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Abstract

In this paper, we find the critical exponent for global small data solutions to the Cauchy problem in R”, for
dissipative evolution equations with power nonlinearities |u|” or ||,

o o |u|p’
uy + (=A)°u; + (=A)u =
[P
Here 0,6 € N\ {0}, with 26 < 0. We show that the critical exponent for each of the two nonlinearities is related to
each of the two possible asymptotic profiles of the linear part of the equation, which are described by the diffusion
equations:

v+ (=AY Oy =0,

wy + (=A)P°w = 0.

The nonexistence of global solutions in the critical and subcritical cases is proved by using the test function method
(under suitable sign assumptions on the initial data), and lifespan estimates are obtained. By assuming small initial
data in Sobolev spaces, we prove the existence of global solutions in the supercritical case, up to some maximum
space dimension 71, and we derive L? estimates for the solution, for g € (1, c0). For o = 26, the result holds in any
space dimension n > 1. The existence result also remains valid if o~ and/or ¢ are fractional.

Keywords: semi-linear evolution equations, critical exponent, global small data solutions, structural damping, test
function method
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1. Introduction
In this paper, we look for the critical exponents for global small data solutions to

uy + (A)u; + (=A)u = ulP, t>0,xeR", )
(l/t, ut)(os X) = (l/t(), Ml)(x),
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with oo € N\ {0}, 6 € N, and to

ug + (=AY u; + (=A)7u = |uf?, 1>0,xeR", 2)
(M9 Mt)(09 -x) = (MOa ul)(x)3
with 0,6 € N\ {0}. When 26 < o, we prove that these critical exponents are, respectively,
20
=1+ — 3
Pt s, ©)
26
pri=1+—. 4
n

By critical exponent we mean that suitable global small data solutions exist in the supercritical case, whereas global
solutions cannot exist, under suitable sign assumption on the data, in the critical and subcritical case. The term (—A)°u,
represents a damping term. When ¢ > 0, the damping is sometimes said to be structural (or strong). In the case n < 26,
the notation py = oo in (3) (see Notation 4 in Section 1.3) denotes that the nonexistence result holds for (1) for
any p > 1.

Exponents (3) and (4) are easily found by homogeneity arguments when 26 < o, whereas the same arguments
lead to the exponents 1 + 20/(n — o) and 1 + o/n, respectively, for (1) and (2), when 26 > o. Indeed, by using a
quite standard test function method, we prove that global, weak, solutions cannot exist, under suitable sign assumption
on the data, for critical and subcritical powers, in all these cases (Theorems 1 and 2), and we prove some lifespan
estimates for the local solutions.

On the other hand, it is well-known that existence of global small data solutions may not be proved in the whole
supercritical range, for some partial differential equations, as a counterpart of a nonexistence result related to ho-
mogeneity arguments. For instance, the critical exponent 1 + V2 for the existence of global small data solutions to
the semilinear wave equation u,, — Au = |u|? in space dimension n = 3 (see [27]) is strictly greater than the critical
exponent 2 found by homogeneity arguments [29] (see [19, 20], and the reference therein, for the existence exponent
in higher space dimension).

By the converse, in 2001, G. Todorova and B. Yordanov [46] proved global existence of small data solution for
the semilinear damped wave equation (o- = 1 and 6 = 0 in (1)),

(&)

Uy —Au+u; = ul’, t>0,xeR",
(ut, u)(0, x) = (uo, ur)(x),

in the supercritical range p > 1+2/n, by assuming small data in weighted energy space. Here 1+2/n is Fujita exponent,
obtained by homogeneity arguments (see, in particular, [47]). By only assuming data in Sobolev spaces, the existence
result was proved in space dimension n = 1,2 in [25], by using energy methods, and in space dimension n < 5 in [38],
by using L" — L9 estimates, 1 <r < g < oo.

Indeed, the main difference with respect to the wave equation with no dissipation, is that the damping term u, in (5)
produces the diffusion phenomenon. This effect modifies the asymptotic profile of the solution to the corresponding
linear problem so that it can be described by the solution to a heat equation with suitable initial data (see [23] and,
later, [22, 30, 40]).

We mention that, recently, the first author, together with S. Lucente and M. Reissig [12, 14], studied a wave
equation with time-dependent dissipation, for which the existence exponent coincides with Fujita exponent in space
dimension n = 1,2, and it is larger than this latter in (odd) space dimension n > 3.

Having in mind that the asymptotic profile of solutions to the linear part of the equation influences the critical
exponent for the problem with power nonlinearity, we consider the linear evolution equation related to models (1)
and (2):

{u,, + (=AYu, + (=A)u=0, t>0,xeR", ©

(o, u)(0, x) = (uo, ur)(x).
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For any ¢ > 0, the equation in (6) is a dissipative o-evolution equation (it is called, sometimes, 20--th order damped
wave equation, or with other names). In particular, its energy (see Notation 2 in Section 1.3)

1 1
E(t) = 5 lu, E, + SMIDI7u(t, 3]

is non-increasing, due to:
5 2
E'(t) = =D uy(t, I}

Moreover, if 26 € [0, o) (effective damping, according to the classification introduced in [9]), the solution to (6) may
be written as the sum of two terms, whose asymptotic profiles as ¢+ — oo are described by the solutions to the two
diffusion problems [7, 28]:

v+ (=A)" %y = 0, -
v(0,x) = f(ugp, ui,6),

{w, +(=A)Yw = 0, )
w(0, x) = g(uo, uy, 0, 9),

for suitable f,g. In the limit case § = 0, the asymptotic profile of u is always described by the solution to (7)
(since w(t, x) = e”'w(0, x)). Therefore, in view of our previous discussion, when 26 € [0, o), it is a natural expectation
that global existence of small data solutions to (1) holds in the supercritical range p > py (as proved in [46] for 6 = 0
and o = 1). The second, natural, question that arises is if global existence of small data solutions to (2) holds in the
supercritical range p > p;. In particular, this second question is meaningful only if 6 > O (since p; = 1 for 6 = 0).

The main goal of our paper is to give a positive answer to these questions.

The answer is positive in the easier, limit, case 26 = o (see [42]), even if the solutions to (7) and (8) no longer
describe the asymptotic profile of the solution to (6). On the other hand, in the case 26 > o, the asymptotic profile
of the solution is completely different, in particular, the wave structure appears and oscillations come into play (the
case o = 0 = 1 has been studied into details by R. Ikehata [24]), consistently with the classification introduced in [9].
For this reason, if 20 > o we cannot expect, in general, an existence result in the whole supercritical range p >
1+20/(n—0);in (1) or p > 1+ 0 /nin (2), as it happened for the semilinear wave equation. Moreover, when é > o,
completely different phenomena appear in the linear equation, with respect to the case ¢ € [0, o] (see Section 9).

In order to prove our existence result for 26 € [0, ), we derive suitable, sharp, decay estimates for the linear
evolution problem (6). The sharpness of the estimates for (6) is guaranteed by the diffusion phenomenon, i.e. by the
sharpness of the estimates for the solutions to (7) and (8). These linear estimates can be easily extended, in the limit
case 20 = o.

Our existence result remains valid in the supercritical case, even for non integer values of o, ¢, if we denote by
(=AY’ = |D??, the fractional Laplacian operator defined by its action DI’ f = F'(1&*’ f), where § is the Fourier
transform with respect to the space variable, and f = & (see Notation 2 in Section 1.3), and we replace the usual
Sobolev spaces W™ with Bessel potential spaces H™9, in our statements, when m is not an integer. However, if the
exponents o, ¢ are non-integer, then the test function method cannot be applied, in general, to prove the non existence
counterpart of the existence result.

In the case of structurally damped waves with power nonlinearity |¢|”, i.e. o = 1 and ¢ € (0, 1] in (1), the first
global existence result has been obtained by the first author and M. Reissig [15] in low space dimension, by using
energy estimates. For 26 € (0, 1], the existence critical exponent was pg = 1 + 2/(n — 26),, whereas for 26 € (1,2],
the existence of global small data solutions was proved only for p > 1 + (1 + 26)/(n — o). In particular, in the
case o = 0 = 1, there appeared a gap between the exponent 1 + 3/(n — 1) and the nonexistence exponent 1 +2/(n — 1)
found by homogeneity arguments and test function method.

By taking advantage of some linear L" — L? estimates, 1 < r < g < oo, obtained in [39], the result for 26 € (0, 1]
was later extended by the authors [8] to higher space dimensions, up to some maximum dimension, monotonously
tending to co as 26 — 1.



The difficulty in dealing with higher space dimension is related to the loss of regularity appearing when one
deals with L? — L7 estimates, with g € (1,2). Indeed, these estimates come into play in a natural way to deal with
power nonlinearities |u|”, when p € (1,2), and the critical exponent eventually becomes smaller than 2 in high space
dimension n (for instance, Fujita exponent 1 + 2/n is smaller than 2 in space dimension n > 3).

The loss of regularity for L7 — L7 estimates, with g € (1, 2), is related to the wave structure of the equation at high
frequencies, as studied into details in [38] for (5). However, the presence of the structural damping in (6), when § > 0,
generates a smoothing effect on the solution, which does not appear for the classical damping u,. This smoothing
effect allows us to recover the additional regularity by using estimates which are singular at t = 0. The singularity
order is proportional to n(o- —20)/26, and it vanishes at o = 2. This effect explains, roughly speaking, the possibility
to employ these estimates in higher space dimensions when o-/(26) tends to 1.

We conclude this overview, citing a few results about damped evolution operators, with o > 1. The linear damped
plate equation without rotational inertia corresponds to take o = 2 in (6). On the other hand, linear estimates for
the damped plate equation with rotational inertia —Au,, for which a regularity-loss type decay appears, has been
investigated in [1, 3, 5, 45].

A general result for linear evolution equations, which includes model (6), has been recently obtained in [4].
This result can be easily applied to study global existence of small data solutions for the problem with power
nonlinearity |u|”, but in absence of more general L" — LY estimates, global existence for all supercritical expo-
nents p > po = 1 +20/(n — 26), could only be proved, following the ideas in [25], in low space dimension.

For several existence/nonexistence and blow-up results for higher order nonlinear equations, not only of parabolic
type, but also of hyperbolic type, and for dispersion and Schrodinger equations, we address the reader to the book
of V.A. Galaktionov, E.L. Mitidieri and S.I. Pohozaev [18]. In particular, higher order diffusion equations (see later,
(10)) are considered in Section 2.8 in [18] (see also [17]).

Finally, we mention that the first author and E. Jannelli recently found an explicit way to construct a dissipative
term for any linear higher order hyperbolic equation and to obtain the long time decay estimates [11] for the solution
of the related Cauchy problem, providing the basic tool to investigate small data global solutions in presence of a
power nonlinearity.

1.1. Motivation for this paper

The main motivation for this paper is related to the “shape” of the two critical exponents for problems (1) and (2).
It is well-know that critical exponents for the existence of small data global solutions are related to the decay rate of
the solution in suitable space, which are fixed to deal with the nonlinearity. The linear equation (6) has two possible
types of decay rates, each one related to one of the two diffusion problems in (7)-(8), in particular, to its scaling
properties (see Section 2.3). According to which norm is considered for the solution, one or the other profile appears.

In this paper, we show that the critical exponent pg in (3) for problem (1) is related to the scaling properties of the
operator in (7) with nonlinearity |l>5v|”, namely,

Ve + (=8)77v = sVl €))

Here I,; stands for the Riesz potential, roughly speaking, the inverse of (=A)° (see later, Notation 2 in Section 1.3).
Equation (9) is formally obtained by deleting u,, in (1) and setting v = (=A)°u. The well-known Riesz potential
mapping properties motivate why no existence result holds if n < 26.
On the other hand, the critical exponent p; in (4) for problem (2) is related to the scaling of the operator in (8)
with nonlinearity |w|”, namely,
wy + (=A)°w = |wlf. (10)

This latter equation is formally obtained by deleting (—A)?u in (2) and setting w = u,.
This interesting phenomenon only appears in the case of structural damping, i.e. if § > 0 (since (10) reduces to an
ordinary differential equation if 6 = 0).



The second motivation for this paper is to obtain sharp L" — L? estimates, with 1 < r < g < oo, for the linear
problem, and optimal estimates for the L7 norm of the solution and its time derivative, with g € (1, c0), for the
nonlinear problem. In the special case o = 20, this task can be easily accomplished, also for 1 < r < g < oo (see [6]
for o = 1 and fractional 6 = 1/2). On the other hand, several difficulties appear if 20 < o. In particular, apart
from the special case o = 1 which we consider in Section 8 (for which L' — L' and L™ — L™ linear estimates are
available), we rely on a multiplier theorem (Theorem 10). In particular, we show how the smoothing effect created by
the structural damping allows to use linear estimates with a singularity at # = O of order lesser than 1, when dealing
with the nonlinear problem.

As an additional benefit, thanks to the obtained L" — L? estimates in the case of non integer powers o and/or 9,
the maximum space dimension for which we may state our global existence result for any supercritical power, tends
to oo as o — 26 — 0, allowing us to avoid the restriction on the space dimension, coming from to the usual Sobolev
embeddings H* ¢ L*, n < 2k (see Remark 2.4).

1.2. Two sample models

Before going into details of our result, we present two sample models, to which our result applies, setting 6 = 1
and o = 2,3,in (1) and (2).

Example 1.1. Let us consider the semilinear plate equation with strong damping:

[ul?,

Uy + A*u— Au, =
et

The critical exponent is 1 + 4/(n — 2),. for the power nonlinearity |u|”, and 1 + 2/n for the power nonlinearity |u,|".

Assuming u; sufficiently small in L' N L, and u, together with its first and second derivatives, sufficiently small
in L' N L*, we find global existence of small data solutions to (1), for any space dimension n > 3 and power p >
1 +4/(n—2), and to (2), for any space dimension n > 1 and power p > 1 + 2/n, and we derive L? estimates for the
solution, for any g € [1, co] (Theorem 5). Global solutions cannot exist, under a suitable sign assumption on u;, in
space dimension n = 1,2 for any p > 1, and in space dimension n > 3, for any p € (1,4/(n —2)] (Theorem 1), and in
space dimension n > 1, for any p € (1,1 + 2/n] (Theorem 2), respectively.

Example 1.2. Let us consider:
ul?,
o~ N — Ay = (11)
|ul‘|p5
in space dimension n = 3. The critical exponent is 7 for the power nonlinearity |u|”, and 5/3 for the power nonlinear-
ity |us|P. These exponents correspond to the critical exponents of the problems

v+ A% = L),

wr — Aw = [wl?,

respectively (see (9) and (10)). Assuming uo and u; sufficiently small in L' N L*, together with their derivatives, up
to the order 5 and 2, respectively, we find global existence of small data solutions to (1) and (2), in the supercritical
ranges p > 7 and p > 5/3, respectively, and we derive L? estimates of the solution for any ¢ € (1, o) (Theorems 6
and 7). Additional details are given in Section 2.4.

Global solutions cannot exist, under a suitable sign assumption on u;, for any p € (1,7] (Theorem 1) and for
any p € (1,5/3] (Theorem 2), respectively.



1.3. Notation
Through this paper, we use the following.

Notation 1. Let f,g : Q — R be two functions. We use the notation f ~ g if there exist two constants C;,C, > 0
such that C;g(y) < f(y) < Cag(y) for all y € Q. If the inequalities hold in a neighborhood of some y € Q, we use the
notation f ~ g (asy — ).

If the inequality is one-sided, namely, if f(y) < Cg(y) (resp. f(y) = Cg(y)) for all y € Q, then we write f < g
(resp. f 2 &)

Notation 2. We denote f = §f, the Fourier transform of a function f with respect to the x variable. For b > 0, we
denote by [D|’f = F'(1£° f), the possibly fractional Laplace operator, and by I,f = & '(1€]™" ), the Riesz potential
operator.

Notation 3. Let yo, y; be C;°(R") cut-off nonnegative functions satisfying

Xo+x1=1, supp xo C {l¢] < 1/2}, and  suppyi C {|§] = 1/4}.

In particular, it follows that yo = 1 in {|¢] < 1/4} and y; = 1 in {|¢| > 1/2}. To localize a function g at low and high
frequencies, we denote g, = F'x;j2,j=01.

Notation 4. By [-] : R — N, we denote the floor function:
[x] =max{n e N:n < x}.
By (x); we denote the positive part of x € R, i.e. (x), = max{x,0}. As usual, we set 1/(x); = co, when x < 0.

Notation 5. For any g € [1, 0], and m € N, we denote by W"? = {0%u € LP, |a| < m} the usual Sobolev space of
order m, with WO = L?. For s € [0, +o0), we denote by H’ the Bessel potential space:

H' ={(1-1DP) f € L?}.
We recall that H* = W52, for s € N.
Notation 6. For any ¢ € [1, co], we denote by ¢’ its Holder conjugate, i.e. ¢’ = g¢/(g — 1).

Notation 7. For any p € [1, ), by Ll’; . we denote the space of distributions, whose restrictions on any compact
subset, are in L.

1.4. Scheme of the paper

For the ease of reading, we summarize the various arguments treated in each Section:

e in Section 2.1, we state our nonexistence results and lifespan estimates (Thorems 1, 2, 3 and 4);
e in Section 2.2, we state our existence result in the special, easier, case 26 = o (Theorem 5);

¢ in Section 2.3, we discuss the linear estimates, related to the asymptotic profile for (7) or (8);

e in Section 2.4, we state our existence results in the case 26 < o (Theorems 6, 7, 8 and 9);

e in Section 2.5, we discuss how the critical exponents change if the initial data are not in L'

e in Section 2.6, we give some comments about the case of classical damping, i.e. for 6 = 0, in (1);

e in Section 2.7, we discuss some extension of our result to more general power-type nonlinearities;

6



e in Section 3, we prove the non existence results and the lifespan estimates;

e in Section 4, we state and prove the linear low frequencies and high frequencies estimates, which we will use
to deal with the nonlinear problem;

e in Section 5, we give a detailed proof of Theorem 5;

e in Section 6, we prove our main results (Theorems 6 and 7), following the steps introduced in Section 5;
e in Section 7, we sketch how to modify the proof in Section 6 to prove Theorems 8§ and 9;

e in Section 8, we discuss which improvements are possible in the special case o = 1;

¢ in Section 9, we prove a local existence result for problems (1) and (2) in the energy space.

2. Main result

In the following, we first state the nonexistence result in the subcritical and critical cases (Section 2.1), then we
look for global solutions in the supercritical case, in different spaces (all of them, in particular, include the energy
space), according to five different cases.

In Section 2.2, we consider the special, easier, case 20 = o, looking for energy solutions to (1) which also verify
u € L'nL>, and for W' N W* solutions to (1), which also verify u, € L' N L™. For this model, we can prove global
existence of small data solutions in any space dimension n > 1, and derive estimates for the solution in L?, 1 < g < oo.

In Section 2.4, we consider the case 26 < o, but we replace the L' N L™ additional regularity with an L7 N L7
additional regularity, for any small r7 and large g. We derive estimates for the solution in LY, with ¢ € [, g]. In the
second part of Section 2.4, we only ask additional L™"?7} regularity to the energy solutions, but we consider higher
order energies. Consequently, we derive estimates for the solution in L?, only for min{2, p} < g < 2p, where the upper
bound is due to the use of Gagliardo-Nirenberg inequality.

2.1. The critical exponent via test function method

We first give a definition of weak solution to (1) and (2).

Definition 1. Let p > 1. We say that u € LF ([0, c0) xR") is a global weak solution to (1), or that u € L ([0, c0) x R™)

loc loc
with u; € Lﬁ) ([0, 00) X R"), is a global weak solution to (2), if, for any test function F € C°([0, o) x R"), it holds:

I= f o f w(t, ) (Fult, ) — (=AY F (1, x) + (=AY F(t, x)) dxd
0 n

- f u(x) F(0, x)dx + f uo(x) (F,(0, x) — (—A)‘SF(O, x)dx, (12)
n RH

1= f f lu(t, X)|PF(t, x)dxdt, or I= f f s (2, X)|P F (¢, x) dxdt,
0 Jre 0 JR
respectively.

Let T > 0. We say that u € L} ([0,T] x R") is a local weak solution to (1), or that u € L} ([0,T] x R")
with u; € Lﬁ) ([0, T] X R"), is a local weak solution to (2), if (12) is verified for the test functions as above, under the

additional assumption that supp F' C [0, 7] x R".

where

Integrating by parts, classical solutions to (1) and (2), are also weak solutions, according to Definition 1.



Remark 2.1. Several results of local existence of solutions to (1) and (2) may be given. For the sake of brevity, we
only state a local existence result for energy solutions, postponing the statement and its proof to Section 9. As a
consequence of this result, local solutions to (1) and (2), in the weak sense of Definition 1, exist, assuming data in
a suitable space. We prove the result for powers p which may belong either to the subcritical ranges in Theorems 1
and 2, or to the supercritical ranges in Theorems 8 and 9.

Theorem 1. Let 6 € N, o € N\ {0}, and assume that uy = 0, whereas u, € L' verifies

[ medx>o. (13)
Then there exists no global weak solution to (1):
e forany p > 1ifn < min{26,0};
e for any
pE (1, 1+ #o{-zaﬂ-} )

if n > min{24, o}.

Moreover, for any fixed g € L', verifying (13), there exists C > 0 such that, for any subcritical value of p, the maximal
existence time T of the local solution satisfies

T < Cg wram, Kk = 20" — min{26, o}, (14)
where we set uy = g, € € (0, 1), as initial data. Here p’ = p/(p — 1).

Theorem 2. Let 6,0 € N\ {0}, and assume that uy = 0, whereas u, € L' verifies (13). Then there exists no global
weak solution to (2) for any

min{24, o}
— |

p€(1,1+

Moreover, for any fixed g € L', verifying (13), there exists C > 0 such that, for any subcritical value of p, the maximal
existence time T of the local solution satisfies

T <Cewm,  k=min{26,0), 15)
where we set uy = g, € € (0, 1), as initial data. Here p’ = p/(p — 1).

Into determinate the critical exponents in Theorems 1 and 2, the assumption that the initial data belong to L' plays
an essential role. If the L' assumption is dropped, the critical exponents change accordingly. This effect is well-
known for the dissipative wave equation [26]. Dropping the assumption of initial data in L' may also influence the
nonexistence result, as the following two results show.

Theorem 3. Let 6 € N, 0 € N\ {0}, and assume that uy = 0, whereas u, € Llloc verifies
u(x) = (1 + |x)7#, for some € € (0,1) and u < n. (16)
Then there exists no global weak solution to (1):
e forany p > 1 if u < min{26, o};

e for any

200
pell, 1+ —————|,
u —minf{26, o}

if 4 > min{206, o}.



Moreover, there exists C > 0, independent of &, such that, for any subcritical value of p, the maximal existence time T
of the local solution satisfies
T < Cg @-wm | Kk = 20 — min{26, o’}. 17

Theorem 4. Let 6,0 € N\ {0}, and assume that uy = 0, whereas u; € L}

1o verifies (16). Then there exists no global
weak solution to (2) for any

in{2
pE (1,1+ min{26, o} 6’0-}).

Moreover, there exists C > 0, independent of &, such that, for any subcritical value of p, the maximal existence time T
of the local solution satisfies
T < Cg W k = min{26, o’}. (18)

In other words, the parameter y in (16) in Theorems 3 and 4, plays the role once played by the space dimension 7 in
Theorems 1 and 2. Assumption (16) on the initial data is inspired by [35].

We will prove Theorems 1, 2, 3 and 4, using the test function method. A deep description of the test function
method can be found in [33], see also [31, 32, 34, 35].

2.2. Global existence in the special case 26 = o

For the ease of reading, we first discuss the easiest case o = 20.

Theorem 5. Letn> 1,20 =0,andp > po=1+20/(n—0)sin(1),or p>p; =1+ 0/n, in(2).
Then there exists a sufficiently small € > 0 such that for any data

(o, ur) € AXB=(W™' N W) x (L' L), uolla + luills < e, (19)
there exists a global solution
u € C([0, 00), W' n W) N C'([0,00), L' N L)
to (1) or (2). Also, for any q € [1, co], the solution to (1) or (2) satisfies the decay estimate
DI )t Mer S (10720 gl + [l 1), (20)

Moreover, the solution verifies the estimate

Nt e < (4 + 0" 50D lullz + et ). @1)

Estimates (20) and (21) coincide with the estimates obtained for the corresponding linear problem (6).

Global existence of small data solutions in some supercritical range (p;, pl, in the case 26 = o has been recently
proved in low space dimension in [42]. Theorem 5 extends this result to any supercritical power p > p;, in any space
dimension n > 1.

2.3. Asymptotic linear estimates

We will derive estimates with no loss of information, with respect to the linear problem, also for 26 € [0, 0) in (1)
and 26 € (0,0) in (2). However, when 26 € (0, o), the asymptotic profile for ||u(z, -)||z« and ||u, (¢, -)||1e, Where u is the
solution to the linear problem (6), changes whether condition

n(l —é)—zazo, 22)

holds or not (see [7, 28] and, later, Proposition 4.1). Condition (22) may be written in a more compact form as
n > 26q’, where ¢’ is the Holder conjugate of g.



More precisely, under suitable assumption on the data, in particular for u; € L', with #;(0) # O (i.e. with nonzero
integral), the solution to (6) verifies

DIk u(t, Yiza ~ NP Lasdv(t, Yis + DI Lsd w(t, Yo ~ ¢ T2 (1=a)0=20)k o mala1=5)eb-20)k (93

as t — oo, where v and w are the solution to (7) and (8), with suitable data v(0, -), w(0, -) € L'. We remark that the term
in brackets in (23) is the same in both profiles, for v and w, since the only difference between equations (7) and (8), is
the power of the Laplacian.

One may see that, for b = o and k = 0, the term in the brackets in (23) is nonnegative, due to o > 26. Therefore,
I1D|7u(t, |z« ~ 7% as t — oo, where v, is the nonnegative exponent defined as

1 1
nim gy (o1 5]+ o - 29}, 24)

On the other hand, if we set b = 0, then the sign of the term in the brackets in (23) changes whether (22) holds or not.
Therefore, ||0*u(t, )|« ~ 7%, as t — oo, where

1 1
o =5 {n(l - —) - 26} if n > 26q’,
—(1——)—1 if n <26q".
Since these estimates for the solution to (6) are optimal, they are also optimal for global small data solutions to the
semilinear problems (1) and (2).

Remark 2.2. The fact that the asymptotic profile of ||(')fu(t, ||z« changes whether (22) holds, or not, has an interesting
consequence on the critical exponent for problems (1) and (2).

e The critical exponent pg in (3) for (1) is the solution to pB, = 1. In particular, it follows that (22) holds
for ¢ = po, so that the decay rate t# is the same obtained for ||15v(t, -)||z in (7). Indeed, py is related to the
scaling of (9). We also remark that, if n < 26, then ||u(z, -)||.« decays for no g € (1, 00), and this explains why no
existence result holds.

e The critical exponent p; in (4) for (2) is the solution to p(8, + 1) = 1. In particular, it follows that (22) does not
hold for g = py, so that the decay rate r#n ~! is the same obtained for ||lsw,(Z, -)||z~ in (8). Indeed, p; is related
to the scaling of (10).

Estimates (23) are of special interest when g = 2, therefore we also set:

2b — 45
}7(—5) ifn+2b > 4,

. g —

%=1,%2 (26)

-1 ifn+2b <49,

46

so that [[|DI?0Fu(t, )||;2 ~ %7, as t — 0.
As it is well-known, estimates on H” basis are very useful to manage power nonlinearities, due to the (fractional)
homogeneous Sobolev embedding (equivalently, by the mapping properties of the Riesz potential):

1_1
Iflle SMDPGDfl, Vg e 2,0 @7
In particular, it is clear that

By=6, &= bzn(l—l), Yq € [2, ), (28)
2 g

where 8, and 6, are as in (25) and (26).
10



2.4. Global existence for 26 < o

Due to the lack of L! — L' linear estimates for the general case o= # 1 (the special case o = 1 is discussed in
Section 8), we cannot look for solutions with additional L' N L*® regularity for u, and/or for u,, as we did in Theorem 5.
Therefore, we will look for solutions which verify u € C([0, o), L"NL9), if we consider (1), and u, € C([0, c0), L"NLT)
if we consider (2), for some 77 € (1, min{2, p}], and for sufficiently large g < co.

Theorem 6. Let 26 € [0, 0), assume that the space dimension n > 26 satisfies n < ng, where

2(0 + 26)}

o 26 @9

ng = ng(o, 6) := max{neN: n<

and let p > pg in (1). Then there exist a sufficiently large M € [2p, o0) and a sufficiently small € > O such that for any
data
(o, ur) € A X Br= (W01 0 WT202) s (WAL N W20), - wiith [lugllz + sl < e, (30)

and for any n € (1, min{2, p}] and g € [M, 0), there exists a global solution
u € C([0, ), L" " H? N L7) N C'([0, ), L?)
to (1). Also, decay estimates

D7 u(, iz < A+ 07 (luolla + lleerlls), €19}
llae(t, Nz S A+ 07 ol + Nl llg), (32)

hold, and the solution verifies the estimate
llut, e < A+ 0)Pelluolla + llurlls), Vg € [7, 4], (33)
where y, and B, are defined in (24) and (25).

Theorem 7. Let 26 € (0, 0), and assume that the space dimension satisfies n < ny, where

45
ny =ni(o,8):=maxqneN: n< , (34)
o-20

and let p > py in (2). Then there exist a sufficiently large M € [2p, o0) and a sufficiently small € > 0 such that for any
data as in (30), and for any n € (1, min{2, p}] and g € [M, o), there exists a global solution
u € C([0, 00), W7 n W9) N C' ([0, o0), (L" N L7))

to (2). Also, the solution satisfies the decay estimates
D17 u(t, s < (1 + 77 (luolla + llurllg),  ¥q € (1,41, (35)
Nyt e S (1 + 0P (luolla + s llg), Y € [, ], (36)
where 'y, and 3, are defined in (24) and (25), as well as estimate (33).
We notice that n;(c, 5) /* o0 as 0/(26) — 1, for both j =0, 1.

Remark 2.3. In the regularity obtained for the solution in both Theorems 6 and 7 it appears a loss of regularity, with
respect to the initial data. This loss of regularity is related to the employment of linear estimates on L9 — L9 basis,
with ¢ # 2. Indeed, at short time and low frequencies, the solution to (6) has the same structure of the solution to
the evolution equation u,; + (—A)”u = 0, without dissipative terms, for which the loss of regularity is a well-known
phenomenon (see, for instance, [37, 41]). The loss of regularity in Theorems 6 and 7 could be reduced, fixing the
space dimension n and the power nonlinearity p, and modifying accordingly the proofs in Section 6, but this aim is
beyond the scope of this paper.

The data regularity H7+?% x H? is obtained by adding to the standard regularity for energy solutions H” x L?, an
additional power 26, which comes by the use of singular estimates (see Section 4.1).
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Remark 2.4. Since o and ¢ are integers, the condition 26 < o implies that o — 26 > 1, and this makes the assump-
tion on the maximum space dimension (29) more restrictive than the assumption that guarantees that H°*?% embeds
in L, i.e. n < 2(0 + 26). They are equivalent only for o — 26 = 1. The same comparison can be made between

assumption (34) and the assumption that guarantees that H2° embeds in L™, i.e. n < 4.

For this reason, if one is not interested in having L" regularity of the solution, for small n > 1, the maximum
space dimension for which the global existence result holds can be improved by using Sobolev embeddings, at least

when o — 26 > 1. This approach is employed in Theorems 8 and 9.

By the converse, if we consider fractional values of o~ and/or ¢, we can no longer exclude that oo — 2§ is in (0, 1).
In this latter case, assumptions (29) and (34) in Theorems 6 and 7 are less restrictive than the corresponding condi-

tions n < 2(o" + 26) and n < 46, related to the Sobolev embeddings H**> ¢ L™ and H*® c L™.

Theorem 8. Let 26 € [0,0), n > 26, and fix p in (1), such that

200 N 2(o + 20)
(n—=2(c +28):

Define

and assume that the space dimension satisfies
1 1
nl—-—=] (c—-20) <o +26.
p 2/

Then there exists a sufficiently small € > 0 such that for any data
(g, 1) € AX B:=(WT1 0 HTH20) 5 (WP H?),  with ||uolla + |luills < &,
and for n:= min{2, p}, there exists a global solution
u € C([0, 00), L" N H*) N C' ([0, 00), H*™)
to (1). Also, estimates
DI ut, e < (1 + 0% (luolla + lurlls), Vb € [0,«],
DI us (. )z S A+ 7% (luolla + s llg), Vb € [0,k — o],

hold, where 0y, is defined in (26). Moreover, if p < 2, the solution verifies the estimate

llut, Nz S A+ O0Pelluolla + llurllg), Vg € [p.2],
where B, is defined in (25).
The restriction from above in (37) guarantees that k < o + 26 in (38).

Theorem 9. Let 26 € (0, 07) and fix p in (2), such that

45

—1+26< <1+
=iy <P (n—40),

Define

(37

(38)

(39)

(40)

(41)
(42)

(43)

(44)

(45)



and assume that the space dimension satisfies
1 1
n|l—-—=| (0 —-26)<26. (46)
p 2/,

Then there exists a sufficiently small € > 0 such that for any data as in (40), and for n:= min{2, p}, there exists a
global solution
u € C([0, 00), W7 0 H*) N C'([0, c0), L" N H*™")

to (2). Also, estimates (41) and (42) hold. Moreover, if p < 2, the solution verifies estimate (43) and
s, e S A+ 0P ol + llurllg), Vg € [p, 2], 47)
where 3, is defined in (25).

Remark 2.5. We notice that, for any fixed p, assumption (39) is less restrictive than assumption (29), whereas as-
sumption (46) is less restrictive than assumption (34). Replacing p = pg in (39) and, respectively, p = p; in (46), one
obtains a bound on the space dimension #n, given by

1 1 1-j 26

4___)<L_21L_, 48)
pj 2/, o—-20

which remains valid for any exponent p sufficiently close to the critical one.

Example 2.6. Coming back to Example 1.2, the critical exponent for (11) is 1 + 6/(n — 2), for the power nonlinear-
ity |u|?, and 1 + 2/n for the power nonlinearity |u,|”. In this paper:

e we prove global existence of small data solutions to problem (1), for any

1+

<p<l+ 10
— - 10),

in space dimension 3 < n < 20 (Theorem 8); in space dimension 3 < n < 9, we derive L? estimates of the
solution for any ¢g € (1, o) (Theorem 6);

e we prove global existence of small data solutions to problem (2), for any

2
1+-<p<l1l+
n P T,
in space dimension 1 < n < 6 (Theorem 9); in space dimension n < 3, we derive L? estimates of the solution
for any g € (1, co) (Theorem 7).

For any n > 1, global solutions cannot exist, under a suitable sign assumption on u;, in the critical and subcritical
cases (Theorems 1 and 2).

2.5. Critical exponents for initial data not in L'

As we previously discussed, Theorems 3 and 4 do not contradict the existence results for p > pg and for p > py,
proved in Sections 2.2 and 2.4, since (16) implies that u; ¢ L', more precisely, if u € [0, n) then u; ¢ Li.

Indeed, it is known that the critical exponent for semilinear problems like (1) and (2) changes if the L' assumption
on the initial data is replaced by an L™ assumption, for m € (1, 2] (see, for instance, [26]). More precisely, assuming
small initial data in L™, m € (1, 2], and in the energy space, the critical exponent to (1) and (2), when 26 < o, is then
related to the p-th power of the decay rate for the L™ — L"™? linear estimate for u and, respectively, u,, that is,

1+ ,)—min{m (=155 Py (=D=p},
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(1 + 1)~ min{ =5 (P=D=55 p+pogis (D),
We can see that the role played by the space dimension n when data are small in L', is now played by the parame-
ter n/m. In other words, the critical exponents are (see Remark 2.2):

2mo 2mod
, pi(nfm)=1+—. 49)
n—2mo n

po(n/m) =1+

The global existence of small data solutions for p > po(n/m) and p > p;(n/m), may be easily obtained with minor
modifications in the statements and the proofs in this paper. In particular, it is much easier to prove the analogous
of Theorems 8 and 9, when initial data are only assumed small in the energy space, namely, setting m = 2 in (49).
Indeed, in general, one should set 7 = min{2, mp}, so that n = 2 when m = 2, for any p.

Then, Theorems 3 and 4 provide the nonexistence counterpart for any p < po(n/m) and p < pi(n/m), fixing a
suitable u = u(p) > n/m. It only remains open the problem to prove the nonexistence result at the critical values p =

po(n/m) and p = pi(n/m).

2.6. The case of classical damping: 6 =0

In the limit case § = 0, i.e. when the damping is external or frictional, there is no smoothing effect, so that the
singularity employed in the high frequencies estimates do not appear. Our results for (1) remain valid but we have
no result for (2) (conditions (34) and (46) are never verified for 6 = 0). Indeed, the asymptotic profile of the solution
to (6) is always described by the solution to (7) in (23), except for the limit case of ||3*u(z, -)||;1 ~ t7%, as t — oco.

Therefore, the main interest of this paper is when ¢ > 0, even if the case ¢ = 0 is included in Theorems 6 and 8.

2.7. Some generalizations of the problem

With minor modifications, it is possible to consider more regular solutions in Theorems 6 and 7, but asking more
regularity influences the maximum space dimension where the estimates employed to manage the high frequencies
part of the solution are not too singular at r = O (see later, Section 4.1). By assuming extra regularity for the solution
in Theorems 6 and 7, it becomes possible to consider nonlinearities like |[D”u|?, for @ € N", with a = |a| € [0, 0 + 20),
or |DPu,|?, for B € N', with b = |B] € [0,26). Also, one may consider fractional derivatives in the nonlinearities, i.e.
IDI“ul or D ugl?.

The global existence of small data solutions can then be proved in the supercritical cases p > po(a) or p > p1(b),

where:
20— a 20-b

Totac2s, m@=leoTn

These two exponents are, respectively, related to the linear decay rates for |||D|*ul|7,, when the asymptotic profile is

described by problem (7), and |||D|bu,||€p, when the asymptotic profile is described by problem (8). The exponents are
consistent with the ones found in low dimension, in the case o = 26, in [42].

The maximum space dimensions corresponding to ny and n; in Theorems 6 and 7 become:

pola) =1

2 26 —
no(a):= max<n € N : n<m ,
o—-20
2(26 —
ny(b):= max<n e N: n<M .
o—-20

One may proceed similarly for Theorem 5.

We omitted these results and their proofs to make the paper easier for the reader, but no substantial difficulty
appears and the extension of the calculations to cover these cases is quite straight-forward. In particular, in Section 4
we derived linear estimates in a more general setting, which covers what is needed to extend the nonlinear arguments
to nonlinearities like ||D|*u|? or ||D|Pu,|”.
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However, unfortunately, the test function method employed to prove the optimality of the critical exponents
when o and ¢ are integer, appears to be not directly extendable to deal with power nonlinearities containing spa-
tial derivatives of u.

We also remark that it is possible to modify the linear part of the equation, putting constant positive coeflicients,
as in
Uy + p(=A)u; + v(=A)7u = 0,

with g, v > 0. Linear estimates remains the same, as well as the nonlinear result. The choice to fix 4 = v = 1 has been
made for the sake of simplicity.

Other generalizations of the nonlinear problem, for which linear estimates obtained in Section 4 can be directly
applied, include models with nonlinear memory term, like

f(f— )7 |u(s, )" ds,
0

and systems of nonlinear coupled equations.

3. Proof of the nonexistence results

The first part of the proof of Theorem 1 can be obtained as a modified application of Theorem 4.2 in [16], to the
operator
Lu = (L] + Lz)u,

with
Liu=uy,  Lu=(-Au+(-A)u,

quasi-homogeneous operators of type (4(o — 9),2(c — 9), 1) and (20, 2(0 — 0), 1), respectively, if 26 < o, and
Liu=uy+(-A)"u,  Lu=(-A)u,

quasi-homogeneous operators of type (20,0, 1) and (0 + 26, 0, 1), respectively, if 26 > o. Indeed, according to
Definition 2.2 in [16], an operator L(d;, d,) is quasi-homogeneous of type (4, dy, d>), if, for any R > 0, it holds

L(RY7,R%¢) = R' (1, &).

The modification consists into consider the Cauchy problem for Lu = |u|?, instead of the Lioville problem for Lu > |u|”
(see [47]). Then, the application of Theorem 4.2 in [16] gives nonexistence of weak solutions for any p > 1 such that:

(0 -6)+n—min{d(oc - 0),20}) p < 2(0c - 0) +n,
ie., (n—=20)(p—1) <20,if 26 < o, and for any p > 1 such that
(c+n—-min{20,0+20}) p <o +n,

ie., (n—o)p—-1) <20, if o > 26. This concludes the proof of the nonexistence result. A direct proof of the non
existence result in Theorem 1 can also be easily obtained. We present it for three reasons: for the ease of reading, to
prove the lifespan estimate, and to give the basis of the proof of Theorem 3.
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Proor (THEOREM 1). We fix a nonnegative, non-increasing, test function ¢ € CZ([0, o)) with ¢ = 1 in [0, 1/2]
and supp¢ C [0,1], and a nonnegative, radial, test function ¥y € CZ(R"), such that ¢y = 1 in the ball By,
and suppy¥ C B;. We also assume (x) < y(y) when |x| > [y]. Here B, denotes the ball of radius r, centered at
the origin. We may assume (see, for instance, [16, 33]) that

o (el +1e”). WA + A7), are bounded. (50)
We remark that the assumption that 6 and o are integers plays a fundamental role here. Then, for R > 1, we define:

@r(1) = e(R™*D),  Yr(x) = Y(R™ '), (51

for some k > 0 which we will fix later.

Let us assume that u is a (global or local) weak solution to (1). Let R > 0, and also assume that R < T¥, if uis a
local solution in [0, T] X R". Replacing F(t, x) = @g(t) Yg(x) in (12), integrating by parts, and recalling that uy = 0
and ¢r(0) = 1, we obtain

j(; fR u(ppr — tp;e(—A)(slﬁR + @r(=N)7 W) dxdt — jl;, w1 (x) Yr(x)dx = I, 52)

Iz = f f |I/l|p(pRl/IR dxdt.
0 n

We may now apply Young inequality to estimate:

where:

j(: fR ) lul(I@ ¥R + |kl (=M Wil + or [(=A)Tygl) dxdt
1 1 0 A ,
<—Ir+— f f (erwr)” 7 (@5l + @R (=AY Rl + lor(—A) yrl)” dxdt,
p P Jo R"

where p’ = p/(p — 1). Due to

() = R“@)R™1), ¢ = R*(¢")R™D),
(=A)°Yr(x) = RP((FAY)IR %),  (=A) Yr(x) = R27(-A)TY)(R ' x),

recalling (50), we may estimate
f f (@rUR) ™7 l@prl” dxdr < C RV,
0 JRe
f f (@RUR) 7 lR(~A Yl dxdr < € R0tk
0 Jre

f f (‘PRWR)_% |90R(_A){TI/JR|[" dxdt < C R™20P+n+
0 R»
We may now fix

K= maX{Z(O' - 5), O'} =20 — mln{26, (T},

so that, summarizing, we proved that

n

1 ,
> Ig < CR20P/+mk _ f u1 (x) Yr(x)dx.

Assume, by contradiction, that the solution u is global. Recalling assumption (13), in the subcritical case p < 1 +
20 /(n+k—20), it follows that Iz < 0, for any sufficiently large R, and this contradicts the fact that I > 0. The critical
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case p = 1 +20/(n + k — 20) is treated in standard way, but we omit the details for the sake of brevity. Therefore, u
cannot be a global solution.

To prove the lifespan estimate in the subcritical case, we first notice that, for any fixed g € L!, verifying (13), there
exists R > 0 such that

f g Yr(x)dx > c >0, VR > R.
]Rn

Assume that u is a local solution in [0, T]xR”, with T > R*. Then, setting R = T+ we may define Iy and, recalling u; =
£g, we obtain:

1 ’ ap’ —(n+k;
0 — 1< CRAP [ i@undx < €T - o
p

n

Therefore, we derive (14), and this concludes the proof.

Proor (THEOREM 2). As in the proof of Theorem 1, we fix a nonnegative, non-increasing, test function ¢ € C°([0, 00))
with ¢ = 11in [0, 1/2] and supp ¢ C [0, 1], and a nonnegative, radial, test function ¢ € C2°(RR"), such that ¢y = 1 in the
ball By 2, and supp ¢ C B;. We also assume y(x) < ¢(y) when |x| > [y|. We assume (50), and we define g and yr as
in (51).

Let O € C°([0, 00)) be the test function defined by

Qp(1) = f @r(s)ds.

(Indeed, we notice that supp @ C [0, R“], since supp ¢r C [0, R“]). In particular, ®}, = —@r.

Let u be a (local or global) solution to (2). Let R > 0, and also assume that R < T*, if u is a local solution
in [0, T] x R". Replacing F(t, x) = ¢g(t) ¥r(x) in (12), integrating by parts, and recalling that uy = 0 and pg(0) = 1,
we obtain

f fR (=i + Or(=AY Wk + Dr(—A)Yrg) dxdt — fR (0 Yr(x) dx = I, (53)
O n n

where: .
Ir = f |url” pripg dxdt.
0 Rll

We may now apply Young inequality to estimate:

fo fRn e (1@ Rk + @RI(=A) Yrl + PRI(=A)TYg]) dxdt

<

1 | 2., ' - ,
P Ir + » f jl; (@r¥R)™ 7 (IPRURl + lor(=A) Yl + OrI(—A) yrl)’ dxdt,
0 n

where p’ = p/(p — 1). Due to
Or() = R (IR D, (=D Yr(x) = R2((-AY)(R ' x),
recalling (50), we may estimate

f f (o) lglgrl? dxds < C R+
0 n

f f (PrWR) 7 |pr(=AY el dxdt < C R0V ++
0 Rn
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The difference, with respect to the proof of Theorem 1, is related to the estimate of the term containing ®. In this

case, due to Dg(7) < Or(0) < R, and being (DZ,/ (p;T’ bounded (this latter can be proved, for instance, by applying the
integral mean theorem, as ¢ — 0) one gets:

f (PrWR) "7 Ol(=A) ygl” dxdt < C RV
0 Jre
We may now fix « = min{26, o}, so that, summarizing, we proved that

1 ,

— Ig < CRPTM — f uy(x) Yp(x) dx.

p n
Assume, by contradiction, that the solution « is global. Recalling assumption (13), in the subcritical case p < 1 +«/n,
it follows that I < 0, for any sufficiently large R, and this contradicts the fact that Iz > 0. The critical case p = 1 +«/n
is treated in standard way, but we omit the details for the sake of brevity. Therefore the solution u# cannot be global.

To prove the lifespan estimate in the subcritical case, we proceed as in the proof of Theorem 1, obtaining
xp’ —(n+k)

1 ,
0< —Ig< CR™M*— f (X Yr(x)dx < CT™ +  —cs,
p

n

and this concludes the proof.

Remark 3.1. In the application of the test function method to problem (1), for 26 < o, one may see that the
part (—=A)’u, + (=A)”u of the linear equation is dominant, with respect to u;; the best scaling is given by (¢, x)
(R7%e=9¢, R~ x). On the other hand, when studying problem (2), for 26 < o, the part u;, + (—A)°u, is dominant with
respect to (—A)”u, since the variable of the nonlinearity is u,; the best scaling is given by (¢, x) = (R™%°t, R™'x). This
effect is analogous to the fact that the critical exponent py and p; are related to the asymptotic profile of problem (7)
and (8), respectively.

When 26 > o, the dominant part is u; + (—A)7u, for both problems (1) and (2). Indeed, if 26 € (o, 20], the
asymptotic profile of the solution is described by the solution to the evolution equation u, + (—A)”u = 0, to which
the dissipative operator e g applied (see [24] for the case o = 6 = 1). The profile becomes more complicated
for 6 > o (see Section 9).

Proor (THEOREM 3). To prove Theorem 3, it is sufficient to follow the proof of Theorem 1, but replacing the estimate
for the initial data with:

f (X Yrx)dx =€ | (1+x)HyYr(x)dx = ce R"H.
n R’l

Asa consequence:
IR < CR—Z()'p K _ ceR"H = R" (CR—Z()'p +K CSR_y),

and the proof of both the nonexistence of global solutions, in the subcritical case, immediately follows. To prove
the lifespan estimate, it is sufficient to fix R = T%, where T is the maximal existence time of a local solution. This
concludes the proof.

Proor (THEOREM 4). The proof of Theorem 4 is completely analogous to the proof of Theorem 3, but now we obtain
Ig < CR¥PHMK _ cg R"M = R"(CR™* — ce R™).

The proof follows.
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4. The linear estimates

Our main tool in proving our existence results consists in the use of linear L?' — L? low-frequencies and L?> — L1
high frequencies estimates for the solution to (6), with 1 < g; < g < o0, and ¢y, g, are possibly different.
Let 26 € [0,0) and let u be the solution to (6). After applying the Fourier transform, we can write

Uy + €U + 170, = 0
w0,8) = up(é),
u(0,8) = u1 ().

The roots of the full symbol A% + &% + 1% are radial and have non-positive real parts:

ey = {31 T MR i 2 <, -
B RN e TR R

In particular,
Ao~ =P A~ A - A~ asé -0 (55)
1
R = -3 167, I~ =4, as |£] — oo. (56)

We may write
u(t, x) = Ko(t, |x]) *x) uo(x) + Ky (2, |x]) * ur(x),

where

pi e**’—/l,eﬁﬂ _ e/ht_eLt
. K= ——. (57)

Ko(t, €] =
o(t, 1€ PR PR

We first consider low-frequencies estimates.

Proposition 4.1. Let 26 € [0, 0) and x¢ as in Notation 3 in Section 1.3, a cut-off function localizing at low frequencies.
The low frequencies part of the solution to (6) satisfies the decay estimate
I
ot (o o) ep2is)-
”8[:|D|hu)(g (t, ')”L‘l S Z(l + l) 2(c—0) (ﬂ(q,- q)+b 2/6) k

Jj=0

llujll o » (58)

Sforany qo,q1 > 1, g € [max{qo, g1}, 0l and t > 0, b > 0 and k € N, provided that
1 1 b-26
———+
a q n

If (59) does not hold, then the solution to (6) satisfies the estimate

>0. (59)

. l)+b)+l—k

1 (o L _1)ep)- (L
101D 1y (2, e S (1 + 1) (a3 )) “luollzso + (1 + 1) H{r(ar llees [l - (60)

A special exception is given in the case g1 = 1, ¢ = oo, k = 0, and 26 — b = n. In this case, we may prove (60) with a
logarithmic power loss with respect to u,, namely:

~ 1 (o5-n(1—L
D 0, Mo < 1+ 608 g + tog1 + Dl

If 6 = 0, then (59) is trivially verified, so that the low-frequencies decay estimates are given by (58).

Remark 4.1. Following the ideas in [7], in the special case o~ = 1, one may show that estimates (58) and, respectively,
(60) are sharp, since ||6f|D|b 1y, (t, )|z« asymptotically behaves, as ¢t — oo, as the corresponding norm for the solution
to (7) and, respectively, to (8), for a suitable choice of initial data.

We point out that estimate (60) for kK = 0 improves the corresponding one obtained in [7].
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In order to prove our statement, we use a result for radial convolution kernels.

Lemma 4.1. [Lemma 3.1 in [7]] Let K(t, x) be a radial convolution kernel of the form

K(1, x) %o h = F(f(I€De 2 R),

with compactly supported h. Assume g(p) = PP, and

1) < p™*
180l < p~g(p)

for some a > —1, and for any k < [(n + 3)/2]. Then

_nfl_1) @
IK (2, %) #(x) Rlls S (1+1) i) llAllza

forany 1 < q) < g < oo, provided that q| < q if @ = 0 and f is not constant, and that

1
q1

—~>2 ifae(-1,0)
n
Lemma 4.1 allows to avoid the restrictions g; > 1 and g < oo, which would come by using a general multiplier
theorem, like Theorem 2 in [36]. We notice that the restriction g; < g appearing when @ = 0 can be removed, for
sufficiently smooth f (namely, if £ = C + fi(p), with {?(p) = 0(p™)).
Proor (ProposiTion 4.1). First, assume that b — 26 > —1 or k > 1, so that we may directly apply Lemma 3.1 in [7].
Let & € supp xo, i.e., |€] < 1/2, and fix the notation
eﬂiz
Ay — A
K5 (@, 16D = A= K7 (@, 1€D -

K2, )él) = +

s

Thanks to (55), we may estimate

1

JED U P4 O U | =20 _
OHDPKG (1w |, 5 (1 HUE Ry

< 1+ 1y S g
q

65|D|bK5(L ) ) Py, I

forany 1 < gy < g < oo and for any k € N and b > 0. Since o > 24, the second decay rate is always worse than the
first one. Gluing our estimates, we conclude the proof.

When we derive L% — L7 estimates for 6*|DI’K? () h,,, a restriction on (p, ¢) appears if k = 0. Though, if k > 1
or (59) holds, still using Lemma 3.1 in [7], we may estimate

< 1+ 0 Sl

L4

DI KT (2, ) *( hy,

5 e =l gy,

KDY (1,2 %o by

The second decay rate is not better than the first one if, and only if, condition (59) holds, and they are equal if the
equality holds in (59). Gluing our estimates, we conclude the proof.
If k = 0 and (59) is violated, assuming for the sake of brevity that uy = 0, it is sufficient to use (60) with k = 1, in

d d (L1
D wy, (2, s S f 101D 1, (5, MIra ds < Nusllan f (1+5) 5 ")+b)ds, (61)
0 0
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to derive the desired estimate. Indeed, the decay rate in (60) with k = 1 when (59) is violated is slower than (1 +£)~!,
so that .
f(l 4o 3G g < 14 B0,
0
and this latter is an increasing power of (1 + ). This concludes the proof in the case b — 26 > -1 or k > 1.
Now let us assume that b — 26 < —1 and k = 0. Then we cannot directly apply Lemma 3.1 in [7] to K;. If g < oo,

then we define s = 20 — b — 1/2 > 1/2. By Riesz potential mapping properties, we get

1 1 s
— ==+~

b+
|||D| K () 0 g La"’ g q n

b +
WS “IDl PR ) 2

Then we may apply Lemma 4.1, with @ = —1/2 (in particular, we notice that ¢* > 1). We proceed similarly if g = oo
and g; > 1, applying Lemma 4.1 to IDIb”KIi(t, ) #x Ushy,). If g1 = 1 and g = oo, the thesis follows by using standard
Fourier transform property and Holder inequality,

(R SCORT

< ier & i,

L S |lerkias)|, i,

I

provided that b + n > 24. If b + n = 26, we cannot employ the above estimate. Tough, by integrating as in (61), we
obtain:

! 5
D" uy (8, Mz S f 10D "ty (5, Mlzds S Nl f (1+s)'ds,
0 0
and this concludes the proof.

We now consider high-frequencies estimates. We recall a variant of Mikhlin-Hérmander multiplier theorem, for
kernels localized at high frequencies, obtained by A. Miyachi.

Theorem 10 (Theorem 1 in [36]). Ler g € (1,00), k = [n/2] + 1 (see Notation 4 in Section 1.3) and a > 0. Suppose
that m € CKR™\ {0}), m(€) = 0 if|¢| < 1, and

oEm@ < cier i Hagee, g <,

for €] > 1, with some constant A > 1. Then T,, = §~'(m(t, &))*(v), defined by the action T,,f(t,-) = & Lom(, g)f(g—‘)),
is continuously bounded from L? into itself and

1_1
1T fllee < € A=

Theorem 10 is stated only for g € (1,2) in [36], but it can be extended to g € (2, co) by duality arguments, whereas the
extension for g = 2 trivially follows from Plancherel’s theorem.
We are now able to prove the following.

Proposition 4.2. Let 26 € [0,0), g € (1,00), and y as in Notation 3 in Section 1.3, a cut-off function localizing at
high frequencies. The high frequencies part of the solution to (6) satisfies the decay estimate

681Dy, (2, e S e (uollwma + llullwo-oea), V£ >0, (62)

for some constants ¢ > 0 independent on t, where m € N satisfies

1 1
mZn(o-—26)b—§ + ko +b. (63)
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Proor. For j = 0,1, let m;(z, ) be the multiplier associated to 6f|DIbX1K (t,1x]), respectively. Recalling that |£] > 1/4
in supp x, for sufficiently small ¢ > 0, we may estimate

25
”§|—m6§ml(t’ §)| 5 tlﬁ\ |§|b—m+0'(k—1)+|ﬂ\(0'—l) e—ct|§| e—ct 5 |§|b—m+0'(k—1)+|/3|(0'—2§—1) e—ct’

where we used the boundedness of (#¢*°)Ple ¥ ™. Applying Theorem 10, with a = o — 26, the thesis follows for m as
in (63). We proceed similarly for mg(t, £).

However, at high frequencies, it is also possible to use the smoothing effect produced by the structural damping to
reduce the regularity required on the data, exception given for the special case 6 = 0. However, doing this in short
time estimates, produces a singularity at ¢ = 0. In particular, we have the following.

Proposition 4.3. Ler 26 € (0,0) and x as in Notation 3 in Section 1.3, a cut-off function localizing at high frequen-
cies. The high frequencies part of the solution to (6) satisfies the singular estimate

1
e —n2(q; (52 ) -5 (n £ =L }+b+(k—j)
11Dy, (&, Mo S e D" ()34 -3) f”)||uj||Lq,», ¥t € (0, 00), (64)

J=0

for1l < gq; <q< oo, for some c >0, where

%—qu if2 <gqj
E=40 ifq; <2<gq, (65)
é—% ifg <2

In order to prove Proposition 4.3, we first prove it for g; = g2 = g.

Lemma 4.2. Let 26 € (0,0). Then we have the singular estimate

1 -2 1 -
0Dy, (1, lee S ¢ 1R 50T ot gy S ll), Ve (©,00), (66)
forany g € (1,0), b >0, k € N, and for some ¢ > 0.

In particular,
-1 —c ea
IBFID 1y, (1, lz2 S 5D (luoll> +t5llunll2), Vit € (0,00), (67)

Proor. For j =0, 1, let m;(t, £) be the multipliers associated to 6f|D|” x1K(t,]x]), respectively. We may estimate

|0§mj(t, ol < A |§|b+tf(k—j)+lﬁ\(tf—1) et |§I266—ct ,

for sufficiently small ¢ > 0, thanks to |£] > 1/4 in supp y;. Thanks to the smoothing effect, i.e., the term e~ "ﬂm, we

may estimate
b+(k=j)o

Pl |§|b+(f(k—j)+lﬁl(0'—1) e—c‘llé‘lﬁ <t (t]_%’|§|_l)LB|.

o=26

Therefore, we conclude (66), for ¢ € (0, 1], by applying Theorem 10, with A = #~ 2 . For ¢ € [1, o), the proof is

trivial (it is sufficient to set A = 1 in Theorem 10), thanks to the presence of the exponential decay e™.

Proor (Proposrtion 4.3). Since the equation is linear, we may prove our estimate separately with respect to the initial
datum ug or uy, assuming the other one to be zero. First, let 2 < g; < g < co. We write

1 1
u=1,|D|"u, rj= n(— - —).
q9; 4
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By the Riesz potential mapping properties, we have
L, L7 — LY, r8llze S Ngllzsi

Therefore, by applying (66) to |D|"7u, with initial data (u, 0) or (0, u;), we derive

4[(5-0-3Grrseei)

1
k) 1y b K|y b+ —ct 73
10: 1D wy, (2, s S N IDI™ w8, llpas S et 1% lluejll e

Now, let g < 2. We apply (66) to u, with initial data (I, u9, 0) or (0, I, u;). Therefore, setting r; as before,

ol _Ll{(z_1)-L . 7 _pll_Ll{(z_1)-L . o
L R o Ll G Gt e TR Pt Eil (C e G e T

~ ~

1 1
r=nf{=—--—
n\3 7)

and applying (66) to |D|" u, with initial data (Z,,_,uo, 0) or (0, I,,_,u;), we obtain

If g; <2 < g, by setting r; as before,

% b ) b —ct =2 (btrj+(k—j —ct =5 (b+rj+(k—j
1GKD Py, (1, Mz < NKIDP* uy, (2l < e 1 L (brj+( ")‘7)||1r,-uj||L2 <oy L (br;+( ])o_)”l/{j”L‘]j.

We notice that this latter estimate may also be easily obtained by using the property of Fourier transform:

I1fllze S Al s A0 < fllzess ifgj<2<gq,

and directly estimating the Fourier transform of the fundamental solution.
This concludes the proof of (64).

4.1. Use of singular estimates to deal with the semilinear problem

The restriction on the space dimension and the related choice of the solution space in our results, is related to the
use of high-frequencies linear estimates, which are (possibly) singular at # = 0, as done in [39]. This singularity is

related to the use of the smoothing effect of the structural damping term at short times (Proposition 4.3).

Lemma4.3. Let 26 € (0,0), ug = 0, and T > 0. Then, for any € > 0 and p > 1, there exists a sufficiently

large g = g(p, &) € (2p, o) such that
DI 8 1y, (1, g < 15 (E@20Hb+E=DO)=)y 1 Vie 0.7, qel2.ql.

where
g = min{q,q/p}.
Moreover, if we fixn € (1,2), then

DLy, (1, M < 50 (G2)e=20bG=0)y 0 e 0,71, g e [n,21.

Proor. To prove (68), we apply (64). Setting g; = § for some g € (2p, o),
1

E(q1,q9) < E(G/p,q) =

ESTIRS

bl

L l.r L

a9 9 9 49

for any g € [2, g]. Therefore, for sufficiently large g, (68) follows.
To prove (69), it is sufficient to apply (66) for any g € [n, 2].
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In particular, the following corollary will be used to manage the high frequencies part of the solution related to the
nonlinear term, at short times.

Corollary 4.1. Let26 € (0,0), b+ ko < o+ 206, and T > 0. If we assume that
(@ =28) +b+ (k=D <26, (70)
then there exists M € (2p, o) such that for any g € [M, o), it holds
DI 3f1ay, (1. )llee S " lrllzs, V1 € (0,71, (71)
for any q € (1, gl, where § = min{q, g/ p}, for some power y < 1.

4.2. The limit case oo = 26

In the limit case 26 = o, linear estimates may be easily obtained following the ideas in [39, 42]. The obtained
estimates are consistent with the ones derived for 26 € (0, o).

Proposition 4.4. Let 26 = . Then the solution to (6) satisfies:
e estimate (58), i.e.

1 .
IBIDP 1y 2, Mo S > (1 + PRALCRIUEE (72)
j=0

forany qo,q1 = 1, q € [max{qo,q1},], 1 >0, b > 0and k € N;

e decay estimate (62), in particular,
651Dty (2, e S € (lupllwonsiira + el lyinssiica) Vi >0,

form,k € N, for any q € [1, co];

o the singular estimate (64), i.e.
Dy e s < e 3, o, (73)
j=0
for any qo,q1 2 1, q € [max{qo, g1}, o°].

Combining together (72) and (73) we derive, in particular,

1
HDPuc, as S 3 ¢ HAE (74)
J=0

5. Proof of Theorem 5

To prove Theorem 5, we may follow the ideas in [6].
We may write the (global) solution to the linear Cauchy problem (6) in the form

U™ = Ko(t, X) *x) to(x) + Ky (2, X) %y 1 (X)

where Ky(?, x), K (t, x) are the fundamental solutions to (6). By Duhamel’s principle, a function u# € X, where X is a
suitable space, is a solution to (1) or (2) if, and only if; it satisfies the equality

u(t, x) = u™(1, x) + f Ki(t — 5, %) *(yy f(u(s,x))ds, inX, (75)
0
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where, here and in the following, we set f(u(s, x)) = |6lj ulP, with j = 0in (1) and j = 1 in (2). Incidentally, we
notice that more general shapes of function f can be considered, since we are dealing with small data solutions, but
we restrict to the ones above, for the sake of simplicity.

The proof of our global existence results is based on the following scheme. We fix p in (1) and (2), and we define
the space

X :=C([0, ), W= n WT°) N CY([0, 00), L' N L™), (76)
with norm given by

llly == sup {1+ 07 luet, M + 10D w2, Mg + (1 + 07 e, g + (1 +DF AP w1, M. (77)

1€[0,00)

In particular, by interpolation, any function u# € X satisfies decay estimates with the same powers appearing in (20)
and (21) for any ¢ € [0, c0) and g € [1, co].

Thanks to Proposition 4.4, 4" € X and it satisfies

lu™llx < C (luolla + lleerlls) - (78)

We define the operator F such that, for any u € X,

!
Fut 0= [ K= 5.0 5 fluts. 0 ds. (79)
0
then we prove the estimates
IFullx < Cllullf,, (80)
IFu = Fyllx < Cllu = vilx(llully " + MG ). (81)

By standard arguments, since #''" satisfies (78) and p > 1, from (80) it follows that F + '™ maps balls of X into balls
of X, for small data in A X B, and that estimates (80)-(81) lead to the existence of a unique solution to (75), that is,
u = u'™ + Fu, satisfying (78). We simultaneously gain a local and a global existence result.

Our starting point is the use of the linear estimates in Proposition 4.4. We prove (80), setting (uo, u;) = (0, f(u))
and replacing ¢ by ¢ — s, separately for (Fu),, and (Fu),,. We omit the proof of (81), since it is analogous to the proof
of (80).

The information that u belongs to X plays a fundamental role to estimate f(u(s,-)) in suitable norms. We will
employ the following well-known result.

Lemma 5.1. Let o < 1 < B. Then it holds

f(r - A +85Pds <1+
0

Lemma 5.1 has been proved in many different versions by many authors. One earlier version of this lemma goes back
to [43]. We give a short proof of this result since it is useful to understand the approach employed later to estimate
similar integrals.

Proor. Firstlet t > 1. Splitting the integration interval into [0, #/2] and [¢/2, ¢], we find:

/2 /2
f -5 A+9)Pds=t® f (1 +s5)Pds <17,
0 0
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! !
=) U +5)Pds~U+DP | t-9)"ds <A +nP <1
/2 /2

On the other hand, for ¢ € [0, 1],

15 3
f(t—s)_" (1+s)_ﬁdssf(t—s)_”ds§tl_”S1.
0 0

The role played by Lemma 5.1 is motivated by the following immediate consequence of the definition of (77).

Lemma 5.2. Letu € X. Then
MeeCt, Pl S (1 + 7P lully, t € [0, 00),

for some B > 1, if p > po, whereas
lleer (2, Pl S (1 + )P lully, 1 € [0, o),
for some > 1, if p > pi.

Proor. Due to
M6 ult, WPl S 10 u, NI,

it is sufficient to notice that
pg(l—%)—l+j)>l =  p>p
to conclude the proof.
Lemma 5.3. Let p > poin (1) or p > p; in (2). Then:
DI &k (Fup(e, s < (1 -+ 0! #0=8 g, (82)
form+k=0,1andq € [1,c0].

Proor. It is sufficient to prove (82) for ¢ = 1 and g = oo, since we can later interpolate. By virtue of (74) with g¢; =
g = 1, and Lemma 5.2, we may estimate

f f
IDI™ 8F (Fu)(t, i S f (t = )" N Fuls, Ml ds S Mully f t-s)'" "1 +s)Fds,
0 0
for some 8 > 1. Noticing that 1 —k —m > 0 form + k = 0, 1, by Lemma 5.1, estimate (82) follows for g = 1.

To deal with ¢ = co we may proceed as before only if 1 —k —m —n/o > —1. Otherwise, let t > 2; we use (74)
with ¢; = 11n [0, #/2] and (74) with g; = oo in [t/2,1],

1/2 f
IIDI™ O (Fu)(t, s < f (t = )" || fluls, )l ds + f (t = )" L f (uls, Ml ds,
0 t/2
then we estimate
Z/2 n n t/2 n
f (t = "7 N fuls, Vg ds S Hlullf £+ f (1+5)Pds S ullfy £,
0 0
!t !
(t = )" f s, Dl ds Sl (1+ 0020 (0= ) ds < fullf, (1 + ) maprakom,
/2 /2

The proof of (82) follows noticing that

(1—j—ﬁ)p+2—k—m=—ﬁ+2—k—m—ﬁ,
(oa (oa
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for some 8 > 1, due to p > p;. For ¢ € [0, 2], it is sufficient to use (74) with g = g = oo, to estimate

! 15
IIDI™ 8k (Fu)(t, iz < f t =" f s, Dl ds < lully f -9+ 9Pds < ullf,
0 0
where we used Lemma 5.2 once again.

This concludes the proof of Theorem 5.

6. Proof of Theorems 6 and 7

To prove Theorems 6 and 7, we will employ the linear L7 — L9 high frequencies estimates which we prepared in
Section 4 to avoid the use of L' — L' and L* — L™ high frequencies estimates. We follow the steps of the proof of
Theorem 5.

If we consider problem (1), then we fix the space

Xo :=C([0, 00), L" " H* N L9) N C' ([0, 0), L?)
for a fixed i € (1, min{2, p}] and for sufficiently large g, with norm given by

llullx, := sup {ma)s(l + 0P lut, e + (4 + 0P (@, )Nz + (1 + 071D u(s, ')||L2)}-
1€[0,00) “9€[1.41

If we consider problem (2), then we fix the space
X, :=C([0, ), W& 0 W) 0 C1([0, 00), L" N LT),
for a fixed n € (1, min{2, p}] and for sufficiently large g, with norm given by

llly, := sup max {(1 + 0P llut, Mo + (4 + 0P (e, o + (1 + )2 1DI e, e}
1€[0,00) 4€01:41

Any function u € Xj satisfies decay estimates with the same powers appearing in (33), (31) and (32). Moreover, any
function u € X satisfies decay estimates with the same powers appearing in (35) and (36).
In the following we denote by X both spaces Xj and X;, when there is no need to distinguish among them.
Thanks to Propositions 4.1 and 4.2, u™ e X, and it satisfies (78). Indeed, setting b + ko = jo, in (63), where j = 0
if we consider X, and j = 1 if we consider X;, then

g(a—za)+ja<a+25,

due to the restriction n < nj, with n; as in (29) and (34), on the space dimension.

Therefore, to conclude the proof of Theorems 6 and 7, we shall only prove (80) and (81). Again, we only prove
the first one, being the proof of the second one analogous. We will separately consider low and high frequencies. We
preliminarily notice that Lemma 5.2 is still valid, i.e.

07 e, Wl S N0 e, NG, S A+ 075l S (1 + 7Pl L (83)

for some 8 > 1, since p(B, + j) > 1 if, and only if, p > p;, j = 0,1 (see Remark 2.2). We are now ready to prove the
following.

Lemma 6.1. Let p > poin (1) or p > py in (2). Then:
I(Fuo)y (8, e S (L +D7PeNlulll, Vg € [n,4), (84)

for a sufficiently large §.
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Proor. Let g be sufficiently large that
1
n(l—_) - j) <o+ 26,
q9 4
so that

n(i—l)—Zésn(l—_)—i)—25<0', (85)
7 q q q

q =min{q,g}.
p

We may now prove (84). First, let 5, < 1. In this case, by (83), we get

for any ¢q € [n, gq], where

1(Fu (Ml < fo (= )P L GuCs, il ds < Nl fo (1= )P (1 + )P ds,

for some 8 > 1, and the statement follows by Lemma 5.1. Now let 8, > 1, in particular, (22) holds. Due to o < 2(c—6)
(by virtue of 26 < o), thanks to (85), we may now fix qﬁ € [1, gl, such that

n I 1 26
e a) T 0D

Then we use L' — L7 estimates for s € [0, 7/2] and L7 — 9 estimates for s € [2/2,1].
Due to e, > 0, we may use linear estimates (58) so that, thanks to (83), we get

t/2 t
ICF U)o (8, )lls S j(; (= )P Nl fus, g ds + f;z(t— )" N fuls, D,z ds

12 )
Sl (1 + 7P f A+ ) Pds+ 1% + 1y PP ||u||§j,
0

for some > 1. We remark that condition a, < 1 played a fundamental role to estimate the integral in [z/2, 7].
First, let j = 0. We now notice that (22) holds with ¢ = pgF, since it holds for ¢ = p. Therefore, we may compute:

n 1 1 n 1
+ -l=a;+ ——|--—|p+ -1>a,+ ——(1-=|=8,
¥+ Ppgi YT 30 —0) (17 pq‘*)p PPy @ 2(0'—5)( q‘*) Fa
where we used once again pB, — 1 > 0 for any p > po.
If j =1, using pB, + p > 1, we may similarly get
Qg+ PBpg + P - 1> g8,
if we prove that
n 1 1
pB u+P—1>—(———)p- (86)
pa 20-0\p pqgt

Indeed, it is sufficient to distinguish three cases. If (22) holds with ¢ = p, then it also holds for ¢ = pg*, and

n 1 1 n 1 1
+p—1=——"[———\p+ +p-1>——7|—-——|p.
PBpg + P 2(0—9) (p pqﬁ)p Php +p 2(o—-9) (P Pqﬁ)p

If (22) holds with g = pqﬁ, but not with g = p, then, due to § < o — 9, we get:

RS TUNE A RIS
pﬂpq“+p_1_2(0-_5)(p pqﬁ)p+2(0'—5){n(l P) 26}+p :
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o n (l 1)+ﬁ+ s n (1—1)17
-0 \p pd) TP T T 00— \p T pg)

If (22) does not hold with g = pq”, then, due to 26 < 2(o — 0), we get:

11 11
PP Y (N POV N [
26 gt 2Ac-0\p pg

Summarizing, we proved (86) in all cases.
This concludes the proof of (84).

Lemma 6.2. Let p > poin (1) or p > p;y in (2). Then:

D17 (Fu) (2, Mz S (4 + 07 lully, (87)
10:(Fuu)o (8, Nz S (1 + 077 ullf (83)
Moreover, if u € Xy, then:
IDI” (Fu)yy (2, s S A+ 07 |lully , Vg € [1,4], (39)
I8 (Fue)yo (8 Nize S (L + 7Pl Vg € [7,4), (90)

for a sufficiently large §.

Proor. Let g be sufficiently large that

so that

1 1 1
n(:——)+0' 26 <n (’—_’ j)+0'—25<0', 1)
q9 4 q9 4
for any ¢q € [n, gq], where
_ { q
= q, —
p
We may now prove our estimates. For the sake of brevity, we only prove (89) and (90), for u € Xj, i.e. when the

nonlinearity is |u,|”.
We first consider (89). If v, < 1, by (83), we get

DI (Fu)y, (8 s S fo(t =)l f Culs, Dl ds S Nully fo(f— 977 (1+ )P ds,

for some 8 > 1, and the statement follows by Lemma 5.1.
Now let y, > 1. Due to o < 2(o - 6) (by virtue of 26 < o), thanks to (91), we may now fix qﬁ € [1, gl, such that

n (1 1) o-26 c[0.1).

= — -+
Y20 -o\¢ 4] 20-0)

Then we use L' — L7 estimates for s € [0, 7/2] and L% — L9 estimates for s € [t/2,1].
Due to @, > 0, we may use linear estimates (58) so that, thanks to (83), we get

t/2 t
DI (F 1), (£, Lo Sfo (&= )7 | f (uls, Dl ds + f/z(t— )N fuls, Dl e ds

t/2
S lull? (1 + 27 f (1+ 8P ds+ 171+ 07077 |lullf,
0
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for some § > 1. We remark that condition ¢, < 1 played a fundamental role to estimate the integral in [#/2, 7].
By using (86), we immediately obtain:

(A4 )P < (1),
and this concludes the proof of (89).

We now prove (90). First, assume that (22) does not hold, so that 8, + 1 < 1. Then, by (83), we get

10,(Fu)y (1, Mo < fo (= sy P s, Dl ds < ! fo (1= )P (1 + )P ds,

for some 8 > 1, and the statement follows by Lemma 5.1.
Now let us assume that (22) holds. Then, for any & € (0, 26), we may take g* € [1, ¢] such that

n(l 1
a, = —|——--|,
7726 ¢ q
verifies @, = 1 — £/(26) > 0. Then we use L' — L7 estimates for s € [0,7/2] and L7 — L9 estimates for s € [£/2,1].
Being @, < 1, we now have to use linear estimates (60) (instead of (58)) so that, thanks to (83), we get

t/2 t
0 F 1M S [ =P s M ds + [ =9 s Dl ds
0 t/2
/2
Sl 75 [P ds o) il ©2)
0

for some B > 1. We remark that condition o, < 1 played a fundamental role to estimate the integral in [#/2,7]. Since
the inequality in (86) is strict, for sufficiently small £(g), we may estimate:

n 1 1 1
C},’q+pﬁpqu+p—1>Qq+m(l—g)+8{%—m}=ﬂq+la

so that we obtain
1%L+ )PPt < (14 )P

This concludes the proof of (90).

Now we may consider the high frequencies estimate. At high frequencies, Corollary 4.1 plays a fundamental role and
we will also make use of a modified version of Lemma 5.1.

Lemma 6.3. Let ¢ > 0 and a € R. Then it holds
!
f e 1+ %ds < (1 +1)7
0

Proor. Splitting the integration interval into [0, #/2] and [¢/2, ¢], we find:
1/2 1/2
f e (14 5)ds < e/? f (I+s)%ds <e > <A+,
0 0

! 3
f e (1+5)%ds~(1+1)7 f e ds < (1+ 077
t

/2 /2

We are now ready to prove the following.
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Lemma 6.4. Let us assume n < ng, with ng as in (29), and p > pg in (1), or n < ny, with ny as in (34), and p > p;
in (2). Then:

I(Fw)y, & e S L+ 0Pl Vg € 0,41, 93)
for a sufficiently large g. Also,
DI"(Fu)y, (& )z S 4+ 07 ullg, 4
10, (Fut)y, (1, )Mz S (14077l 95)
Moreover, if u € Xy, then:
DI (Fu)y, (¢, lze S L+ 07 lully . Vg € [n,4], (96)
18, (Fu)y, (&, Mize S (L + 0Pl . Vg € [1,4], 97

for a sufficiently large g.

We notice that n < ny if, and only if, (70) holds with b = k = 0 in Corollary 4.1, whereas n < n, if, and only if, (70)
holds with (b, k) = (o, 0) or, equivalently, with (b, k) = (0, 1), in Corollary 4.1.

Proor. We only prove (93), for the sake of brevity. First, let # > 2. We employ L? — L4 high frequencies estimates,
where § = min{g, g/ p}, splitting the integration interval in [0, f — 1] and [# — 1, f]. Then, thanks to Proposition 4.3 and
Corollary 4.1, we may estimate

t—1 t
|Mmmmm5£ wWWmm»mw+fy—wwm@mmm

for some y < 1. By Lemma 6.3, we derive

1—1 1—1
f g9 Lf (s, Iz ds S ||u||§ f e c=9 (1+ S)—Pﬁnz;—jp ds 5 (1+ t)—Pﬁpa—.ip ||u||";(,
0 7 Jo !

for j = 0, 1, whereas we directly obtain:

! !
Ll(t — ) If s, Dl ds < (1 + t)—pﬁprjp ”M”I;(/ Ll(t —5)Vds~(1+ l‘)‘Pﬁw’z—JP ”””[)7(,-’

thanks toy < 1. Due to pg > ¢, and p > 1, estimate (93) trivially follows. For ¢ € [0, 2], it sufficient to use

!
DI O (Fua)y, (2, )l S f(t = )7 NI f(uls, Mlga ds < llully,  k=0,1.
0
This concludes the proof.

Remark 6.1. It is clear that one may prove for the high frequencies part of (Fu),,, better estimates than the ones
described in Lemma 6.4. However, this improvement would not influence the profile of the whole term Fu, since its
asymptotic behavior as t — oo is determined by its low frequencies part, as it happens for the solution to the linear
problem.

31



7. Sketch of the proof of Theorems 8 and 9

We follow the steps in Sections 5 and 6, but now the solution spaces X, and X are

Xo :=C(10, 00), " 1 H*) 1 C1 ([0, 00), H*) (98)
X1 1= C([0, 00), W™ 11 H*) 1 C'([0, 00), L7 1 H*7) (99)
where
n=min{2, p}, «= max{—(l — —),0'},
2 p

with norms given by

lully, := sup {max (1 + 0 |lut, e + max (1 + 0 |IDPu(z, iz + max (1+ 0% IDPu(z, Iz,
t€[0,00) “4€[1.2] be[0.] be[0.x—a]

llullx, := sup {maX(l + 10 (flut, Mizo + 1+ Ollaag(t, Nlza)
t€[0,00) \9€[1.2]

+ max (1 + H*IDu(t, )|z + max (1 +r)”b“|||D|”uf(r,~>||Lz}.
be[0,k] bel0,k—0]

We notice that the first term in ||u||x, and the first two terms in ||u||x, may be omitted if p > 2, so that = 2, since they
are included in the last ones (for b = 0).

Again, we denote by X both spaces X, and X, when there is no need to distinguish among them. Thanks to
Propositions 4.1 and 4.2, and noticing that (62) with g = 2, can be easily generalized to

“ (b —ci
101Dy, (2, M2 S e (luollgposs + i llgorso-on), V120, (100)

we get that #'™ € X and it satisfies (78).

Therefore, to prove Theorems 8 and 9, we shall only prove (80) and (81). We only sketch the proof of the first
one, being the proof of the second one analogous, and we will separately consider low and high frequencies. We
preliminarily notice that Lemma 5.2 is still valid (since we may use (27) if p > 2). We are now ready to prove the
following.

Lemma 7.1. Let p > poin (1) or p > py in (2). Then:
IDPS (Fuy, 2, iz S (1 + D~ ullx, (101)
forany b € [0,k] if k = 0 and for any b € [0,k — o] if k = 1.

Proor. If 6, + k < 1, then, by (83), we may directly estimate

DI (Fu)y (1, e S fo (t = " KN fuls, Mg ds < Nullfy fo (t—s) " (1 +s)Pds,

for some B > 1, and the statement follows by Lemma 5.1. If 6, + k > 1, we may distinguish different cases, as it
happened in the proof of Lemmas 6.1 and 6.2. For the sake of brevity, we only discuss the easier case k = 0 and b > 26
in (101). In this case, it is sufficient to use L' — L? estimates for s € [0, #/2] and L? — L? estimates for s € [¢/2,7]. In
the integral between 0 and #/2, we proceed as before. In the integral between /2 and ¢, using (58), we may estimate

!
f/ - 87370 || f (s, Dz ds S 117370 (1 + 07 Poi
1
We notice that we used (b — 26)/(2(c — 9)) < 1, which follows as a consequence of b < o + 26 and 26 < o. The proof

follows, thanks again to pg, + jp > 1, by

b-20 5 ip<1-6,—-pB,— jp<-b,
o5 PPwirs b — pPBp — Jp b
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If p < 2, we also use the following.

Lemma 7.2. If p < 2, then (84) holds for any q € [p,2]. Moreover, if we are considering (2), then (90) holds for
any q € [p,2].

Proor. The proof is completely analogous to the proof of Lemmas 6.1 and 6.2, with § = g.
At high frequencies, we may easily prove the following.

Lemma 7.3. Let us assume (39) for some p as in (37) in (1), or (46) for some p as in (44) in (2). Then:
DI &} (Fu)y, (&, Nz S (1 + 07 Hlully, (102)

forany b € [0,k] if k = 0 and for any b € [0,k — o] if k = 1. Moreover; if p < 2, then (93) holds for any q € [p, 2]
and, if we are considering (2), then (97) holds for any q € [p,2].

Proor. The proof is analogous to the proof of Lemma 6.4, but the role played by Corollary 4.1 is now replaced by (67),
and, if p < 2, by (66) with b = 0, for any g € [p,2]. In particular, due to the right-hand side inequality in (37) or
in (44), the singularity t~(***=D2)/29) in (67) is integrable, since b + ko < k < o + 26, and the singularity

+=31(52) 25 b+ (k=)o)
9

—il|

t
in (66) is integrable, due to assumption (39) or (46).

This concludes the proof of Theorems 8§ and 9.

8. The special case o = 1

For o = 1 and 26 € (0, 1), we may relax the restriction on the space dimension in Theorems 6, 7, 8 and 9, when
the space dimension is odd. Also, we may take 77 = 1 and § = co in Theorem 6 and 7, thanks to the L' — L! estimates
obtained in [39].

With these modifications, Theorems 6 and 8 improve the corresponding result obtained by the authors in Theo-
rem 2 in [8], for the global existence of small data solutions to (1). The modified version of Theorem 6 allows to deal
with all supercritical powers, but the maximum space dimension remains the same as in [8]. On the other hand, the
modified version of Theorem 8§ gives global existence up to a maximum space dimension which is larger, in general,
than the one obtained in [8]. We remark that in this case ¢ is necessarily fractional, being 26 € (0, 1); in particular, the
nonexistence counterpart of these results is not available.

These improvements are consequence of the following.

Proposition 8.1. Let o0 = 1 and 26 € (0,1). Then, for k = 0,1 and b > 0, the solution to (6) satisfies the singular
estimate

sE-11- )5 L
1D Py, (1Mo < A5 5 et gl + 5 ), re .71, (103)

~

forany 1l < g < oo,

Proor. We first prove (103) for g = 1. To prove it, it is sufficient to prove that

b+k—j
5

H(&—l (3f|§|b/\/1(|f|)1?j(f, |§|))HU < ot [3101-5)-"5 (104)

and then use Young inequality. The case k = 0 was already proved in [39], see Corollaries 8§ and 9. For k = 1, thanks
tod, A = |§|2 we get
|2 (e/Lrt — et t)
A — A
33
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We conclude (104), for j = 0, by applying Lemma 9 of [39]. Moreover, by computing

— Apet! — A et! —
OK\ (1) = ————— = eV + et — Ko (1, D),
Ay — A=
we conclude (104), for j = 1, by applying Lemma 10 of [39].
Applying Riesz-Thorin interpolation theorem to (103) with g = 1, and to (67), we obtain (103) for any ¢ € [1,2].
For g € (2, 0], (103) follows by duality argument (see, for instance, page 95 of [44]).

Estimate (103) coincide with (66) when 7 is even, but the singularity is weaker when n is odd.
The statements of Lemma 4.3 and Corollary 4.1 are improved accordingly. Also, Proposition 4.2 can be modified

to include the cases ¢ = 1 and g = oo in (62).
As a consequence, the statements of Theorems 6 and 7 can be improved in the following way, when o = 1:

o the maximum space dimensions rg in (29) and n; in (34) become:

1+26
no(1,0):=1 +2max{m€N: m < 1—26}’

20
ni(1,0):=1 +2max{m€N: m< 1—26};

e itis possible to take n € [1, min{2, p} and g € [M, o].

Similarly, conditions (39) and (46) in Theorems 8 and 9 may be relaxed to:

[E](g ~ 1) (1-26) < 1+26 %n Theorem 8,
21\p + 26 in Theorem 9.

In particular, condition above holds for any 6 € (0,1/2) and p > po, if n < 5, consistently with the same bound
obtained in [38] for the classical damped wave equation, i.e. for 6 = 0.
9. Local existence in the energy space

Several existence results for local solutions to problems (1) and (2) may be given, by using different approaches.
For the sake of simplicity, we just investigate the local existence of energy solutions with standard tools.

Proposition 9.1. We distinguish three cases.

e [f26 < o, let us fix p in (1), such that
2(0 +26)

l<p<l+ —F——, 105
P (n—2(c + 20)). (105)
or p in (2), such that
45
1 1+ —-. 106
<p< +(n—46)+ (106)
Then there exists € € (0,28] and T > 0 such that for any data
(140,141) e H(T+2(5—£ X H26—8 (107)

there exists a local solution
u € C([0,T], H™™=%) n C'([0,T], H*™*)

to (1) or to (2).
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o I[fo <26 <20, let us fix pin (1), such that

1<p<1+(n_4%)+, (108)
or p in (2), such that (106) holds. Then there exists € € (0,26] and T > 0 such that for any data

(uo, uy) € H* ¢ x H?~¢ (109)
there exists a local solution

u € C([0, T], H*"%) n C'([0, T], H*™)
to (1) or to (2).
o If6 > o, let us fix p in (1), such that

1<p31+(n—4%)+’ (110)
or p in (2), such that (106) holds. Then there exists € € (0,26] and T > 0 such that for any data

(o, uy) € H* x H** (111)

there exists a local solution
u € C([0,T],H®)n C'([0,T], H*™)

to (1) or to (2).
It may appear surprising that in the case § > o~ a natural solution space is C([0, T, H*) nC'([0, T1, H**~%), but several

new effect appears for the regularity of the solution to (6), when ¢ > o. In particular, we address the interested reader
to [21], where smoothing effect are investigated in abstract setting, in bounded domains.

Remark 9.1. When 26 < o, the solution and data spaces in Proposition 9.1 are the same as in Theorems 8 and 9, but
we do not require the L? regularity of the local solutions, when p < 2, and we do not take L' regularity assumptions
on the initial data. Indeed, the L' assumption is taken to improve the decay rate of the solution as t — oo, and so
improve the critical exponent of the problem (see Section 2.5), and this aspect is of no interest for local solutions.

It is clear that condition (105) and, respectively, (106) and (108), is related to the continuous embedding of H+2~¢
and, respectively, H*~¢ and H**~, into L?”, for a sufficiently small & > 0. Similarly, condition (110) is related to
the continuous embedding of H?® into L?”. The choice of this regularity and, in particular, the presence of & > 0, is
related to the smoothing effect created by the structural damping.

For this reason, the proof of the local existence result in the energy space is not completely standard, and we sketch
it.

Proor. Let X be the solution space with its usual norm || - ||x; for instance, if 26 < o then
X:=C([0,T],H"™=*) n C'([0,T], H*™®),
llullx := max (llu(t, g5 + (2, )l gs-e).
1€[0,T]

Moreover, let Y = C([0, T, L?), with the usual norm

:= max t, - .
Iflly 2= max 17l

The local existence of the solution to (1) or (2) follows, by standard arguments (see, for instance, [13]), if one is able
to prove the following:
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(a) given the initial data as in the statement, the solution to the linear problem is in X;

(b) for any u,v € X, it holds
Mel? = IPlly < C(lullx, VIlx) llu = viix,

or, respectively,
uel” = velPlly < Clllullx IVIx) Nl = vlixs

(c) forany f €7, it holds:

<CMIflly
X

3
f Kl(t_s") *(x) f(ss )ds

0
where K| is the fundamental solution to (1) or, respectively, to (2), as in Section 4.

An estimate from below on the maximal existence time of the solution may depend, in general, on the size of the
initial data, and on the power p, as well as on o, 6, €.

Property (b) is an immediate consequence of Holder inequality and of the Sobolev embedding, for a sufficiently
small &, with respect to p. To prove property (a) and (c), we use standard energy estimates; in the second case, the
smoothing effect comes into play and singular estimates are also considered.

After performing the Fourier transform, taking into account of the behavior of the roots of A% + |§|2‘5/l + |§|2" =0
as |£] — oo, it is easy to obtain the desired estimates. To prove (a), it is sufficient to notice that, for any # > 0 and for
sufficiently large |£], it holds:

(t, &) < (&) + e N2, (&),
(1, &) S P 0 &) + 1y (8),

so that (a) follows by a direct application of Plancherel theorem.
It remains to prove (c). First, let 26 < o. Then, for any ¢ > 0 and for sufficiently large |£|, we have (see Section 4):

IA(l(t, &< e—ct\§|2‘> 7 < 5 |§|a—26—(r’
2 1220 L s
6,[(1([’{;7) S e_”‘fl S t 1+25 |§|£ Zb,

for any € € (0, 26]. This immediately leads to:

!
t€[0,T 0

H fo Ki(t=5.) % fls.)ds| < max f (1K1 = 5.3 %00 £, M yrssoe + 0K = 5.9 500 £, )| o) s

X

< max fo(l = )| (s, NIz ds < C(T, &)lIfly-

™~ 1€[0,T]
Now, let 26 > o= In this case, the roots of A + &4 + [&"” = 0 as [¢] — oo verifies
Ay ~ =P, A~ —|g,
so that
Ki(t,6) < |§:|726(efct|§\2(<r—o> N e*Cll,fIz")’
0K\ (1,6) < ot 22 e

In particular, when o < ¢, the root A, remains bounded or tends to 0, so that the smoothing effect does not appear in
the related part of the solution. We first consider the case o < 26 < 20-. Then, recalling that 6 > o — ¢, we obtain

£42(26-0)
2

[A{l([’ & < (t_l*'zuf;a) + 1 )|§5|‘5—2‘T’

36



atk](l»f) S (t—l+§ + l_1+72(‘:'”))|§|8_26,

for any € € (0,2(0 — 0)], and this leads to:

< max fo (1K1 = 5. 50y £C52 )y + (0K = 5.2) 0 £ )| o) d

te[0,T]

Hf K] ([ -, ) *(x) f(S, ) ds
0

X

™~ 1€[0,T]

r o
< max f (=) T f(s, )2 ds < CT, )| fly-
0

Now, let o < 6. In this case, we drop the exponential ek 7 since it gives no smoothing. We obtain:

~ _ _enle® _
Ri1,8) S0 + ey < j 2,

A p| 126 _ S_ _ £ _ _ _
6,K1(t, f) 5 e—crlf\ + |€_-| 2(26—0) St 1+5 |€_-|a 26 + |§_-| 2(26 (r)’

for any € € (0, 26], and, recalling that 26 — o > ¢, this leads to:

g T ”atKl (r=s5,°) *(x) fGs, ')HHzé—s) ds

Smax£(||K1(I—S,')*(x)f(5")|

te[0,T]

HL K]([ -, ) *(x) f(S, ) ds

X

< max f (6= 8y B (s, iz ds < CT, )1y
0

™~ 1€[0,T]

The proof of (c) is completed, and this concludes the proof.
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