OPTIMAL DECAY OF EXTREMALS FOR THE
FRACTIONAL SOBOLEV INEQUALITY
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ABSTRACT. We obtain the sharp asymptotic behavior at infinity of extremal functions for
the fractional critical Sobolev embedding.
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1. INTRODUCTION AND MAIN RESULT

Let N > p > 1. In two seminal papers, T. Aubin [3] and G. Talenti [33] showed that the
minimizers of the Sobolev quotient

, IVl
(1.1) Sp = inf ( )pr,

ue D (RV)\{0} Np N
(/ |u| N=» dx)
RN

are given by the family of functions

(1.2) Ut(x)—Ctp_pNU<$_tx0), CeR\ {0}, t >0, 2o € RY,

where
Np

U(I) :CN,p (1 + |l"ﬁ)p77 CN,p — </ (1+ ‘x|pp1)_Ndx>p .
RN

For the limit case p = 1, the problem was investigated by H.Federer and W.H. Fleming
in [14] and by V. G. Mazya in [27].
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On one side, these results establish an enlightening connection between the theory of
Sobolev spaces and the theory of classical isoperimetric inequalities. On the other side,
they provide a very powerful tool for the study of second order partial differential equations
involving nonlinearities reaching the critical growth with respect to the Sobolev embedding.
In the case p = 2, these classification results were formally derived by G.Rosen in [30].

The variational problem (1.1) is related to the following equation involving the p—Laplace
operator Ayu = div(|VulP~2Vu),

N
(1.3) —Aju=[u~¥5 2u,  in RV

In fact, a nontrivial problem is that of proving that the only fized sign solutions of this
equation are precisely given by (1.2), for a suitable choice of the constant.

In the restricted class of radially symmetric fized sign solutions to (1.3), this was shown
by M. Guedda and L. Veron in [17]. Recently, in [34, Corollary 1.3] for the case 1 < p <
2N/(N + 2), in [10, Theorem 1.2] for the case 2 N/(N + 2) < p < 2 and in [32, Theorem
1.1] for the case 2 < p < N, it was proved that any positive weak solution to (1.3) is
radially symmetric and radially decreasing about some point, thus answering positively to
the classification of constant sign solutions to (1.3).

The result by Aubin and Talenti, as well as the previous results in the linear case p = 2,
strongly rely on the reduction of the problem to an ordinary differential equation which can
be explicitly solved. We recall that more recently, the Aubin-Talenti result has been reproved
in [8, Theorem 2] by means of very different techniques, based on Optimal Transport.

Let now s € (0,1), p > 1 and N > sp. The goal of this paper is to provide information
about the asymptotic behavior at infinity of optimizers of the problem

[ o,
R

. T — N+sp
(1.4) S, .= inf oN | Y| =

ueDP(RN)\{0} Np N
(/ |u| N=s7 dac)
]RN

which is related to the fractional Sobolev embedding, see for example [28, Theorem 1]. Here

sp(mNYy Np/(N—sp)mN\ . |u(x)—u(y)|p
D*P(R™) {ueL (R )'/Rzzv|x—y|N+5p drdy < oop.

In the limit case p = 1, the sharp constant above has been determined in [15, Theorem 4.1]
(see also [6, Theorem 4.10]). The relevant extremals are given by characteristic functions of
balls, exactly as in the local case.

Problem (1.4) for p > 1 is now related to the study of the nonlocal integro-differential
equation

N
(1.5) (—A) u = [u|¥=+7 2, in RV,

where, formally, the operator (—A)® is defined on smooth functions as

— p—2 —
e\ JRV\ B, (2) |z —y|NEsp
This operator appears in some recent works like [2] and [21]. See also [11,18-20,22] and the
references therein for some existence and regularity results.
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In the Hilbertian case p = 2, it is known by [9, Theorem 1.1] that the family of functions

2s—N

2 2
>> ) CGR\{O},t>O,$oERN,

|z — 0]

(1.6)  Uiz)=Ctz" <1+< ;

is the only set of minimizers for the best Sobolev constant Sy ;. More precisely, in [9, Theorem
1.1] it is proved that the family (1.6) provides all the minimizers of the following problem

s 2
Sos = inf H(iA) /QUHB(RN)

ueD*2(RN)\{0} 2N
</ |u| ¥=25 da:)
RN

where the L? norm of (—A)S/Zu is defined in terms of the Fourier transform. By using [12,
Proposition 3.6], one knows that

w(z) — uly)|?
/]R?N wdwdy = c||(~A)*/?

N—-2s5"
N

2
uHLZ(RN)’

for some ¢ = ¢(N,s) > 0. This implies that (1.6) are the only solutions of (1.4) as well.
It is also known by [7, Theorem 1] that, for a suitable positive constant C = C(N, s), (1.6)
are the only positive solutions of

(1.7) (—A)°u = |7VL]N2—]\£S_2 u in RV,

The result in [7] is based upon the full equivalence between the weak solutions to (1.7) and
the integral formulation

2N
u(y)| ¥ 2w 2NN
(18) uw) = [ Bt we 1R EY),
on the validity of some Kelvin transform and on moving plane arguments applied to (1.8),
in the spirit of [23].

Unfortunately, in the nonlocal and nonlinear case p # 2 there is no Kelvin transform and
no equivalent integral representation result. Furthermore, even restricting to the class of
radially symmetric functions, establishing a classification result for the optimizers of (1.4)
seems very hard. We conjecture that the optimizers are given by

sp—N —
(1.9) U(z) =Ct 5 U<x tx()), CeR\ {0}, t >0, 2o € RY,
where this time
Np

sp—N sp—N

1.10) U(z) := Cnps (14 |2[71) 7, Chs = 14 el )™ de _
Py Py
RN

Notice that (1.9) and (1.10) are consistent with the cases p =2 or s = 1, in the last case we
are back to the family of Aubin-Talenti functions (1.2) for the p—Laplacian operator.

In the main result of this paper, we prove that extremals for (1.4) have exactly the decay
rate at infinity dictated by formula (1.10). Namely, we have the following.
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Theorem 1.1. Let U € D*P(RYN) be any minimizer for (1.4). Then U € L®(RY) is a
constant sign, radially symmetric and monotone function with

N—sp
(1.11) lim |z| 71 U(z) = Us,

|z|—o0
for some constant Uy, € R\ {0}.

Remark 1.2. As it will be apparent from the proof of Theorem 1.1, the same conclusion
(1.11) can be drawn for any constant sign, radially symmetric and monotone solution of
the critical equation (1.5). In the local case this property is a plain consequence of the
aforementioned classification result of [17].

The building blocks of Theorem 1.1 are a weak L? estimate for the minimizers (Proposition
3.3), a Radial Lemma for Lorentz spaces (Lemma 2.9) and the fact that the function

N—s
T(z):=|z|" 71, xeRY\{o},

is a weak solution of (—A,)*u = 0 in RV \ B,, for any r > 0 (Theorem A.4). Then the
crucial point will be constructing suitable barrier functions to be combined with a version of
the comparison principle for (—A,)® recently obtained in [19]. Observe that for s = 1, the
function I' above is nothing but the fundamental solution of the p—Laplacian.

We wish to stress that Theorem 1.1 also provides a very useful tool for the investigation of
existence of weak solutions for the nonlocal Brezis-Nirenberg problem in a smooth bounded
domain Q c RV, i.e.

N
(—Ap)Su=A|ulP2u+ |u|ﬁ_2u in Q,
u=0 in RV \ Q,

where A > 0. This problem has been studied in [31] for p = 2. For a general exponent
1 < p < N/s, by means of (1.11), one can estimate truncations of U; via a suitable cut-
off function in terms of the sharp constant S, without knowing the explicit form of the
optimizers. Such a procedure is new even for the local case. These estimates allow to apply
mountain pass or linking arguments by forcing the min-max levels to fall inside a compactness
range for the energy functionals, see [29] for more details.

Plan of the paper. In Section 2 we set all the notations, definitions and basic facts that
will be needed throughout the paper. Then in Section 3 we prove existence of solutions for
(1.4), together with some basic integrability properties. We also prove that extremals have
to be comparable to

N—s
x|z P*lp, z e RV {0},
at infinity (Corollary 3.7). Then the exact behavior (1.11) is proved in Section 4. The paper

ends with Appendix A, containing a rigourous computation of the fractional p—Laplacian of
a power function.

Acknowledgements. We warmly thank Yannick Sire for some informal discussions on the
subject of this paper. We owe Remark 1.2 to the kind courtesy of an anonymous referee,
we wish to thank him. This research has been partially supported by Gruppo Nazionale per
I’Analisi Matematica, la Probabilita e le loro Applicazioni (INAAM) and by Agence Nationale
de la Recherche, through the project ANR-12-BS01-0014-01 GEOMETRYA. Part of this paper
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was written during a visit of S.M. and M. S. in Marseille in March 2015. The I2M and
FRUMAM institutions are gratefully acknowledged.

2. PRELIMINARY RESULTS

2.1. Notation. In the following we will fix s € (0,1), p > 1 and N as the dimension, letting
for brevity

Np
N —sp’
We denote by wy the measure of the N —dimensional ball having unit radius. Moreover, SN 1
will denote {z € RY : |z| = 1}. For E C R" measurable we denote by |E| its N—dimensional
Lebesgue measure, by £¢ = RV \ E its complement and by g its characteristic function. If
u: E — R is measurable we set

*

p:

|u(z) —u(y)”
i) ::/E o g @AW [y = [Wwer),
X

1/q
lll oy = ([E |u|Qda:) .

Finally, for ¢ € R we will use the notation
Jp(t) = [t|P~2¢.

and for any ¢ > 0

2.2. Elementary inequalities. We list here some useful inequalities on the function J,.
First, consider the case p > 2. We recall that

(2.1) [Jp(@) = Jp(0) < (p— 1) (|alP 2 + o) [a = b, a,beR, p>2

as a consequence of the mean value Theorem. In [19, eq. (2.7)] it is also proved the following
inequality

(2.2) Jp(a) — Jy(a+b) < =22 Ppp—t, a€R, b>0, p>2.
Let us consider the case p € (1,2]. We recall the well-known monotonicity inequality
ja — b

(2.3) (Jp(a) = Jp(b)) (a —b) > ¢ , a,be R\ {0}, pe(1,2].

(a2 +12) 3"
Next we prove the following inequality

b

(2.4) Jy(a)—Jy(a—b) > max {J,,(A) — J(A—b), <2>“} . ac[0,A,b>0,pe (1,2].

We distinguish two cases. First suppose that a > b/2. The function ¢t — Jp(t) — J,(t — b) is
readily seen to be decreasing on [b/2, +o0], so that

Jy(@) = Jyla—b) = J,(A) — J,(A )
in this case. On the other hand, if a < b/2, being J, odd and increasing we have

@) = a0 2 3o - a) = 5, (5).

and thus (2.4) is proved.



6 L. BRASCO, S. MOSCONI, AND M. SQUASSINA

2.3. Functional framework. We consider the space
D7) = {u e " (@) su=0in 0, [u],, < +oo},  DRY):= DFPRY),

which is a Banach space with respect to the norm [-]s,. Our first aim is to prove, under
suitable regularity assumptions on 9, that C2°(Q) is dense in Dy () with respect to the
norm [ - |5 ,. While this density result is well-known for Dj”(2)NLP(€2) (see for example [13]),
we will need to remove the LP assumption in the following. Finally we will prove a comparison
principle in a rather general space.

Theorem 2.1. Let Q C RY be an open set such that 9 is compact and locally the graph of
a continuous function. Then Dy*() is the completion of C°(§2) with respect to the norm
[Jsp-

Proof. Let u € D§*(€2). Reasoning on uy and u_ separately (which still belong to Dy?(£2)),
we can suppose that u is nonnegative. Consider, for ¢ > 0, the function u. = (u—¢);. Using
the 1—Lipschitzianity of ¢t — (¢ — )4 it is readily checked that

ue(e) — )P < Ju(@) —u(@P,  fue(a) — wel@)P = Ju(z) — u(), ac. in BV,
Therefore u. € Dy”(2) and by dominated convergence [uc]sp, — [u]sp. This in turn implies

that ue — u in Dy? () by uniform convexity of the norm. Now Chebyshev’s inequality
ensures that supp(u.) has finite measure, thus by Holder’s inequality we get u. € LP(R™N).
This yields

ue € DFP(Q) N LP(RY),
and [13, Theorem 6] ensures that u. can be approximated, in the norm [- s, by functions
which belong to C2°(2). O

We recall the following nonlocal Hardy inequality proved in [15, Theorem 2].

Proposition 2.2 (Hardy’s inequality). Let N > sp. Then there exists C = C(N,p,s) > 0
such that

|u|p s N
(2.5) dx < C[ul? for every u € D¥P(R™).
R

N |:L.|sp — $,p?

We then define a suitable space where a comparison principle holds true. For any Q ¢ RV
open set, we define

DSP(Q) = {u e LV YRN) N LP°(Q) :3E S Q with E° compact, dist(E°, Q) > 0

loc
and [ulpsp(g) < +oo}.

We wish to point out that the definition above is given having in mind the case of €2 being
an exterior domain, i.e. the complement of a compact set. Essentially, we consider functions
u which are regular in a slight enlargement of 2 and possibly rough far from (2.

The following expedient result will be used in the sequel.

Lemma 2.3 (Nash-type interpolation inequality). Let 1 < p < oo and 0 < s < 1. For every
u € LP~Y(BR) such that [ulysp(p,) < +00 we have

s C
(2.6) lallp gy < C R [l iy + — i1

Ri-T
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for some C = C(N,s,p) > 0.

Proof. We observe that it is enough to prove (2.6) for R = 1, then the general case can be
obtained with a simple scaling argument.

At first, we prove (2.6) for functions in W*P(By). We can use a standard compactness
argument: assume by contradiction that (2.6) is false on W*P(B;), then there exists a
sequence {up tneny C W*P(By) such that

1
(2.7) HunHip(Bl) =1 and [Un]wsp(BR + HunHLp 1(By) S

In particular, the sequence is bounded in W*P(By). Thus by compactness of the embedding
W#P(By) — LP(By) (see for example [12, Theorem 7.1]) we get that (up to a subsequence) it
converges strongly in LP(By) to u € W*P(By). From (2.7) we now easily get a contradiction.
This shows that (2.6) is true for functions in W*P(By).

We now take u € LP~1(B;) with finite Gagliardo seminorm. Observe that

(2.8) |u(@)] = lu@)]] < lulz) = uly)],
so that

U“HWs,p(Bl) < [U]WS’P(Bl)'

Thus we can assume u to be positive without loss of generality. We define the increasing
sequence u, = min{u,n} € W*P(B;). From the first part of the proof and 1—Lipschitzianity
of the function ¢ — min{¢,n} we have

||un‘|}£p(]3 ) <C [Un]gys,p(gl) +C ||“n||ip71(31)
<Clu ]Wsp( B1) +C Huanpﬂ(Bl)-
Passing to the limit and using the Monotone Convergence we get the desired conclusion. [J

Lemma 2.4. Let 1 <p < oo and 0 < s < 1. For every u € L' (RN), every E C RN open

set and every ball B C E, we have

(2.9) @y < e + C )
| p (Lt e Veer @0 = 5 werm) T 1L Ba):

for some C = C(N,p, s, R) > 0, blowing-up as R\, 0.

loc

Proof. We assume that the right-hand side on (2.9) is finite, otherwise there is nothing to

prove. For simplicity, we can suppose that Bp is centered at the origin. From (2.6), we infer
up C

(210) /;RM‘D]V'FSPd CRSP[ ]WSP(BR)+RT‘|U||LP71(BR)‘

p—1

On the smaller ball B/, (still centered at the origin), we have

W)
dydz < s < 400.
/L;\BR LR/Q ‘x_y’NJrsp [ ]W P(E)

Since

3
|3§‘7y‘§§|$‘, :CEE\BRayEBR/%
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we get

u(y)|? N / |ul?
dydr > cR dx
/E\BR /BR/2 |z — ‘NHP E\Bg ’x‘NHp

1
—c —————dx / ul? dy.
(/E\BR || NFsp ) Bayn |ul

In conclusion, the previous estimate proves

|ulP C c /
— —dx < — [u]?. + = ul? dx.
/E\BR G+ Jalyvren = 7 Mo g [, M

Using (2.6) to estimate the LP norm in the right-hand side gives

p

Jul? C C / B
2.11 / ————dz < — ups’ + ul? dy s
( ) B\Br (1_|_ |:E|)N+sp RN [ ]W P(E) RNF+sp BR/2‘ |

possibly for a different constant C' = C(N, s,p) > 0. By summing up (2.10) and (2.11) we
get the conclusion. O

The next proposition shows that in the space D*? (), the operator (—Ap)* is well defined.

Proposition 2.5. For any u € IN)‘W(Q), the operator

DIP(Q) 5 ¢ (=) u, ) = /RNXRN Jp(u(z) —xugy;)’](vig) —¢W) 4 ay

is well defined and belongs to the dual space (DJP(€2))*.

Proof. We proceed as in [19, Lemma 2.3]. Let E D Q be such that E€ is compact, dist(E¢, Q) >
0 and [u]ys»(g) < +oo. Since p = 0 in Q°, we split the integral as

Jp(u(z) —u(y)) (v(z) — 0(y))
/RNX]RN ’w - y’N+8p e dy

[ el i) e |, [ Bl uele) g,
ExE QxE° ‘

|x_y|N+sp |m_y|N+sp

By Holder’s inequality the first term is finite and defines a continuous linear functional on
Dj*(€). Let us focus on the second one. By using that ¢ = 0 in E°, we need to show that

o [ ([ )

is a continuous linear functional on Dj*(€2). By means of Hardy’s inequality (2.5), we get
that convergence of {¢y, }nen in Dy (Q) € DSP(RY) implies strong convergence in LP(Q) of
{|z|7*¢n }tnen. Thus to prove the claim it suffices to show that

erolof [ A v € 10),

Being E¢ compact and dist(E¢, Q) > 6 > 0 it holds
(2.12) |z —y| > C(1+ |z|), for every x € Q, y € E°,
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for some C' = C(E,Q) > 0. Thus, for almost every x € (), we can estimate

|z]* Jp(u(z) — u(y)) o Ju(@)Pt 1 -
/C dy gC |E| N+/sp + (1+|x|)]\]+s(p,1) /Ev‘C |U| dy .

= =y 1+ al)
The first term belongs to LP' () due to (2.9). For the second one this follows from a direct
computation. This proves the claim and the proposition. O

Definition 2.6. Let u € D¥P(Q) and A € (DJP(Q))*. We say that (—A,)%u < A weakly in
Q if for all o € DJP(2), ¢ > 0in Q,

Jp(u(z) — u(y)) (p(z) — ¢(y))
/1R2N |z — y|N+sp drdy < (A, ¢).

Theorem 2.7 (Comparison principle in general domains). Let Q C RY be an open set. Let
u,v € D*P(Q) satisfy

u<wv inQ° and (—Ap)’u < (=Ap)*v in Q.
Then u < v in .
Proof. Tt suffices to proceed as in [26, Lemma 9], we only need to prove that w := (u—wv)4 is
an admissible test function, i.e. it belongs to Dy (£2). Clearly w = 01in Q¢ and w € LP" (RY).

To estimate the Gagliardo seminorm, let E D Q be such that E° is compact, dist(E¢, Q) > 0
and

[u(x) —u(y)? / [v(z) —v(y)|P
2.13 / — = dxdy + = dxdy < +oo.
(2:13) pxp |z —y|Ntep pxg |T—y/Ntsp
Then
w(x) —w(y)|P w(x) — w(y)|P w(x)|P
/ Jo(@) — w(y)l” NEZ}' dxdy:/ Jw(w) = wly)|” Nii’i' dxdy+2/ _lw@)P (])V'+Sp dx dy,
R2N |95 - l/| EXE \95 - Z/’ Qx E° \90 - Z/\

and the first integral is finite due to

jw(z) —wy)l’ < C(ju(@) —uly)l” + [v(z) —v(y)),
and (2.13). For the second one we use (2.12), and since |w(z)[P < C(|u(z)[P + [v(x)|P) we get

/ @l dxdy<C\EC]/)| dx +C|EC\/)’p da
axpge [z —y[Nter 1 [a])N+sp 1 [a])N+sp
The last two terms are finite, due the definition of D%P(£2) and (2.9). O

Finally, for the reader’s convenience we recall the following result from [19]. The proof is
identical to the one of [19, Lemma 2.8] and we omit it.

Proposition 2.8 (Non-local behavior of (—A,)®). Let N > sp and let Q@ C RY be an open
set such that OS2 is compact and locally the graph of continuous functions. Suppose that
u € D*P () weakly solves (—Ap)su = f for some f € L () N (Dy*(Q))*, in the sense that

(2.14) (—Ap)°u, @) / fpdx, for every ¢ € DyP ().
Let v be a measurable function with compact support K := supp(v) such that

dist(K, ) > 0, lv|P~! da < 400,
Qc
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and define for a.e. Lebesgue point x €  of u

h(z) =2 /K o ((u(@) — u(y)) = v(y)) = Jp(u(@) — uly))

|z —y|Nep

dy.

Then u +v € D¥P(Q) and (—Ap)*(u~+v) = f+ h weakly.
2.4. Radial functions. For every measurable function u : RN — R we define its distribu-

tion function
’{x : t>0.

Let 0 < g < oo and 0 < 6 < o0, the Lorentz space Lq’ 9(RN) is defined by

LYY(RN) = {u : / 01 ,uu(t)g dt < —|—OO}.
0
In the limit case 6 = oo, this is defined by

L& (RN) = {u : suptuu(t)% < —i—oo} ,
t>0

and we recall that this coincides with the weak L7 space (see for example [24, page 106]).

Lemma 2.9 (Radial Lemma for Lorentz spaces). Let 0 < 6 < oo and 0 < ¢ < oo. Let
u € Lq’G(RN) be a non-negative and radially symmetric decreasing function. Then

. oo 0—1 0 % N )
0 <u(z) < (Owy’ / "y (t)adt | x|, if 0 < o0,
0

_N
Yl % o=

Proof. For simplicity, we simply write p in place of u,, and suppose that u = u(r) coincides
with its right-continuous representative. We start with the case 8 < oco. First of all, we
prove that

1

0 <u(x) < <qu sup t fiy (1)
t>0

Q=

oo 0 N — 0
(2.15) / =1 (t)a dt = - / " da,
0 N@wf\‘/ RV ||
where the exponent a < N is given by the relation’
6 N-«
¢ N

With a simple change of variable

(2.16) /0 telu(t)zdt:;/o (519 ds.

Then we observe that

/ X{t: u(z) >t}
/ / dm_/ / X{t:u(z)>11/0} (S )dwds,
RN |$’a RN || RN ||

X{t:u(z)>t1/0} (3) = X{y: u(y)>51/0}(x)'

and

LObserve that if 6 > q, then a < 0.
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By assumption we have
1
1/0y\ N
(s
{y :uly)>s""} =y |yl < <( )) =: Bp(s),

wWN

since the function w is radially decreasing. Thus we arrive at

(% 00 1
/ uadaz:/ / —adx ds
RN |z] 0 Brs) ||
N—«a

oo rR(s) N 00 1/60
oy [T [ g = e [THE,
0 0 0

N—Oé N
Wy

a/N
N
— Nw—Na /0 M(sl/e)gds.

Using (2.16) we finally obtain
00 0 N — 0
/ =1 p(t)e dt = 0/‘N / e
0 NoOwy RN |2]
which proves (2.15).

As for the decay estimate, thanks to (2.15) we have

u9 400 0 N_1
+oo>/ da::NwN/ u(p)” 0" T %dp
R 0

N |zl

0 RNfa
N-—a’
where « is as above. Recalling that (N — «)/0 = N/q, we get the desired conclusion.

R
> Nuwy / u(0)? N1 dp > N wy u(R)
0

For the case 8 = oo, it is sufficient to observe that

1 1 N
supt pu(t)es = wy, sup |z| v u(x).
t>0 zeRN

Then the decay estimate easily follows. O

3. PROPERTIES OF EXTREMALS

3.1. Basic properties. We first observe that by homogeneity we can equivalently write
_ P
(3.1) Sps = _inf / M dx dy : / Ju| NP/ IN=5P) gz = 1}
" wepsr@®N) [ Jpev [x —y|VFeP RN
Then we start with the following result.
Proposition 3.1. Let 1 <p < oo and s € (0,1) be such that sp < N. Then:
e problem (3.1) admits a solution;

o for every U € D*P(RYN) solving (3.1), there exist xg € RY and u: RT — R constant
sign monotone function such that U(zx) = u(|x — zo]);



12 L. BRASCO, S. MOSCONI, AND M. SQUASSINA

e cvery minimizer U € D*P(RN) weakly solves

(=AU =S, 5 |UP 21, in RV,
that is
Jp(U(z) = U(y)) (¢(z) — ¢(y)) o
2 P - p*—2
(32) /RQN |z — y|Ntsp drdy = Sp.s /]RN U| Uypdz,

for every ¢ € DSP(RV).

Proof. The existence of a solution for (3.1) follows from the Concentration-Compactness
Principle, see [25, Section 1.4, Example iii)].

It is not difficult to show that every solution of (3.1) must have costant sign. Indeed, for
every admissible u € D*P(R™), still by (2.8) the function |u| is still admissible and does not
increase the value of the functional. More important, the inequality sign in (2.8) is strict if
u(z) u(y) <0, i.e. if u changes sign.

Radial symmetry of the solutions comes from the Pdlya-Szegd principle for Gagliardo
seminorms (see [1]), i.e. for every non-negative function u € DSP(RY) we have
(3-3) W12, < [ulf,-
Here u# denotes the radially symmetric decreasing rearrangement of w. It is crucial to
observe that inequality (3.3) is strict, unless u is (up to a translation) a radially symmetric
decreasing function, see [15, Theorem A.1].

Finally, if U solves (3.1), then it minimizes as well the functional

p

s [ulh = Sps </ ulP” dx>p .
J. RN

Equation (3.2) is exactly the Euler-Lagrange equation associated with this functional, once
it is observed that U has unitary LP" norm. g

Proposition 3.2 (Global boundedness). Let U € D*P(RY) be a non-negative solution of
(3.1). Then we have U € L>®(RN) N CO(RY).

Proof. Thanks to the properties of the minimizers contained in Proposition 3.1, it is enough
to prove that U € L° (RY), since continuity then follows from [5, Theorem 3.13] (see also [19,

Theorem 5.4] for a direct proof). With this aim, we just need to show that U € L@ =D (RN)
for some ¢ > N/(sp). This would imply that

. N
ur ! eLq(RN), for some ¢ > —,
sp

and thus U € L (RV) would automatically follow by [5, Theorem 3.8].

loc
Let M > 0 and o > 1, we set for simplicity Uy, = min{U, M} and g, as(t) =t min{t, M }*~1.
Then we insert in (3.2) the test function ¢ = g, (U) € D*P(RY). This yields
/ Ip(U(z) = U(y)) (9a,m(U(x)) = ga,ur (U(y)))
R2N

|z — y|NFsp

drdy = Sps / UP P U UP da.
RN
We now observe that if we set

t
G (t) = / gl na(7)? dr,
0
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by using [5, Lemma A.2] from the previous identity with simple manipulations we get

/ ‘Ga,M(U@:)) B Ga,M(U(y))‘p
R2N |z — y|Ntsp

dx dy

*
P —p p
p*

p* p*
< (mgt [ raen ([ vrae) ([ (ol o) a) |
RY {U>Ko} RN

for some Ky > 0 that will be chosen in a while. If we estimate from below the left-hand side
by Sobolev inequality and use that U has unitary norm, we get?

L
*

p p* P
p D (a—1)\ » a—1
(p +a— 1> </RN (U Var ) dm) = Ho

(3.4) . N

p* T (a—l) ¥4 % P
+ U da (i o) ax )
{(U>Ko} RN

We now choose the parameters: we first take o > 1 such that

. P . ; p—1
p+(a—1);=q(p —-1), e azpq(p*)—(p_l)’

where ¢ > N/(sp), then we choose Ky = Ko(a,U) > 0 such that

p*—p

p* p
/ UP de <1 <p) .
{(U>Ko} 2 \pta-1

With this choice we can absorb the last term on the right-hand side of (3.4) and thus obtain

r_
¥

p p*
p p* (a=1) T ! a—1
(2 Y (o5 w) <ams

If we now take the limit as M goes to 400, we finally get that U € L¢ (p*_l)(RN) for some
q > N/(sp), together with the estimate

2
o< (e (25 7))
q p

and thus the conclusion. O

Proposition 3.3 (Borderline Lorentz estimate). Let U € D*P(RY) be a non-negative solu-
tion of (3.1). Then

—1)N
(3.5) U e LIRY), for every q > qo := (ZJOV—ip
2Here we use that
Gon(t) > —L ¢t min{t, M}F .

pt+a—1
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Moreover, we have U € L9 (RN) with the estimate
*—1

1 P _—2
(3.6) sup {U > t}o < U275

Proof. We divide the proof in two parts: we first prove (3.5). Then we will use (3.5) to prove
(3.6).

Part I: intermediate estimate. Given 0 < a < 1 and € > 0, we take the Lipschitz increasing
function 1. : [0, +00) — [0, +00) defined as

a—1 a—1l-p

t o —
1/15(75):/0 [(€+T)P+ p17(5+7') » dr.

We observe that

(3.7) 0 < u(t) < /Ot(s r i) ldr = é [(e+ ) — e <

)

23

w

where in the second inequality we used that 0 < a < 1. We insert in (3.2) the test function

o =1.(U) € D*P(RY). This gives
/ HU@ =UW) (U@) =veWW®) o0 / S
R2N D,s . e .

|z — y|NFsp

By defining
a—1

U.(1) ::/0 YLr)rdr =t(e+1)F,

if we proceed as in the previous proof and use (3.7), we get

P

* p* 1 *
([ vy an)” < Dot i > so)

*
P —p p
*

" </{U§K0} v dw) p* (f{USKo} (wa(U) Upl)p; dw) p ,

for Ko > 0. Observe that we also used the previous Proposition to assure that U € L>®(RY).
From (3.7) we get

—_

1 1
0PI S ~[e+0)7 =TS —(e+ )" = —W()”

Q

Thus we arrive at

* 1 *
( [ vy dx) < Ljopretiw s wo)l
RN (03

S

p*—p

p* E3
41 / U?" dw ( / v (U dx) o
@ {ULKo} RN

The level Ky = Ky(a,U) > 0 is now chosen so that

p*—p

( / ur’ dx) <
{U<Ko}

Q
9 )



EXTREMALS FOR THE FRACTIONAL SOBOLEV INEQUALITY 15

which yields

P
E3

([ ey a)f <2

for every 0 < a < 1. By taking the limit as € goes to 0, we get the desired integrability (3.5).

LU > Kobl,

Part II: borderline Lorentz estimate. We now prove (3.6). For any t > 0 we let g:(s) =
min{¢, s}, and define

s 1
Gils) = [ gi(r)vdr = auls).
0
We test (3.2) with ¢¢(U) and, thanks to [5, Lemma A.2] and Sobolev inequality we get

Spslla @ < )k, < [ PO @D~ 0l

<Sps [ U lg(U)da.
RN

We have U € LP"~}(RY), by choosing ¢ = p* — 1 in (3.5). Thus we conclude that

*—1

1
1 . P 1 =
> ol < @l < ([ 07 a@)ae)” <6 0,7
This finally yields (3.6), after some elementary manipulations. ([l

3.2. Decay estimates. As an intermediate step towards the proof of the asymptotic result
(1.11), in this subsection we will prove that any (positive) solution of (3.1) verifies

1
C
for some C' = C(N,p,s,U) > 1, see Corollary 3.7 below.

_N-sp _N-sp
|z| " 71 <U(z) < Clz| »1, |z| > 1,

In what follows, we will set for simplicity
_N-sp N
[(x) = |z| 71, x € R™\ {0},
and
~ _N-sp N
(3.8) ['(z) = min{1, T(z)} = min{l, s } . zeRY.
The following expedient result will be useful.

Lemma 3.4. With the notation above, we have
1
c
in weak sense, for some C = C(N,p, s, R) > 1. The constant blows-up as R goes to 1.

(3.9) 2| N5 < (AT (2) < Cla| ™, for|a| > R>1,

Proof. From Theorem A.4, we know that I' belongs to D*? (B%) and is a weak solution of

(—Ap)*u = 0 in BY, for any R > 1. We then observe that the truncated function T can be
written as

D(z) =T(z) — (P(z) - 1),.
Thus we apply Proposition 2.8, with the choices

Q = B%, u="I, f=0, v=—(T—-1)4,
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This yields for |x| > R

P - |z — y|[N+sp Y
(3.10) B Y
_ / J(Lw) = T@) ~ (1= T(a)
By |z — y[NFsp .
We first prove the upper bound in (3.9). To this aim, by the monotonicity of I" we get
(Cly) = T(@)P = (1 =T(@)P ' < (T(y) —T(@)P  <T(y)P~', 2| >R, [yl < 1.
Moreover
lz—y| > ——— |z], for all |z| > R and |y| < 1.

By spending these informations in (3.10), we obtain

~ R \Vtr 29 C
_ s < - = p—1 - -
(FA,)T (@) < <R - 1> || N+sp /B Py dy || N+sp’

as desired. Observe that we also used that I' € LfO_Cl(RN ).

In order to prove the lower bound, we need to distinguish between the case 1 < p < 2 and
the case p > 2. If p > 2, then J,(t) = |t|P"2 ¢ is a convex superadditive function on [0, 00).
Thus we get

Sp(T(y) —T(2)) = Jp(1 =T(2)) = Jp(T(y) = 1),  [z[>R>1>[y|.
As for the kernel, we have
(3.11) [z —yl <2zl if x| > [y,
thus in conclusion from (3.10) we get

217Nfsp -1 C
> o J, 0 =0 =

Using again that I" € Lfo_cl(RN) and that I' > 1 in B; gives the lower bound in (3.9), in the
case p > 2.
In the case 1 < p < 2, we need to use (2.3), which gives
Ty) - 1)
Jp(L(y) —I(z)) = Jp(1 -T(z)) = C P

((P@) ~T@)? + (1 -T@)?) *

c (-1 o1
= 5F [Ty) - Ty ~ W (1 r<y>> |

By using this and (3.11) in (3.10), we get the desired lower bound for 1 < p < 2 as well. [

(=4p)°T'(z)

In order to prove a lower bound for positive radially decreasing solutions of (3.1), we need
to focus on the auxiliary problem

_ 4 p .
(3.12) I(®)= it u )
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Proposition 3.5. Let 1 < p < oo and s € (0,1) be such that sp < N. For any R > 0,
problem (3.12) has a unique solution ur > 0. Moreover, ug is radial, non-increasing and
ur € D3P(RYN) solves in weak sense

(=Ap)*up = 0 in Bg",
up = 1 in Bp.

Proof. The existence of a solution follows easily by using the Direct Methods. Indeed, if
{tn}nen C D¥P(RY) is a minimizing sequence, then a uniform bound on their Gagliardo
seminorms entails a uniform bound on the LP" norms, by Sobolev inequality. Thus we have
weak convergence (up to a subsequence) in L?* (RY) to a function u € DSP(RY). Moreover,
the constraint u, > xpj is stable with respect to weak convergence and thus it passes to the
limit. Consequently, « is a minimizer. The uniqueness follows from strict convexity of the
functional.

All the other required properties of ugr follow as in the proof of Proposition 3.1, we just
show that up saturates the constraint ug > xp,. For simplicity, we set £(u) = [u]% . Then
from [16, Remark 3.3] we have

(3.13) E(max{u, t}) + E(min{u, t}) < E(u), for every u € DSP(RY), t € R.
In particular, min{ug,1} is admissible and is still a minimizer. Thus by uniqueness it
coincides with ug. O

Thanks to Lemma 3.4, we can prove a decay estimate for the solution of (3.12).

Proposition 3.6. The solution uy of problem (3.12) with R =1 satisfies

_N-sp
|z

C
for some constant C = C(N,p,s) > 1.

_1 _N=sp
<wp(x) < prt x| T, for|z| > 1,

Proof. Observe that u; is continuous due to [19, Theorem 1.1]. We prove the two estimates
separately.

Upper bound. We first observe that by using the scaling properties of the Gagliardo seminorm,
we have

(3.14) Z(R) = RN=5PZ(1).

For every R > 1, we set u1(R) =t € (0,1). As in the previous proof, we set £(u) = [u]} .
The function min{uy, t}/t is admissible for problem (3.12) with Bg, then the minimality of
upR gives

5<mm?“”)>gwm:zmyzmwwzm,

thanks to (3.14). Similarly, we get

< <max{u1 —t, 0}

- >2EWQ:IQ)

then using the p—homogeneity of the energy and summing the previous two inequalities

E(min{us, t}) + &(max{uy, t}) > (# RN 757 + (1 — t)P) Z(1).
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Using the submodularity of Gagliardo seminorms (3.13) in the left-hand side and simplifying
we get
tP RN7SP <1 — (1 —t)P.
By recalling the definition of ¢, we obtain
(3.15) ur(R)? RN7°P <1 — (1 —u1(R))?
and since 1 — (1 —u1(R))P < pui(R) we get

N—sp

ui(R) < pp%l R 71,

Lower bound. By using Proposition 2.8 with
Q=83 u=uy, f=0, v=—(u —u1(2))4,
the truncated function
w=min{uy, u1(2)} = u; — (u1 —u1(2))4,

satisfies weakly in B3 ®

(- ule) =2 [

Jp(ur(x) —u1(2)) — Jp(ui(x) —ui(y)) dy

B |z — y|N+sp
> 2/31 Jp(ui(y) — Ulgj?)_) y—’]\i;:g?;l(z) —uy()) dy.

In the last passage we used that the integrand is nonnegative by the monotonicity of u;.
Recall that u; = 1 in By and by (3.15) we have u;(2) < 1 = uy(1). Then, it is readily
checked that
(ur (1) —ur (@))P = (ur(2) —w (@)P 7! > ¢, for |z] > 3,
for some constant ¢ = ¢(p,ui(1) — u1(2)) > 0. Since also |z — y| < 2|z| for all z € BS and
y € By, the previous discussion yields
2c ‘Bl‘ C1

(3.16) (—Ap)°u(x) > (2 [z)NFsp = || N+sp” for || > 3.

On the other hand, from Lemma 3.4, for every € > 0 we have

(3.17) (A (e T(x)) < chiispep—l, for |z| > 3,

where T is given in (3.8). Now choose & > 0 as follows

1
N—s —1
5:min{u1(3)3 —1p, (q)@ },
C2

so that by (3.16) and (3.17) it holds
{ (=Ap)*(eT)

—Ap)*u  in B3",
u in Bs.
Therefore by Theorem 2.7 and the definitions of I and u we have

N—s
ez T < u(z) = ui(x), for |z| > 3.
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In B3\ B the estimate is simpler to obtain, indeed

N—sp

w(3) z[ 7T < wi(3) < wi(z),
thus we get the conclusion. O
Finally, we can prove the aforementioned decay estimate for solutions of (3.1).

Corollary 3.7 (Sharp decay rate). Let U € D*P(RY) be a positive radially symmetric and
decreasing solution of (3.1). Then

' ’$|_% R, =1 Nesp
() g v < (o Wpm ) e el
where the constant C = C(N,p,s) > 1 is the same of Proposition 3.0.

Proof. The upper bound follows from the borderline L%->° estimate of (3.6), combined with
the Radial Lemma 2.9.

As for the lower bound, by the weak Harnack inequality for positive supersolution of
(—A,)?® (see [19, Theorem 5.2]), we have

1
p—1
\:=infU > C /Uplda; s
Bl Bg

Then the function Aw; is a lower barrier for U in Bf. Thus the lower bound follows from
Theorem 2.7 and Proposition 3.6. 0
4. PROOF OF THE MAIN RESULT

In this section we still denote by I the truncated function defined by (3.8), while U is a
positive radially symmetric and decreasing solution of (3.1). As in the previous section we
will systematically use the abuse of notation U(z) = U(r) and I'(z) = I'(r), for r = |z|.

Lemma 4.1. Suppose that
U(R) > AT(R) for some R > 2.
For any § > 0 there exists 0 = O(N,p,s,6,U) < 1 such that
U(r) > (A—68)T(r) for any 6 R <r < R.
Similarly, if B
U(R) < BT'(R) for some R > 2,

then
U(r) < (B+ 5)f(r) for any R <r < R/8.
Proof. Consider the first statement and let 6 < 1 to be determined. U is non increasing and

_N-sp
U(r)<Cr 71, r>1,
by Corollary 3.7. Then for any 6 R < r < R it holds

@) Ut _ gy (; - ~1> < S (RFE ) <o (1-0%79).

I(R)  T(r) (R)  I'(r)
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Therefore by hypothesis we get

V) s 4_c (1—9%?”), for r € [0 R, R),
I'(r)

which gives the first claim. The proof of the other statement is similar: for any R <r < R/6
it holds

o) U ey (L L) < O (R <o (0 ),
I'(r) TI(R) I'(r) TI(R) R7p-1
which gives
U0) - pic (9‘% —1), for r € [R, R/].
I'(r)
This completes the proof. O

We are ready for the proof of the main result.

Theorem 4.2. There exists Uy, > 0 such that
. N—sp
lim 771 U(r) = Ux.
r—+00
Proof. We can suppose that p # 2, since for p = 2 the function U has an explicit expression.
By virtue of Corollary 3.7 we readily have

U(r)

1
— < m := liminf (Z(r) < limsup = =M <C,
¢ rotoo I'(r)  r—too I'(r)

with C depending on U as well. Suppose by contradiction that M —m > 0, and fix 0 < gg <
(M —m)/4.

e Case p > 2. There exists Ry = Ro(ep) > 2 such that

g(r) >m —eg, forr > Ry,
I(r)
and we can choose an arbitrarily large R > Ry such that
B o gy M=—m
I'(R) 4
Consider § = (M —m)/4. By Lemma 4.1, there exists § < 1 so that for any such R it holds
M
(4.1) g(r) > i m’ for r € [0 R, R).
I(r) 2

Since R can be chosen arbitrarily large, we can suppose 0 > Ry as well. Consider, for any
0 < e < (M —m)/4, the lower barrier w(r) = g(r) I'(r) where g is the following step function

0 if r < Ry,
m — &g ifR0§T<9R,

5 if )R < r < VOR,
m+e ifVOR<T.
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It is easily seen that® w € ﬁ57p(FRC). Moreover, by using (4.1), it is readily verified that
w < U in Br. We claim that, for sufficiently small ¢y and ¢ and sufficiently large R, it holds
(—Ap)°w < (=Ap)°U, in BR*.

This would end the proof, since Theorem 2.7 would yield U > w in RY and then
N—sp Ul(r

m = liminfr »=1 U(r) = liminf ~( ) > liminf g(r) = m + ¢,
r—-+00 r——+00 F(T) r—+00

giving a contradiction. The function w — (m + ¢€) T is supported in B var € Br and thus
using Proposition 2.8 with

Q=Bp", u=(m+al,  [=(=8) (m+e)T), v=w-(m+oT,
and (3.9), for any |z| > R it holds
(=Ap)*w(x) = (m+ )"~ (=A,)*T(x)

To((m+2)T(@) —w(y) = Jp((m+e) (T(x) —T(y)))
(4.2 ! R dy
’ Bsr Yy
C h(z,y)
B
ERETI SR P ey
where B B B
h(z,y) = Jp((m +¢) (C(y) = T(x))) = Jp(w(y) — (m +€)T(2)).
We now decompose the last integral in (4.2) as follows
(4.3) / dy :/ dy +/ dy+/ dy,
B /5 Brg By r\Br, B 5r\Bor
and proceed to estimate each term separately.
Being Ry = Ry(eo) and h universally bounded, it holds
h(z,y) wy RY C(eo) N
4.4 / ———=—dy < ||h||fom2N < 16 P,
( ) Br, |x—y‘N+sp H HL (R2N) )|x| 7R0‘N+sp |x’N+sP ( )

where we used that (recall that we are assuming 6 R > Ry)
Ry
‘|ac| —R(]’ > (1= ) kl= -0kl forls >R

For the second integral in (4.3), we notice that for y € By g \ Br, and = € Bf we have

h(z,y) = Jp((m+¢) (C(y) = T(@))) = Jp((m +¢) (C(y) = T'(@)) — (¢ +0) I'(1)).
Observe that by (2.1), with simple manipulations we get

Pa,y) < e[ (m+ el 2+ (= + 20) ] (= + 20) T(),
for x € B}, y € Bgr \ Br, and ¢ = ¢(p) > 0. Therefore, since

w9l = |le| ~lyl| 2 fo] 0 R=(1-0)al.  fora € By y € Ban,

3As a set E occuring in the definition D*?(Bg ) one can take for example E = By g.
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recalling the definition of T we get

h(z,y) C (e +¢eo) 1
N+s Y < N+s N+s N-—s dy
Bor\Bg, |z — y|NTsp (1= )N Hsp |g|Ntsp Bor\Br, |y|N—sp

(e4+e9) (OR)"P
(1 _ 9)N+sp |$|N+SP’

(4.5)
<C

where C' = C(N,s,p, M +m) > 0. For the third integral in (4.3), for y € B ;5 \ Bor we
have

b(e9) = 5y ((m+ ) - F@)) = gy (4 2) F) - T+ (H 5 = 2) T

g@0m+@@9%4mw)—@Um+@@@%fww+<M;m)ﬂw)

~~
a a

since € < (M —m)/4. The inequality (2.2) thus gives

—m\P ! o
M)t

h(z,y) < —2%7P (

Therefore, using
|z —y| < 2|, for |z| > R, |y| < VOR,

we obtain

h(z,y) c(M —m)P~t _
/ T W S N+p/ [yl dy
B /5 r\Bor [z =yl || B 5 r\Bor

R°P
’x‘N—i—sp’

(4.6)
< —co? (1 - 9%) (M —m)P—!

for a constant ¢ = ¢(N, s,p) > 0. Gathering toghether the estimates (4.2), (4.4), (4.5) and
(4.6) we proved

<—Ap)5w(:v)§<c+ C(e) > 1

(T— o)) Jal Ve

— [o(l_eé”)(M_m)p—l_ C (e + o) ] R*P §°P

(1_9)N+sp |$|N+sp'

Thus we can choose € + ¢ small enough (depending only on N, p, s, M —m and the chosen
minimizer U), so that the second term above is negative. For any such a choice we have, for
any |z| > R,

(A w(z) < S0

= W, (=Ap)°U(z) = U(z)?

- 1
Z N
Clz|” "r 1

where in the last estimate we used Corollary 3.7. Since p > 2, for sufficiently large R it holds

—2
1 RP»1 _ C(g)
N+2E — N+sp = N+sp’

ClaeV 5~ Cll 2]

and thus the claim follows.
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e Case 1 < p < 2. There exists Ry = Ro(ep) > 2 such that

IZ(T) <M +¢gy, forr>Ry
I'(r)

and we can choose an arbitrarily large R > Ry such that

0m) Mo
I'(R) 4

As before, we consider § = (M —m)/4 in Lemma 4.1: there exists § < 1 so that for any such

R it holds

(4.7) (f]((:)) < M ;_ m’ for every r € [R, R/0).

Since U € L*®(RY), there exists C > 0 such that U < CT in RV, then for any 0 < ¢ <

(M — m)/4 we consider the upper barrier w(r) = g(r) I'(r), where

C if r < Ry,

M+ey if Ry <r <R,
9(r) = Mim if R <y < R/V,

M—¢ ifR/\/§<r.

Again, it is easy to verify that w € ﬁs’p(?RC). Using (4.7), we can verify that w > U in
Brje. We claim that, for sufficiently small €y and € and sufficiently large R, it holds

(~Ap)w > (AU, in By

This would end the proof, since the comparison principle of Theorem 2.7 would yield U < w
in RV and then

N-—s U
M =limsupr T U(r) = limsup ~(7") <limsupg(r) = M — ¢,

T—+00 r—-+00 F(T) T—+00

which gives again a contradiction. The function w— (M —¢) I is supported in B, /e € Bryo
and thus using again Proposition 2.8 with

Q:BR/QC> UZ(M—é‘)f, f:(_Ap)s((M_g)f)> v:w—(M—a)f,
and (3.9), for any |z| > R/6 it holds

(—Ap)*w(z) = (M —e)P ' (=4,)*T(x)

T (1 = &) F(@) ~ w(y) = J, (M ~ &) F@) - F(y))
(1) ! /Bm EEPLET W
1 _ hay)
= Ol +/BM ERFA
where

h(z,y) = Jp((M =) (L(y) = T(2))) = Jp(w(y) — (M —e) (x)).
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As above, we now decompose the last integral in (4.8) as

/ dy:/ dy+/ dy+/ dy,
Br,va Bgr, Br\Bg, Br,vg\Br

and proceed to estimate each term separately.
Being Ry = Ry(eo) and h universally bounded, as before we get

(wo) J A .

|z — y|N+sp 77 = _|x|N+sp’
where this time we used that (recall that we are assuming R > Ry)
R
(m - R0’ > (1 - R“a) | > (1—0)|z|,  for [z| > R/6.

For y € B \ Bgr, we have

B(w,y) = Jp((M =) (F(y) = T(@))) = Jp((M =) (F(y) = T(@)) + (e +20) T(w) ),
and by subaddivity of 7 — 7P~!, we get
ha.y) = —(e+ o) Ty .

Therefore, the analogue of (4.5) is now

h(z,y) -1 R
4.10 / —— 2 dy > —C (e 4 o)’ ——,
( ) Br\Br, |x_y|N+sp ‘x|N+sp
and again C = C(N, s,p, M +m) > 0. For the previous estimate we also used that
-yl =[z|-R=(1-0) |z, for |z| > R/0, |y| < R.

For y € BR/\/E\BR and x € By, , we have

hw,y) = Jp((M = ¢) () ~T(@)) )

Clearly N
0<a=(M-¢)(l(y) —T(z) < (M-¢)T(y) = A,
so that (2.4) provides

ha,y) > max{(M _eplo (M””)p_l, <M2_m _5>p_121—p} Ty,

2
Proceeding as for (4.6) and using
|z —y| <2z, for z € B 4, Y€ Bp,/p

we thus obtain
sp

h(z, y) c N R
(4.11) / e W 2 / ylPP™ N dy > ¢ —xans
By yo\Br [T = ylN o7 [N 5P B, 5\Br |z NHsp
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for a small constant ¢ depending only on M and m. Gathering together the estimates (4.8),
(4.9), (4.10) and (4.11), we proved

ReP

(—Ap) w(z) > ) [V Fep

N el VA — p—1
2 gV ter + (c C (e +¢o) )
in BY, /0" We can thus choose g and € small enough so that the second term above is positive.
For any such choice we have, for any |z| > R/6,
C(g0) ¢ RsP
s
(_AP) 'LU(Q?) - _’$|N+sp §|x|N+Sp’

and for sufficiently large R so that ¢ R*P > 4 () it holds

. ¢ RP
(—Ap) w(z) = FAELEET

By using Corollary 3.7 and the fact that 1 < p < 2, for every |z| > R/6 we get
2—p
. C CO°P o1
(~A,) V(@) = U "}(a) < < -

B

2—p N
R*P vt |g|N+sp
We thus conclude that (—A,)°U < (=Ay)*w in By “ for R sufficiently large, as desired. [

APPENDIX A. POWER FUNCTIONS

We have the following result on power functions.

Lemma A.1. Let0 < (N—sp)/p < 8 < N/(p—1). For every R > 0, the function x — |z|~#
belongs to D*P(BR°).

Proof. A direct computation shows that z ~— |z|~# belongs to L2 ' (RN) 0 L¥* (B%), when

loc

f is as in the statement. We take r < R, then E = B,“ D Br* and we need to show

N —

(A.1) [\xrﬁ] oy <00 o

We compute in polar coordinates

-8 _ —B|p +oo +oo | —B t_g p N—1 tN_l
/ Iz %/L | dxdy—/ / / 4 "o e dodt dwy dws
BexBe T —y|V TP SN-1x8N-1 J; r lowy — twy|NFsP
+oo ,=Bp 2N-2 ro N\ BIP dwy dws A\ N1
o () ()"
r o TP r 0 sN-1ygN-1 Jwr — (twa)/o[NHEP \ o

400 Qfﬁp 92 N—-1 1 Bip N1 dwl dCL)Q
- N+sp |1_£ | & N+sp dg do.
r 0 /o SN-1xgN—1 |w1 — Ewy|

Let us now prove that for 0 < & < 1 it holds

/ dw dwo < C
sN-1ygN-1 Jwp — EwaV P T (1 — E)Irsp’

Without loss of generality, we may assume that & > 1/2, since for 0 < £ < 1/2 the integral
is uniformly bounded. By rotational invariance, we have

/ dwi dws _ ‘SN_” dwa
sN-1xgN-1 |wi — §wa |V TSP sv-1 |er — Ewa| NFsP’
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where e; = (1,0,...,0). By changing variable wy = (t, z) with
t=41-|z]% z€ By c RV7L

we therefore get (the constant C' may vary from a line to another)

/ dwg _/ dwg +/ dwg
sn-1ler —EwalNTSP - Jon 1\ g () €1 — E w2 VTP Jgn 1B, (eq) €1 — Ewa|VTEP
d
<C (1 +/ : NHP)
By (1 =€)+ &2[2?) 2

<C (1+/ R )
B (1-£)2+& 2% 2

1 1
<C 1+8/ —— W
=M Jp (14 [y2) ™

1 1
<C 1+/ 4
( L= Janvs (14 )57 y)

which proves the claim. Taking into account that for 0 < £ < 1 it also holds

1_57510 3 e
HI_QHLPSC(S PPt

we therefore get

+o00 1
—ﬁ}p < C/ N-1-p(s+6) 4 / N1 (¢=Bp 4 |1 _ ¢p(1-9)-1
x < 0 0 + 1 d€.
[l S=Yey | B e e R L
All the integrals are now explicitly computable and one can readily get (A.1).
Lemma A.2. Let 0 < (N —sp)/p < B < N/(p—1). For every R > 0, it holds

(=Ap)*[| ™% = C(B) 2| P~H7*P  weakly in Br",
where the constant C () is given by

1 _
(A.2) cE)=2 [ or 1= 0] 1= ate)de,
0
and
1 R
(A.3) @(g)_HN—2(sN—2)/ (1=t o dt.

-1 (1—2t@+92) 2
Proof. Observe that
|| 7P P—1)=sp ¢ L(p*),(Bf{)v for any 8 > (N — sp)/p.
Then, by Theorem 2.1 and Proposition 2.5 it suffices to show that

J, =B _ |y|—B8
/RQN p(\’f‘_ y‘N-‘EJp )(‘P(CU) —o(y))dxdy = C(p) /Q,w‘ﬁ(pl)sp@dm,
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for an arbitrary ¢ € Cg° (FRC). For every such a ¢ we consider the double integral

Ip(|z =B _ |y|—B
/Rmv ("x |_ y‘N—||—yS|p ) (o(z) = p(y)) dz dy.

We observe that this is absolutely convergent, indeed

Jyllel =7 ~ Iyl
— dx d
L leta) = olw)| dady

A )
= o(x) —¢(y)| dx dy
/ g e e

[Tz =yl =")]
+2/ / o(y)| dx dy
Bpr Jsupp(y) |x_y|N+sp | ()’
< [Jal

and both terms are finite, thanks to Lemma A.1. For § > 0 we consider the conical set

Os = {(z,y) € RN : (1= 0) [a] < |yl < (1 +6) |},

S, c C oo 7B(p71)d ,
W (Bs) [elwse(ps) + C [l [supp(e)] /BR || x

then by the Dominated Convergence Theorem

/ Tl — [y1 ")

lim |z — y|Ntsp

NO Jo

(p(x) — p(y)) dy dz

Ip(|z =B _ |y
N /R2N (\’:U ‘— y\N+Z|p ) (p(x) — p(y)) dz dy.

We now observe that

ol P — |yl ~?) _ _ Tl =y ?) o) de
/O o —grer (#) s@(y))dydm—2/RN </K§W P dy) p(z)de,

c
5

where for every z € RN
Ks(x) ={y e RY : (1-4)|z| < |yl < (1 +6) |z[},

and of course KCs(z) = K5(2) whenever |z| = |2/|. We set

Jp(|z| 7P — Jy| =8
py=2 [ BECE T a eerY (o),

it is easily seen that fs is a radial function, homogeneous of degree —( (p — 1) — sp (see [4,
Lemma 6.2]). Thus for x # 0 we have

(A.4) fs(z) = |z~ P=1=5P £ (w), for w=-— 8N

We set

Jp(1 — lyI=")
e |w _ y|N+sp

C(B;6) = fy(w) =2 /

Ks(w
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which is independent of the direction w, by radiality of fs. By taking the average over SV—1
and proceeding as in [4, Lemma B.2], we get

C(ﬁ;5)=2/ NTHL— 0P (1 - 07P) @(o) do,
lo—1[>6

where @ is defined in (A.3). We now decompose the integral defining C'(8;9) and perform a
change of variables, i.e.

1-6 0o
C(B;6) = —2 / N1 — o PP B (o) do + 2 / N1 — 0P P B (p) do
0 1+6
1-6
—-2 [ 1) dg
0

1/(146)
+2/ o VL= 7P 0(1/0) do.
0
Finally, observe that
®(1/0) = 0" P D(0),
thus the quantity C(8;d) can be written as

1-6
C(B;6) =2 / (1 — N (”‘1)) 0P (1= 0Py () do
(A.5) 0

1/(146)
42 / &P (1 — )P @(o) do.
1-6

Recall that ¢ is compactly supported in 3736, thus by using (A.4) we can estimate

/Q fspdz — C(B) /Q || PPV o dx| < [p]lee R™PPD=5P supp()| |C(8;8) — C(B)).

In order to prove that C(f3;4d) converges to C(f3) as d goes to 0, we decompose the function
® defined in (A.3) as follows
-3

1/2 _ 8 1 8
oo = | L=#) i+ | 1=

5P v dt =: @1(9) —i—@g(g),
1 (1-2to+?) s 2 (1—2to+0?) 3

where we omitted the dimensional constant H™~2(S™V=2) for simplicity. Let us start esti-
mating ®;. If we use that

if —1<t<

=~ w
N =

1-2to+0*=(0—t)*+(1—1*) >

we get
(A.6) 0<®(p) <C, 0<po<l.

We now consider ®5(p), discussing separately the cases 0 < o < 1/2 and 1/2 < p < 1. We
observe that for 0 < p < 1/2 we have

1-2to+0"=(1—-0°+20(1—1)>
Then we get again

(A.7) 0<Dy(0) <C,  if0<p<-.
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We are left with the term ®5(p) for 1/2 < o < 1. With simple manipulations* we can write
it as

N-3
_N-1 0 9 _ (1—9)? ) 2 N3
2 — ( T T
Po(0) = 7( o) ® /(1 ! 2 dr.

(1_g)1+5p (1+T)N2sp
In particular, we get
1
(A.8) 0 < ®y(p) <C(1— o) t5P, if 5 <o<l

By using (A.6), (A.7) and (A.8), we thus obtain for the first integral in (A.5)
1-6
i _ N=sp=Bp-1)) ,sp—1(1 _ ,8)p—1 —
m2 [ (1= ) P (1 - P @(0) do = C(6),

and observe that the latter is finite, thanks to (A.8). It is only left to show that the other
integral in (A.5) converges to 0. Still by (A.6) and (A.8), we obtain

1/(146) ) -
lim sp=1 (] _ oA 1P(p)d
o | e (1-207) (0)do
1/(149) . 5 .
< C lim SP=H(1 — P=td
<Clm | = o (1-07) 0
1/(1+6) ) - )
+C lim sp=1(] _ Byl (1 — p)~l=spqg
o | e (1-0")P"(1—-o) 0
1/(1+6) ,
< C lim 1—g)P~275P¢q
sClm | (1-o0) 0

C .
—— lim
p—1—sp &\oO

5 p—1l—sp

where we assumed for simplicity that p — 1 —sp £ 0. If p—1 — sp > 0, the last term
converges to 0. If p — 1 — sp < 0, we have

5 p—1l-sp
<1 — 5) —gp—l=sp — gp—1-sp [(1 + §)sPHi=p _ 1}
~ (sp+1—p)éP°P, as d \, 0,

and thus the integral converges to 0 again. Finally, the borderline case p — 1 — sp = 0 is
treated similarly, we leave the details to the reader.
In conclusion, we get

tiy [ fode=C(B) [ o200
as desired. O

Remark A.3. The previous result was proved in [15, Lemma 3.1] for the limit case § =
(N —sp)/p. Our argument is different, since we rely on elementary estimates for the function
®, rather than on special properties of hypergeometric and beta functions like in [15].

4We use the change of variables T = (132)2 (1—1).
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Observe that the choice f = (N — sp)/(p — 1) is feasible in the previous results, since

N — N — N
Sp< Sp< .
P p—1 p—1

Moreover, with such a choice we have C(5) = 0 in (A.2). Then from Lemmas A.1 and A.2,
we get the following.

N-—s ~ PR
Theorem A.4. For any R > 0, I'(x) = |z| e belongs to D*P(Bg°) and weakly solves
(=Ap)*u =0 in Bg".
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