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LARGE p-GROUPS WITHOUT PROPER SUBGROUPS WITH
THE SAME DERIVED LENGTH

ELEONORA CRESTANI AND ANDREA LUCCHINI

ABSTRACT. We construct a subgroup Hy of the iterated wreath product G4 of
d copies of the cyclic group of order p with the property that the derived length
and the smallest cardinality of a generating set of H; are equal to d while no
proper subgroup of Hy has derived length equal to d. It turns out that the
two groups Hg and G4 are the extreme cases of a more general construction
that produces a chain Hy = K1 < --- < Kp_1 = G4 of subgroups sharing
a common recursive structure. For ¢ € {1,...,p — 1}, the subgroup K, has
nilpotency class (i + 1)¢~1.

1. INTRODUCTION

Certain properties of a finite group can be detected from its 2-generated sub-
groups. For example, a deep theorem of Thompson says that G is soluble if and
only if every 2-generated subgroup of G is soluble. Influenced by these results, one
could be tempted to conjecture that there exists a positive integer ¢ with the prop-
erty that every finite soluble group contains a c-generated subgroup with the same
derived length. This is false. Consider the iterated wreath product Gq = Cpl--1C),
of d copies of the cyclic group of order p. The derived length of G4 is equal to d and
coincides with the smallest cardinality of a generating set. However, if p = 2, then
every proper subgroup of G4 has derived length smaller than d (see, for example,
[2, Lemma 2]), so d elements are really needed to generate a subgroup with derived
length equal to d. On the other hand, if p # 2, then G4 contains several proper
subgroups with the same derived length and the following questions arise. Does a
counterexample to the previous conjecture exist when p # 27 Does such counterex-
ample appear among the subgroups of G4?7 The aim of this paper is to answer to
the previous two questions.

Theorem 1. For any prime p, there exist d elements x1,...,xq € Gq such that
the subgroup Hq = (x1,...,x4) of Gq generated by these elements has the following
properties:

(1) the derived length of Hy is d;

(2) Hy cannot be generated by d — 1 elements;

(8) mo proper subgroup of Hy has derived length equal to d.

The interest on p-groups without proper subgroups with the same derived length
has been related with the problem of bounding the order of a finite p-group in terms
of its derived length (a long history starting from Burnside’s papers, see [5] for
more details). Mann [4] showed that if G is a finite p-group, then G(9 # 1 implies
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2 ELEONORA CRESTANI AND ANDREA LUCCHINI

log,, |G| > 2% + 2d — 2. For primes at least 5, groups of length d and order p2d_2

were constructed in [1], improving previous examples of Hall of order de_l for all
odd primes (see [3, I111.17.7]). These examples can be generated by 2 elements;
our interest goes in a different direction: indeed we want to produce examples
of p-groups without proper subgroups of the same derived length but with large
elementary abelian factors. As a consequence the order of H, is large with respect
to the lower bound proved by Mann (a detailed investigation of the order of Hy is
done in section 4). However H, has other minimality properties. It is well known
that if a nilpotent group has derived length d, then its nilpotency class is at least
2¢=1 The nilpotency class of Hy is precisely 2¢7 !, the smallest possible value. It
follows also that no proper factor group of H; has the same derived length as H.

Our study of the properties of the group H, is made possible by a particular
choice of the notations: the group Gy acts on the p?-dimensional vector space Vj
over the field with p-elements and G441 = Vg x G4. In section 2 we define a map
va: {0,...,p—1}% — V; with the property that the image I'q = 74({0,...,p—1}%) is
a basis for V; over F. We have Gy = Vy_1 X (Vg_a x---x V) and Hy = (21,...,24)
with z; = v—1(1,...,1) € V;_1. An easy formula (see in particular Lemma 3)
allows to express, for any w € I’y and ¢ € {1,...,d — 1}, the commutator |w, z;] as
a linear combination of the elements of I'y. In section 5 we discuss a generalization
of this construction. For k € {1,...,p — 1} we can consider the subgroup X 4 =
(Xk 1, Tha) of Ggwith g, = vi—1(k, ..., k). If p =2, then Hy = G4. Otherwise

H; = Xl,d < Xgﬁd <K prg’d < prl,d = Gy.

This approach allows to study simultaneously the groups Xj q for the different
values of k: for example the nilpotency class of these groups can be determined
with a unified argument: we prove that the nilpotency class of X}, 4 coincides with
(k +1)4=1 (see Theorem 30).

2. NOTATIONS AND PRELIMINARY RESULTS

We fix the following notations: p is a prime number, F' is a field with p elements
and V,, = FP" is a vector space over F of dimension p”. For each positive integer
n, we define a function 3, : V,,_1 x N — V,, as follows: if v = (ai,...,a,n-1) then

Bn(v,m) = (0"v,1™v,...,(p—1)"v)
=(0"ay,...,0Mmapn-1,...,(p—1)"ar,...,(p— 1) ayn-).

Notice that if a1, as are positive integers and a1 = as mod p — 1, then 5, (v,a1) =
Bn(v,a2). However if t is a positive integer, then (,(v,0) — B,(v,t(p — 1))
(v,0,...,0). Given a € N, we define @ as follows: if a = 0, then @ = 0; other-
wise @ is the unique integer with 1 <@ <p—1and @ = a mod p — 1. With this
notation it turns out that 3, (v,a) = 3, (v,a) for any a € N. Now, for every positive
integer n, we define a function

'yn:N"—>Vn:Fpn
in the following way:

{ma) = Bi(1,a) = (0%,1%...,(p— 1))

Yo(a, ..., an) = Bu(yn—1(a1,...,an_1),a,) if n > 1.
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Let I, = {0,...,p — 1} C N. Since y,(a1,...,an) = Y (@1,...,ay), we have that
Yn(N") = 4, (I ). Notice that for any choice of (ay,...,a,) in I}, yn(as,...,an)
is a non zero vector (for example v;(0) = (1,...,1)). Moreover, a stronger result
holds. Indeed we have:

Lemma 2. The set I'y, = {yn(u)|u € I} is a basis for the vector space V;, over F.

Proof. We use the fact that any v € T';, can be uniquely written in the form v =
Bn(w,a) with w € T'y,_1 and a € I,. Now, for w € T';,_1 and a € I, let A\, 4 be

elements of F' such that
Z Aw,aBn(w, a) = 0.

For 1 < i < p, we have a linear map p; : V;, — V,,_1 defined by p;(a1,...,apm) =
(@14 (i—1)pn—1, -+ Gpn—14(i—1)pn—1). In particular, since p;(B,(w,a)) = (i — 1)%w,
we get that
0=p; <Z Aw,aBn (W, a)> = Z)\w,a(i —1)w = Z <Z Aw,al(l — 1)a> w.
w,a w,a w a

By induction, the vectors of I';,_; are linearly independent, so for each w € '),
and each j € {0,...,p — 1}, we have that

> Awaj® =0.
acly,
This means that (Ay 0, .., Aw,p—1) is a solution of the homogeneous linear system

associated to the matrix

1 0 0 0
1 1 1 1
A= 1 2 22 op—1

1L p=1 (p-172 - (p-1"
Since A is an invertible matrix, we get that A, , = 0 for each w € I',_; and
a € I [l

We use the previous definition to construct a sequence of vectors z,, € V,,_1 :

xr1 = 1
Tpt1 = V(1 ..., 1) = Bu(zp, 1) if n > 0.

Now we start to work in the iterated wreath product G4 = Cp,1Cp1- - -2C,y, where
C)p appears d-times. Clearly G =V, while, if d > 1, then V;_; can be identified
with the base subgroup of the wreath product Gq = Cp 1 Gg—1 = Vg—1 x G4—1. In
particular zq,...,z4 can be viewed as elements of G4.

Our aim is to study the subgroup Hy = (x1,...x4) of G4 generated by these
elements. Notice that Vo = H; = G1 = Cp, while, if d > 2, then Hg = Wg_1 x Hy_1,
where Wy_1 is the H;_1-submodule of V,;_; generated by z4.

Lemma 3. Let v =~y4(a,...,aq) € Vg, with and i < d. Consider k = (d —1i) + 1.
If t is a positive integer, then

o] = {o ifa =0

di<e<ar () (=t)°yalar, - - ., Gp—1,0% —C, akq1+C, . . ,aqg+c) otherwise.
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Proof. Since yq(a1,...,aq) = v4(@1,...,aq), we may assume 0 < a; < p— 1 for all
j €{1,...,d}. First we prove this lemma for ¢ = 1. Notice that if wq, ..., w, € Vg_1,
then

(wla s awp)xl = (wpawh s 7wp—1)'
In our particular case, since v = B4(w, a) for w = v4-1(a1,...,a4-1), we get that
[v,tz1] = — (0% w, 1%w, ..., (p — 1)w) + (0%w, 1%w, ..., (p — 1)*w)"™

=(((=t)* = 0")w,..., ((1 = )" —i"w,..., ((p =1 = £)" = (p— 1)*)w).

Ifag = 0, then [v, tz1] = 0. Otherwise, since (i—#)*—i% = > 5, ., | (%) (—t)aa=bst,

b
we deduce
aq _
[v,tzq] = Z <b>(t)a" bvalay, ..., aq-1,b)
0<b<ag—1
aq
= Z ( . ) (—t)va(a1, ..., aq-1,aq — c).
1<c<aqy
Now assume ¢ > 1. Since v = B4(vq(a1,...,a4-1),aq) and tx; = tB(x;—1,1) we
have
[v,tx;] = (w1, ..., wp)
with

= [ = D)"v4-1(a1,...,aq-1),(t- (j —1))zi—1] € Vg_1.
By induction

wj ( ) ))va-1(a1,...,ak-1,ar — C,ap41+C¢, ..., a4-1+C)
<ag

1<c
. aq+c
( ) (j—-1) Ya—-1(a1, ..., ap—1,a—C, a1 + ¢, ... aq-1 +¢).
1<c<ay
This implies

a C
[v, tzi] ZZ ( :) (=1)Ba(va-1(a1, ..., ak—1,ar—¢,akt1+c, ..., aqg-1+c), aa +c))

1<c<ay

ak
= Z (C)(—t)cfyd(al,...,ak_l,ak —C,ak+1 +C, .. ,a9-1 + C,aq + ).

1<c<Lay

This concludes our proof. [

We define a directed graph 2; whose nodes are the elements of I'; and in
which there exists an edge with initial vertex w; = ~(a1,...,aq) and terminal
vertex wy = y(b1,...,bq) if and only if there exists k € {1,...,d} such that
ar # 0 and y(b1,...,bq) = v(a1,...,ak-1,ar — Liagy1 +1,...;aq4+1). Let w =
va(ai,...,aq) € Qq: we define the height of w as follows:

ht(va(ar, ..., aq)) = 27 ar + 29725 + - + 2a5 1 + ag.

Lemma 4. If (wy,ws) is an edge in Qq, then ht(ws2) < ht(wq).
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Proof. We may assume w; = vg4(ai,...,aq) with 0 < a; < p — 1 for each i €
{1,...,d} and that we = v(a1,...,ap—1,ax — 1,ax41 + 1,...,aq + 1) for some k €
{1,...,d} with aj, # 0. Since
ht(wi) = 297 ta; +---+aq and
ht(UJQ) = 2d71a1 + -4 2dik+1ak_1 + 2dik(ak—1) + 2dik71(ak+1+1) + -4 (ad—l—l)

<2%lay +- 27 gy 27 (0 —1) + 277 (ap g A1) + - + (aa+1)
we have

ht(wi) —ht(wp) >247F = Y~ 2 =1
0<j<d—k—1

hence ht(wsz) < ht(ws). O

Given w € Q4 we denote by Aj(w) the set of the descendants of w € Qg, i.e. the
set of the w* € Qg for which there exists a path in 4 starting from w and ending
in w*.

Proposition 5. If w € Qq, then Ay(w) is a basis for the Hy-submodule U(w) of
Va generated by w.

Proof. By Lemma 3, U(w) is contained in the subspace of V; spanned by Ag(w). To
prove the converse it suffices to show that if €2,, contains the edge (w,w*) then w* €
U(w). Let w = v4(as,...,aq). We assume 0 < a; < p—1 for each i € {1,...,d}.
By definition there exists a k € {1,...,d} such that a; # 0 and

w* =~(ay,...,ap—1,a — L,aps1 +1,...,aq0 + 1).
For 0 < ¢ < ag, let we = vq(a1,...,ak-1,ar—C,ap11+¢C,...,aq+c). In particular,
w =wp and w* = w;. By Lemma 3, for 0 < ¢ < ay, there exist pie,ct1,. .-, ey € F
such that
[we, 5] = Z He,jWs-
ct+1<j<ar

Moreover g ; # 0 for each j € {c+1,...,a;}. Indeed, since 0 < ap <p—1,
fej = (% B C) (=17 #£0 mod p.
j—c
Now, for r € {0,...,a; — 1} consider
pr =W, ;. .., 2.
—_———

T times

We claim that
pr="3 Anete, with A,c € F and A, # 0.

r<c<Lap

If r =1, then p; = [wo, ;] and A\j ¢ = po,c. Assume 7 # 1.

Pr = [Pr—l, xz] = Z Ar—l,cwm Ti| = Z [Ar—l,cwca zi]

r—1<c<ap r—1<c<ay

= Z )\r—l,c Z He,jWi | = Z Ar,cwc

r—1<c<ag c+1<j<ay r<c<ap
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with
>\r,j = Z >\r—1,c,ufc,j~
r—1<c<j—1

In particular A, , = Ar—1 ;—1tr—1,,—1 7# 0. Now we can conclude our proof, showing
by induction on ap — ¢ that w, € U(w) for 1 < ¢ < ag. If ax — ¢ = 0, then
Par, = Aap,axWa, € U. Since pg, € U and g6, # 0, we conclude w,, € U(w).
Assume weq1, ... ,Wq, € U(w). Since pe. = Zcﬁjﬁak Arjwj € U(w) and Ag e # 0,
we deduce w, € U(w). O

3. DERIVED LENGTH AND NILPOTENCY CLASS OF Hy

We will denote with dI(G) the derived length of G, if G is a soluble group, and
with nc(G) the nilpotency class of G, if G is a nilpotent group.

Proposition 6. dl(H,;) = d.

Proof. The proof is by induction on d. If d = 1, then H; is cyclic of order p and
dl(Hy) = 1. Assume d > 2. We have H) < G/, < (G4-1)?, and so we can consider
the projection m1 : H) — Gg_1. By Lemma 3
[.Ti,.%'l] = [’Yi+1(1a ey 1),,’B1] = —’yi+1(1, ey 1,0)
= _(Vl(la R 1)) s a’yi(17 RN} 1)) = _(xi—lv s 71‘72—1)-
Thus 7 (H)) > (x1,...,24-1) = Hgq—1 and by induction
d—1=dl(Hyg_1) <dl(m (H))) < dI(H)) <d(G)) =d—1.

But then, dI(H)) = d — 1 hence dl(Hy) = d. O

It is well known that Gy is isomorphic to a Sylow p-subgroup of Sym(p?), hence
H, can be identified with a subgroup of Sym(p?).

Corollary 7. Hy is a transitive subgroup of Sym(p?).

Proof. Assume that €, ..., €, are the orbits of H4 on the set {1,...,p?}. For each
j€{1,...,r} we have |Q;| = p% for some s; € N. If X; is the transitive constituent
of Hy corresponding to the orbit {2;, then Xj is isomorphic to a subgroup of G,
since G, is a Sylow p-subgroup of Sym(p®i); in particular dI(X;) < dl(G,) = s;.
We deduce that d = dl(Hg) < max{dl(X;) |1 <j <r} <max{s; |1<j<r}

This is possible only if r = 1. O
Define z4 as follows:
{zl =2 ifd=1,
24 = Ya—-1(0,...,0) otherwise.
It follows immediately from our definitions that zg = (1,...,1) € V4_1. In particular

(za) < Cv,_,(Ga-1) < Cv,_, (Ha-1).
Lemma 8. Cy,_,(Hg-1) = (zaq).

Proof. Let v = (x1,...,240-1) € Cy,_, (Hq_1). Since Hq_; is a transitive subgroup
of Sym(p?=1) it must be z; = x; for all i € {1,...,p? 1}, hence v € (z4). O

Lemma 9. Let d be a positive integer. If a; # 0, then [zq,7a(a1,...,aq)] # 0.



p-GROUPS 7

Proof. We prove this statement by induction on d. If d = 1, then [z1,7v1(a1)] =

v1(ay — 1) # 0, by Lemma 3. Otherwise, since zq = (24-1,- - -, 2d—1), we have
[2a,valar, - .., aa)] =
=[(Zd=1,- s 2d-1), (0%v4-1(a1, ..., a4-1), -, (P — D)*y4_1(a1,...,a4-1))]
= ([2a—-1,0%yg_1(a1,...,aq-1)]y .-, [2da—1, (P — 1)*v4_1(a1,...,aq-1)]) #0
since [z4—1,7Vd—1(a1,...,a4—1)] # 0 by induction. O

Corollary 10. Z(Hy) = (zq) is cyclic of order p.

Proof. If d = 1 then Z(H;) = (z1) = (x1) is cyclic of order p. Assume d > 2. We
have Hy = Wy_1 X Hy_1. By induction, (z4—1) = Z(H4—1); in particular z;_; is
contained in every normal subgroup of Hy_; and it follows from Lemma 9 that the
action of Hgq_1 on Wy is faithful. Hence, by Lemma 8, Z(Hy) < Cw,_,(Hg4—1) =
<Zd>. O

Let a group G act on another group A via automorphism and suppose that
1=A4, < --- < A, = A is a chain of G-invariant subgroups: we say that G
stabilizes the chain {A; | 0 < i < m} if each right coset of 4;_1 in A; is G-invariant
for all ¢ with 0 < ¢ < m. The first proof of following result was given by Kaluzhnin.

Proposition 11. Assume that G acts faithfully on A via automorphisms and that
G stabilizes a chain {A; | 0 < i < m} of normal subgroups of A. Then A is nilpotent
of class at most m — 1.

Lemma 12. Let w € Q4 with m = ht(w). Define Up(w) = 0 and, for any j €
{1,...,m}, let Uj(w) = (w* € Ag(w) | ht(w*) < j —1). Then Hy stabilizes the
chain {Uj(w) | 0 <i <m+1}.

Proof. Tt follows immediately from Lemma 3 and Lemma 4. ]
Lemma 13. Hy acts faithfully on the submodule Uy of Wy generated by v4(1,0,...,0).

Proof. By Corollary 8, (z;) is contained in all the nontrivial normal subgroups of
H,. Now, Lemma 9 guarantees that [z4, Ya+1(1,0,...,0)] # 0, and this immediately
implies that the action of Hy on Uy is faithfull. ([l

Theorem 14. nc(Hy) = 2471,

Proof. Tt is well known that dI(G) < log,(nc(G)) + 1 for every nilpotent group.
Therefore, from Proposition 6, we deduce that nc(G) > 2971, On the other hand,
by Lemma 13, Hy acts faithfully on the Hg-submodule Uy of Wy generated by
v4(1,0,...,0) and, by Lemma 12, Hy stabilizes a chain of Uy of length at most
ht(v4(1,0,...,0)) +2 = 2971 4+ 2. Therefore nc(H,) < 2¢~1 by Proposition 11. O

Recall that 2441 = v4(1,...,1) and that Wy is the Hg-submodule of V; gen-
erated by x441. Since Wy is a cyclic Hg-module, it contains a unique maximal
Hg-submodule, say Yy. Let Ay = Ag(zgq1) and A = Ag\ {zg41}. It follows from
Proposition 5 that Ay is a basis for Wy and A} is a basis for Y. Now let Zg be
the F-subspace of Wy spanned by the vectors fq(w,a) with w € A}_, and a € I,
Again, we can use Proposition 5 to deduce that Z; is an Hg-submodule of Wj.
More precisely:

Lemma 15. Let T441 = va(1,...,1,0). The set Ag\{Za+1,Ta+1} is a basis for Z,.
In particular if vq(ai,...,aq) € ZqgN Ay, then a; =0 for some i € {1,...,d—1}.
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Proof. Let w = ya(ay, ..., aq) € Aj. We have Y, ., 27 7a; < ht(zar) =29 -1
and this is possible only if a; = 0 for some ¢ € {1,...,d}. If a; = 0 for some
ie{l,...,d =1} then w = y4_1(a1,...,aq-1) € A%_; and w = By(w, aq) € Zy.
Otherwise w = y4(as,...,a4-1,0) with a; # 0 for 1 <i < d —1: again we deduce
from ht(w) < 2% —1that ay = --- =aq_1 = 1, i.e. w=Tg,1. O

Since Y, is an H,,-submodule of W, for any n € N, we have [Y;, z;] < Y; whenever
j < i. On the other hand, if j > 4 then [Y;, z;] < [Y;, W;_1] < [H;, W;_1] < Yj_1.
This implies that Fy = Y3_1Yy_2---Y7 is a normal subgroup of H; and Hy/Fy is
an elementary abelian p-group of order p?. Since Hy can be generated by the d
elements x1, ..., x4 we deduce that F; = Frat(Hy) = H.

Lemma 16. K; =724 174 o5+ Zy is a normal subgroup of Hyg.

Proof. Since Z; is an H;-submodule of W; for any ¢ € N, and H; 1 = W; x H;, we
have [Z;,211] < Z; whenever ¢ > j. So in order to prove our statement, it suffices
to prove that if 2 < i < j then [Z;, zj41] < Z;. Recall that ht(z;11) =2/ — 1 and
let

Y] = (we A;|ht(w) <ht(zj41) —2=2" —3) <Yj.

We have Y; = (Y], Zj+1,m, ..., n;) with

m :’yj(072727"'72)7
72 :’Yj(1>0727---72)7

Now let h € Z;. Since h € Z; < H;11 = (x1,...,x;41), we have h = x4, ... x5, with
r € Nand sy,...,s. € {1,...,i+ 1}. By Lemma 3, [W;, H;, H;] = [Y}, H;] = Y/
and
hajial = Y [ws,2501] = Y mjr1-s, mod Y]
1<t<lr 1<t<r

Let [ be the numbers of ¢ € {1,...,r} with x,, = ;. Since n, € Z; if k # j and
U; < Z; we deduce that [h,z;41] = [Z;41 mod Z;. On the other hand h € Z; <
Wi Wy < Hy and b = (1) mod W;---Ws, so it must be I = 0 mod p and
consequently [h,zj411] € Z;. O

We are interested in the structure of the factor group Hy/Ky. Let
& =11Kq,& = 12Kq,& = 82Ky, ... &4 = 1aKq,€a = TaKq.

Lemma 17. The group Hy/ K, has order p*?=1. In particular

(1) <f2>'§2, .. ,fd»éd) is a normal subgroup of Hq/Kq and it is an elementary
abelian p-group of order p2d=1),
(2) (&2, ...,&q) is a central subgroup of Hy/K,.

(3) [€1,&]) =& for each i€ {2,...,d}.
Theorem 18. If T is a proper subgroup of Hg, then dI(T) < d — 1.
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Proof. We prove the theorem by induction on d. It is not restrictive to assume that
T is a maximal subgroup of Hy. If Wy_; < T, then T/W,_; is a proper subgroup
of Hy/Wy_1 = H;—1 and by induction T=2) < W, . It follows that 701 =1,
and so dI(T) < d — 1. Now assume Wy_; £ T : we have TWy_1 = Hy_y and
TNWgy_1 =Yy 1, since Yy_; is the unique maximal H;_i-submodule of W;_1. In
particular, there exist wq,...,wq_1 € Wy_1 such that

T = (w121, ..., Wi—1Td—1, Y1) = (Wi1Z1, ..., Wag—1Zd—1,Td, Zd—1)-

Since Yy_1 < T and Wy_1 = (Y4_1,24) we may assume w; = ¢;x4 for some ¢; € N.
Therefore we have T' = ((c124)x1, .- ., (C4—12Ta—1)21, Td, Za—1) and, since Zy_1 <
K, it follows

TKa/Kg= ((c1€a)&1, - -, (Ca—16a)a-1,Ea)-

By Lemma 17, T'K /K, is the smallest normal subgroup of TKy/Kd containing
the commutators [(c1€4)&1, (¢i€a)&] = cre:&; for i € {2,...,d—1}. This means that
T/Kd/Kd < <£27...7£d,1>, ie. TV < <£Z'27...,{id,1>Kd < Fy; < (del)p. FOI"j €
{1, N ,p}, let Uj = <7Tj(§?2), ce ;Wj(jd—l»Fd—l < Hd—1~ Since d(Hd_l) =d—1and
Fy_1 = Frat Hy_4, it must be U; # Hy_1. By induction dl(U;) < d — 2. Moreover,
since m;(Kg) < Fy_1, we deduce that 7;(T") < U;. But then 77 < U; x ... U, which
implies that d1(7”) < max; dl(U;) < d—2 and consequently that dI(T) < d—1. O

Proposition 19. If1# N < Hy, then dI(Hg/N) < d — 1.

Proof. Since by Corollary 10, Z(H,) is cyclic of order p, we have that Z(Hy) <
N. In particular, nc(Hy/N) < nc(Hg/Z(Hg)) < nc(Hg) —1 = 2971 — 1 and so
dl(Hy/N) < logy(nc(Hg/N)) —1 <log,(2¢-1 - 1)+ 1 < d. O

4. ORDER OF Hy

In this section we want to say more about the order of the group Hy. If d = 1,
then H; is cyclic of order p. If d = 2, then W; has a basis over F' consisting of the
two vectors 71 (1) and 71(0) so Hy = Wy x H; is a nonabelian group of order p®.
However the order of Hz depends on the choice of the prime p: indeed a basis of
Wy can be obtained considering the set Ay of the descendants of x3 = v2(1,1) in
the graph T'>. If p # 2, then Ay = {72(1,1),72(1,0),72(0,2),72(0,1),72(0,0)}:
in this case |Hy| = |Hy||[Ws| = p3p® = p®. However for p=2 we have A, =
{72(1,1),72(1,0),72(0,1),72(0,0)} and |Hz| = 27.

The dimension of W,, over F' is related to the function f : N x N — N which is
uniquely determined by the following rules:

1 ifn=0
f(n,a) =< p™ ifa>pandn>0
Yo<j<af(n—1,a+7) ifa<pandn>0.
It can be easily proved that f(n,p — 1) = p™ for any positive integer n.

Our aim is to prove that |W,| = p/ (d:1)  This requires a more detailed investiga-
tion of the properties of the graph €,,.

Lemma 20. Let w = y4(a1,...,aq) witha; € {0,...,p—1} for everyi € {1,...,d}.
If 0 < b; < a; for everyi € {1,...,d}, then v4(b1,...,bq) € Ag(w).
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Proof. We prove by induction on d — j that if b; < a; for every i € {j,...,d}
then vq(ai,...,aj-1,b;,...,bq) € Ag(w). This is certainly true if d — j = 0, since
Q4 contains the edge (va(ai,...,a4—1,Yd),vd(a1,...,a4—1,y4 — 1)) whenever 1 <
ya < aq. Now assume that we have proved our statement for a j # 1, assume that
a;—1 # 0 and consider wy = yq(as,. .. ;Qj—1,07, . . ay) with af =ay —1ifar >0
and a; = 0 otherwise. By induction w; € Ag(w). Moreover )y contains the edge
(w1, we) for wa =vq4(ai,...,a;-1 —1,aj +1,...,a; +1). By induction

valar,...,a;-1 —1,bj,...,bg) € Ag(wr) C Ag(w)
if b; < af 41 for every i € {j,...,d}. Since a; < af + 1, we deduce
valai, ... a;-1 —1,b5,...,bq) € Ag(w)

if b; < a; for every i € {j,...,d}. Repeating this argument, we can conclude
va(ar, ..., bj—1,b5,...,bq) € Ag(w) if b; < a; for every i € {j —1,...,d}. O
Lemma 21. If w = v4(a1,...,aq4), a;—1 # 0 and a; = p — 1, then

valar, ... a;—1 —1,ba;01 +1,... a0+ 1) € Ag(w)
for every b € {0,...,p—1}.
Proof. By Lemma 20, wy = v4(a1,...,a0i-1,0 — 2,041, -.,aq4) € Ag(w) and con-
sequently we = v4(a1,...,a;—1 — 1,p—1,a;01+1,...,a5+ 1) € Ag(wr) C Ay(w).

Again by Lemma 20, y4(a1,...,a;—1 — 1,b,a;,41+1,...;a0+1) € Ag(wa) C Ag(w)
for every b€ {0,...,p—1}. O

We define a new graph Qg with the same vertices as g but with a different set
of edges: let wi = vq4(a1,...,aq) and wa = ya(b1,...,bq) with 0 < a;,b; < p—1:
(w1,ws) is an edge in € if and only if there exists k € {1,...,d} such that: ar # 0,
b =a; if i <k, by =ar—1, b =min{a; + 1,p — 1} if i > k. We denote by A4(w)
the set of the descendants of w € I'y. It follows immediately from Lemma 21 that:
Lemma 22. For every w € T'q we have Ag(w) = Ag(w).

Lemma 23. Let w = y4(b,...,b) with 0 < b <p—1. Then |Ay(w)| = f(d,b).
Proof. We prove the statement by induction on d. It follows immediately from
the definition that Ay (v1(b)) = {7 (b),n(b—1),...,71(0)} has cardinality b+ 1 =
£(1,b). )

Let (w1,ws2) be an edge in the graph ;. We say that (w1, ws) is a k-edge if

w1 =valar,...,aq) with a1,...,aq € {0,...,p—1},ar # 0 and

we =va(ay,...,ap—1,ar — 1,min{agy1 + 1,p — 1},...,min{ag + 1,p — 1}).
Now let w = v4(b,...,b) with b € {0,...,p— 1} and let w* € Ad(w). The number
of 1-edges in a path connecting w to w* is at most b. For j € {0,...,b} let Ag(w, )
be the subset of A,(w) consisting of the descendants of w connected to w by a path
which contains exactly j 1-edges. Notice that if w* = Yala,...,aq) € éd(%j),
then a; = b—j and consequently Ag4(w) is the disjoint union of the subsets Ay(w, j),
0<j<b, and [Ag(w)| = Zogjgzl|Ad(W’j)|-

Clearly w* = yg(as,. .., a,) € Ag(w,0) if and only if w* = v4(b, b1, ..., by—1) with
Ya—1(b1, ... ba—1) € Ag_1(va—1(b,...,b)) so, by induction, |Ag(wo)| = f(d —1,b).
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Now suppose that there is a path
Wo = W, Wi, ..., WE+1 =w"
where (wj;,w;4+1) is an l-edge if and only if j = k. We claim that if £ # 0, then
there exist r < k and a path
‘:)0 = w7u~11,. .. 7‘DS+1 =w"
with s > r and where (w;,wj+1) is a l-edge if and only if j = r. Let wi—1 =
valat,...,aq) with ay,...,aq € {0,...,p — 1} and assume that (wr_1,wy) is an
i-edge. Hence,
wr =vala1,...,ai—1,a; — L,min{a;4+1 +1,p — 1},...,min{aq + 1,p — 1})
wrt+1 = ya(a; — 1, min{as + 1,p — 1},... ,min{a;_1 + 1,p — 1},
a;,min{a; 11 +2,p—1},...,min{aqg + 2,p — 1}).

Now, the graph Ay(w) contains also the 1-edge (wy,_1,w}) and the i-edge (wj, Wii1)
with

wp =v4(ar—1,min{ag + 1,p—1},...,{aq + 2,p—1})
Wiyt = Yd(ar—1,min{az + 1,p—1},... , min{a;—1+1,p—1}, min{a;+1,p—1} — 1,

min{a;+1 +2,p—1},...,min{aqg + 2,p—1}).

If a; # p— 1, then wy,| = wWky1 SO Wo,...,Wk—1,W),Wk+1 is the path we are
looking for. On the other hand, if a; = p — 1 then min{a; + 1,p—1} -1 =p—2
so this case requires a different argument. We may label the path wy, ..., wr—1
with the sequence (i1, ...,4,—1) meaning that (w;_1,w;) is an i;-edge for any j €
{1,...,k—1}. Now we consider the sequence (i},...,j;) obtained from (iy,...,ix)
by removing the entries ¢; whenever i; > ¢ and let wo,w7,...,w; be the unique

path starting from wy and labeled by the sequence (i7, ..., ;). It is not difficult to
see that
W: :r)/d(a‘l---aai—lap_ 17"'7p_ 1)

Now we can continue the previous path adding the 1-edge (w;,w; ;) with

wiyq = (a1 —1,min{as + 1,p—1},... ,min{a;—1 + L, p—1},p—1,...,p — 1}).
By Lemma 20, there is a path w},,...,w) = wg41, involving only j-edges with
j > 4. In particular wp,wy,...,w; is the path we are looking for.

This completes the proof of our claim. Iterated applications of this remark allow
to conclude that if w* € Ayz(w,1) then

w* € Ag(ya(b — 1,min{b+1,p —1},...,min{b+ 1,p — 1})).
In particular
|Ad(w, 1| = |Ad,1(’yd,1(min{b +1,p—1},...,min{b+ 1,p — 1})].

If b+1 = p, then |Ag(w,1)| = |Ad_1('z(i_1(p71, L p—1))) = pdt = f(d—1,b—1)
by Lemma 20. If b+ 1 < p, then |[Agz(w,1)| = |[Ag—1(ya—1(b—1,...,0 = 1)) =
f(d—1,b—1) by induction.

A similar argument allows us to conclude that for any j € {0,...,b} we have
[Aa(w, /)l = 18a—j(ya—j(min{b +j,p — 1},... min{b+ j,p — 1}) = f(d — j,b+j).
But then [Ag(w)| = Y o< ;<p 1Aa(w, )| = Yo jcp f(d— 5,0+ 1) = f(d,b). O

Corollary 24. dimr Wy = f(d,1) and log, [Ha| = > o<y, (i, 1).
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Proof. By the previous Lemma, dimp Wy = |Ag(ya(1,...,1))| = f(d, 1) O
Corollary 25. If p=2, then Hy = G4 = Cs1---1Cs.

Proof. For any positive integer n, we have that dimW,, = f(n,1) = f(n —1,1) +
fn—1,2) =27t 427n=1 =27 = dimV,,, hence W,, = V,, and Hy = Wy_1--- Wy =
Vi1 Vo =Gy (I

On the other hand, if p > 2 then |Hy| is much smaller then |G4|. Indeed we have

Proposition 26. log, |Hg| < p—il (1;;%11 (p— 2)d) = p%l (log, |Gal + (p — 2)d) .
(™ —1)/(p — 1) for each

Proof. First we prove by induction that f(n,1) < 14
= 1. On the other hand, if n > 0

n € N. This is clearly true if n = 0 since f(0,1)
then

pt -1
p—1

nflil
%+pn71:1+

41)  fr,1)=fln-1,1)+f(n-1,2) <1+
since f(n —1,2) = dimp(,-1(2,...,2)) < dimp V,,_; = p"~ L. In particular

1ng ‘Hd| = 1ng ‘WO T Wd—1| = Z logp |W1‘

0<i<p

< ¥ Pk S (pd_1+(p—2)d>.

0<i<d—1 p—1 p-1\p-1

To conclude it suffices to recall that G4 = Cp1- - -1C) has order (p?—1)/(p—1). O

If p = 3, then it follows from Lemma 20 that f(m,2) = 3™ for every positive
integer m and (4.1) is indeed an equality: hence

1/3%-1 )

However if p # 3, then v, (4, a2, ..., am) € Apm(Ym(2,...,2)) whenever ¢ > 3 and
this implies f(m,2) < p™ — (p — 3)p™~! = 3p™~ L. In particular if p > 5 then the
bound given in Proposition 26 can still be improved. The following table describes
the behavior of |Hy| when d € {3,4,5} and p € {3,5,7}.

p=3|p=5|p="7
dimp W2 5 5 5
dimp W3 14 17 17
dimp Wy 41 73 83

log,, |H3| 8 8 8
log, [Hal | 22| 25| 25
log, |Hs 63 98 108

5. A GENERALIZATION

In this section we introduce a more general construction. it turns out that the
two groups Hy and G4 are particular examples of the groups that can be obtained
with this method; in particular, such groups can be studied simultaneously and
share some properties.
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We fix an integer k € {1,...,p — 1} and we define recursively a sequence of
vectors xy , € Vi1 ¢

rp1 =k
LTkn+1 = ’Y’n(kv e k) = 6n('rk,na k) ifn>1
Let X} 4 be the subgroup of G4 generated by zy 1,...,Tk.d.
Lemma 27. Ifky < kg then Xy, .q < Xg,,d. Moreover X1 g = Hg and Xp—1,4 = Gq.

Proof. We make induction on d. Clearly if d = 1, then X3 1 = X1 1 = (21) = Cp. So
we may assume d > 2. By induction Hg—1 < Xy, 4—1 < Xj,,a—1. In particular Xy, 4
contains the (Hg—1)-submodule of V;_; generated by zx, 4 = Ya—1(k2, ..., k2). By
Proposition 5 and Lemma 20, g, ¢ = v4—1(k1, ..., k1) belongs to this submodule.
Hence Xk, .0 = (Tky,d, Xt1—1,d—1) < Xky,q- In the particular case when ko =p — 1,
the Hy—1 submodule of V;_; generated by xp—1.4 = va—1(p—1,...,p—1) coincides
with V;_; and the previous argument allows to conclude that X, 4 = Gg4. O

We may generalize Lemma 3 to the general case.

Lemma 28. Let v = y4(a1,...,aq) € Vg, and i < d. Consider k = (d —1i) + 1.
Then

[v,tz, ;]| = {O if ar =0

Zlgcgﬁ (?)(—tr)c'yd(al, e Qg —Cy a1 tcry ... ag+cr) otherwise.

Proof. We may assume 0 < a; <p—1forall j € {1,...,p—1}. Suppose i = 1. If
aq = 0, then [v,tx1] = 0; otherwise, by Lemma 3,

[v, tr] = [v,tren] = > (“j) (—tr)°~a(as, .. . ag_1,aq — c).

1<c<aq
Now assume 7 > 1. Since v = B(v4—1(a1,...,a4-1),aq) and tx, ; = tB3(x, ;—1,7) We
have
[v,ter ;] = (w1, ..., wp)
with

wj =[(j — D)% ya—1(ar,...,aa-1), (t(F — 1)")xri—1] € Va_1.
By induction

. ag .
wj =(j—1)% < . ) (—=tr(j—1)")ya-1(a1,...,ax — c,agy1+ecr, ..., ag_1+cr)
ag

>

1<c<ayg

<
a .
:) (—=tr)°( — )™ g 1(a, ..., ap—¢, appr + 7, ... ag_1 + cr).

/—\lé\

This implies

ay
[v,tz, ;] = Z < . ) (=tr)°Ba(va-1(a1, ..., ax—c,apr1+er, ... ,ag_1+cr),aq + cr))

1<c<Lay

Qg
= E ( . > (—tr)’valar,...,ax — capy1 +cry ... ag—1 + cryaq + cr).
1<c<ayg

This concludes our proof. ([l
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We recall that 'y = {v4(a1,...,04)[0 < a; < p—1foreveryi € {1,...,d}}
is a basis of Vy over F. For each k € {1,...,p — 1}, we define the k-height of
w="4(a,...,aq) as follows:

htg (va(a1, ..., aq)) = (k+ 1)d*1a1 + (k+ 1)d*2a2 +--+(k+1Dag-1 + aq-

For v = 3 cp, Aww # 0 € Vg we define supp(v) = {w | Ay # 0} and hty(v) =
max{hty(w) | w € supp(v)}. We set hty(v) = —1if v = 0. For n € {0, ..., (k+1)%},
let Vian = {v | htg(w) < n — 1}. It follows immediately from Lemma 28 that, for
each n € {0,...,(k+1)? =1}, [Ga, Vi.a.n+1] < Vi.a.n- A more precise result can be
proved.

Lemma 29. Suppose v € V. If htg(v) = r > 0, then there exists (j1,...,jr) €
{1,...,d}" such that [v,xj,, ..., Tk;, ] # 0.

Proof. We may work by induction on r so it suffices to prove that there exists i €
{1,...,d} such that hty([v, z;]) = r—1. Since hty(v) = r, there exist i € {1,...,d}
and @ = y(b1,...,bq) € supp(v) with hty (@) =r, b; #0 and b; =0 if j > i. Let

A ={w="4la1,...,aq) € supp(v) | a; # 0 and htg(w) = r}.

For w = vg(a,...,aq) € A, define w* = y4(a1,...,a; — L,a;41 + k,...,aq + k).
Notice that hty(*) = r—1, that hty(w*) <r—1 for every w € A and that w # w3
if wy # wy. If follows from Lemma 28 that

[v,25,] = E Aow®  mod Vi g1
wEA

and consequently hty([v, zy;]) =r — 1. O

Theorem 30. nc(Xy 4) = (k+1)%7 L.
Proof. Notice that
hty (vx,a) = htg (ya—1(k, ..., k) = k(1 + (k+1)+- -+ (k+1)2) = (k+1)4 1 — 1.

Therefore if follows from Lemma 29 that nc(Xgq) > (k + 1)1 On the other
hand, by Lemma 13, X}, 4 acts faithfully on the submodule Uy of V; generated by
74(1,0,...,0). We have hty(74(1,0,...,0)) = (k+ 1)*"! s0 Ug < Vi g, (k1)a-141-
For i € {0,...,(k+ 1) + 1} let Uy; = Via; N Uy. Tt follows from Lemma 28
that Xj 4 stabilizes the chain 0 = Ugo < -+ < Ug (gq1)e-141 = Ug. Therefore
nc(Hy) < (k+ 1)?~! by Proposition 11. O
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