+ 42 / o — (20 — 20 —je)? 4 (al — /)2 + (22 — 2/2)2 + (23 — 2/3)?
R4 x R4

(36)

Upon Fourier transform, we can rewrite the last expression as

1 o~ -
000 = [t [t [ dkge M P (37)
R Jr Jrs 2k

where f(t, k) is the three dimensional spatial Fourier transform of f(t,x).

Proposition 3.13. Let w 0 be the two-point function of the Poincaré vacuum for a real, massless
scalar field on Mmkowskz spacetime. Then w§ = 09 o (1@ N) = o (N®1) € D'(Z x Z).
Furthermore the integral kernel of w9 can be written as the ¢ — 0 limit of the following e-
reqularized integral kernel:

1 sinh 7= sinh < (38)
8mdyxe \ cosh < — cos (g(z —2'))  cosh ™ — cos (E(Z + 2'))

®Qur convention for the spatial Fourier transform is the following: f(t k) = (f)?’ [ d®xe™* f(t,x).
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where xe = —(z° — 2" —ie)? + (z' — 2')* + (2® — 2)*.

Proof. With respect to the standard Cartesian coordinates (but keeping the notation x = (z, 2))
and fixing e® = (1,0,0,0) and e® = (0,0,0,1), we can write the formal expression

e—0t

@y (f,Nf) = lim [ d'zd*a’ [@3(z + iec”,2’) — &9 (x +iee®, 1.2")] f(x) Z f'(z’ + 2nde?).
n
Up to a change of variables of integration for every element of the sum, we obtain

lir(lgl+ dzdts’ Z [ﬁg(x + iee?, 2’ + 2dne’) — &9 (x + iee®, 1’ + 2dne3)] flx)f'(2).
€E—r

For every € > 0,

(&S o (I® N)) (z+iee’, 2') = "}E}noo Z [&S(x + iee?, 2’ + 2dne’) — &9 (z + iee, 12’ + Zdne?’)] .
[n|<m

If we recall that for complex variables a,b € C, it holds — see [GRO7] §1.445]

o0

Z 1 T sinh(27a)
= a?+ (b+n)? ~ acosh(27a) — cos(27b)’

and if we recall the form of @9 (x,z’) given in (B8] we can show that the @ o (I® N) converges
to

0 , . 1 sinh T3« sinh X<
wy(z,z') = lim - .
0t 8mdye \ cosh 22 — cos (5 (23 — y3))  cosh X< — cos (5 (23 + y3))

in the limit of n — oo.

We interpret 20—z/%+ie as an extension of z°—2'° to the complex plane and we investigate the
properties of (B8] as an analytic function. Notice that sinh(§)/¢ is entire analytic as a function
of €. Hence its composition with £ = (r/d)*x*(z,2') = (7 /d)?*(— (2" —2"0)* + (z' —2)* + (2* -
2'?)?) is in turn entire analytic itself on C®. Furthermore, since the function 1/(cosh(a)—cos(f3))
can be expanded in Laurent series in terms of o and 32 whenever cosh(a) # cos(3), this result
applies to our scenario whenever 2° — 2/ 4 ie has a sufficiently large imaginary component while
the other coordinates have a small imaginary part. Under these conditions we can conlcude the
existence of a domain of analyticity for ([B8]). Notice that a boundary component of such domain
is obtained constraining all spatial coordinates to be real and taking the limit e = (2” — 2'%) to
0*. Furthermore, by direct inspection, (38]) is bounded up to a multiplicative constant by ¢ =2,
close to the mentioned boundary component. Hence we can apply Theorem 3.1.15 of Hérmander
to conclude that the boundary value of (B8] at € = 0 is itself a distribution. O

C

ext

To conclude that w9 (x,z’) defines a state on AS,,(Z) we prove the following:
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Proposition 3.14. The distribution w9 € D'(Z x Z) built in Proposition is the two-point
function of a quasi-free state W° : AS,(Z) — C.

Proof. In view of the previous proposition and of the properties of the Poincaré vacuum, it
remains to be shown that w is positive. We shall check it for test functions f and f’ that can
be factorized in the z—direction, namely of the form f)(z,z) = fi/)(g) fz(/)(z) where fi/)

C§°(R3) and where fz(/) € C§°((0,d)). Notice that, although we are not exhausting all possible
elements of COOO(ZQ ), we are still considering a dense subset, which suffices as far as positivity is
concerned. With respect to this kind of functions we can introduce the following distribution

on C5°((0,d) x (0, d))

who T (f], £.) = G(fLLL fLfe) = Tim / dz/ dwyz (2 = VL)),

where as usual the limits are meant in the weak sense. Since w/1+/L is a Schwartz distribution,
see e.g. ([B7), we might rewrite it in the Fourier domain

ST FLfs) = wlide (7L £) = / de a1 () L) Fu(©). (39)

Notice that, since the two-point function ws of the Poincaré vacuum is itself a quadratic form, we

have that wf Lof1 (£) is a positive function which is continuous almost everywhere. In particular,

from the expression of the spectrum built in ([37), we can infer that continuity could fail only at
£ =0, although w Af Lof1 (&) is a locally integrable function, also in a neighbourhood of 0.

Let us now con81der wl /1 applied to (f., Nf.). By Poisson summation formula it holds
Yufz+2dl) =, fne™#™/d where f, are the Fourier coefficients of f, computed in the
interval [—~d,d] and they coincide with the ordinary Fourier transform evaluated at { = nw/d,
namely f, = f.(n7/d). Hence, taking into account the anti-symmetrization present in N, N f, =
>onfn — fon)e™* ™4 Furthermore, its Fourier transform can be computed in a distributional

sense as - N N .
N = (0 = F0) 2o (= ng)
Dropping the superscripts f,, fi from both w and @ it holds

W £ = [ dg aue) (70) - (-0) 20 (¢~ ng) 16

Notice that, despite of the presence of an infinite sum of Dirac delta functions, the previous
expression is well defined because wy(€) is continuous for & # 0, it grows at most polynomi-
ally for large |¢| and it is bounded close to zercﬁ The only delta function in the sum which

In order to check boundedness of @2 (¢), notice from ([B7) that for some positive constant C

oS} 27
@) <C swp [ dbs e LRI k)| < C s [T abs] [ dIFL e RDIP LR
0

tt'el VES +E t¢’erJo
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could give a divergent contribution is the one supported at 0. Since fz is a Schwartz function,
< f2(& — fz(—£)> vanishes, however, at zero and hence, thanks to the boundedness of ws (&) near
that point, the contribution of the delta function supported at 0 vanishes. We have

w(fz, Nf.) = Z Do (n/d)(fo = f-n)fo =D @a(nm/d)| fr = fn]’

n>1

where, in the last equality, we use the fact that wsy is symmetric under z—reflections and
hence wa(nm/d) = Wa(—nm/d). The last term of the above chain of equalities is positive because
it is a sum of positive quantities, since we have started from the two-point function of a state
and, hence, ws(nm/d) is a quadratic form for every n. O

In order to generalize the result obtained for another quasi-free Hadamard state w whose
two-point function integral kernel enjoys the symmetries stated in ([B4]), we recall that the two-
point function of such state differs from the vacuum one by a smooth function W(x,z"). We
have now to make sure that I ® N can be applied also to W (x,2’). To this end, we need to
impose technical restrictions on the admissible class of smooth functions.

Proposition 3.15. Let & be a quasi-free state of Hadamard form for AKE(R?). Suppose that

the integral kernel of its two-point function Wy(z,2") = &8(z,2") + W (z, ') is invariant under

B4). Suppose that the following conditions hold for the smooth part W € C®(R* x R*):
(i) the function WIthi(z 2') .= [ dPzdz’ W(z, z2,2")fL(2)f| (2) lies in &' (R?) for
R3 xR3
every fi,h € D(R?).

(ii) for every value of x and '3, WItIL (2, 2') generates a distribution in D'(RS), hence it is
continuous on D(RS).

(iii) Let w(z — 2') = WILTL(z, %) and let @(€) be its Fourier transform. It is a continuous
function for & > 5,

(iv) & — wW(§)E is a continuous function in a neighbourhood of £ = 0 and it vanishes for £ = 0.
Hence, in view of Proposition [3.3 we can extend Wy to a map on C3(Z 7) % N[C§(Z 2)] and
wa(f', f) = Ga(f', N f).
gives rise to a quasi-free state w : AS,(Z) — C.

Proof. Consider a compactly supported smooth function f & @(Z ) which can be factorized
in the following way f(z,z) = fi(z)f.(z). Let us study Nf and notice that N acts only
on f,. Furthermore, by the Poisson summation formula (see [Hor90, §7.2]), we know that

where the supremum is taken in some interval I chosen in such a way that I x R? contains the supports of both
fi and f) . Furthermore, f,; and f| are the spatial Fourier transform of f, and f| and hence they decay rapidly
for large values of |k, |. The result of the two integrals can thus be bounded by some positive constant.
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Nf.(z) =3, (fn— fn)e™*™/4 and, as discussed in the proof of the previous proposition, the
Fourier transform can be computed in the distributional sense yielding

NFAQ) = (£ - F(-9) Y0 (¢ - nT)

o

where § is the Dirac delta function. For every other f’ € D(Z) which can also be factorized, we
analyze

—~ —

W'\ Nf) = / dhadta! f(x)W (z,a')N f(2') = /R dETWILIL () LN T (€) =

R4xR4
= /R dg () 12(6) (F-6) - F.(-9)) 20 (6=n3)-

The previous expression is well defined for the following reasons:
a) conditions (7i7) implies that w(¢) is continuous for [£| > 7/d,

b) thanks to hypothesis (i), w(z) is a Schwartz distribution, hence its Fourier transform,
grows at most polynomially for large £ and

¢) requirement (iv) implies that w(£)¢ is continuous near zero and vanishes for £ = 0.

Hence, the Dirac delta supported in 0 gives a vanishing contribution to the sum because

<fz(£) - ﬁ(—ﬁ)) /€ is a continuous function near zero and hence w(&)E - (ﬁ(é’) - ﬁ(—{)) /€ is
continuous in 0 and there it vanishes. Furthermore, what remains is

W N, =D (") T (= ) = S0 () (= T20) (= fn)

n>1

which is continuous with respect to the topology of D’((0,d) x (0,d)). Hence, taking into account
hypothesis (i), W (f’, N f) is separately continuous on D((0,d) x (0,d)) ® D(R®) and thus it is
a distribution in D'(Z x Z).

For this reason, wy is also a well-defined distribution being the sum of w9 and W o (I® N).
Positivity remains to be shown, but it can be checked following a proof similar to the proof of
Proposition B.14], hence we shall omit it. [l

The requirements of the previous proposition are quite involved to check. For this reason,
in the following lemma we give an alternative sufficient condition which implies the four points
assumed in the previous proposition.

Lemma 3.16. Let & be a quasi-free state of Hadamard form for AKG(R?). Suppose that its
0

two-point function We = wy is invariant under z—reflections and under z—translations as in
B4). Consider the smooth function W := Wy — &9. Suppose that the following conditions hold:
0

WeL>*(Z), &W@, 2,2, 2') € LY(R,dz)
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uniformly in x and x’, then the hypotheses of the previous proposition are satisfied and thus the
following expression

wa(f', f) = @a(f,Nf).

18 a well defined two-point function of a quasi-free state w : Aec;t(Z) — C.

Proof. Since W is bounded, it is the integral kernel of a Schwarz distribution. Hence, by the
Schwartz kernel theorem W can be seen as a map between smooth functions over R and
Schwartz distributions over R?. The first three requirements of Proposition descend im-
mediately. The forth one requires a few words. Since the derivative along z of W is in L', by
the Riemann-Lebesgue lemma, its Fourier transform along the z—direction w(§) is equal to a
continuous function w(§) divided by &. Furthermore, since W is symmetric under reflections
generated by ¢,, @ must be invariant under mapping of £ — —¢&, and thus u(§) = £w(&) is an
odd continuous function, hence it must vanish for £ = 0. O

Before concluding this section we analyze the singular structure of Hadamard states obtained
by the image method described so far. We already know that these states are of Hadamard form
when restricted on globally hyperbolic sub regions of H, hence therein the singular structure
is known, however we expect further singularities when states for the full algebra A®(Z) is
considered. Actually, the following proposition holds.

Proposition 3.17. Consider the two-point function of a quasi-free state w for A€ (Z) obtained
by the image method starting from a quasi-free Hadamard state & of AKE(RY). The wave front
set of its two-point function ws has the following form

W F(ws) = {(m,x',kx, k) ET* (Z X Z) \ A0} (@, ko) ~z (& k), Koy > o}

where (x,ky) ~z (', ky) whenever there exists a null geodesic v reflected at the boundaries a
countable number of times, such that x,y are its end points, k, is the cotangent vector to v at
x while k, is the parallel transport of k, along .

Proof. We recall that

wa(w, ) = Z [@a(z, (2,2 + 2nd)) — Da(z, (2/, —2" + 2nd))] ,
neN

Hence, W F(w2) is contained in the union of the wavefront sets of Wo(z, (z/, 2’ + 2nd)) and of
wa(z, (', —2" + 2nd)).

Let us analyze W F (Wo(z, (2, 2/ +2nd))). Notice that ws(x, (z’, 2’+2nd)) is nothing but as W
in Minkowski with a translation applied to z’. Hence we just need to apply the corresponding
transformation on its wavefront set to obtain the wavefront set of W F(wo(z, (2/, 2" 4+ 2nd))).
Furthermore, if the points (x,2’) are contained in its singular support, this means that x and
tand(2') are connected by a null geodesic in Minkowski spacetime. This geodesic in Minkowski
passes trough the points z where 23 is a multiple of d, |2n| times. Hence, in the Casimir region,
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it is like a null geodesic reflected 2n times at the boundaries. We can treat in a similar way
WF(w(z, (z,—2'+2nd))) and it coincides with the wave front set of & where the second entry of
that distribution is reflected and translated 2n times. Hence, (z,2) are in its singular support
only if they are connected by a null geodesic reflected |2n — 1| times at the boundaries.
Finally, we notice that the wave front set of w(z, (2/, 2’ + 2nd)) and of &(x, (z/, —2' + 2nd))
are all disjoined, (their singular support might overlap only when both z = 2’ = d/2 but in
this case the corresponding covectors have opposite z—direction). Hence, in the sum defining
we no cancellation of singularity might occur. We thus conclude that W F(w2) coincides with
the union of the wave front sets of the distributions in the sum written above. O

3.2 The vacuum and the KMS states for the Casimir system

In this subsection, we shall construct states w” : AC,(Z) — C at finite temperature T' for

the Casimir system. We shall show that these states are obtained applying the image method
to a KMS state for a Klein-Gordon field on Minkowski spacetime. As a corollary, we obtain
that w? is the vacuum state of the theory and it coincides with lim7_ wT. Our computations
are consistent with the literature on the topic, see for example [FR87, for the
thermal case and [Ful89] for the vacuum.

As before, we work at the level of two-point function. Hence, let us suppose that the
hypotheses of Proposition are met. If so, we can apply the image method to a state w on
AKE(RY) to obtain a quasi-free Hadamard state w for AC ,(Z), such that wa(f, f') = @a(f, Nf'),
ffe 800(R4). Suppose also that the state w is invariant under the natural action induced on
it by the time translation te of step £ € R. Since N commutes with ¢, also the state w must be
invariant under time translations.

Consider now the quasi-free KMS state @’ : AXY(R*) — C at temperature T" which is
invariant under the action induced by t¢. For every f, f € Cg°(R?) the function & — wa(te f, g)
is analytic in the strip (&) € [0, 8] where 3 = (kpT)~! is the inverse temperature and kg is
the Boltzmann constant. Furthermore, the KMS condition holds, namely

@y (tipf, f)) =@ (', ).
We recall also that

1 sinh (277"‘}%)
ol (z,2) = lim

e—0+ 27f3|x — X/| cosh <27T|X—’#X’\) _ cosh <2ﬂ_(xo—x‘#)

(20 — 2% € (B +¢,0],

where we use z° for the time coordinate and x for the space coordinates. Furthermore

ik (x—x’ —i|k|(x0—20 ilk| (20 —z0
ik ( ><e|( ) ilkl( )) e

ol (z,2') = lim d3k

e—0t JRr3 2‘k‘ 1— e_ﬁ‘k| T eﬁ|k‘ —1

We shall check that, it is possible to apply the image method to this state by analyzing the
behavior of W := & — &Y and verifying that the hypotheses of Lemma 316l is satisfied and thus
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Proposition B.I5] holds. First of all, we notice that W is a Schwartz distribution, which has the
desired symmetry properties ([B4]). The spatial Fourier transform of its integral kernel has the

following form
— 1 [cos(|k|(z® — 2'))
0 ,./0. e
W(z®, 7k)_0]k]< e .
It is a smooth function except when |k| = 0 and it decays rapidly for large |k|. From this
observation conditions (i),(iz) and (éi7) of Proposition are met. It remains to prove the
(iv). In order to check it we proceed analyzing

aT(e) = / dt / dt' [ dk Tk T L k)T KoL),
R R R2

for a pair of compactly supported function f,,f| € D(R?). Above, fJ_(t, k) is the spatial
(two-dimensional) Fourier transform of f (¢, 2!, 2%). Notice that there exists a positive constant
C such that |W(t,t;k)| < C/|k[>. Hence

1 ~ ~
ol ()] < C dk) ———|f1L(t, k)||h (&
[w” (§)] < til}epj - Lki+£2|fl(’ Ol (' kL),

where the supremum is taken in an interval I chosen in accordance to the supports of both f|
and f'. Since, f| and f| are two Schwartz functions it holds that

o k 1
w < (¢, dk————3
‘w(f)’ — t?tl’lé)jc ( ) )/0 kg + 52 1 + k2

for some positive set of constants C’(¢,t') bounded in I?. The k—integral can be computed and
it yields a function of & which is logarithmically divergent near 0, and hence, also requirement
(iv) of Proposition BI5 is met.

For completeness we check the applicability of the image method directly on the two-point
function. We obtain

wg(x,x') = (@T (I® N)) (z,2') =

i 1 sinh 257 1 sinh 277
L\ 2mBry cosh 2”% — cos %(10 — 20 +i€) 2757, cosh QWTf” — cos %(QO — 20 +ie) )’
(40)

where 72 = (2! — 2/M)? + (22 — 2?)? + (2 — 2/ + 2nd)? while 72 = (z! — 2" + (22 — 2?)? +
(—z — 2’ + 2nd)?. Notice that, for every ¢ > 0 and for every z,y in Z we have the the sum is
absolutely convergent. As a matter of facts, for large n, both r, and 7, grow like 2nd hence,

the asymptotic behavior of the n—th element of series is governed by

1 1 1 r—r, 1 F2-rl
2mBr,  2mfT, 2B TuTn  27BTaTn(rn +Th)
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and the right hand side of the previous expression is majored by C/n? hence it can be summed.

We conclude this section with a proposition which ensures that the image method preserves

the thermal properties of states.
Proposition 3.18. The quasi-free state w’ : AS,(Z) — C, whose two-point function wl is
obtained applying the image method to the two-point function @i of the KMS state &7 as in

@Q) is a KMS state. The limit of wT as T — 0 is a vacuum state.

Proof. In order to prove the proposition, we want now to show that WwI'(f, 1) = O (f,Nf")
for f, f' € C§°(Z), enjoys the KMS condition in AS,,(Z). To this end we recall that the KMS
condition can alternatively be written as

@y (tip(f), f1) — @3 (f, ') = —iE(f, ')

where E is the causal propagator of the theory. Hence, let us analyze it for w

wg(tlﬁ(f)7f,) _wg(fa f,) = ag(tlﬁ(f%Nf,) - &g(.ﬁNf,) = _ZE(f7Nf,) = _iEZ(f7 f/)a

T

where Ey is constructed in Definition B.4] Since in the limit 3 — 0 we recover w$ we might safely

say that w? is the ground state of the Casimir system. O

Notice that the very same conclusion could have been drawn using instead a more general
argument following the analysis of [SV00]. It is noteworthy that the analysis of this section
could have been performed for the Hadamard states of a massive real scalar field on the whole
Minkowski spacetime. Yet, in such case, on account of the fall-off properties at infinity of the
Poincaré vacuum, we would have obtained far better convergence results of the image method.

3.3 Wick ordering in a Casimir system

To conclude the section, as for a Casimir-Polder system we want to make contact with the
standard results in the literature concerning the expectation value of the regularized two-point
function and stress-energy tensor (see [SE02]). To this avail we need first of all to define the
extended algebra of Wick polynomials. The procedure is identical to the one discussed in Section
and, thus, we will not repeat it here. Recall that the main outcome was the possibility to
introduce an algebra of extended observables on globally hyperbolic submanifolds O. Further-
more, thereon, AE(O) is *-isomorphic (actually it coincides) to Aff ©(0). For the same reasons
discussed in the Casimir-Polder case, however, the extended algebras AE(O) can be realized as
part of a global extended algebra AS,(Z) only after a deformation of the %z product into a
globally defined one. This can be built for example by replacing H with the two-point function
of a Hadamard state .

Despite of this difficulty, we can locally make sense to observables like the stress tensor or
the Wick square, and in particular, we have:
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Proposition 3.19. Let us consider a massless, conformally coupled real scalar field and let
w: AS,(Z) — C be the quasi-free state whose two-point function wy = (N @ 1) wa,y is built with

ext
the image method from the Poincaré vacuum. Then, for all ¢ € C§°(2),

3
(o) = [ S (1 - 7) ,

R4

and

0 . / 4 3) z 3) (z
P (Toim () = A“”1440d4 /d z((a [1+ (66 ~1)°2- (w (1-3) — v (a))} :
where {T),,} are the components of the stress-energy tensor 1)) and 1 (z) is the logarithmic
derivative of the gamma function. Furthermore A’ is the matriz diag(—1,1,1,3)

Proof. Recall that, according to Proposition 3.14] w is a Hadamard state as per Definition [3.12
In order to compute the Wick squared scalar field, we recall result of the image method and we
obtain

W (0% 0(C) =
Z / d'zd's’ (03(z — 2,z — 2/ 4 2nd) — &Y (z — 2/, —2 — 2 + 2nd)) ((z, 2)d(z — 2') =
";;§°R4xR4
4 1 B / 4 11 1
772 Z /d < 2nd)? (2z + 2nd)? ((z2)= [ d'w 96d*  32d% sin? xz ((z,2),
R4

n;ﬁO ) R

where we used the smoothness property of the sum of the integral kernels in the region of
interest, first to deduce that the result of the integrals is finite and then to exchange the sum
with the integrals. In the last equality we have computed the sum by using for the first term
the definition of the Riemann zeta function and in the second still [GROT, §1.445]. In order to
compute the expectation value of the smeared Wick ordered time-diagonal component of the
stress-energy tensor, we follow the same procedure as in the proof of Lemma 2.0, that is

w(:J/’,;:H(C)) = / d*z d4a:'Dfﬁ;m/) (wg(x,x/) — H(a:,a:')) C(2)o(z — a'),
R4 xR4

where fof,’x,) is the same as in (23]). Following the same procedure as for w(:q@: 1(C)) the sought
result descends. O
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