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The anomalous transport of a viscous fluid across a porous media with power-law scaling
of the geometrical features of the pores is dealt with in the paper. It has been shown that,
assuming a linear force–flux relation for the motion in a porous solid, then a generalized
version of the Hagen–Poiseuille equation has been obtained with the aid of Riemann–
Liouville fractional derivative. The order of the derivative is related to the scaling property
of the considered media yielding an appropriate mechanical picture for the use of general-
ized fractional-order relations, as recently used in scientific literature.

� 2014 Elsevier B.V. All rights reserved.
1. Introduction

Molecular diffusion is an efficient mechanism of passive mass transport that is frequently encountered in several field of
physics, biology and engineering sciences. Indeed, as an example, the transport of thermal energy by conduction is due to the
diffusion of phonon carrier across the material. In a similar fashion the passive transport of chemical species across biological
membranes is ruled by diffusion mechanism as well as the transport of fluids across porous media as frequently encountered
in geotechnical engineering.

The usual approach to mass diffusion is conducted by means of linear force-flux relations that relates the mass transfer
rate and the flux to the gradient of a driving force that may be gradient of pressure, concentration or temperature respec-
tively in fluid, chemical or heat transport phenomena. These approaches became very popular in last century’s research with
continuum mechanics to yield multi-field theories.

Mathematical model of coupled multi-field problems encountered in recent advanced applications of physical science
and engineering requires, however, the introduction of more complete operators to account for scale as well as of non-uni-
form geometrical features of the considered domain. In this regard the use of fractional-order differential calculus proved to
be one of the most powerful method to handle physical complexity [1,2]. Indeed the generalization of integro-differential
operators of classical differentiation proved to be useful in several fields of physical sciences and engineering [3–5].

The main feature of these approaches relies in the ‘‘naive’’ replacement of the differential operators of the classical con-
tinuum field theories with their real-order counterpart. However the physical and geometrical aspects beyond this replace-
ment remain hidden and only in very recent contributions the authors had provided some physical insights beyond
fractional operators in mechanics, material sciences and heat transport [6–14].
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The recent achievements in the physics of fractional-order operators had also used by the authors to introduce some con-
nections among the exponent of power-law decay of time dependent phenomena as stress relaxation in biological and poly-
meric materials [15] and the scaling exponent of non-euclidean geometry. Indeed the introduction of such a relation is a
crucial aspect in several fields of applied physics and engineering as the biomedical and biomechanics setting where the
chance to provide some mechanical parameters from non invasive diagnosis represents an important step.

The anomalous diffusion has been recently discussed in terms of the 1D flux of a Newtonian fluid across a functionally
graded porous media [6]. In more details, the governing equations of the flux across the media, represented by the state
equation of the saturated media, the continuity condition as well as the Darcy transport equations have been used to
describe the pressure field. The variation of the physical parameters involved the compressibility of the saturated media
and the porosity. It has been observed that, as the functional grading belongs to power-law functional class, then the
observed flux across a specified control section of the media is related to the pressure gradient by a Riemann–Liouville frac-
tional-order derivative. The real-order exponent of the fractional derivative is related to the grading of the physical proper-
ties of the media, that is to the spatial scaling of the compressibility and the porosity of the saturated medium.

The results obtained in previous paper showed that there is a specific relation among the fractional differentiation order
and the scaling exponent of the physical properties of the medium in which the flux is occurring. This consideration, how-
ever, does not answer a fundamental question: ‘‘Why power-law spatial scaling of the physical properties of the media yields
transport equations ruled by fractional-order operators related to the scaling exponent?’’.

The existence of a bridge among fractal geometry and fractional order physics is a well-known topic of physics and math-
ematical physics and since the mid of the nineties of the last century, several researches aimed to provide a connection
among fractal geometry and physical operators as fractional derivatives. Among them, important contributions have been
provided in papers [16,17] in which the physical representation of the fractional order integral has been related to the pres-
ence of reachable states of physical systems that curdles in non-dense region of the real axis. In other papers a local version
of fractional-order calculus has been introduced to handle functions defined on non-dense sets in several fields of physics
and engineering [18–20].

The arguments provided in previous papers, despite their generality, do not deal with the introduction of a specific phys-
ical system that is not ruled in a mechanical perspective by fractional-order operators.

In this paper the authors aim to introduce a mechanical model of fluid mass transport across a fractal porous media that
involves anomalous scaling of the memory function. The exponent of the scaling is related to the fractal dimension of the
pores of the set and, in this regard, we may confirm the quotation in [16,21]: ‘‘Some physical system that can be described
by equations in fractional derivatives must contain channels belonging to some branching fractal structure’’.

In the paper it will be assumed that the flow occurs in a self-similar porous volume with prescribed fractal dimension d
and it will be shown that in presence of flow of a viscous fluid in the Poiseuille laminar regime, the flux of the initially con-
tained fluid is related to the pressure gradient fluctuations by means of a Riemann–Liouville fractional-order derivative. The
differentiation-order is related to the fractal dimension of the porous volume yielding a direct connections among fractals
and fractional differential operators.

This result does not sound as a new discovery in physics as well as in the context of applied analysis but, in this paper, it
has been obtained in the context of classical mechanics. This is the novelty of the present study, showing that also without
resorting to methodologies of the statistical physics [22,23], phenomena occurring on fractal sets yield time variation of the
state variables in terms of power-laws, with the exponent related to the dimension of the underlying fractal set.

This paper is organized reporting in the next sections some remarks of fractal geometry to be acquainted with the fun-
damental definitions. The transport across fractal media will be discussed in Section 3 with some numerical examples (Sec-
tions 3.1.1 and 3.1.2), while the relation with fractional-order operators will be introduced in Section 3.2. Some conclusions
will be withdrawn in Section 4.
2. Remarks on fractal geometry

Fractal objects, dubbed F, enjoy the self-similarity property so that, F # Rm is self-similar if it may be defined as the union
of self-similar copies of itself. Such an example, the middle third Cantor set F in the interval 0; L0½ � is the union of two fun-
damental similarities SðiÞ : 0; L0½ � ! 0; L0½ � with i ¼ 1;2 defined as:
S 1ð Þ xð Þ ¼ L0
x
3

� �
; S 2ð Þ xð Þ ¼ L0

2
3
þ x

3

� �
ð1Þ
that means the exclusion of the middle third from each previous level as shown in Fig. 1.
The zero-th level, namely Eð0Þ ¼ ½0; L0� is dubbed parent object or initiator, whereas the first level of the fractal

Eð1Þ ¼ 0; L0=3½ �
S

2=3L0; L0½ � is known as generator, the intermediate level EðkÞ is the kth pre-fractal of F and EðkÞ with k!1
is the fractal set F, known as Cantor dust.

It may be observed that, the Euclidean topological measure of the length of the kth pre-fractal set EðkÞ is 2k=3k
� �

L0 so that
the fractal set possesses an Euclidean, topological length approaching zero at the limit as k!1. On the other hand since the
Cantor dust is the sum of 2k segments (of infinitesimal length L0=3k as k!1) then the classical topological measure, simply



Fig. 1. Cantor set.
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evaluated as a classical Euclidean object fails since the fractal dust is not a set of isolated points (topological Euclidean
dimension 0) nor a set of lines (topological Euclidean dimension 1).

The fundamental intuition of [24] relies in the observation that by changing the observation scale Eðk�1Þ ! EðkÞ, so that by
introducing new details in the description of the set, an invariant quantity appear. That is the number N of segments at the
Nth level multiplied by the corresponding topological length, i.e. rNL0ð Þ, in power dM , remains constant at any resolution
scale, namely
N rNL0ð ÞdM ¼ LdM
0 ) dM ¼ �

lnðNÞ
lnðrNÞ

; 8N ð2Þ
where dM is the Mandelbrot dimension definition of the fractal set. For the Cantor dust at the kth level (pre-fractal EðkÞ) N ¼ 2k

and rN ¼ 1=3k so that from Eq. (2) the Mandelbrot dimension reads dM ¼ lnð2Þ= lnð3Þ ¼ 0:667. It means that the Cantor dust
has an intermediate dimension between a point and a line. According to the definitions introduced by Carpinteri [25] such an
object is an invasive point fractal or a lacunar line fractal.

Eq. (2) states that, if at each observation scale we properly change the specimen for the measure of the set with the law
rkL0ð ÞdM , then the measure of each pre-fractal and the dimension of fractal itself remain invariant. Other fractal sets with dif-

ferent dimensions may be found in literature and it is now fully recognized that all dimensions dM 2 Rþ cover the voids in the
dimensions of Euclidean space.
3. The anomalous transport across fractal media

Let us assume that the flux of a Newtonian fluid occurs in a fractal-like three-dimensional porous media with anomalous
dimension of the cross sectional area AF½ � ¼ Ld where 1 6 d 6 2 is the Hausdorff dimension of the fractal set.

The overall volume of the porous solid is assumed as a subset of the 3d Euclidean volume VE that is VF # VE with dimen-
sion VF½ � ¼ L1þd. If, instead, the usual Euclidean measure is used, then the cross-section area measure AF ¼ 0 and the volume
measure VF ¼ 0.

With reference to Fig. 2, let us assume that a coordinate system O; x1; x2; x3f g is attached to the Euclidean volume sur-
rounding VF and let us define l and h, respectively, the Euclidean length of the solid and the Euclidean measure of a charac-
teristic dimension of the generator. Under these circumstances the cross-sectional area and the volume measure of the
Fig. 2. Laminar flow in porous media.
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medium reads, respectively, AF / hd and VF / hdl with an appropriate proportionality coefficient that depends on the shape
of the cross-sectional area.

Let us assume that the velocity field of the moving fluid across the material pores is vT x1; x2; x3ð Þ ¼ 0;0;vðx; tÞ½ � where
xT ¼ x1; x2; x3½ � is the coordinate vector. The gravity is neglected for the considered motion and the driving force of the mov-
ing fluid is the pressure gradient DpðtÞ ð½DpðtÞ� ¼ kg m�1 s�2Þ that is maintained in range with values of the Reynolds number
Re ¼ qvd=l lower than the value corresponding to the transition regime for the assumed fluid motion. In the expression of
the Reynolds number q is the density of the fluid ð½q� ¼ kg m�3Þ; d is the hydraulic diameter ð½d� ¼ mÞ and l is the dynamic
viscosity ð½l� ¼ kg m�1 s�1Þ. All the physical quantities will be expressed in S.I. units.

In passing we remark that fractal porous materials possess a power-law scaling of some geometrical features. A different
scenario is observed with materials with power-law scaling of physical properties as functionally graded materials. It may be
observed that media with power-law scaling may be heterogeneous materials or not, and in this latter case, a fractal geom-
etry may be underlined.

3.1. Discrete resolution scale approach

In this study we confine our analysis to self-similar fractal sets, that are fractals without any shape changes with the res-
olution scale that is dubbed kand represents the discrete sequence k ¼ 0;1;2; . . . ;1; in this setting the cross-sectional area
at the kth resolution scale, namely AðkÞF , may be expressed as:
AðkÞF ¼ nF nk
h
vk

� �2

¼ nF
h

af k

� �2

bgk ð3Þ
where nF is a shape factor that depends on the shape of the self-similar object, nk ¼ bgk is the number of pre-fractal at res-
olution k; vk ¼ af k is the scale resolution factor of the kth pre-fractal that is the division factor of the kth length to yield an
object self similar to the parent set and a; b; f k and gk depend on the fractal construction rule; for instance, the Sierpinski
Carpet yields a ¼ 3; b ¼ 2; f k ¼ k and gk ¼ 3k (see Section 3.1.1).

The evaluation of the cross-sectional area in the Euclidean metric in Eq. (3) is not invariant at any resolution scale and, as
the invariance measure relation is imposed to the Mandelbrot dimension, we get:
nF
h

af k

� �d

bgk ¼ nF hd ð4Þ
yielding the Mandelbrot dimension of the set as:
d ¼ dM ¼
gk

f k

lnðbÞ
lnðaÞ ; k ¼ 0;1;2; . . . ;1 ð5Þ
As we assume a self-similar fractal set, without any non-linear transformations among different scales, the geometric
dependent exponents f k and gk in Eqs. (3) and (4) may be defined as appropriate linear functions of the resolution level k, as:
f k ¼ rk; gk ¼ sk ð6Þ
where r; s 2 N� 0f gare the resolution factors.
The lack of the geometric invariance of the Euclidean metric yields that the outgoing flux across the different channels of

the porous medium is not uniform at any resolution scale. This consideration yield that the overall outgoing flux is provided
by the algebraic contribution of the outgoing fluxes at x3 ¼ l from the channels with cross-sections represented by the mate-
rial pores as:
qðtÞ ¼
X1
k¼0

qkðtÞ ¼
X1
k¼0

AðkÞF
�vkðtÞ ð7Þ
where �vkðl; tÞ is the mean velocity field in the kth pore dimension that is uniform along the pore channels and it will be
denoted hereinafter, disregarding the spatial dependence, as �vkðtÞ.

In the following we prefer to introduce non-dimensional flux, defined as �qðtÞ ¼ qðtÞ=qEðtÞ that corresponds to the outgoing
flux from the fractal porous media referred to the flux across an Euclidean cross-section AEembedding the fractal cross-
section AF .

In this setting the non-dimensional flux �qðtÞ may be obtained from Eq. (7) as
�qðtÞ ¼ qðtÞ
qEðtÞ

¼
X1
k¼0

qkðtÞ
qEðtÞ

¼
X1
k¼0

AðkÞF
�vkðtÞ

AE �vEðtÞ
ð8Þ
where we denoted �vEðtÞ the mean velocity field due to the pressure gradient J ¼ Dp=l across the Euclidean cross-section AE,
under the assumption of linear viscous fluid and small Reynolds number that read �vEðtÞ ¼ asarJh

2a2r=l : as is an appropriate
dimensionless coefficient depending upon the shape of the channel cross-section and Ris the scale-dependent hydraulic
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radius of the fluid channel. The hydraulic radius may be always expressed as proportional to the characteristic dimensions
(base, height) of the cross-section by a proper dimensionless radius factor ar as:
R ¼ h
ffiffiffiffiffi
ar
p

ark
ð9Þ
The mean velocity field across the kth pore size may be expressed in terms of the velocity �vEðtÞ as:
�vkðtÞ ¼ �vEðtÞ
1

a2rðkþ1Þ ð10Þ
yielding for the non-dimensional flux �qðtÞ in Eq. (8) the relation:
�qðtÞ ¼ 1
a4r

X1
k¼0

bs

a4r

� �k

ð11Þ
since the ratio AðkÞF =AE ¼ bsk
=a2rðkþ1Þ.

Let us restrict our attention to the flow rate that leaves the porous solid at time t, namely qLðtÞ. To this aim we observe
that the contribution of the fluid contained in the kth pore, namely qkðtÞ, must be considered up to times tk as
tk ¼
l

�vk

����
���� ¼ l

�vE

����
����a2rðkþ1Þ ¼ tE a2rðkþ1Þ ð12Þ
where tE is the time involved by fluid columns contained in volume VE to arrive at abscissa x3 ¼ l. Under these circumstances
the effective volume time rate reaching abscissa x3 ¼ l of the fluid volume in VF is obtained as:
�qLðtÞ ¼
qLðtÞ
qEðtÞ

¼
X1
k¼0

qkðtÞHðtk � tÞ
qEðtÞ

¼ 1
a4r

X1
k¼0

bs

a4r

� �k

Hðtk � tÞ ð13Þ
where HðxÞ is the unit step function defined as:
HðxÞ ¼
1 if x > 0
0 if x 6 0

�
ð14Þ
Substituting the unit step function in Eq. (14) in Eq. (13), the non-dimensional outgoing volume rate �qLðtÞ reads:
�qLðtÞ ¼

1
a4r�bs

bs

a4r

� �0
if 0 6 t < t0

1
a4r�bs

bs

a4r

� �1
if t0 6 t < t1

. . .

1
a4r�bs

bs

a4r

� �n
if tn�1 6 t < tn

8>>>>>>>>>><
>>>>>>>>>>:

ð15Þ
the expression of the outgoing flux in Eq. (15) shows that it does not change in any time intervals tn�1; tn½ �; n ¼ 0;1;2; . . . ;1
(where we set t�1 ¼ 0) with value:
�qðnÞL ¼
1

a4r � bs
bs

a4r

� �n

¼ k
bs

a4r

� �n

ð16Þ
and the non-dimensional coefficient k depends on the geometric rule of fractal definition.
The rate of change of the outgoing flux �qLðtÞmay be obtained as explicit function of time tas we consider logarithm of Eq.

(12) and (16) as
ln tn½ � ¼ ln tE½ � þ 2rðnþ 1Þ ln a½ � ð17aÞ

ln �qðnÞL

h i
¼ ln k½ � þ n s ln b½ � � 4r ln a½ �ð Þ ð17bÞ
that may be solved yielding, after some straightforward algebra:
�qLðtÞ ¼ k
t
t0

� ��b

; t > t0 ¼ tEa2r ð18Þ
and
b ¼ 2� s ln bð Þ
2r ln að Þ ¼ 2� d

2
ð19Þ
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the variation of the outgoing flux is therefore described by:
�qLðtÞ ¼
k if 0 < t 6 t0

k t
t0

� ��b
if t > t0

8<
: ð20Þ
Eq. (20) corresponds to a power-law relation among the outgoing flux and the observer time and some examples of the
effective outgoing flux from a fractal porous media have been reported in the next sections.

The limiting cases of Eq. (20) are relative to geometric integer dimension, namely d ¼ 2 and d ¼ 1, of the cross-section
measure. In more details the cases d ¼ 2 and d ¼ 1 involve identical features of the cross-section geometry at any resolution
scale. In such cases the number of subdivision bsk should be equal to the scaling factor ark in power d at any resolution scale k:
bsk ¼ arkd; 8k 2 N ) bs ¼ ard ð21Þ
For d ¼ 2 from Eq. (19) we obtain b ¼ 1 then we have
�qLðtÞ ¼
k if 0 < t 6 t0

k t
t0

� ��1
if t > t0

8<
: ð22Þ
Similarly, for the case d ¼ 1, from Eq. (19) we obtain b ¼ 3=2 then the expression of the flux in Eq. (20) may be rewritten as
�qLðtÞ ¼
k if 0 < t 6 t0

k t
t0

� ��3
2

if t > t0

8<
: ð23Þ
The limiting cases of Euclidean cross-sections, namely d ¼ 2 and d ¼ 1, correspond to time scales t�1 and t�
3
2 respectively. The

case of anomalous time scaling of the outgoing flux ma be obtained, instead, with a power law scaling of the geometric mea-
sure of the solid cross-section yielding, in this case, 1 < b < 3=2. Some examples of power-law scaling of the outgoing flux
across a fractal cross-section will be introduced in the next section.

3.1.1. Anomalous time variation across a Sierpinski carpet-like fractal
Let us consider a porous solid consisting of a parallelepiped with a square section of side 3h and length l: let us divide the

section in 9 equal squares of side h and subtract to the initial section the central square. By repeating this operation many
times we will get the fractal shown in Fig. 4, in which channels are obtained by iterating for three times the procedure
described.

We want to study the outflow from the porous medium: at the initial time the fluid is at rest and the pressure p is the
same in both sections S11 and S2 which are the only permeable walls as shown in Fig. 3. For t > 0 we have that the pressure
p2 in the cross-section S2 becomes less than the pressure p1 in the cross-section S1 and these values are kept constant over
time: it will therefore have a fluid motion from section S1 to section S1 and we want to evaluate the time course of the non-
dimensional flow �qLðtÞ through Section 2.

In particular, referring to Fig. 3, as regards the dimension of the side we will have: h0 ¼ h; h1 ¼ h=3; h2 ¼ h=9, . . .,
hk ¼ h=3k and in accordance with relation (3), noting that the total number of pre-fractal at scale resolution
k ¼ 0;1;2; . . . ;1 is 23k we have
AðkÞF ¼ nF
h

ark

� �2

bsk ¼ h

3k

� �2

23k ð24Þ
from which we derive that nF ¼ 1 and the relations a ¼ 3; r ¼ 1; b ¼ 2 and s ¼ 3.
Considering the definition of hydraulic radius R ¼ A=P where A and P are respectively the area and the perimeter of the

cross section and taking into account relation (9), the coefficient ar can be evaluated as:
Fig. 3. Views and longitudinal section of the Sierpinski carpet-like fractal.



Fig. 4. Sierpinski carpet-like fractal.
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ar ¼ R2 ark

h

� �2

¼ h
4ark

� �2 ark

h

� �2

¼ 1
16

ð25Þ
Finally, from Eq. (5) we can evaluate the fractal dimension d of the cross section
d ¼ s ln bð Þ
r ln að Þ ¼

3 ln 2ð Þ
ln 3ð Þ ’ 1:89 ð26Þ
and from Eq. (19) the decaying exponent b as:
b ¼ 2� d
2
’ 1:05 ð27Þ
The flow along the time as expressed by Eq. (20) is similar to that shown in Fig. 6.

3.1.2. Anomalous time variation across a Sierpinski gasket-like fractal
A further application concerns the porous medium defined by the Sierpinski gasket-like fractal (Fig. 5) i.e. from fractal

obtained starting from an equilateral triangle to which we subtract triangles of decreasing side by a factor 1=2 and subject
to the same boundary conditions, namely pressure gradient J kept constant over time.

The procedure used to evaluate the flow over time is the same as the one followed in the previous paragraph; it should be
noted that in each successive iteration the side h of the largest outer triangle is halved, then we can write that hk ¼ h=2k.

The total number of pre-fractal at scale resolution k ¼ 0;1;2; . . . ;1 is 3k and in accordance with relation (3), the cross
sectional area at the scale resolution k reads
AðkÞF ¼ nF
h

ark

� �2

bsk ¼
ffiffiffi
3
p

4
h

2k

� �2

3k ð28Þ
from Eq. (28) we obtain all the parameter depending on the construction rule of the fractal, namely:
nF ¼

ffiffiffi
3
p

=4; a ¼ 2; r ¼ 1; b ¼ 3 and s ¼ 1 and taking into account relation (9), the coefficient ar can be evaluated as:
Fig. 5. Sierpinski gasket-like fractal.
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ar ¼ R2 ark

h

� �2

¼ h

4
ffiffiffi
3
p

ark

� �2 ark

h

� �2

¼ 1
48

ð29Þ
and from Eq. (5) we can evaluate the fractal dimension d of the cross section
d ¼ s ln bð Þ
r ln að Þ ¼

ln 3ð Þ
ln 2ð Þ ’ 1:58 ð30Þ
and from Eq. (19) the decaying exponent b as:
b ¼ 2� d
2
’ 1:21 ð31Þ
in Fig. 6 it can be seen the graph of the relationship (18) related to this case.
The existence of a power-law scaling of the outgoing flux of the fluid mass initially contained in the fractal pores of the

medium may also be related with the non-dense curdling of the reachable states of a linear physical system WðtÞ with the
normalized fractal scaling of the memory function [21,16]. In that context a relation of the type
WðtÞ ¼ AdD�df ðtÞ ¼ Ad

t�d

1
CðdÞ

Z t

0
ðt � sÞd�1f ðsÞds ð32Þ
with Ad a proper normalization constant and f ðtÞ the forcing function has been obtained for 0 < d < 1, being dthe dimension
of the fractal set.

The approximation involved in Eq. (32) is due to the need of an appropriate homogenization of the fractal set of the phys-
ical state of the system by means of their continuous-type Hausdorff-dimension. Moreover, the presence of a convolution
integral for the reachable state of the physical system involves the existence of a linear cause-effect relation.

The physical system presented in the paper, however, does not obey to this requirement as it has been observed in
Eq. (20) since the provided outgoing flux does not depend, linearly, of the applied pressure gradient J.

In the next section we show that a fractional order generalization of laminar transport equation may be obtained for the
proposed model of mass transport across a fractal porous media under the following main assumptions:

1. The existence of a continuum scaling coefficient e of self-similar pores of the considered fractal set.
2. An appropriate linearization of the force-flux relation around an initial value J0 ¼ Dp0=l of the pressure gradient.

3.2. Fractional-order generalization of laminar transport equations

The non-dimensional outgoing flux in Eq. (7) may be reverted in a continuous form as we observe that, for real sets, there
is a continuous variation among various resolution scale. In the following the scaling resolution is dubbed e and it represents
the real number corresponding the continuation of the discrete sequence k ¼ 0;1;2; . . . ;1 on the real axis.

Under these circumstances the geometric dependent exponents f k and gk, defined by Eq. (6) may be cast in their conti-
nualized counterpart f k ! f ðeÞ and gk ! gðeÞ as:
f ðeÞ ¼ re; gðeÞ ¼ se ð33Þ
Graph of the non-dimensional flow �qL=k along the non-dimensional time t=t0 for the Sierpinski gasket-like fractal. A similar trend is observed in the
the Sierpinski carpet-like fractal examined in previous section.
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where r and sare the resolution factors as defined in Eq. (6). The ratio of the cross-sectional area at resolution scale e, namely
AFðeÞ=AE reads:
AFðeÞ
AE
¼ bs

a2r

� �e
1

a2r ð34Þ
whereas for the ratio of the mean velocity field, namely �vðeÞ=vE ¼ a�2rðeþ1Þ yielding, for the non-dimensional flux across the
fractal porous solid
�qðtÞ ¼ qðtÞ
qE
¼ lim

Dqk�!0

X1
k¼0

DqkðtÞ
qE

¼
Z 1

0
d

qðeÞ
qE

� �
¼
Z 1

0
d

AFðeÞ�vðeÞ
AEvE

� �
ð35Þ
Similarly to the case of the geometrical ideal fractals discussed in Section 3.1, the volume of fluid that leaves the porous solid
at the time instant t is �qLðtÞ that may be evaluated as:
�qLðtÞ ¼
Z 1

0
H te � tð Þd AFðeÞ�vðeÞ

AEvE

� �
ð36Þ
Eq. (36) may be further simplified as we evaluate, for each scale e, the time te at which the fluid columns at scale e, entering
from the left side of the volume at x3 ¼ 0, reaches the right side at x3 ¼ l as:
te ¼
l

�vðeÞ

����
���� ¼ tE a2rðeþ1Þ ð37Þ
that represents the continualized counterpart of relation (12); Eq. (37) may be used to evaluate the highest scale resolution �e
to be included in the measured outgoing flux at time t, namely �qLðtÞ, as from Eq. (37):
�e ¼ ln
te
tE

	 

1

ln a2r½ � ð38Þ
yielding for Eq. (36)
�qLðteÞ ¼
Z 1

�e

dAFðeÞ
de

�vðeÞ
vE
þ 1

vE

d�vðeÞ
de

AFðeÞ
AE

	 

de ð39Þ
yielding, upon proper integrations:
�qLðteÞ ¼
1

a4r

Z 1

�e

d
de

bse

a4re

� �
de ¼ 1

a4r

bs

a4r

� ��e

ð40Þ
that may be cast in explicit terms of time t taking natural logarithms of Eq. (40) as:
ln �qL½ � ¼ �e s ln b½ � � 4r ln a½ �ð Þ � 4r ln a½ � ð41Þ
yielding, upon substitution of Eq. (38)
ln �qL½ � ¼ ln
te
tE

	 

s ln b½ � � 4r ln a½ �

2r ln a½ � � 4r ln a½ � ¼ ln
te
tE

	 
�b

� 4r ln a½ � ð42Þ
with b ¼ 2� d=2 as in previous section, yielding, for the outgoing flux as explicitly dependent of time te�!t
�qLðtÞ ¼
a2rðb�2Þ if 0 < t 6 t0 ¼ tEa2r

a2rðb�2Þ t
t0

� ��b
if t > t0 ¼ tEa2r

8<
: ð43Þ
that may be expressed in terms of unit step function as:
�qLðtÞ ¼ a2rðb�2Þ Hðt0 � tÞ þ t
t0

� ��b

Hðt � t0Þ
" #

¼ a2rðb�2Þ Hðt0 � tÞ þ kLðbÞt�bJ�bHðt � t0Þ
h i

ð44Þ
where the physical coefficient kLðbÞ is:
kLðbÞ ¼
asarh

2

ll

 !�b

ð45Þ
The expression of the flux reported in Eq. (44) is quite similar to the well-known Nutting relation of viscoelasticity, namely
u ¼ AtnFm ð46Þ
with n and m real number, F the applied force traction and u the displacement of the tested specimen. The formal analogy
among Eq. (44) and Eq. (46) leads to conclude that introducing a proper linearization with respect to the pressure gradient J,



898 G. Alaimo, M. Zingales / Commun Nonlinear Sci Numer Simulat 22 (2015) 889–902
a fractional-order laminar transport equation is involved. Indeed let us define the pressure field Jðx3; tÞ as the sum of the non
uniform (in the sense that it varies along the x3 axis) mean field J0ðx3Þ that does not depend on the time t and a space–time
perturbation field J1ðx3; tÞ that varies in a small range around the value J0.

The evolution of the pressure field in terms of J0ðx3Þ and J1ðx3; tÞ reads:
Jðx3; tÞ ¼ J0ðx3Þ þ J1ðx3; tÞ ð47Þ
Introducing Eq. (47) into Eq. (44) and using a Taylor series expansion up to the first term with respect to the mean value
J0ðx3Þ it yields:
�qLðx3; tÞ ’ a2rðb�2Þ Hðt0 � tÞ þ kLðbÞt�b J0ðx3Þ½ ��b � b J0ðx3Þ½ ��ðbþ1ÞJ1ðx3; tÞ
� �

Hðt � t0Þ
h i

; t > 0 ð48Þ
where we assumed that the pressure gradient fluctuation J1ðx3; tÞ is small with respect to the mean pressure gradient J0ðx3Þ
according to the assumption of laminar flow.

The linearized version of Eq. (44) reported in Eq. (48) allows for the definition of a fractional-order laminar transport
equation. To this aim we first evaluate the fluctuating non-dimensional flux �q0ðx3; tÞ due to J1ðx3; tÞ with respect to the
non-fluctuating part induced by J0ðx3Þ that is:
�q0ðx3; tÞ ¼ �qLðx3; tÞ � a2rðb�2Þ Hðt0 � tÞ þ kLðbÞt�b J0ðx3Þ½ ��bHðt � t0Þ
h i

¼ �a2rðb�2ÞbkLðbÞt�b J0ðx3Þ½ ��ðbþ1ÞJ1ðx3; tÞHðt � t0Þ ð49Þ
The knowledge of the outgoing flux �q0ðx3; tÞ due to the pressure increment J1ðx3; tÞ is useful to evaluate the flux �q0ðx3; tÞ due
to a generic pressure gradient J1ðx3; tÞ by means of the convolution operator defined as:
f � gð ÞðtÞ ¼
Z 1

�1
f ðsÞgðt � sÞds ¼

Z 1

�1
gðsÞf ðt � sÞds ð50Þ
Indeed, in case of linear system, the outgoing flux �q0 may be written as:
�q0ðtÞ ¼ _J1 � c1

� �
ðtÞ ð51Þ
being _J1ðx3; tÞ ¼ dJ1=dt and where we defined c1 as:
c1ðtÞ ¼ �a2rðb�2ÞbkLðbÞt�b J0ðx3Þ½ ��ðbþ1ÞHðt � t0Þ ð52Þ
On the other hand, considering that the function t�bHðt � t0Þ in Eq. (52) may be rewritten as
t�bHðt � t0Þ ¼ t�bHðtÞ � t�bHðt0 � tÞ, as shown in Fig. 7, we obtain:
_J1 � c1

� �
ðtÞ ¼ �a2rðb�2ÞbkLðbÞ J0ðx3Þ½ ��ðbþ1Þ Cð1� bÞ Db

0J1

� �
tð Þ � J1ðx3;0Þt�b

h i
Hðt � t0Þ

þ a2rðb�2ÞbkLðbÞ J0ðx3Þ½ ��ðbþ1Þ

1� b
_J1ðx3; t � t0Þt1�b

0 þ
Z t

t�t0

€J1ðx3; sÞðt � sÞ1�bds
	 


Hðt � t0Þ ð53Þ
yielding the outgoing flux in the form:
�q0ðx3; tÞ ¼ a2rðb�2ÞkLðbÞ J0ðx3Þ½ ��ðbþ1Þ b2Cð�bÞ Db
0J1

� �
tð Þ þ bJ1ðx3;0Þt�b

h i
Hðt � t0Þ þ Rbðx3; tÞ ð54Þ
where Rbðx3; tÞ is a time-varying residual term expressed by:
Rbðx3; tÞ ¼
a2rðb�2ÞbkLðbÞ J0ðx3Þ½ ��ðbþ1Þ

1� b
_J1ðx3; t � t0Þt1�b

0 þ
Z t

t�t0

€J1ðx3; sÞðt � sÞ1�bds
	 


Hðt � t0Þ ð55Þ
that is vanishing as t0�!0 or in presence of slowly fluctuating pressure gradient so that €J1ðx3; tÞ ’ 0.
In previous studies it has been proved that the pressure-flux relation through a fractal porous medium is related to the

pressure gradient by means of a Caputo fractional derivative [26]. In the latter work the authors provide the existence of a
Fig. 7. Decomposition of the signal t�bHðt � t0Þ as the difference between a power law t�bHðtÞ and the truncated power law t�bHðt0 � tÞ.
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connection between fractal geometry and fractional calculus. Indeed it has been shown that the time evolution of a viscous
fluid across a fractal porous medium is represented by a power-law. Furthermore, some focus have been provided about both
the percolation and the seeping phenomena. In the case of the fluid seeping through the fractal porous medium under the
effect of a pressure gradient, a fractional differential operator ruling the time evolution of the overall flux has been obtained
by means of an appropriate linearization. However, it must be remarked that the relation in Eq. (24) in [26] strictly involves a
convolution integral with a power-law kernel that is only formally analogous to a Caputo fractional derivative. Indeed, the
presence of an exponent 1 < c < 1:5 yields an hyper-singular kernel that does not exactly correspond, from a mathematical
perspective, to a Caputo fractional derivative [2].

Summing up, in this section the authors showed that as the flow of a Newtonian fluid in laminar flow across a fractal
porous media is considered, then the time-decay of the outgoing flux of the fluid occupying the pores of the media is rep-
resented as a power-law of the time and the exponent of the power-law is related to the Mandelbrot dimension of the fractal
media as from Eq. (54).

The flux is a non-linear function of the pressure gradient, similarly to the well-known relation involved in Nutting law for
viscoelasticity and, under the assumption of small time fluctuation of the pressure gradient, then, a fractional-order gener-
alization of laminar transport equation is obtained. Proper multidimensional generalization is actually underway and it will
be published elsewhere.

Some 1D problems, in heat transfer and thermoelasticity, among others, that involve the use of the fractional-order cal-
culus have been recently proposed [27–29]. Such problems, however, do not relate the order of the derivative to the geomet-
ric scaling of the medium. As an example, in a simple problem of poromechanics as the Terzaghi problem, the outgoing flux is
described by the simple Darcy equation that is q / Dp=l; then the flux is proportional to the 0th-order derivative of the pres-
sure gradient. With the proposed model the same governing equations of the Terzaghi seepage problem may be used intro-
ducing the relation in Eq. (54) for the force-flux relation.

4. Conclusions

In this paper the authors aim to introduce an ideal mechanical model leading to an anomalous time scaling of the state
variables of the system. Such an approach yields a fractional-order generalization of laminar transport equation. In this
regard the authors discuss the problem of a Newtonian fluid in the Poiseuille regime across a fractal porous media.

The evaluation of the overall outgoing flux of the fluid initially contained in the control volume yields a discrete-state
physical system with curdled states distributed over a non-dense set of the real axis. This result is in totally agreement with
discussions [16,21,30,17] about the physical framework of fractional-order integrals obtained for linear-system in presence
of discrete-state memory function.

In the present study it has been shown that the mechanics involved in the outgoing flux of a viscous fluid in a laminar
regime across a fractal porous media is capable to describe the state curdling described in previous papers. However, the
curdling is not accompanied by a linear force-flux relation and, therefore, the Boltzmann superposition principle, yielding
fractional-order operators, can not be applied to the described mechanical system.

Fractional-order operators, instead, have been obtained under three main assumptions: (i) the existence of a continual-
ized scale parameter e to describe the self-similar fractal pores of the media; (ii) a proper linearization of the non-linear
force-flux relation around an initial value of the pressure gradient. As far as such assumptions have been introduced in
the model, a fractional-order generalization of laminar transport equation is obtained in terms of the Riemann–Liouville frac-
tional-order operators with differentiation order related to the fractal dimension of the porous set.

Extensions to high dimensions problems as well as to other forms of transport as Darcy/Fick diffusion is actually under
way.
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Appendix A. Hausdorff–Besitckovich measure

The heuristic definition of the fractal dimension may be framed in a rigorous mathematical definition by introducing the
Hausdorff–Besitckovich (HB) measure and dimension of a set V (see [31] for details) denoted as HsðVÞ and dH , respectively
(set V may be fractal or not).

Let us introduce for any set V # Rm a cover of the set V as the union of subsets Gj # Rm; j ¼ 1;2; . . . n such that V #
Sn

j¼1Gi as
shown in Fig. 8. Let us define the diameter of the subset Gj of the set Gf g (union of the subsets Gj) as
diam Gj

� �
¼ Gj

�� �� ¼ sup x� yj j : x; y 2 Gj
 �

and a d�cover of V, denoted as Gf gd as a countable set Gj : Gj

�� �� 6 d with j ¼
1;2; . . . ;m and d 2 Rþ. The HB measure of the set V in terms of a given d-cover is then represented as:



Fig. 8. Hausdorff–Besitckovich measure.
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Hs
d Vð Þ ¼ inf

Xn

j¼1

Gj

�� ��s : Gj 2 Gf gd

( )
ðA:1Þ
with s 2 Rþ. The HB measure for the set V, denoted as Hs Vð Þ is represented as Hs Vð Þ ¼ limd!0Hs
d Vð Þ and it strongly depends on

values of the parameter s. As in fact it may be either zero or infinity with the exception of a single value of s, say s� such that
Hs� ðVÞ remains finite. Such a value s� is the HB dimension, denoted as dH that is:
dH ¼ s� ¼ inf s P 0 : Hs Vð Þ ¼ 0
 �

¼ sup s P 0 : Hs Vð Þ ¼ 1
 �

ðA:2Þ
An immediate meaning of Eq. (A.2) is that, as we want to measure a line by isolated points we need of infinite points, and if
we want to measure a line by means of a surface we need a surface with vanishing area and so on. Therefore it may be con-
cluded that only by using appropriate tool to measure an object we may define the appropriate dimension of the object itself.
For the fractal Cantor set it may be easily recognized that the HB dimension exactly coalesces with dM .

Moreover dM ¼ dH for all fractal sets built upon assigned laws, but in general, for an assigned fractal whose construction
rules are not a priori known, the HB definition may be useful to obtain fractal dimension. Now we may proper define fractals
as objects whose HB dimension dH 2 Rþ and preserving some invariance at any resolution scale.

Appendix B. Basic definitions of fractional-order calculus

Fractional calculus may be considered the extension of the ordinary differential calculus to non-integer powers of deri-
vation orders (e.g. see [32,2]). In this section we address some basic notions about this mathematical tool.

The Euler–Gamma function CðzÞmay be considered as the generalization of the factorial function since, as z assumes inte-
ger values as Cðzþ 1Þ ¼ z! and it is defined as the result of the integral as follows:
CðzÞ ¼
Z 1

0
e�xxz�1dx: ðB:1Þ
The Riemann–Liouville fractional integral of arbitrary order b > 0 of a function f ðtÞ has the following forms:
Iba f
� �

tð Þ ¼ 1
CðbÞ

Z t

a
ðt � sÞb�1f ðsÞds ðB:2Þ
while the Riemann–Liouville fractional derivative of order b where n� 1 6 b < n with n 2 N is defined as
Db
a f

� �
tð Þ ¼ 1

Cðn� bÞ
dn

dtn

Z t

a
f ðsÞðt � sÞn�b�1ds: ðB:3Þ
The Riemann–Liouville fractional integrals and derivatives with 0 < b < 1 of functions defined over intervals of the real axis,
namely f ðtÞ such that t 2 ½a; b� � R, have the following forms:
Iba f
� �

tð Þ ¼ 1
CðbÞ

Z t

a

f ðsÞ
ðt � sÞ1�b

ds ðB:4Þ

Db
a f

� �
tð Þ ¼ f ðaÞ

Cð1� bÞðt � aÞb
þ 1

Cð1� bÞ

Z t

a

f 0ðsÞ
ðt � sÞb

ds ðB:5Þ
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Beside Riemann–Liouville fractional operators defined above, another class of fractional derivative that is often used in the
context of fractional viscoelasticity is represented by Caputo fractional derivatives defined as:
CDb
a f

� �
tð Þ ¼ 1

Cðn� bÞ

Z t

a

dnf ðsÞ
dtn ðt � sÞn�b�1ds ðB:6Þ
being n� 1 < b < n. Whenever 0 < b < 1 it reads as follows:
CDb
a f

� �
tð Þ ¼ 1

Cð1� bÞ

Z t

a

f 0ðsÞ
ðt � sÞb

ds ðB:7Þ
A closer analysis of Eq. (B.5) and Eq. (B.7) shows that Caputo fractional derivative coincides with the integral part of the
Riemann–Liouville fractional derivative in bounded domain. Moreover, the definition in Eq. (B.6) implies that the function
f ðtÞ has to be absolutely integrable of order m (e.g. in (B.7) the order is m ¼ 1). Whenever f ðaÞ ¼ 0 Caputo and Riemann–
Liouville fractional derivatives coalesce. Similar considerations hold true also for Caputo and Riemann–Liouville fractional
derivatives defined on the entire real axis.

Caputo fractional derivatives may be consider as the interpolation among the well-known integer-order derivatives, oper-
ating over functions f ð�Þ that belong to the class of Lebesgue integrable functions (f ð�Þ 2 L1); as a consequence, they are very
useful in the mathematical description of complex system evolution.

We recall that the Laplace integral transform is defined as follows:
L½f ðtÞ� ¼ ~f ðsÞ ¼
Z 1

0
f ðtÞe�stdt ðB:8Þ
with ReðsÞ > a. The function f ðtÞ may be restored from Laplace domain utilizing the inverse Laplace transform:
f ðtÞ ¼L�1½~f ðsÞ� ¼
Z cþj1

c�j1

~f ðsÞestds ðB:9Þ
where c ¼ ReðsÞ > a. It is worth introducing integral transforms for Riemann–Liouville fractional operators and, similarly to
classical calculus, the Laplace integral transform Lð�Þ is defined in the following forms:
L Db
0 f

� �
tð Þ

h i
¼ sb~f ðsÞ �

Xn�1

k¼0

sk Db�k�1
0 f

� �
tð Þ

h i
t¼0

ðB:10aÞ

L Ib0 f
� �

tð Þ
h i

¼ s�b~f ðsÞ ðB:10bÞ
being n� 1 6 b < n for the fractional derivative. In a similar way, the Laplace transform of the Caputo fractional derivative is
defined as
L CDb
0 f

� �
tð Þ

h i
¼ sb~f ðsÞ �

Xn�1

k¼0

sn�k�1 dkf ðtÞ
dtk

" #
t¼0

ðB:11Þ
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