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SARDINIA RADIO TELESCOPE FINITE ELEMENT MODEL UPDATING BY

MEANS OF PHOTOGRAMMETRIC MEASUREMENTS
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Dedicated to Dr. R. A. Toupin in recognition of his outstanding contribution to Mechanics

Abstract. The 64-meter diameter Sardinia Radio Telescope (SRT), located near Cagliari

(Italy), is the world’s second largest fully steerable radio telescope with an active surface.

Among its peculiarities there is the capability of modifying the configuration of the pri-

mary mirror surface by means of electro-mechanical actuators. This capability ensures,

within a fixed range, the balancing of the deformation caused by external loads. In this

way it can reduce the difference between the ideal shape of the mirror (which maximizes

its performances) and the actual surface. The control-loop of the radio telescope needs a

procedure which is able to predict SRT deformation, with the required accuracy, in order

to reduce the deviation from the ideal shape. To achieve this aim a finite element (FE)

model able to accurately predict the displacements of the structure is required. Unfortu-

nately, the FE model of SRT, although very refined, does not give completely satisfactory

results since it does not take into account essential pieces of information like, for instance,

thermal strains and assembly defects. This paper explores a possible update of FE model

using the only benchmark data available, i.e. the photogrammetric survey developed dur-

ing the setup of the reflecting surface. This updating leads to a significant reduction of the

differences between photogrammetric measurements and results of the numerical model.

The effectiveness of this tuning procedure is thus assessed.

1. Introduction

Sardinia Radio Telescope, briefly SRT, is the world second largest fully steerable an-

tenna with an active surface. An accurate description of SRT (see [1, 2]) goes beyond the

aims of this paper and so only the most peculiar issues which are necessary to enhance the

understanding of this work are highlighted.

Starting from the foundation and proceeding upward (see Figure 1 and Figure 2) it is

possible to distinguish:

(1) the circular foundation ring on which the whole structure can completely rotate

about the azimuthal axis along a circular rail;

(2) the alidade which connects the foundation ring to the elevation gear which is able

to set the zenith axis of the antenna;

(3) the back up structure, connected to the elevation gear, which supports the primary

mirror;

(4) the primary mirror, whose diameter is equal to 64 m, controlled, within a limited

range, by means of 1104 electro-mechanical actuators acting on mirror panels for

fine tuning, see Figure 3;
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2 SRT Finite ElementModel Updating byMeans of PGM

(5) the quadrupod which supports the secondary mirror, according to a Gregorian con-

figuration;

(6) the secondary mirror position can also be controlled, but only by means of rigid

body motions.

(a) Rear view at elevation β = 90◦

(b) Side view at elevation β = 5◦

Figure 1. Sketch of SRT which highlights the main parts of the radio telescope.
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In order to perform accurate measurements SRT requires an extremely accurate config-

uration of the primary mirror’s active surface. It is necessary to minimize the differences

between the ideal and the real shapes; so a full recovery of the deformation caused by ex-

ternal loads like self-weight, temperature gradients, wind and so on is therefore required.

To clarify what is meant by extremely accurate configuration it is necessary to say that

SRT has been designed to operate in the frequency range between 300 MHz and 100 GHz.

In rough terms, this means that the differences, measured for example by the root mean

square (RMS) deviation, between the optimal configuration and the actual one has to be

less than 0.15 mm (i.e. 150 µm), at the working frequency of 100 GHz to achieve an

antenna efficiency of 67% in precision measurements [2].

(a) β = 90◦ (b) β = 5◦

Figure 2. A view of the SRT at elevation angles 90◦ and 5◦.

Nowadays the active surface configuration of SRT is regulated by means of some mea-

surements based on photogrammetric techniques, which have been performed for elevation

angles β = 15◦, 30◦, 45◦, 60◦, 75◦, 90◦, see [3].These measurements allow determining the

elongation of each electro-mechanical actuator which is necessary to optimally configure

the primary mirror. For elevation angles that are different from the above mentioned ones,

actuators displacements are obtained by linear interpolation between the nearest known

configurations.

On the other hand, it is clear that a very important radio telescope such as SRT has to

be controlled accurately and in real time, if possible, in order to maximize its efficiency. In

other words, starting from the requested configuration, azimuth and elevation angles, and

from a series of environmental data, for example temperature and wind (even though in

strong wind conditions SRT cannot work at maximum efficiency), a procedure which is

able to predict the related displacements and suitable corrections by means of the electro-

mechanical actuators is required.
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4 SRT Finite ElementModel Updating byMeans of PGM

(a) Primary mirror panel on four actuators (b) Actuator detail

Figure 3. Electro-mechanical actuators.

A very refined finite element (FE) model of the radio telescope (composed by 93635

elements and 92788 nodes, corresponding to 463871 degrees-of-freedom) which has been

used during the design phase is available.1 This model, however, does not take into account

all the effects, like construction faults and misalignments of the real members, thermal

gradients and so on, which have a significant influence on the response of a statically

undetermined structure such as SRT. As a consequence, numerical tests produce somewhat

unsatisfactory results from the accuracy point of view and are not overall in-line with SRT

requirements. In other words, displacements computed by means of SRT finite element

model are somewhat different from those obtained by photogrammetric measurements.

In the authors’ opinion, this depends on a lack of essential input data of the FE model.

For example, no pieces of information about manufacturing flaws are present, thermal

loads were not been taken into account, and so on. On the other hand, thermal effects have

a strong influence on displacements and therefore on SRT primary mirror configuration

which significantly reduce SRT performance. This is well documented, for example, in

various papers [4, 5, 6, 7, 8, 9, 10, 11]. In addition FE models of radio telescopes are also

available in the literature, see for example [12, 13]. As a consequence, the FE model has

to be updated in order to adequately match the photogrammetric measurements which can

be considered as a kind of experimental test on the actual SRT structure. There exists an

extended bibliography on model updating: the authors mention here [14, 15, 16] for the

main guidelines on methodology and [17, 18, 19, 20, 21, 22, 23, 24, 25] as examples of

technical applications.

To the best of the authors’ knowledge there are no other examples of the use of pho-

togrammetric measurements to update finite element model of a large structure such as the

SRT; indeed, in this case, the existence of these experimental data allows updating the FE

model. However only the accuracy gain on astronomical measurements can be used as a

decisive test to confirm the quality of results produced by the procedure which is proposed

here. Indeed, the reduction of the actual reflecting surface RMS produces an improvement

of the antenna gain which can be expressed by means of Ruze’s equation: see [26].

1The first FE model was developed by BCV Progetti srl for the radio telescope structural design. The authors

modified it taking into account all the differences between the designed structure and the actual one: for instance

the lack of the thermic shield.
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The main goal of this work is to improve the finite element model (in particular its loads

combination scheme), depicted in Figure 4, in order to make its results as close as possible

to the actual structural response, in terms of displacements, using as feed back data those

deriving from photogrammetry. To this end, in Section 2 the main points of the proposed

strategy are sketched, while in Section 3 some numerical results showing the performance

of the updated model are discussed. Finally, in Section 4 concluding remarks and future

developments are outlined.

2. Finite ElementModel Updating Procedure

By adopting the typical language of finite elements, the main guidelines to build a

numerical model, which is able to accurately describe the SRT deformation is briefly

sketched.

The ideal geometry of SRT, i.e. the optimal shape from the optical point of view, is

known and can be assumed as a reference configuration for it. In a linear elasticity frame-

work, a finite element model links the vector of nodal displacements u associated to a load

vector p by means of a stiffness matrix K resulting in a linear system of simultaneous

algebraic equations which enforces the equilibrium conditions:

Ku = p . (1)

Different load conditions can be analyzed at once producing displacements relative to

each one of them. For example, naming pb and pt those load vectors which are associated,

respectively, to self-weight and to temperature increments with respect to the real shape

assumed by SRT (which is only approximated by the FE model and is therefore unfortu-

nately unknown), the corresponding displacements ub and ut can be easily calculated by

solving the system of equations (1).

If one considers vector ea, which collects assigned anelastic strains, that represent

strains that are not related to stresses (i.e. deriving from temperature increments or from

manufacture flaw), the equivalent nodal load pa can be computed as:

pa = DT Cea , (2)

if DT and C are the equilibrium and the elastic compliance matrices respectively.

Displacement vector related to this last load vector can be formally evaluated as:

ua = K−1DT Cea . (3)

Matrix A := K−1DT C is usually called the influence matrix and links anelastic strains

vector and nodal displacements vector of the structural model. It can be noticed that, in

general, the influence matrix is not square.

For some fixed configuration of SRT, namely those corresponding to elevation angles

β equal to {15◦, 30◦, 45◦, 60◦, 75◦, 90◦}, displacements, were estimated by means of pho-

togrammetric measurements and therefore are available, see [3].2

Thus, displacements can be treated as experimental data and represent the right hand

side of Equation (3) while vector ea is, in this problem, the unknown vector. Photogrammet-

ric measurements of displacements surely contain self-weight contributions (i.e. a special

case of body forces) while no information on temperature influence or on flaws/stretchings

due to assembly can be deduced. Photogrammetic surveys were developed at night-time

2Even if there are other modern techniques of measurements, which are more accurate in some cases, only

photogrammetric measurements are currently available. Furthermore, this paper sketches a procedure which can

be easily adapted to other kinds of measurements.
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6 SRT Finite ElementModel Updating byMeans of PGM

Figure 4. The FE model of SRT at an elevation angle of 90◦.

(to avoid the influence of temperature gradients due to sun radiation) in two consecutive

days, under environmental temperature approximately constant and equal to 22◦C.

If we denote by u the total measured displacements, obtained in this case by photogram-

metric survey, we can write

u = ub + ua + un , (4)

where, in addition to the already defined vectors ub, ua, vector un takes care of the noise

produced, for example, by errors on photogrammetric measurements, mechanical model-

ing assumptions and numerical approximations. Solving the system of equations:

Aea = u − ub − un := ū , (5)

gives the anelastic strains which better describes the observed data.

The overdetermined linear algebraic system of equations (5) deserves some remarks:

(1) its coefficient matrix is rectangular and, in general, has (or should have) more rows

than columns3;

(2) it is ill-conditioned since, in rough terms, it tries to estimate displacements by

strains, see for example [27, 28, 29, 30];

(3) its right hand side is surely affected by errors, as it has been mentioned above.

For these reasons an ad hoc solution strategy, which takes into account the specific

peculiarities of the problem, has to be built. Singular Value Decomposition, briefly SVD,

of the influence matrix A is useful to single out its main characteristics, see [31] and [32]

for details. In formula, we can write this decomposition as

A =WΣVT =

n
∑

i=1

wiσiv
T
i , (6)

3This means that the number of conditions to satisfy is larger than available unknowns.
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where matrices W and V, whose dimensions are respectively m × m and n × n, and whose

columns are the orthonormal vectors wi and vi, i.e. the left and right singular vectors.

Instead Σ is a generalized diagonal matrix, whose dimensions are m × n and which have

nonnegative diagonal terms equal toσi, the singular values of A, see [31] for further details.

By using this approach, the degree of ill-conditioning of matrix A is easy to compute, being

simply the ratio between the maximum and the minimum singular values, i.e. the condition

number. Moreover, SVD furnishes a simple representation of the solution of system (5):

ea =

n
∑

i=1

wT
i
ū

σi

vi . (7)

Equation (7), besides providing explicitly the solution, highlights the main difficulty in

solving ill-conditioned discrete problems. The presence of very small singular values at

the denominator of equation (7) surely amplify wT
i
ū and, therefore, also the errors which

are inavoidably contained in the right hand side term ū.

For an effective solution of (5), which is an ill-conditioned system of equations and at

the same time contains in the r.h.s. errors that need to be filtered, the so-called Tikhonov

approach [33] is very effective. Indeed, starting from a least square formulation of system

(5)

min
{

‖Aea − ū‖2
}

, (8)

a penalty term may be added, to constrain the solution with some a priori assumptions,

by means of a Lagrangean multliplier λ, also known as a regularization parameter, which

weighs a regularization term:

min
{

‖Aea − ū‖2P + λ2 ‖ea − ea0‖2Q
}

. (9)

In equation (9), which has a somehow general form, ea0 is an estimate of the solution

while the weighted norms, which are written here in a compact form as: ||a||2
P

and ||a||2
Q

,

are respectively defined as aTPa and aTQa. P and Q are two suitably defined square

matrices: frequently, both of them are assumed to coincide with the identity matrix, while

if no information about the solution is available, ea0 is chosen as a null vector. With these

assumptions, the solution of equation (9) by using SVD is given by:

ea =

n
∑

i=1

σi

wT
i
ū

σ2
i
+ λ2

vi , (10)

which coincide with equation (7) when the value of the regularization parameter λ is equal

to zero.

At this step the value of the regularizing parameter λ must be chosen. It controls how

the constraint on the system of equation must be enforced in the solution. Technical bibli-

ography contains many criteria to efficiently choose the regularization parameter λ, see for

example [34]. However, in the authors opinion, one of the most interesting and widely used

is a generalization of the Cross Validation Criterion proposed in [35] and extensively tested

in [36, 37]. Its most attractive feature is that it does not require any information about the

magnitude of error affecting the r.h.s. of the system of equations nor about how the error is

distributed. Furthermore, as it will be shown later, its coding is very simple, particularly if

SVD has been already computed. Only some insight are given here; interested readers can

find additional cues about this topic in the original paper [35].

Denoting by ea j(λ) the solution of equation (9) for an assigned value of λ, when the j-th

equation is deleted, the corresponding residual of this regularized solution can be written
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as
∥

∥

∥Aea j(λ) − ū
∥

∥

∥

2
=

∥

∥

∥

∥

R j

(

Aea j(λ) − ū
)

∥

∥

∥

∥

2

+
(

AT
j ea j(λ) − ū j

)2
, (11)

being R j the operator which deletes the j-th row of matrix A, while A j is this deleted row.

The two terms on the right hand side of equation (11) represent, respectively, the residual

of the system of equations without the j-th row and the residual of the j-th row. Following

the Cross Validation Criterion, the optimal value of the regularization parameter λ should

not be related to a single observation. Therefore, equation (11) suggests to choose the

value of λ coming out from

min



















C(λ) :=

m
∑

j=1

g j(A
T
j ea j[λ] − ū j)

2



















, (12)

where g j are the assumed weights for each observation, which give a measure of its relia-

bility.

Cross Validation Criterion was generalized by using an additional condition for the

weights gj. This condition, that is quite reasonable, states that the optimal value of λ must

be invariant with respect to any rotation of the coordinate system used for the measure-

ments. This generalization, known as the Generalized Cross Validation Criterion, selects

the optimal value of the regularization parameter λ by solving:

min



















G(λ) :=
rT
λ
rλ

(

tr
(

I − Â
))2



















, (13)

where rλ is the residual for an assigned value of λ and tr(·) indicates the trace operator.

Formally, the resulting matrix Â is defined as

Â = A
(

ATA + λ2I
)−1

AT . (14)

However, when the singular values σi of matrix A have been already computed, a simple

way to evaluate the denominator of equation (13) is reported in [35] and gives:

(

tr
(

I − Â
))2
= m − n +

n
∑

i=1













λ2

λ2 + σ2
i













, (15)

where m and n denote, as already stated before, the dimensions of matrices W and V.

It is crucial to point out that although the Generalized Cross Validation criterion is based

on the assumption of Gaussian error distribution it works well, even if it is less accurate,

also for errors which follow other distributions, [35].

The above sketched strategy is used to evaluate the anelastic strains ea, which need to

be applied to the FE model in order to produce displacements as close as possible to those

recorded by photogrammetric measurements (which here accept as an estimation of the

actual one), once the effects of self weight have been depurated. In this sense, the finite

element model is updated when anelastic strains ea are known. It is essential to understand

that these equivalent anelastic strains compensate the lack of information concerning two

issues:

• all construction flaws, and the relative induced self-stresses, which make the actual

structure to behave differently from the ideal one;

• a global estimate of deformations due to thermal effects, which are hardly pre-

dictable, since reference temperatures values at the construction time of each struc-

tural element are missing.
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After describing the updating procedure for the finite element model, some specific

remarks on the SRT are listed in the following.

(1) Raw data deriving from photogrammetric measurements (PGM) are different from

those computed by finite element code, since they are given in two different ref-

erence systems. Furthermore, photogrammetric data are manipulated to obtain

actuator elongations which better reconstruct the optimal surface of primary mir-

ror. However, before producing this fine tuning, a first correction is performed by

means of a rigid motion of the secondary mirror.

(2) Each actuator, by means of its elongation, controls, at the same times, the config-

uration of two or four mirror panels: therefore optimal configuration is achieved

only in an overall sense, and not at a completely local level.

(3) The influence matrix A, see equation (3), has been built considering only macro-

element families (and not single elements). This choice resulted from an opti-

mization process between the conflicting needs of achieving high accuracy while

retaining a reasonable computational burden for the numerical model.

3. Numerical Results

In order to apply the above mentioned procedure to the FE model of the SRT, its princi-

pal mirror back up structure (see Figure 1) has been decomposed in simpler substructures.

This is the only FE model part which has been considered for the updating procedure.

This choice is due to two reasons: first because of the back up structure static redun-

dancy which makes it susceptible to thermal and self-stresses effects. Furthermore because

the data, obtained by photogrammetric measurements, are referred only to the principal

reflector points and the back up structure deformations have a paramount influence on the

displacements of the primary mirror surface. It should be noticed that panels forming the

reflecting surface have no structural role and therefore have not been included in the updat-

ing procedure.

Deformations of the alidade and of the secondary mirror mainly influence the pointing

and focusing errors, but not the shape of the principal reflector, and can be easily compen-

sated by a rigid body motion of the secondary mirror.

Therefore, 96 radial trusses, 15 hoop trusses and a central hub ring have been identified,

as Figure 5 shows, and have been considered subjected to independent uniform anelastic

strains of a yet unknown magnitude. To take advantage of the FE code these anelastic

strains are assigned by a suitable distribution of differential temperatures. Indeed, once

multiplied by the linear thermal expansion coefficient α of the constituent material (the

SRT structure is made of steel characterized by α = 1.17 × 10−5 ◦C−1), they produce the

required strains.

It is assumed that each substructures of these is subjected to an anelastic strain eas.

Therefore all structural members belonging to the same substructures experience the same,

uniform uniaxial anelastic strain. As a consequence, in this case the structure of matrix A

consists of 1104 rows and 111 columns. The number of rows is equal to the number of the

independent actuators of the principal mirror and the number of columns corresponds to

that of chosen substructures.

As a measure of the global difference between the measured data, via photogrammetric

measurements, and predictions of the finite element model the Root-Mean Square Devia-

tion (RMSD) d, which can be defined as follows, has been selected:

d =
‖r‖
√

n
, (16)
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(a) The chosen 14 hoop trusses and the central hub ring.

(b) The chosen 96 radial trusses.

Figure 5. Adopted sub structuring of the back up structure.

where ‖r‖ is the Euclidean norm of the difference between the displacements predicted via

FE, ub+Aea, and those measured and n the number of measurements, equal to 1104 in this

case.

Using the procedure depicted in Section 2 a series of identification problems corre-

sponding to the elevations β where photogrammetric data are taken has been solved. The

values of the identified anelastic strains are depicted in Figures 6, 7, 8 and 9 for the four
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configurations considered and for each substructure. The shown values refer to equiva-

lent differential temperatures. The actual anelastic strains can be computed by multiplying

these values by the thermal linear expansion coefficient, α.

It is important to highlight that the geometrical symmetry doesn’t correspond to a sym-

metric anelastic strain distribution; this confirms the presence of the above mentioned con-

struction flaws and relative self induced stresses.

Figure 10 reports the corresponding plots of Generalized Cross Validation function, pre-

sented in equation (13), and its minimal value for the above mentioned elevation angles

of the SRT. It is worth noticing that since the corresponding linear systems of equations

are different the function graphs are different too. It is clear that an optimal solution is

obtained for an elevation angle β = 60◦: indeed, in this case we have a minimum d equal

to 0.31476 mm and also the GCV function shows an absolute minimum value in this case,

see Figure 10(b). Its value is below 10−4, while in the other cases this function generally

assumes higher values.

In order to present a summary form of the results obtained with the FE model and those

with the updated FE model, in Table 1 the root mean square deviation, respect to pho-

togrammetric measurements, of FE model (dFEM) and updated FE model (dUpFEM) belong

with the percentage gain are reported. There is a significant improvement of the perfor-

mance for each elevation angle and the relative maximum is obtained for the 75◦ elevation

angle. In this case there is a FE model performance enhancement equal to the 43% with a

value of dUpFEM which has a magnitude of four hundred of microns, which is very close to

the SRT required accuracy. The minimum dUpFEM is achieved for the configuration corre-

sponding to the 60◦ elevation angle and it is equal to 0.31476 mm. The lowest percentage

gain, 28%, corresponds to the 15◦ elevation angle. The results of this comparison are also

depicted in Figures 11, 12, 13 and 14: the local differences between PGM and FEM before

and after the updating for the four analyzed cases are represented with a chromatic scale

which is kept fixed for any elevation.

Table 1. Root mean square deviation d values (in mm) and gain (in %)

of the update model varying the elevation angle β.

β dFEM dUpFEM Gain %

15◦ 0.50676 0.36379 28

60◦ 0.49074 0.31476 36

75◦ 0.72243 0.41005 43

90◦ 0.81382 0.50205 38

In order to evaluate how the updating procedure changed the results of the FE model the

displacements in the direction of the azimuthal axis (which is also the global z-axis of the

FE model reference system) with and without the updating are plotted in Figures 15, 16,

17 and 18. To improve readability, only the main mirror and the quadrupode are shown for

the four analyzed cases and it can be noticed that the global distribution is not modified for

each case in a qualitative way, even though there are some quantitative differences when

minima or maxima are considered.

4. Concluding Remarks

The Sardinia Radio Telescope is a huge fully steerable radio telescope with an active

surface. Its capability of modifying the configuration of the primary mirror surface by
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(a) Hoop trusses

(b) Radial trusses

Figure 6. Anelastic strains distribution on hoop and radial trusses for

elevation angle β = 15◦.

means of electro-mechanical actuators allows it to balance the deformation caused by ex-

ternal loads, but requires a thorough estimation of the structural behavior. In this paper an

approach to improve the accuracy of the finite element model is presented. The compar-

ison with photogrammetric field recordings have shown a significant improvement of the

FE model which emphasizes the effectiveness of the tuning procedure.
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(a) Hoop trusses

(b) Radial trusses

Figure 7. Anelastic strains distribution on hoop and radial trusses for

elevation angle β = 60◦.

The procedure described above, which globally takes into account, by means of anelas-

tic strain distributions uniformly applied to groups of substructures, the deformations due

to several causes (construction flaws, self induced stresses, etc.), whose effects are not and

can not be estimated precisely enough, has proved a significant increase of the numerical

model efficiency.

Please cite this document as: F. Stochino, A. Cazzani, S. Poppi, and E. Turco "Sardinia

Radio Telescope Finite Element Model Updating by means of Photogrammetric

Measurements" Mathematics and Mechanics of Solids, Vol 22(4), 885–901

DOI:10.1177/1081286515616046



Pre
-P

rin
t

14 SRT Finite ElementModel Updating byMeans of PGM

(a) Hoop trusses

(b) Radial trusses

Figure 8. Anelastic strains distribution on hoop and radial trusses for

elevation angle β = 75◦.

In the present stage of the research these anelastic strains, whose determination is es-

sential for computing the elongation of each actuator and which can be assimilated to the

equivalent thermal strains produced by differential temperatures, turn out to be elevation-

dependent. However, this is not acceptable from a physical point of view. To overcome

this problem, the optimization process should be performed considering, on one hand, a
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(a) Hoop trusses

(b) Radial trusses

Figure 9. Anelastic strains distribution on hoop and radial trusses for

elevation angle β = 90◦.

larger number of variables (i.e. increasing the number of substructures considering that the

maximum number is limited only by the available photogrammetric measurements and the

required computational needs) and, on the other hand taking into account at the same time

all available data (i.e. for all available elevations). In an intermediate step the elongation

of each actuator could be computed interpolating the results for different elevation angles.
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Figure 10. GCV function plots and the selected regularization parameter

λ for several values of the elevation angle β.

Further developments are expected following this approach and also considering other

field recordings of the SRT displacements coming from a set of holographic measurements

which are currently being recorded, see [38]. In this way an enhanced FE model can be

an effective part of the radio telescope control loop. In particular, if associated with real

time information of climatic conditions (wind pressures, thermal load) recorded by sensors

located on the main reflector surface, it will be able to thoroughly estimate on the fly the

actuators elongations for any elevation angles.

In conclusion, this research line may produce useful results in classic and modern prob-

lems of mechanics, in particular in the framework of finite element model updating. Below

there is a list of possible related fields and applications:

• refined numerical models, for example like those presented in [39, 40, 41] for

beams or mixed and hybrid finite elements, see [42, 43, 44], which provide more

accurate stress description also in the case of layered structures [45];

• buckling problems, like those described into [46, 47, 48, 49] and the papers cited

therein, are very sensitive to stress level and so could benefit from its accurate

evaluation;

• refined mathematical models are necessary to describe smart material; with this

aim some authors use a suitable damage parameter, see [50, 51, 52, 53], paying
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particular attention to cases which leads to non-unique and non-stable solutions,

see [54, 55, 56]; altenatively, there is the approach described in [57, 58] where

a two-dimensional model for an interfacial zone is developed to describe concen-

trated damages; furthermore, it seems attractive the application of higher contin-

uum models as those described in [59, 60, 61, 62];

• damage detection is an emerging and very important field which deserves atten-

tion; some examples are reported in [63, 64] which considers traveling loads as

signal or in identification problem such as those described in [65, 66, 67, 68];

• extension to plasticity, with the aim to evaluate the collapse load, see for exam-

ple [69, 70, 71, 72, 73, 74]; also the variational techniques presented in [75] is

interesting for dissipative phenomena;

• smart materials such as those piezoelectric might be advantageously used to im-

prove the structural control, see [76, 77].
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(a) Elevation β = 15◦ without updating
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Figure 11. FEM vs PGM comparison without (a) and with (b) model

updating for elevation angle β = 15◦. Chromatic scale of displacements

is in mm.
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(a) Elevation β = 60◦ without updating
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(b) Elevation β = 60◦ with updating

Figure 12. FEM vs PGM comparison without (a) and with (b) model

updating for elevation angle β = 60◦. Chromatic scale of displacements

is in mm.
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(a) Elevation β = 75◦ without updating
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(b) Elevation β = 75◦ with updating

Figure 13. FEM vs PGM comparison without (a) and with (b) model

updating for elevation angle β = 75◦. Chromatic scale of displacements

is in mm.
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(a) Elevation β = 90◦ without updating
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(b) Elevation β = 90◦ with updating

Figure 14. FEM vs PGM comparison without (a) and with (b) model

updating for elevation angle β = 90◦. Chromatic scale of displacements

is in mm.
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(a) FEM without updating

(b) FEM with updating

Figure 15. Vertical displacements (m) by FE model under gravitational

load without (a) and with (b) equivalent anelastic strains for elevation

angle β = 15◦.
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(a) FEM without updating

(b) FEM with updating

Figure 16. Vertical displacements (m) by FE model under gravitational

load without (a) and with (b) equivalent anelastic strains for elevation

angle β = 60◦.
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(a) FEM without updating

(b) FEM with updating

Figure 17. Vertical displacements (m) by FE model under gravitational

load without (a) and with (b) equivalent anelastic strains for elevation

angle β = 75◦.
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(a) FEM without updating

(b) FEM with updating

Figure 18. Vertical displacements (m) by FE model under gravitational

load without (a) and with (b) equivalent anelastic strains for elevation

angle β = 90◦.
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