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Abstract

The minimal model of a 1-connected differential graded Lie algebra is obtained as the
Adams cocompletion of the differential graded Lie algebra with respect to a chosen set
of morphisms in the category of 1-connected differential graded Lie algebras (d.g.l.a.’s)
over the field of rationals and d.g.l.a.-homomorphisms. The Postnikov-like approimation
of a module is obtained as the Adams completions of the space with the help of a suitable
set of morphisms in the category of some specific modules and module homomorphisms.
The Cartan-Whitehead decomposition of topological GG-module is obtained as the Adams
cocompletion of the space with respect to suitable sets of morphisms. Postnikov-like
approximation is obtained for a topological G-module, in terms of Adams completion with
respect to a suitable sets of morphisms, using cohomology theory of topological G-modules.
The ring of fractions of the algebra of all bounded linear operators on a separable infinite
dimensional Banach space is isomorphic to the Adams completion of the algebra with respect
to a carefully chosen set of morphisms in the category of separable infinite dimensional
Banach spaces and bounded linear norm preserving operators of norms at most 1. The nth
tensor algebra and symmetric algebra are each isomorphic to the Adams completions of
the algebras. The exterior algebra and Clifford algebra are each isomorphic to the Adams
completions of the algebra with respect to a chosen set of morphisms in the category of

modules and module homomorphisms.

Keywords: Grothendieck universe; Adams completion; Adams cocompletion; Minimal
model; G-module; Tensor algebra; Symmetric algebra; Exterior algebra; Clifford
algebra.
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Chapter 0
Introduction

The concept of the Adams completion was proposed by J. F. Adams [1-4]; in fact this idea
first arose with respect to the problem of stability. Its characterization and properties were
clearly categorical in nature. However, only in later works by Deleanu, Frei and Hilton
the theory was freed from its topological bounds. The greatest difficulty, in dealing with
the Adams completion from the categorical point of view (hence in general), lies in its set
theoretical aspect. In fact category of fractions, which plays a basic role here, is not always
well defined, since there is no guarantee that the collection of morphisms between any two

of its objects is a set.

It is well known that the usual set theory, as described by Zermelo and Fraenkel [5, 6],
when used without extreme rigor leads very easily to some incoherent results. The most
famous of those is the Russell paradox, which implies that the set of all the sets is not
a set. To avoid those difficulties we will work in the logical framework of “universes”
of Grothendieck. The first step in this direction is to forget the existence of “primitive”,
i.e., indivisible, elements and to consider any set as a collection of other sets, where
the collection can even be empty or consists of a single element. With this agreement
Grothendieck universe is defined in [7]. This thesis does not attempt to make a study
of set theory; however the concept of universes is essential since their use seems to be
unavaoidable in some categorical constructions, in particular in the construction of category

of fractions.

It is a firmly established fact that the collection of objects of a category need not be a set,
but the logical contradiction which is at the basis of the Russell paradox works also in this
case, so that the category of all categories cannot be considered as a category. Nevertheless
many times it is very useful to consider this or other kinds of structures which present the
same difficulty. These difficulties may be overcome by making some mild hypotheses and

using Grothendieck universes [7].

Precisely speaking if we start with a category belonging to a certain Grothendieck

universe then the category of fractions with respect to a set of morphisms of the category
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belongs to a higher universe [7]. We note that the cases in which we are interested, will not
present such difficulty. However, Nanda [8] has proved that if the set of morphisms admits
a calculus of left (right) fractions then the category of fractions with respect to the set of
morphisms of the category belongs to the same universe as to the universe that the category
belongs. Also if the set of morphisms of the category admits a calculus of left (right)
fractions then the category of fractions can be described nicely; this explicit construction is

given in [7].

The central idea of this thesis is to investigate some cases showing how some algebraic
and geometrical constructions are characterized in terms of Adams completions or
cocompletions. We will deal with such cases involving the concepts of calculus of left
(right) fractions. In fact in each of the characterizations that we have undertaken in our
study, the set of morphisms of the category has to admit either calculus of left fractions or

calculus of right fractions.

In Chapter 1, we recall the definitions of Grothendieck universe, category of fractions,
calculus of left (right) fractions [7] and generalized Adams completions (cocompletions)
[9]. We state some results on the existence of global Adams completions (cocompletions)
of an object in a cocomplete (complete) category with respect to a set of morphisms in
the category [9]. Deleanu, Frei and Hilton [9] have shown that if the set of morphisms
in the category is saturated then the Adams completion (cocompletion) of an object is
characterized by a certain couniversal property. We state a stronger version of this result
proved by Behera and Nanda [10] where the saturation assumption on the set of morphisms
is dropped. We also state Behera and Nanda’s result [10] that the canonical map from an
object to its Adams completion (from Adams cocompletion to the object) is an element of
the set of morphisms under very moderate assumption. These two results are fairly general

in nature and applicable to most cases of interest.

The concept of rational homotopy theory was first characterized by Quillen. In fact in
rational homotopy theory Sullivan introduced the concept of minimal model. In Chapter 2,
a categorical construction of minimal model of lie algebra is presented. In fact we prove
that the minimal model of a 1-connected differential graded Lie algebra can be expressed
as the Adams cocompletion of the differential graded Lie algebra with respect to a chosen
set of morphisms in the category of 1-connected differential graded Lie algebras (in short

d.g.l.a.’s) over the field of rationals and d.g.l.a.-homomorphisms.

Behera and Nanda have studied Postnikov approximation of a space, by introducing a
Serre class C of abelian groups. They have obtained the mod-C Postnikov approximation

of a 1-connected based C'WW-complex, with the help of a suitable set of morphisms in



the category of 1-connected based C'W-complexes and based maps. In Chapter 3, we
have obtained the Postnikov-like approimation of a module, where the different stages
of the approximation are shown to be the Adams completions of the module, with the
help of a suitable set of morphisms in the category of some specific modules and module
homomorphisms.

It is known that the different stages of the Cartan-Whitehead decomposition of a
0-connected space can be obtained as the Adams cocompletion of the space with respect to
suitable set of morphisms [10]. In Chapter 4, Cartan-Whitehead decomposition is obtained

for topological G-module.

In Chapter 5, we study the dual of the decomposition of a topological G-module
obtained in Chapter 4. In fact, the central idea of this chapter is to obtain a Postnikov-like

tower of a topological G-module, using the cohomology theory of topological G-module.

In Chapter 6, it is shown that ring of fractions of B(H ), the algebra of all bounded linear
operators on a separable infinite dimensional Hilbert space H is isomorphic to the Adams
completion of B(H) with respect to a chosen set of morphisms in a suitable category. In
this chapter, we show that the ring of fractions of the algebra of all bounded linear operators
on a separable infinite dimensional Banach space is isomorphic to the Adams completion of
the algebra with respect to a carefully chosen set of morphisms in the category of separable
infinite dimensional Banach spaces and bounded linear norm preserving operators of norm

at most 1.

Chapter 7 is devoted to categorical study of tensor algebra and symmetric algebra. The
purpose here is to obtain the tensor algebra and symmetric algebra in terms of Adams
completion. Under some reasonable assumption, we show that given an algebra, its nth
tensor algebra and symmetric algebra are each isomorphic to the Adams completion of the
algebra.

In Chapter 8, we obtain that given an algebra, its exterior algebra and Clifford algebra
are each isomorphic to the Adams completion of the algebra with respect to a chosen set of

morphisms in the category of modules and module homomorphisms.



Chapter 1
Pre-Requisites

In this chapter we recall the definition of Adams completion (cocompletion) and some
known results on the existence of global Adams completion (cocompletion) of an object
in a category % with respect to a family of morphisms S in %’. A characterization of Adams
completion (cocompletion) in terms of its couniversal property proved by Deleanu, Frei and
Hilton is recalled. We also describe a stronger version of this result proved by Behera and
Nanda [11]. We also state Behera and Nanda’s result [11] that the canonical map from an
object to its Adams completion is an element of the set of morphisms under very moderate
assumption. This chapter serves as the base and background for the study of subsequent

chapters and we shall keep on referring back to it as and when required.

1.1 Category of fractions
In this section we recall the abstract definition of category of fractions and some other related
definitions. We start with universe.

Definition 1.1.1. ([7], p. 266) A Grothendeick universe (or simply universe) is a collection
% of sets such that the following axioms are satisfied:

U(l): If{X, : i € I} is a family of sets belonging to % then .U]X,- is an element of 7.
1€

UQ): Ifx € % then {z} € %.
UQB): Ifr e Xand X € Z thenx € % .
U(4): If X is a set belonging to % then P(X ), the power set of X is an element of 7.

U(5): If X and Y are elements of % then { X, Y}, the ordered pair (X,Y) and X x Y
are elements of % .

We fix a universe %/ that contains N, the set of natural numbers (and so Z, Q, R, C).

Definition 1.1.2. ([7], p. 267) A category % is said to be a small % -category, %/ being a
fixed Grothendeick universe, if the following conditions hold:

S(1): The objects of % form a set which is an element of % .

S(2): For each pair (X,Y") of objects of %, the set Homg¢ (X, Y") is an element of % .

4
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Definition 1.1.3. ([7], p. 269) Let € be any arbitrary category and S a set of morphisms
of %. A category of fractions of ¢ with respect to S is a category denoted by € [S™]
together with a functor

Fy - C — %[S_l]
having the following properties:
CF(1): Foreach s € S, Fs(s) is an isomorphism in ¢ [S™].

CF(2): Fg is universal with respect to this property : if G : € — Z is a functor such
that G(s) is an isomorphism in &, for each s € 5, then there exists a unique
functor H : ¢ [S™!] — 2 such that G = HFs. Thus we have the following
commutative diagram:

Reamrk 1.1.4. For the explicit construction of the category ¢’[S™!], we refer to [7]. We
content ourselves merely with the observation that the objects of %’[S~!] are same as those
of % and in the case when S admits a calculus of left (right) fractions, the category €[S ]
can be described very nicely [7, 12].

1.2 Calculus of left (right) fractions

As discussed in [7], for constructing the category of fractions, the notion of calculus of left

(right) fractions plays a very crucial role.

Definition 1.2.1. ([7], p. 258) A family of morphisms S in the category % is said to admit

a calculus of left fractions if
(a) S is closed under finite compositions and contains identities of &,

(b) any diagram

X

f

Z

in ¥ with s € S can be completed to a diagram
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X—2—vy

f g
Z ; w

witht € Sand tf = gs,
(c) given
S f t
X Y Z ------ > W
g

with s € S and fs = gs, there is a morphism ¢ : Z — W in S such that ¢ f = tg.

A simple characterization for a family of morphisms S to admit a calculus of left fractions

is the following.

Theorem 1.2.2. ([9], Theorem 1.3, p. 67) Let S be a closed family of morphisms of €
satisfying

(a) ifuv e Sandv € S, thenu € S,

(b) every diagram

in € with s € S can be embedded in a weak push-out diagram

S

]

witht € S.
Then S admits a calculus of left fractions.
The notion of a set of morphisms admitting a calculus of right fractions is defined dually.

6
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Definition 1.2.3. ([7], p. 267) A family S of morphisms in a category % is said to admit a

calculus of right fractions if

(a) S is closed under finite compositions and contains identities of %,

(b) any diagram

in ¢ with s € S can be completed to a diagram

t
W—>X
g f
Z——F5Y
with ¢t € S and ft = sg,
(c) given
t f s
W------ > X Y Z
g

with s € S and sf = sg, there is a morphism ¢ : W — X in S such that ft = gt.

The analog of Theorem 1.2.2 follows immediately by duality.

Theorem 1.2.4. ([9], Theorem 1.3*, p. 70) Let S be a closed family of morphisms of €
satisfying

(a) ifvu e Sandv € S, thenu € S,

(b) any diagram
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in € with s € S, can be embedded in a weak pull-back diagram

witht € S.
Then S admits a calculus of right fractions.

Reamrk 1.2.5. There are some set-theoretic difficulties in constructing the category ¢[S™!];
these difficulties may be overcome by making some mild hypotheses and using Grothendeick
universe. Precisely speaking, the main logical difficulty involved in the construction of a
category of fractions and its use, arises from the fact that if the category € belongs to a
particular universe, the category ¢’[S~!] would, in general belongs to a higher universe ([7],
Proposition 19.1.2 ). In most applications, however, it is necessary that we remain within
the given initial universe. This logical difficulty can be overcome by making some kind
of assumptions which would ensure that the category of fractions remains within the same
universe [13—-15]. Also the following theorem (Theorem 1.2.6) shows that if S admits a
calculus of left (right) fractions, then the category of fractions 4’[S™!] remains within the
same universe as to the universe to which the category % belongs.

The following result will be used in our study.

Theorem 1.2.6. [8] Let € be a small % -category and S a set of morphisms of € that
admits a calculus of left (right) fractions. Then €'[S™'] is a small % -category.

1.3 Adams completion and cocompletion

Sullivan introduced the concept of localizations [16]. Bousfield introduced the concepts
of localizations in categories [17]. Both the constructions are applicable to many cases of
intersts. Sullivan’s construction is neat and concrete. Bousfield construction is general and
categorical. Several authors have worked on both the constructions [18]. The notion of
generalized completion (Adams completion) arose from a categorical completion process
suggested by Adams [1, 2]. Originally this was considered for admissible categories
and generalized homology (or cohomology) theories. Subsequently, this notion has been
considered in a more general framework by Deleanu, Frei and Hilton [9], where an arbitrary
category and an arbitrary set of morphisms of the category are considered; moreover they
have also suggested the dual notion, namely the cocompletion (Adams cocompletion) of an

object in a category. We recall the definitions of Adams completion and cocompletion.

8
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Definition 1.3.1. [9] Let € be an arbitrary category and S a set of morphisms of %’. Let
%'[S™'] denote the category of fractions of % with respect to .S and

F:¢— ¢S]

be the canonical functor. Let . denote the category of sets and functions. Then for a given
object Y of ¥,
€S N-Y): € — S

defines a contravariant functor. If this functor is representable by an object Y of 7, i.e.,
%[S_l] ('a Y) = Cg('a YS)

then Yg is called the (generalized) Adams completion of Y with respect to the set of
morphisms S or simply the S-completion of Y. We shall often refer to Y as the completion
of Y.

The above definition can be dualized as follows:

Definition 1.3.2. [9] Let % be an arbitrary category and S a set of morphisms of %. Let
%¢[S™!] denote the category of fractions of % with respect S and

F:¢ — €[S

be the canonical functor. Let .’ denote the category of sets and functions. Then for a given
object Y of %,
CISNY,-): € — .S

defines a covariant functor. If this functor is representable by an object Y5 of %, i.e.,
CST(Y.-) =€ (Ys,-)

then Yg is called the (generalized) Adams cocompletion of Y with respect to the set of
morphisms S or simply the S-cocompletion of Y. We shall often refer to Y as the

cocompletion of Y.

1.4 Existence theorems

We recall some results on the existence of Adams completion and cocompletion. We state
Deleanu’s theorem [15] that under certain conditions, global Adams completion of an object

always exists.

Theorem 1.4.1. ([15], Theorem 1; [8], Theorem 1) Let € be a cocomplete small % -category
(% is afixed Grothendeick universe) and S a set of morphisms of € that admits a calculus of
left fractions. Suppose that the following compatibility condition with coproduct is satisfied.

9



Chapter 1 Pre-Requisites

(C) Ifeach s; - X; — Y, i € 1, is an element of S, where the index set I is an element
of %, then

el el el

is an element of S.

Then every object X of € has an Adams completion X g with respect to the set of morphisms
S.

Reamrk 1.4.2. Deleanu’s theorem quoted above has an extra condition to ensure that 4[5 ™|

is again a small 7%/ -category; in view of Theorem 1.2.6 the extra condition is not necessary.
Theorem 1.4.1 can be dualized as follows.

Theorem 1.4.3. ([8], Theorem 2 ) Let € be a complete small % -category (% is a fixed
Grothendeick universe) and S a set of morphisms of € that admits a calculus of right

fractions. Suppose that the following compatibility condition with product is satisfied.

(P) Ifeach s; : X; — Y, i € I, is an element of S, where the index set I is an element
of U, then

el el iel

is an element of S.

Then every object X of € has an Adams cocompletion X with respect to the set of

morphisms S.

We will recall some more results on the existence of Adams completion and cocompletion

in the relevant chapters.

1.5 Couniversal property

Deleanu, Frei and Hilton have developed characterization of Adams completion and

cocompletion in terms of a couniversal property.

Definition 1.5.1. [9] Given a set S of morphisms of %, we define S, the saturation of S
as the set of all morphisms u in ¢ such that F'(u) is an isomorphism in ¢’[S™!]. S is said to
be saturated if S = S.

Theorem 1.5.2. ( [9], Proposition 1.1, p. 63) 4 family S of morphisms of € is saturated if
and only if there exists a functor F : € — & such that S is the collection of all morphisms
f such that F(f) is invertible.

Deleanu, Frei and Hilton have shown that if the set of morphisms S’ is saturated then the

Adams completion of a space is characterized by a certain couniversal property.

10



Chapter 1 Pre-Requisites

Theorem 1.5.3. ([9], Theorem 1.2, p. 63) Let S be a saturated family of morphisms of €
admitting a calculus of left fractions. Then an object Ys of € is the S-completion of the
object Y with respect to S if and only if there exists a morphism e : Y — Yg in S which is
couniversal with respect to morphisms of S : given a morphism s : Y — Z in S there exists
a unique morphismt : Z — Yg in S such that ts = e. In other words, the following diagram

is commutative:

Theorem 1.5.3 can be dualized as follows.

Theorem 1.5.4. ([9], Theorem 1.4, p. 68) Let S be a saturated family of morphisms of €
admitting a calculus of right fractions. Then an object Ys of € is the S-cocompletion of
the object Y with respect to S if and only if there exists a morphism e : Y¢ — Y in S which
is couniversal with respect to morphisms of S : given a morphism s : Z — Y in S there
exists a unique morphismt : Ys — Z in S such that st = e. In other words, the following

diagram is commutative :

Ys
t
A

In most of applications, however, the set of morphisms .S is not saturated. The following
is a stronger version of Deleanu, Frei and Hilton’s characterization of Adams completion in

terms of a couniversal property.

Theorem 1.5.5. ([11], Theorem 1.2, p. 528) Let S be a set of morphisms of € admitting a
calculus of left fractions. Then an object Ys of € is the S-completion of the object Y with
respect to S if and only if there exists a morphism e : Y — Yg in S which is couniversal
with respect to morphisms of S: given a morphism s :' Y — Z in S there exists a unique
morphism t : Z — Yg in S such that ts = e. In other words, the following diagram is

commutative .

11
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Theorem 1.5.5 can be dualized as follows.

Theorem 1.5.6. ([10], Proposition 1.1, p. 224) Let S be a set of morphisms of € admitting
a calculus of right fractions. Then an object Ys of € is the S-cocompletion of the object Y
with respect to S if and only if there exists a morphism e : Ys — Y in S which is couniversal
with respect to morphisms of S : given a morphism s : Z — Y in S there exists a unique
morphism t : Yg — Z in S such that st = e. In other words, the following diagram is

commutative

Yy
2
A

For most of the application it is essential that the morphisme : Y — Yg (e : Ys = Y)

has to be in .9 this is the case when S is saturated and the results are as follows:

Theorem 1.5.7. ([9], Theorem 2.9, p. 76) Let S be a saturated family of morphisms of €
and let every object of ¢ admit an S-completion. Then the morphism e : Y — Yg belongs

to S and is universal for morphisms to S-complete objects and couniversal for morphisms
inS.

The above result can be dualized as follows.

Theorem 1.5.8. ([9], dual of Theorem 2.9, p. 76) Let S be a saturated family of morphisms
of € and let every object of € admit an S-cocompletion. Then the morphisme : Yg — Y
belongs to S and is universal for morphisms to S-cocomplete objects and couniversal for

morphisms in S.

However, in many cases of practical interest S is not saturated. The following result
shows that under some extra conditions on S, the morphisme : ¥ — Ys (e : Y — Y)
always belongs to S.

Theorem 1.5.9. ([11], Theorem 1.3, p. 533) Let S be a set of morphisms in a category €
admitting a calculus of left fractions. Let e : Y — Yg be the canonical morphism as defined
in Theorem 1.5.5, where Yy is the S-completion of Y. Furthermore, let S1 and S5 be sets of
morphisms in the category € which have the following properties :

(a) Sy and S, are closed under composition,
(b) fg € Sy implies that g € S\,

(c) fg € Sy implies that f € S5,

(d S=5n0%.

12



Chapter 1 Pre-Requisites

Thene c S.
Theorem 1.5.9 can be dualized as follows:

Theorem 1.5.10. ([11], dual of Theorem 1.3, p. 533) Let S be a set of morphisms in a
category € admitting a calculus of right fractions. Let e : Ys — Y be the canonical
morphism as defined in Theorem 1.5.6, where Yy is the S-cocompletion of Y. Furthermore,

let S1 and Sy be sets of morphisms in the category € which have the following properties :
(a) Sy and S, are closed under composition,
(b) fg € Sy implies that g € 54,
(c) fg € Sy implies that f € S,
(d S =5n0%.

Thene € S.

1.6 A Serre class C of modules

We collect some relevant definitions and theorems involving Serre classes of modules [19].

Definition 1.6.1. [19] A nonempty class C of modules is called a Serre class of modules
if and only if whenever the three-term sequence A — B — (' of modules is exact and
A,C € Cthen B € C.

Definition 1.6.2. [19] Let C be a Serrre class of modules and A, B € C. A homomorphism
f:A—B

(a) is a C-monomorphism ifker f € C.
(b) is a C-epimorphism if coker f € C.
(c) is a C-isomorphism if it is both a C-monomorphism and C-epimorphism.

Theorem 1.6.3. [20] Let A, B € Cand f : A — Band g : B — C be two homomorphisms.

Then the following statements are true.
(a) If gf is C-monic, then so is f.
(b) If gf is C-epic, then so is g.

Theorem 1.6.4. (Five lemma of modules) [21] Let

13



M, - M, - Ms - M, - M;

NEEN

N » N, > N; > Ny > N5

be a row exact commutative diagram of R-modules and R-module homomorphism where R

is a ring. Then the following hold :

(@) If « is an epimorphism and [, and 6 are monomorphisms, then ~ is a

monomorphism.
(b) If e is a monomorphism and 3, and 6 are epimorphisms, then - is an epimorphism.

(¢) If o, B, 6 and € are isomorphisms, then 7y is an isomorphism.



Chapter 2

A Categorical Construction of Minimal
Model of Lie Algebra

Quillen has established algebraic models for rational homotopy theory [22]. In fact Sullivan
introduced the concept of minimal model [23] in rational homotopy theory. It may be noted
that there are three basic constructions in literature which relate a 1-connected topological
space X to a differential graded algebra. Adams and Hilton [24] constructed a chain algebra
(with integer coefficients) for the loop space (2.X, a special version of which is Adams cobra
construction [25]. Later Quillen [22] associated a differential graded rational Lie algebra
L(X) to the space X and Sullivan [23, 26] using simplical differential forms with rational
coefficients, obtained a differential graded commutative cochain algebra for X. For these
cochain algebras, Sullivan introduced the notion of minimal model, which corresponds to
the Postnikov decomposition of a space. The aim of this chapter is to investigate a case

showing how this algebraic construction is characterized in terms of Adams cocompletion.

Baues and Lemaire [27] have constructed minimal models for chain algebras (over any
field) and for rational differential graded Lie algebras. In this chapter, we prove that the
minimal model of a simply connected differential graded Lie algebra is characterized in

terms of Adams cocompletion.

2.1 Minimal model

We recall the following algebraic preliminaries.

Definition 2.1.1. [28, 29] Let Q be the set of rational numbers. By a graded algebra A over

Q we mean a graded Q vector space

together with

(a) an associative multiplication

15
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p:ARA—= A
which is graded (u(A4, ® A,,) C An+m) and

(b) graded commutativea b= (—1)""b-a,a € A, and b € B,,.

We also assume, unless otherwise stated, that A has an identity element 1 € Aj. The

elements of A,, are said to be homogeneous of degree n (or dimension n).

Definition 2.1.2. [28, 29] A differential graded algebra (or d.g.a) is a graded algebra A,
together with a differential d, of degree +1, which is a derivation. This means that for each

n there is a vector space homomorphism
d=d,: A, — A1

satisfying

(a) dod = 0 (differential) and

(b) d(a-b) =d(a)-b+ (—1)"a-d(b) for a € A,, (derivation).
Definition 2.1.3. [29] Let (A, d) be a d.g.a. Let

Zn(A) = Ker{d, : A, — A, 1} = subalgebra of cycles of A,

B, =1Im{d,_1 : A,_1 — A, } = subalgebra of boundaries of A,

Z.(A) = & Z,(A),

n>0

B.(A) = @ B,(A).

n>0

As d* = 0, we have B,,(A) C Z,(A). The nth homology space of A is defined to be the
quotient vector space
H,(A) = Zn(A)/Bn(A)
H(A) = & Hu(A) = Z.(A)/B.(4)

is a graded algebra, called the homology algebra of A.
Definition 2.1.4. [29] A d.g.a. A is said to be connected if

A is called n-connected if

16
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(a) Ho(A) = Qand
(b) Hy(A,) =0,1<p<n.

A is said to be of finite type if for each n, H, (A) is a vector space of finite dimensional over

Q.

Definition 2.1.5. [29, 30] Let A and B be graded algebras over Q . A function f : A — B
is called a homomorphism if it preserves all algebraic structures, that is,

(a) f(An) C B,
(b) fla+0b)= f(a)+ f(b),
(c) fla-b)=f(a)- f(b).

We assume that f(1) = 1. If A and B are d.g.a.’s it is required also that f,, commute with

differentials, i.e., f,, .1 d2 = dP f,

A
n
A, — A

Jn

}fn—i—l

B, — B

n

If f: A— Bisad.g.a. homomorphism then f induces a map
fe: H(A) = H.(B)

defined by the rule f.([z]) = [f(z)], where [z] denotes the homology class of the element
z € Z.(A). Clearly f, is a homomorphism of graded algebras.

Let 29 .o/ denote the category of differential graded algebra and differential graded
algebras homomorphisms.

Definition 2.1.6. [29] Let h : A — A’ be a map of Lie algebra. Then A is a weak
isomorphism if and only if H,(h) : H.(A) — H.(A’) is an isomorphism.

Proposition 2.1.7. [27] Let H,(M) be the homology of the differential graded vector space
M. A weak isomorphism f : M — N is differential graded map such that

H.(f) - Ho(M) = H.(N)

is an isomorphism.

17
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Definition 2.1.8. [28, 29] A differential graded algebra M is called a minimal algebra if and

only if it satisfies the following proprieties :
(a) M is free as a graded algebra,
(b) M has a decomposable differential,
(c) My =Q, M; =0,

(d) M has homology of finite type, that is, for each n, H, (M) is a finite dimensional

vector space over Q.

Let . be the full subcategory of the category % 7 consisting of all minimal algebras
and all differential graded algebra maps between them.

Definition 2.1.9. [28, 29] If A is simple connected differential graded algebra. A differential
graded algebra M = M, is called a minimal model of A if the following conditions hold :

() M e 4,

(b) thereisad.g.a. map p : M — A which induces an isomorphism on homology, i.e.,
pe s Ho(M) S H,(A).

Definition 2.1.10. [31] A differential graded Lie algebra is the data of a differential graded

vector space (L, d) together a with a bilinear map
[-,-]: LxL— L
satisfying the following properties:
(a) [-,-] is homogeneous skew symmetric; this means [L*, [’] C L**/ and
[a,b] + (—1)@*+[b,a] = 0
for every a, b homogeneous.

(b) Every a, b, c homogeneous satisfies the Jacobi identity
[a, [b, )] = [[a, b], €] + (=1)™[b, [a, c]].

(¢) d(L) C L', dod =0

and
d[a7 b] = [d(a’)u b] + (_]‘)a[aa d(b)]
The map d is called the differential of d.

18
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Definition 2.1.11. [30, 31] Given two Lie algebra L and L/, their direct sum is the Lie algebra
consisting of the vector space L @ L/, of the pair (z,2’),x € L,z' € L’ with the operation

[(z,2"), (v, ¥)] = ([z, y], [, ¥]),
x,y € Land2',y € L.

Definition 2.1.12. [31] A morphism of differential graded Lie algebra is a graded linear map
f : L — L' that commutes with bracket and the differential, i.e.,

f[l',y]L = [f(.%'), f(y)]L/

and

fldpr) = dp f ().

Theorem 2.1.13. ([27], p.226, Proposition 1.4) Let L be a simply connected differential
graded Lie algebra over Q and M = M|, be a minimal model for L. Then the map

h: M — L

induces weak isomorphism and h has the following couniversal property: for any

1-connected differential graded Lie algebra L' and differential graded Lie algebra map
f:L — L

which induces a weak isomorphism, there exists a differential graded Lie algebra map
g: M — L

such that the diagram commutes up to Lie algebra homotopy fg ~ h and g is unique up to

Lie algebra homotopy.
h
M L
g
e
L/

2.2 The category .o/

Let % be a fixed Grothendieck universe. Let <7 be the category of 1-connected differential
graded Lie algebras over Q (in short d.g.l.a.’s) and differential graded Lie algebra

homomorphisms where every element of .o is an element of 7% .

19
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Let S denote the set of all differential graded Lie algebra homomorphisms in <7 which
induce weak isomorphisms in all dimensions.

We prove the following results.
Proposition 2.2.1. S is saturated.
Proof. The proof is evident from Theorem 1.5.2. [

Next we show that the set of morphisms .S of the category .7 admits a calculus of right

fractions.
Proposition 2.2.2. S admits a calculus of right fractions.

Proof. Clearly, S is a closed family of morphisms of the category <. We shall verify
conditions (a) and (b) of Theorem 1.2.4. Let u,v € S. We show that if vu € S and v € S,
then u € S. We have (vu), = v,u, and v, are both homology isomorphisms implying w, is

a homology isomorphism. Thus v € S. Hence condition (a) of Theorem 1.2.4 holds.

To prove condition (b) of Theorem 1.2.4 consider the diagram

A

S

C B

S

with s € S. We assert that the above diagram can be completed to a weak pull-back diagram

witht € S. Since A, B and C' are in &/ we write
A= 6914n713:: &913n767::<E C%,
n>0 n>0 n>0

and
j,:: @)jh,s = @ s,

n>0 n>0

where
fn: A, — B, s, :C, — B,
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Chapter 2 A Categorical Construction of Minimal Model of Lie Algebra

are differential graded Lie algebras homomorphisms. Let
D, = {[(CL,C), (a,vcl)] = ([CL?a,]? [07 CID €A, xCy: fn[a,a’] = Sn[ca C,]} C A, xCy

where a,a’ € A, and ¢, € C,. We have to show that D = & D, is a differential graded
n>0
Lie algebra. Lett, : D, — A, be defined by

tn([av a/]7 [Cv C/]) = [CL, al]

and g, : D,, — C,, be defined by

gn([a7 d]? [07 C/D = [Ca C/]'

Clearly, t,, and g,, are differential graded Lie algebra homomorphisms and the above diagram

is commutative. Let (a,c) € D, (', ) € D,,,

A3 A, = Ay, d = @ d?

n>0
and

d%:C, — Cpi1, d° = @ dC°.

n>0

Define d” : D,, — D, by the rule

df[(a, C)’ (CLI, C/)] = dD([a7 CLI], [C7 Cl])

n

= (dﬁ [a7 a/]a dr?[c> CI])'

Letd” = @ dP. For (a,c) € D,,(d',c') € Dy,
n>0

[(a7 C)? (alv C/)] =

Thus we get
[(a,¢), (@, )] + (=)™ (', ), (a, )] = 0.

Next we have to show that

[a, (b, ) = [[a. 8], ] + (~=1)™[b, [a, ]].
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Since D,,,, 1s a Lie algebra, it satisfies the Jacobi property, i.e.,
[a, [b,c]] + [b, [e, a]] + [¢, [a, 0] = 0.
where [a, [b, c|], [b, [¢, a]] and [c, [a, b]] € D1 We have

[a, b, d]] = =

Thus D becomes a differential graded Lie algebra.

Next we have to show that D is 1-connected, i.e., Hy(D) = Q and H,(D) = 0. First we
show that Hy(D) = Q. We have

Hy(D) = Zy(D)/By(D)
= Zy(D)
= {([a,d'], [c, d]) € Zo(A) x Zo(C) : fola,a'] = solc, ]} .

Let [14,14] € Ao, [lc, 1c/] € Cy. Then
dy (14, 14], Lo, 16]) = (dj[1a, 14), G [1e, 1¢]) = (0,0)
implies that ([14, 1’4, [1c, 15]) € Zo(D).
Since A and C' are 1-connected, we have

Hy(A) = Zy(A) = Q = Q[14, 14/]
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and
Ho(C) = Zy(C) = Q =Q[lc, 1v].
Thus
([0, @], e, ]) € Ho(D) = Zo(D) C Zo(A) x Zo(C)
if and only if
la,a'] = r[la, 14/]
and

[Ca C/] = TDC’» 10’]

for some r € Q. Now we get Hy(D) = Q.

Next we have to show that H;(D) = 0. Let
([CL, al]a [Ca C/]) € Zl(D)
This implies that
la,d'] € Z1(A), [c,d] € Z1(C)

and

fila,d’] = s1le, .

Since A is 1-connected, we have
Hy(A) =0, ie., Zi(A)/Bi(A) = Bi(A);

hence

[aa al] = dOA[dv d]

where |G, a] € Ag. Similarly since C' is 1-connected we have
Hi(C) =0, ie., Zi(C)/Bi(C) = Bi(C);

hence
e, ] = dg[é, 7]
where [¢, ¢ € Cp. Now

fila,ad'] = s1e, ¢,

1e.,

fidit[a, a] = s,d5 ¢, ).
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This gives
dOBf() [(Nl, d] = dOBSo[é, é],
ie.,
dy (fola,a] — so[¢,¢]) = 0
showing
fola, a] — so[¢, ¢]) € ker dy.
Thus

[fola, a] — so[¢, c]] € Ho(B).

But sy € S. Hence s, : Hy(C') — Hy(B) is an isomorphism. Hence there exists an element
[¢,¢] € Hy(C') such that

So[é, C] = fo[&, &] - So[é, é]

Thus
sole, €] — fola, a] — solé, ¢] € By(B) =0,
1e.,
fola, a] = so([¢, ¢ + [c, €]).
So
([a, al, [¢,¢] + [¢, €]) € Dy.
Moreover

dy ((la',a], [, ) + [, &]) =

showing that ([a, d'], [c, ¢]) € Bi(D). Thus H;(D) = 0.

Next we have to shown thatt € S, i.e., t, : H.(D) — H,.(A) is an isomorphism. Let
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F=ker g. Then we have the following commutative diagram [32]

F F
D ; A
g f
¢—F5—B
We consider the exact homology sequences
H, 1(C) H,(F) H,(D)
H,_1(B) H,(F) H,(A)
Hn(c) Hn+1(F)
S* \
Hn(B) Hn+l(F)

Clearly, the above diagram is commutative. By Five lemma ¢, is an isomorphism. So
tes.

Next for any differential graded Lie algebra £ = & FE,, and differential graded Lie

n>0
algebra homomorphism

u= Qu,: F— A

n>0
and
v= ®uv,: FE—-C
n>0
in o7, let the following diagram
E—"— A
v S
C B

commute, i.e., fu = sv. For any d.g.l.a F and d.g.l.a. homomorphisms v : £ — A and
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v: E — C with fu = sv. Consider the diagram

Define h : E — D by the rule

hlz, y] = ([uz, uy], [ve, vy])

for [z,y] € E. Clearly, h is well defined and also differential graded Lie algebra
homomorphism. Next we show that the two triangles are commutative, i.e., th = u and

gh =wv. Forany [z,y] € E,

thiz,y] = t([uz, uyl, [ve, vy]) = [uz, uy] = ulz,y]

and

ghlz,y] = g([uz, uyl, [vr,vy]) = [vr,vy] = v]z, Y],

1e.,th =wuand gh = v. [

Proposition 2.2.3. Let {s; : L; — L},i € I} be a subset of S; then

N S; . L, — A L;
el iel iel

is an element of S, where the index set I is an element of U .

Proof. The proof is trivial. [
The following result can be obtained from the above discussion.

Proposition 2.2.4. The category </ is complete.

From Propositions 2.2.2, 2.2.3 and 2.2.4, it follows that the conditions of Theorem 1.4.3
are fulfilled and by the use of Theorem 1.5.4, we obtain the following result.

Theorem 2.2.5. Every object L of the category </ has an Adams cocompletion Lg with
respect to the set of morphisms S and there exists a morphism e : Lg — L in S which is

couniversal with respect to the morphisms in S, that is, given a morphism s : L' — L in
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S there exists a unique morphismt : Ls — L' in S such that st = e. In other words the

following diagram is commutative:

2.3 The main result

We show that the minimal model of a 1-connected differential graded Lie algebra can be
expressed as the Adams cocompletion of the d.g.l.a. with respect to the chosen set of

differential graded Lie algebra maps.
Theorem 2.3.1. M; ~ Lg.

Proof. Lete : Lg — L be the map as in Theorem 2.2.5 and h : M; — M be a differential
graded Lie algebra map as in Theorem 2.1.13. By the couniversal property of e there exists
ad.glamapé: Lsg — M suchthate = hf

Lg —°

9/

My

L

By the couniversal property of h (Theorem 2.1.13) there exists a differential graded Lie
algebra map ¢ : M — Lg such that ep = h.
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Consider the following diagram:

We have epfl = hfl = e. By the uniqueness condition of the couniversal property of e

(Theorem 2.2.5), we conclude that pf = 1.

Next consider the following diagram:

M,

We have hfp = e = h. By the uniqueness condition of the property of h (Theorem 2.1.13),
we conclude that ¢ ~ 1), . Thus M, ~ Lg. O



Chapter 3

Homotopy Approximation of Modules

Behera and Nanda [11] have obtained the Postnikov approximation of a 1-connected based
CW -complex with the help of a suitable set of morphisms. They have obtained the said
decomposition by introducing a Serre class C of abelian groups. This chapter contains a

Postnikov-like decomposition of a module over a ring with unity with respect to a Serre class.

The relative homotopy theory of modules, including the (module) homotopy exact
sequence was introduced by Peter Hilton ([33], Chapter 13). In fact he has developed
homotopy theory in module theory, parallel to the existing homotopy theory in topology.
Unlike homotopy theory in topology, there are two types of homotopy theory in module
theory, the injective theory and projective theory. They are dual but not isomorphic [34-36].
Using injective theory we have obtained, by considering a Serre class C of modules, the

Postnikov-like factorzation of a module.

3.1 Homotopy of Modules

The narrative may be recalled from [4, 33]. We briefly describe some of the concepts towards

notational view-points.

Definition 3.1.1. [33] Let A be a ring with unity. Let .# be the category of A-modules
and A-module homomorphisms. Let A and B be right A-modules and f : A — B
A-homomorphism in the category .#. The map f is i-nullhomotopic denoted f ~; 0, if
f can be extended to some injective module A containing A. Alsoifg: A — Bthen f ~; ¢
if f — g ~; 0. The i-homotopy class of f is denoted by [f],.

Definition 3.1.2. [18, 33] Let A and B be right A modules and f : A — B. A mapping
cylinder of f is the module A © B together with maps A : A — A @ B, given by \(a) =
i(a)+ f(a) wherei : A — Aisthe inclusion and x : A® B — B is defined by k(a+b) = b.

Definition 3.1.3. We now move towards a definition of suspension. Consider the short exact

sequence
0—+A—=A—A/A—=0
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where A is injective. We define a suspension of A, S(A) as A/A and S%*(A) is

defined as S(A)/S(A). Then repeating this process we get a sequence, namely,
SA,S%A,--- S"A,---. This enables us to consider unambiguously the group 7 (S A, B) or
more generally 7, (A, B). Notice that these groups have effectively been defined by means

of an injective resolution of A, namely
A A—-SA— - =5 SA ...

with successive cokernels SA, S?A, - -- S"A, - - -. Then 7, (A, B) is the nth homology group
of the complex obtained by applying the functor Hom(, B) to this resolution. we may

describe the (injective) procedure for defining Ext™ (B, A) in similar terms.
Hom(B,A) — Hom(B,A) — Hom(B,SA) = --- — Hom(B,S"A) — - - -

Then C™, the group of n-cochains, is Hom(B, S™A) and 4,,, the coboundary operator, is the
map C™ — C™*! induced by i, 1 1p,

SnA Pry gnl g T GRaT 4

where p,, is the natural projection and 7,, 1 the injection. Also, Z", the group of n-cocycles,
may be identified with Hom(B, S"A). For f : B — S"A is a cocycle if and only if
iny1 ©pp o f = 0, that is, p, o f = 0. This means, by exactness, that f(B) C i,(S"A).
Thus f may be regarded as a map B — S™. Then B", the group of n-coboundaries, will be
identified with p,_,, Hom(B, S*~1A). For, in order that f : B — S™A be a coboundary, f

must equal i,, o p,_1 o g for some g : B — S™"~1A. Thus we see that
Ext"(B,A) =Z"/B" = Hom(B, S"A) /pn—1.Hom(B, S*—1A)

where n > 1.

Proposition 3.1.4. [33] Let A and B be right A-modules. The following statements are
equivalent, for n > 0

(a) S™(A) is injective.
(b) Ext"™Y(B, A) = 0 for all B.

(c) ™ (A, B) =0 forall B.

3.2 The category M

Let % be a fixed Grothendieck universe. Let .# denote the category of all A-modules
and A-homomorphisms and let .# be the corresponding i-homotopy category, that is,
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the objects of .# are all A-modules and the morphisms of .# are i-homotopy classes of

A-homomorphisms. We assume that the underlying sets of the elements of .# are elements
of % .

We fix a suitable set of morphisms in .. Let S, denote the set of all maps @ : A — B
such that for any module M,

T (M, A) = (M, B)
is a C-isomorphism for m < n and a C-epimorphism for m = n + 1.

We will show that the set of morphisms S,, of the category .# admits a calculus of left
fractions.

Proposition 3.2.1. S, admits a calculus of left fractions.

Proof. Clearly S, is closed under composition. We shall verify conditions (a) and (b) of
Theorem 1.2.2. Let fa € S, and o € S, where « : A — Band § : B — C. Since
Ba, a € S, for any module M in M

(8Q). : (M, A) = 7 (M, C)

and
T (M, A) = (M, B)

are C-isomorphisms for m < n and C-epimorphisms for m = n + 1. It is to be shown
that 8, : 7 (M, B) — 7,(M,C) is C-isomorphism for m < n and C-epimorphism for
m = n + 1. Since f.a. and a, are C-isomorphism for m < n and C-epimorphism for
m = n + 1, it follows that

Bi : T (M, B) — (M, C)
is a C-epimorphism for m = n + 1.

It is enough to show that 3, is a C-monomorphism for m < n. For any [b],[b] €
Tm(M, B) with 3, [b] = B,[b] there exist [a] ,[b] € 7,(M, A) such that a, [a] = [b] and

a.[a] = [b], since cv, is a C-isomorphism for m < n; hence

(Ba)s [a] = Beav [a] = B. [b] = Bilb] = Beaula] = (Ba), [a]

giving [a] = [a] as (B, is a C-isomorphism for m < n. Hence 3 € S,,.

31



Chapter 3 Homotopy Approximation of Modules

In order to prove condition (b) of Theorem 1.2.2 consider the diagram

A «

B

v

C

in ./ with v € S,. We assert that the above diagram can be embedded to a weak push-out

diagram

in ./ with § € S,. Leta = [f], and v = [s].. Let A be an injective module containing A
and 1 : A — A be the inclusion. The map

1y A— A®B
is defined by
vy(a) = i(a) + f(a)
and
r:A® B — B
is defined by
r(a+b) =0b.

Clearly, 7oy = f; ¢s is cofibration [37]. Let

j:B—A®B

be defined by
j(b) =0+b="0.

Clearly, 7j = 15. We need to show that jr ~ 1 445, 1.€., L 155 — jr =~ 0. We have
jra+0b)=jb)=b

and
(1zep — jr) (@+b) — jr(a+b) = a.
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Chapter 3 Homotopy Approximation of Modules

Let

t:A®B— A
be defined by

tla+b) =a

and

s:A—>A®B
be defined by

s(a) =a
We have
st:A®B— A®B

and

st(a+b) =s(t(a+b)) =s(a) =a.

Clearly, 1 4,5 — jr = st. Since A is injective it follows that 1 555 — jr =2 0. Thus 1445 =~
jr. We consider the diagram

A

Lf u

C

A B----Q

and form its push-out in . where Q = (A ® B @ C) /L is the factor module and
L=/i(a)+ f(a) + s(a) : a € A}

is a A-submodule of A ® B & C. Define

u:C —Q
by
u(c) =(04+0+c)+ L
and
VAP B = Q
by

v(@a+b)=(a+b+0)+ L.
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Chapter 3 Homotopy Approximation of Modules

Clearly, the two maps are well defined and A-module homomorphisms. For any a € A,
us(a) =u(s(a)) = (0+0+s(a))+ L = (s(a)) + L = L.
On the other hand
vip(a) = v (ia) + f(a)) = (va) + f(a) +0) + L = L.

Thus us = wviy. Hence the above diagram is commutative. Since ¢¢ is cofibration, so is u

[37, 38], we therefore have the following diagram

oo p
A—— A®B—— X
S (%

Oy Q@ X

where X is the cokernel of ¢ ¢, as well as of u; p and ¢ are the usual projections. We consider

the exact homotopy sequences

e At (M, X) —> T (M, A) —» 7,0 (M, A B)
8*\ "
e Tt (M, X) — T (M, C) —— 7 (M, Q)

(M, X) — 7p_1(M, A)

;

(M, X) — 71 (M, C)

From Five Lemma it follows that

is C-isomorphism for m < n and C-epimorphism for m = n + 1. Since j is a ¢-null
homotopy equivalence, (vj), : T, (M, B) — 7, (M, Q) is a C-isomorphism for m < n
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Chapter 3 Homotopy Approximation of Modules

and a C-epimorphism for m = n 4+ 1. We consider the following diagram:

A—"—C
f U
B——Q
vJ
Let f = [u], and 6 = [vj],. Taking the corresponding i-homotopy classes, we have a
commutative diagram
r=s];
A C
a=[fli B =lul;
B > Q
d = [vj];
in .# with § € S,. This indeed is a weak push-out diagram in .Z . [

Proposition 3.2.2. Let {s; : A; — B;,j € J} be a subset of S, then

V S5t V Aj — V Bj
jeJ jeJ jeJ

is an element of S, where the index set J is in % .

Proof. We consider the commutative diagram

® T(M, A;) esd T(M, v Aj)

JjE ~ JjeJ

@D s; V s

W Ohx | ~

jeJ = (jeJ i)

F(M,B;) =~z -
j?JW( By) (8.} Tr(M?j\G/JAJ)
i

where
a; A= VA and 8, : B, — V B;
i T Bj : B; Pt

are the canonical inclusions. Note that each horizontal row is an isomorphism, hence a
C-isomorphism. Since each s;, is a C-isomorphism in dim < n and a C-epimorphism in
dimension n + 1, so is jEeBJSj* and from the commutative diagram it follows that (j\e/J8j>* is
also a C-isomorphism in dim < n and a C-epimorphism in dim n + 1. Thus jé/JSj €S, O

The following result is well known.
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Chapter 3 Homotopy Approximation of Modules

Proposition 3.2.3. The category M is cocomplete.

3.3 Existence of Adams completion in ./

From Propositions 3.2.1, 3.2.2 and 3.2.3 we see that all the conditions of the Theorem 1.5.5

are satisfied and hence we have the following result.

Theorem 3.3.1. Every object M of the category M has an Adams completion Mg, with
respect to the set S, of A-module homomorphisms. Furthermore, there exists a A-module
homomorphism e,, : M — Mg, in S, which is couniversal with respect to the A-module
homomorphisms in S, : given a A- module homomorphism s : M — N in S,, there exists a
unique A-module homomorphism t,, : N — Mg in S,, such that t,s = e,.. In other words

the following diagram is commutative :

€n
M ———— Mg,

5
7z ’ tn
N
Theorem 3.3.2. The A-module homomorphism e,, : M — Mg, is in S,,.

Proof. Let S} be the set of all morphisms f : A — B in the category A such that
fo i Tm(M,A) = 7 (M, B)

is a C-monomorphism for m < n and S? be the set of all morphisms f : A — B in the
category A such that
fo (M, A) = 7, (M, B)

is a C-epimorphism for m < n + 1. Clearly
(i) S, =S,NSz,
(i) S} and S? satisfy all the conditions of Theorem 1.5.9.

Therefore e,, € S,,. O

3.4 A Postnikov-like approximation

We can obtain a decomposition of a module with the help of the sets of morphisms S,,.

Theorem 3.4.1. For any A-module A, forn > 0, there exist modules A,,, maps e, : A — A,
and maps ppi1 : A1 — A, such that
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Chapter 3 Homotopy Approximation of Modules

@) en, : Tn(M, A) = 7, (M, A,) is C-isomorphism for m < n and 7,,(M, A,) = 0,
form > n,
(b) €n = Pn+1 9 €n41.

Proof. For each integer n > 0, let A,, be the S,,-completion of Aande, : A — A, be the
canonical map as stated in Theorem 3.3.2. Since e, € S,.1, it follows that e, € 5,,.
Hence by the couniversal property of e, 1, there exists a A-homomorphism p,, 1 : A, 11 —

A,, making the following diagram commutative, i.e., p,, 11 © €,11 = €,

€n+1

AnJrl

Since e,, € .5,
n, : Tm(M, A) = 7, (M, A,)

is a C-isomorphism for m < n. We show that 7,,,(M, A,)) = 0 m > n. Every A-module M
has an injective resolution [21]. So we can take an injective resolution of M as

M —M—SM— - — S"M — -

with successive cokernels SM, S?M, .-, S™TIM, ... . We break the exact sequence into

short exact sequences:

0—>M-—M-—SM—0,
0— SM — SM — S*M — 0,

0— S™ M — Sm" 1M — S™M — 0.

Applying Extfx(M , —) to the short exact sequence
0— S™'M — S"1IM — S™M — 0
of A-modules, we get the exact sequence

0 — Ext} (M, $"7'M) — Ext}, (M, 5770 ) — Ext} (M, 5" M) = 0
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for any j > 0. Since S™~1M is injective, Extf\(M, Sm=tM) = 0 for each j > 0 [21]. Tt is
clear that Ext, (M, S™M) = 0 and S™M is injective [33]. Hence 7,,(M, A,) = 0 for all

m > n.

€n41

Thus we get Postnikov-like approximation of a module in .Z . O



Chapter 4

Topological G-Module and Adams

cocompletion

Deleanu, Frei and Hilton have developed the notion of generalized Adams completion in a
categorical context; they have also studied the dual notion, namely the Adams cocompletion
of an object in a category [9]. Behera and Nanda [10] have obtained the Cartan-Whitehead
decomposition of a 0-connected based C'W-complex with the help of a suitable set of
morphisms. They have obtained the said decomposition by introducing a Serre class C
of groups. In this chapter, following the arguments in [10] and using the cohomology
theory of topological G-modules, we characterize a topological G-module in terms of Adams
cocompletions. In fact, the central idea of this chapter is to obtain a mod-C Whitehead-like
tower of a topological G-module using cohomology theory of topological G-modules, where

C is a Serre class of modules [19].

4.1 Topological G-modules

We need the following preliminaries.

Definition 4.1.1. [39, 40] Let G be a group. A G-module is an abelian group A together
with a G-action on A that is compatible with the structure of A as an abelian group, i.e., a

map - : G x A — A satisfying the following properties:
(@) 1-a=aforalla € A.
(b) g1 (g2-a) = (g192) -aforalla € Aand gy, 9> € G.
() g-(a1+az)=g-a;+g-asforallay,asand g € G.

Definition 4.1.2. [39, 40] Let GG be a topological group. A topological G-module is an
abelian topological group A together with a continuous map - : G x A — A satisfying the

following properties:

(@) 1-a=aforalla € A.
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Chapter 4 Topological G-Module and Adams cocompletion

(®) 91-(g92-a) = (g192) -aforalla € Aand g1, 9> € G.
() g-(a1+a)=g-a;+g-asforallas,azand g € G.

Definition 4.1.3. [39] A homomorphism o : A — B of G-modules is just a homomorphism
of abelian groups that satisfies a(ga) = ga(a) foralla € Aand g € G.

We recall the group cohomology via cochains from [39, 41].
Definition 4.1.4. [39] Let A be a G-module and let n > 0.

(a) The group of n-cochains of G with coefficients in A is the set of all functions from
Gh"to A: C"(G,A)={f:G"— A}.

(b) The nth differential
d*=d% : C"(G,A) — C"(G, A)
is the map

d"(f)(g0: 91, s Gn) = go - f(g1,- - gn)

+ ) (=1 (90, G107+ + Gi2: Gj—1Gj Gj15 " Gn)
j=1

+ (=) f(g1, 92, Gn1)

It can be checked that for any n > 0, d"*! o d" = 0 and
C(G,A) = (C"(G,A),d")

is a cochain complex.

Definition 4.1.5. [39, 41] Let A be a G-module and d" denotes the nth differential, n > 1.
Let
Z"(G, A) = Ker d", the group of n-cocycles of G with cofficients in A.

B"(G,A) =Imd" ', forn > 1 the group of n-coboundaries of G with cofficients in A.
The nth cohomology group of G with coefficients in A is defined to be

H™(G, A) = Z"(G, A)/B"(G, A).

Theorem 4.1.6. ( [39] Lemma 1.2.7, p. 8) If a : A — B is a G-module homomorphism,

then for each n > 0, there is an induced homomorphism of groups

a": C"(G, A) = C™(G, B)
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Chapter 4 Topological G-Module and Adams cocompletion

taking f to af and compatible with the differentials in the sense that
dioa" =a"™od}

Theorem 4.1.7. ([39], Corollary 1.2.9, p. 8) A G-module homomorphism o« : A — B
induces maps
a*: H"(G,A) — H"(G, B).

on cohomology.

4.2 The category &

Let % be a fixed Grothendieck universe. Let ¢ denote the category of all topological
GG-modules and continuous G-homomorphisms. We assume that the underlying sets of the

elements of ¢ are elements of %/ . We fix a suitable set of morhisms in ¥.

For n > 1, let S, denote the set of all maps &« : A — B such that for any
topological group G, o* : H™(G,A) — H™(G, B) is a C-isomorphism for m > n and a

C-monomorphism for m = n.

We will show that the set of morphisms S, of the category ¢ admits a calculus of right

fractions.
Proposition 4.2.1. S,, admits a calculus of right fractions.

Proof. Clearly, 5, is closed under composition. We shall verify conditions (a) and (b) of
Theorem 1.2.4. Let fa € S, and § € S,,,where o« : A — Band g : B — C. Since f*a*
and «o* are C-isomorphism for m > n and C-monomorphism for m = n. it follows that
o : H"(G, B) — H™(G, () is a C-monomorphism for m > n. It is enough to show that

o is a C-epimorphism for m > n. We have
fra*(H™(G,A)) = H™(G,C)

form > n,i.e.,

B (a*(H™(G, A))) = B*(H™(G, B))
for m > n. From this we conclude that
o (H™(G,A)) = H"(G, B)

for m > n, that is, o* is a C- epimorhism for m > n and C-monomorphism for m = n.

Therefore a* is a C-isomorphism for m > n and a C-monomorphism for m = n. Hence
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Chapter 4 Topological G-Module and Adams cocompletion

condition (a) of Theorem 1.2.4 holds.

To prove condition (b) of Theorem 1.2.4 consider the diagram

A

f

C

s B

with s € .S,,. We assert that the above diagram can be completed to a weak pull-back diagram

witht € S,,. Let
P={(a,c) e AxC: f(a)=s(c)} CAxC.

Define ¢t : P — A by the rule
t(a,c) =a

fora € Aand g : P — C by the rule
gla,c)=c

for ¢ € C. Clearly, the two maps are well defined and continuous G-homomorphisms.
Next we show the above diagram is commutative, i.e., ft = sg. For any (a,c¢) € P,
ft(a,c) = f(a) and sg(a,c) = s(c). Since f(a) = s(c), hence ft = sg, i.e., the diagram is

commutative.

Nextletu : X — Aand v : X — C in ¢ be two morphisms such that fu = sv.
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Define 6 : X — P by the rule

for x € X. Clearly, 6 is well defined and also a continuous G-homomorphism. Next we

show that the two triangles are commutative. Now

and

So t0 = w and gf = v.

We need to show that ¢ € S,,. Let F'=ker f=ker g and from the commutative diagram

F F
pP——A
9 f
C B

in ¢ we have the following commutative diagram

- — H™YG,C) — H™(G,F) — H™(G, P)

/|

. H™Y(G, B) — H™(G, F) —— H™(G, A)

t*

H™(G,C) — H™ (G, F)

H™G, B) — H™ (G, F)

*

S

From Five Lemma it follows that t* is C-isomorphism for m > n and C-monomorphism for

m = n. O]

Proposition 4.2.2. Let s; : A; — B, liein S, for each j € J, where the index set J is an
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Chapter 4 Topological G-Module and Adams cocompletion

element of % . Then

N S5t A Aj — A Bj
jeJ jeJ jeJ

lies in S,,.

Proof. Lets = Asj, A= A Ajand B= A B;. Defineamaps: A — B by the rule
jed jed jed

s(a) = (sj(a;))jes

where a = (a;),;e. Clearly, s is well defined and is also a G-morphism in &. Consider the

commutative diagram

Dbj

F F

k l

A 5 B
Py 4q;

we have the following commutative diagram

- ——— H™YG,A;) — H™(G,F) — H™(G, A)

*
§j

*

S

- — ™Y@, B;) — H™(G,F) — H™(G, B)

H™(G, B;) — H™Y(G, F)

By Five Lemma, s* is a C-isomorphism for m > n and a C-monomorphism for m = n,
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thatis, s € S,,. O
The following result is well known.

Proposition 4.2.3. The category & is complete.

4.3 Existence of Adams completion in ¢

Using Propositions 4.2.1, 4.2.2 and 4.2.3, we draw the following result.

Theorem 4.3.1. Every object A in the category & has an Adams cocompletion Ag, with

respect to the set of morphisms S,,.

Since every object in the category ¢ has Adams cocompletion with respect to the set of

morphisms S,,, from Theorem 1.5.6 we will have the following result.

Theorem 4.3.2. Every object A of the category ¥ has a S,, cocompletion with respect to
the set of morphisms S, if and only if there exists a morphism e,, : Ag, — Ain S, which
is couniversal with respect to the morphisms in S, given a morphism s : B — Ain S,
there exists a unique morphism t,, : Ag, — B in S,, such that st,, = e,,. In other words the
following diagram is commutative:

€n

As, A

tn

B

Theorem 4.3.3. The topological G-module homomorphism e,, : Ag, — Aisin S,.

Proof. Let S! be the set of all morphisms f : A — B in the category ¢ such that
a*: H"(G,A) — H™(G, B)

is a C-monomorphism for m > n and S?L be the set of all morphisms o : A — B in the
category G such that
o H"(G,A) - H™(G, B)

is a C-epimorphism for m > n + 1. Clearly,
(i) S, = SN S
(i) S} and S? satisfy all the conditions of Theorem 1.5.10.

Therefore, ¢,, € S,,. O
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4.4 Cartan-Whitehead-like tower

We obtain a decomposition of a module with the help of the set of morphisms S,,.

Theorem 4.4.1. For a topological G-module A, for n > 1, there exist topological
G-modules A,,, maps e,, : A, — A and maps 0,1 : A1 — A, such that

(@) e : H™(G,A,) — H™(G, A) is C-isomorphism for m > n and H™(G, A,,) = 0

form <n,

(b) €n+1 = en—i-l O €n.

Proof. For each integer n > 1, let A,, be the S,,-cocompletion of A and e,, : A,, — A be the
canonical map as stated in Theorem 4.3.3. Since ¢,, € 5,,, it follows that e,,, 1 € S,,; hence

by the couniversal property of e,,, 1, there exists a map
en—f—l : An-‘rl — An

making the following diagram commutative, i.e., 6,11 0 €,,1 = €,,.

€n+1

AnJrl
€n ’é
P 4 n+1
Ay,

Since e,, € S5,
ens : H"(G, A,) — H™ (G, A)

is a C-isomorphism for m > n. Let A" be the cokernel of
e, A, = A.
Consider the exact cohomology sequence of
A, s A —s A"

We conclude that
H™(G,A,) =0

for m < n. Since
en € Sp C Spit,
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it follows from the couniversal property of e,,, 1 that there exists a unique map

Qn—f—l : An-‘,—l — An

such that the following
€n+1
An-‘rl
Oni1 i en
v
Ay,
diagram is commutative, i.e., €,,1 = €,0,.1.
An+1
0n+1
A,
En+1

Ay
02 l x
Ay A

Thus we have a tower of topological GG-modules.



Chapter 5

Cohomology Decomposition of

Topological G-Module

In this chapter we study the dual construction of the previous chapter. Behera and Nanda
[11] have obtained the Postnikov approximation of a 1-connected based C'W-complex with
the help of a suitable set of morphisms in the category of 1-connected based C'W -complexes.
They have obtained this decomposition by introducing a Serre class C of abelian groups; we
follow the techniques of their study to the case of cohomology of G-modules [41]. This
chapter contains a Postnikov-like decomposition of a topological (G-module by using the
cohomology theory of topological G-modules and considering a Serre class C of abelian

groups.

5.1 The category .#

Let % be a fixed Grothendieck universe. Let .# denote the category of all topological
GG-modules and continuous G-homomorphisms. We assume that the underlying sets of the
elements of .Z are elements of %/. We follow the narrative of topological a G-module
A and the cohomology group H"(G, A) as given in Chapter 3. We fix a suitable set of

morhisms in .Z .

For n > 1, let S,, denote the set of all maps o : A — B such that for any topological
group G, o : H™(G, A) — H™(G, B) is a C-isomorphism for m < n and a C-epimorphism
form=n+1.

We will show that the set of morphisms S,, of the category .# admits a calculus of left

fractions.
Proposition 5.1.1. S, admits a calculus of left fractions.

Proof. Clearly, 5, is closed under composition. We shall verify conditions (a) and (b) of
Theorem 1.2.2. Let fa € S, and a € S, where « : A — Band § : B — C. Since
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Ba, € S,, for any topological G-module G in .Z,
(Ba)* = p*a* : H™(G,A) - H™(G,C)
is C isomorphisms for m < n and
o H"(G,A) - H"(G, B)
is C-epimorphisms for m = n + 1. It is to be shown that
g*:H™(G,B) — H™(G,(C)

is C-isomorphism for m < n and C-epimorphism for m = n + 1. Since S*a* and o* are

C-isomorphisms for m < n and C-epimorphisms for m =n + 1,
g*: H"(G,B) — H™(G,C)

is a C-epimorphism for m < n + 1. It is enough to show that 5* is a C-monomorphism
for m < n. This is obvious for any b,b € H™(G, B) let *(b) = B*(b). Since a* is a
C-isomorphism for m < n there exista, & € H™(G, A) such that a*(a) = band a*(a) = (b);
hence

(Ba)*(a) = B a*(a) = B*(b) = B*(b) = B*a"(a) = (Ba) (@)

giving a = a. Thus f3 is a C-isomorphism for m < n. Hence 5 € S,,.

In order to prove condition (b) of Theorem1.2.2 consider the diagram

) S

B

C

in .# with s € S. We assert that the above diagram can be embedded to a weak push-out

diagram

49



Chapter 5 Cohomology Decomposition of Topological G-Module

in . witht € S. Let
D=(BaC)/N

where N is a submodule of B & C' generated by

{(f(a),—s(a) : a € A}.

Define t : B — D by the rule
t(b) = (b,0) + N

and g : C' — D by the rule
g(c) =(0,¢) + N.

Clearly, the two maps are well defined and continuous topological G-module

homomorphisms. For any a € A,
tf(a) = (f(a),0) + N = (0,5(a)) + N = gs(a),

implying that ¢ f = gs. Hence the diagram is commutative.

Nextletu : B — X and v : C' — X be in category .# such that uf = vs.
f

N

Define 6§ : @ — X, by the rule 0((b,c) + N) = u(b) + v(c). It is easy to show that 0 is
well defined and continuous topological G-module homomorphism. Next we show the two

triangles are commutative. Forany b € B,
0t(b) = 60((b,0) + N) = u(b)

and for any ¢ € C,
Og(c) =0((0,¢) + N)) = v(c).

So 0t = wand g = v.

We consider the commutative diagram
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where K is the cokernel of f as well as of g, p and ¢ are the usual projections. We consider

the exact cohomology sequences

—— H™Y(G, K) — H™(G,A) — H™(G, B)

t*

S*

H™(G, K) —— H™(G,C) —— H™(G, Q)

H™ (G, K) — H™ (G, A)

H™(G, K) — H™ (G, C)

Since s* : H™(G,A) — H™(G, C) is a C-isomorphism for m < n and a C-epimorphism

for m = n + 1, it follows from the Five lemma that
t*: H™"(G,B) - H™(G, Q)

is a C-isomorphism for m < n and C-epimorphism for m = n + 1. Thust € .5, . [

Proposition 5.1.2. Let s; : A; — B;j lie in S, for each j € J, where the index set J is an
element of % . Then

]\G/JS] : j\G/JA - ]\E/JB
lies in S,,.

Proof. We consider the commutative diagram

o H'(G, A) 9 mea, v Ay

jeJ ~ jeJ
JGGBJSJ ~ (j\e/JSJ)
¢ H* (G, B; = G, VA;
9 (G, B)) w H*( Y ;)
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where
;A — VA
J J jeJ J
and
B, — V B;
B i

are the canonical inclusions. Note that each horizontal row is an isomorphism, hence a
C-isomorphism. Since each s} is a C-isomorphism in dim < n and a C-epimorphism in

dimension n + 1, so is @ s7, and from the commutative diagram it follows that ( A\/Jsj)* 1s
jed JE

also a C-isomorphism in dimension < n and a C-epimorphism in dimension n + 1. Thus
vV Sj S Sn ]
j€J

The following result is well known.
Proposition 5.1.3. The category # is cocomplete.

From Propositions 5.1.1, 5.1.2 and 5.1.3 we see that all the conditions of Theorem 1.4.1

are satisfied and hence we have the following result.

Theorem 5.1.4. Every object M of the category .# has an Adams completion Mg, with
respect to the set S,, of continuous topological G-module homomorphisms. Furthermore,
there exists a continuous topological G-module homomorphisms e, : M — Mg, in S,
which is couniversal with respect to the continuous topological G-module homomorphisms
in S, : given a continuous topological G-module homomorphism s : M — N in S,, there
exists a unique continuous topological G-module homomorphismt : N — Mg, in S,, such

that ts = e,,. In other words the following diagram is commutative:

€n

M

Mg,

We show that the G-module homorphism e,, : M — Mg, as constructed in Theorem
5.1.4 belongs to S,,.

Theorem 5.1.5. The topological G-module homomorphism e,, : M — Mg, is in S,,.

Proof. Let S! be the set of all morphisms o : A — B in the category .# such that
o H"(G,A) — H™(G, B)
is a C-monomorphism for m < n and Sﬁ be the set of all morphisms

a:A— B
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in the category .# such that
o H"(G,A) - H"(G, B)

is a C-epimorphism for m < n + 1. Clearly
(@) S, =8ns?
(b) S!and S?

satisfy all the conditions of Theorem 1.5.9. Therefore, e,, € .5,,. O

5.2 Existence of Adams Completion in .Z

We obtain a decomposition of a G-module with the help of the sets of morphisms .5,,.

Theorem 5.2.1. Let A be a topological G-module. Then for n > 1, there exist topological
G-modules A,,, continuous G-homomorphism e,, : A — A, and 0" : A,, — A, for each

pair of indices m, n satisfying n < m such that

(@) e : H™"(G,A) - H™(G, A,) is C-isomorphism for i < n and a C-epimorphism
fori=n+1,

(b) enzeznoem:ngm,
(©) 0 =1a,.

Proof. For each integer n > 1, let A, be the S,,-completion of A and e, : A — A, be the
canonical G-homomorphism as stated in Proposition 5.1.5. Since e,, € S, it follows that
em € Sy, for n < m and hence by the couniversal property of e,,, there exists a continuous
G-homomorphism 0" : A,, — A, making the following diagram commutative, i.e., 8" o

em = €n, N <M

It follows that 6 = 1,4, . Since e, € S,
e H"(G,A) - H"(G, A,)

is a C-isomorphism for m < n and a C-epimorphism m = n + 1. Thus we get a tower of

topological GG-modules.
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Thus we have a tower of topological GG-modules.



Chapter 6

Ring of Fractions as Adams Completion

The formation of ring of fractions is one of the most important technical tools in commutative
algebra. It corresponds in the algebraic-geometric picture to concentrating attention on
an open set or near a point. This chapter describes the categorical construction of ring of
fractions in Banach space (and Hilbert space). It is shown that, the ring of fractions of the
algebra of all bounded linear operators on a separable infinite dimensional Banach space is
isomorphic to the Adams completion of the algebra with respect to a chosen set of morphisms
in the category of separable infinite dimensional Banach spaces and bounded linear norm

preserving operators of norms at most 1.

6.1 Ring of fractions

We briefly recall the ring of fractions.

Definition 6.1.1. [42] A subset S of a ring A with unit 1 is called a (right) denominator set

if S satisfies the following conditions:
(a) If s,t € Sthenst € Sand1 € S.
(b) If s € S and a € A then there existt € S and b € A such that sb = at.
(c) If sa =0with s € S, then at = 0 forsome ¢t € S.
(d) S does not contain 0 (to avoid triviality).

Definition 6.1.2. [42] Let A be a ring and let S be a multiplicatively closed subset of A,
ie., s, t € Simplies st € Sand 1 € S. A ring of fractions (right) of A with respect to S’ is

defined as a ring A[S™!] together with a ring homomorphism
u:A— A[S™Y
satisfying:
(a) u(s) is invertible for every s € S.
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(b) Every element in A[S™!] has the form u(a)u(s)~ with s € S.

(¢) u(a) = 0ifand only if as = 0 for some s € S.

Proposition 6.1.3. [42] Let S be a multiplicatively closed subset of A. Then A[S™'| exists,
if and only if S satisfies

(@) If s € Sand a € A then there existst € S and b € A such that sb = at,

(b) If sa = 0with s € S, then at = 0 for some t € S.

Reamrk 6.1.4. For the detailed construction of A[S™!] we refer to [42]. However there is a

universal property in A[S™!].

Proposition 6.1.5. [42] When A[S™'] exists, it has the following universal property: for
every ring homomorphism
g:A— B

such that g(s) is invertible in B for every s € S, then there exists a unique ring

homomorphism

h:AS™'— B

such that g = hu, i.e., the following diagram is commutative:

»
\

We shall use the following result in the sequel.

Proposition 6.1.6. Let A and B be the algebras of all bounded linear operators on a
separable infinite dimensional Banach space. Let g : A — B be a surjective bounded

linear homomorphism such that
(@) g(s) is a unitin B for every s € S.
(b) g(a) = 0implies as = 0 for some s € S.

Then there exists a unique ring homomorphism 6 : B — A[S™!] such that 0g = u, i.e., the

following diagram is commutative

Sy
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Proof. By Proposition 6.1.5 there exists a unique isomorphism

h:AS™'— B
such that g = hu.
A—2 s A[STY
g
o~ h
B

Let = h™!. Foranya € A,
Og(a) = h~'g(a) = h™"hu(a) = u(a)
implying 6g = u, i.e., the above diagram is commutative.

We show that € is unique. Let there exist another #' : B — A[S™!] such that g = w.
For any b € B, we have

0'(b) = 0'(g(t')) = u(b) = Og(b),

ie,0=20. ]

6.2 The category #

Let # denote the category of separable infinite dimensional Banach spaces and linear norm
preserving operators of norm at most 1. We assume that the underlying sets of the elements

of % are elements of %/ . We fix a set of morphisms in the category .

Let S be the set of those bounded linear norm preserving operators of norm at most 1

which are surjective in 4.

We prove the following results.

Proposition 6.2.1. Let s; : P, — Q; lie in S for each i € I, where the index set I is an
element of % . Then

Vs, VP — VQ;
el " el i€l

liesin S.
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Proof. Coproducts in & are [; sums. Let

P=VPE
i€l
and
Q= \VQ;
iel

Define s = '\/Is,- : P — () by the rule
1€

5(p) = (si(pi))ier-

Clearly, s is well defined bounded linear homomorphism. For any (¢;):c; € @, since s; is

surjective we have s;(p;) = ¢; and

(@:)ier = (5i(ps))ier = s(p).

That s is a bounded linear norm preserving operator of norm at most 1, can be proved easily.

Hence s = V s; liesin S. O
i€l

Proposition 6.2.2. S admits a calculus of left fractions.

Proof. Let A and B be any two objects of category #4. Clearly, S is a closed family of
morphisms of the category Z4. We shall verify conditions (a) and (b) of Theorem 1.2.2. Let
s:A— Bandt: B — C be two morphisms of the category . We show that if ts € S
and s € S, thent € S. Clearly, ¢t € S. Hence the condition (a) of Theorem 1.2.2 holds.

In order to prove condition (b) of Theorem 1.2.2, consider the diagram

) S

B

C

in # with s € S. We assert that the above diagram can be embedded to a weak push-out

diagram
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in Zwitht € S. Let
D= (B, C)/A

is the quotient of the direct sum (B @;, D) endowed with the /; norm [43] and A is the closer

of the subspace
A ={(f(a), =s(a)) - a € A}.

Define g : C' — D by the rule, forc € C'

g(c) = (0,0) + A

andt : B — D by therule, forb € B

1(b) = (b,0) + A.

Clearly, the two maps are well defined and bounded linear homomorphisms. For any a € A,

tfla) =t(f(a)) = (f(a),0) + & = (0,5(a)) + & = g(s(a)) = gs(a)

implying that ¢ f = gs. Hence the diagram is commutative in 4 witht € S.

In order to show that ¢ is surjective, take an element

(b,c) + A e D.
Then
(b,c) + A = (b,0) + (0,¢) + A
= 1(b) + 9(0)
= t(b) + g(s(a))
=t(b) +tf(a)
= t(b+ f(a))

(since t is linear), implying ¢ is surjective, i.e., t € S.

Nextletu : B — Zand v : C' — Z be in category Z such that uf = vs.
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Define 6 : D — Z by the rule
0((b,c) + A) = u(b) + v(c).

It is easy to show that 6 is well defined and bounded linear homomorphism (since
10|l < max {||ul],|v]|}). It follows that € is bounded.

Next we show the two triangles are commutative. For any b € B,
0t(b) = 6(b,0) = u(b),

showing that ¢ = u. Similarly g = v. Thus the two triangles are commutative. [
The following result is well known.
Proposition 6.2.3. The category A is cocomplete.

From Propositions 6.2.1, 6.2.2, and 6.2.3 we see that all the conditions of Theorem 1.4.1

are satisfied and hence we have the following result.

Theorem 6.2.4. Every object A of the category % has an Adams completion Ag with respect
to the set S of homomorphisms. Furthermore, there exists a homomorphism e : A — Ag
in S which is couniversal with respect to the homomorphisms in S: given a homomorphism
s: A — Bin S there exists a uniqgue homomorphismt : B — Ag in S such that ts = e. In

other words the following diagram is commutative:

(&

A

Ag

t 4
-

B/

Theorem 6.2.5. The homomorphism e : A — Ag ( as obtained in Theorem 6.2.4 ) isin S.

Proof. Let
S1={f:X =Y inZA| fisasurjective homorphism}
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and
Se={f:X — Yin A | f is a bounded linear norm preserving operator}.

Clearly,
(a) S=5,NS5;and

(b) Si and S, satisfy all the conditions of Theorem 1.5.9. Therefore e € S.

6.3 The main result

We show that the ring of fractions A[S™!] of the algebra A of all bounded linear operators
on a separable infinite dimensional Banach space is precisely the Adams completion Ag of
A.

Theorem 6.3.1. A[S™!] = Aq.

Proof. Consider the diagram

By Proposition 6.1.6, there exists a unique homomorphism ¢ : Ag — A[S™!] in S such that

pe = u.

Next consider the diagram

By Theorem 6.2.4, there exists a unique homomorphism 1 : A[S™!] — Ag in S such that
Yu = e.
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In the following diagram

A As
/s
e A[S™Y
A A
Ag

we have Y pe = 1)u = e. By the uniqueness condition of the couniversal property of e, we

conclude that Y = 14,.

Also in the diagram

A— A[S7Y
Ve
U As
/q; Lags—1]
A[S7]

we have pyu = pe = u. By the uniqueness condition of the couniversal property of u, we
conclude that ot = 1 4p5-1. Thus A[S™'] = Ag. O

Note 6.3.2. The above results can recasted with minor changes to show that the ring of
fractions A[S™!] of the algebra A of all bounded linear operators on a separable infinite
dimensional Hilbert space [44] is precisely the Adams completion Ag of A. We omit the

details in order to avoid the repeatedness of the proofs of the results.



Chapter 7

A Categorical Study of Symmetric and

Tensor Algebras

In this chapter we present a categorical construction of tensor and symmetric algebras. In
fact we obtain these algebras as Adams completion by choosing different sets of morphisms

in appropriate categories.

First we make categorical study of tensor algebra. For this study we work in the category
of all K-modules and module homomorphisms where K is a commutative ring with unit 1.

We recall tensor algebra.

7.1 Tensor algebra

The tensor algebra of a module V, denoted as T'(V') or T*(V'), is the algebra of tensors on
V' (of any rank) with multiplication being the tensor product. It is the free algebra on V' in

the sense of being left adjoint to the forgetful functor from algebras to vector spaces.
In this chapter, it is shown that given an algebra, its nth tensor algebra is isomorphic to
the Adams completion of the given algebra.

Definition 7.1.1. [45, 46] Let K be a commutative ring. Let I be a K-module. The tensor
algebra T (V') of V over K is defined to be the K- algebra formed by the K -module

TV)=a2 V¥ =Ka(VaaV)o(VeaVeV)s---

equipped with a multiplication which is defined by
(ai)ier - (bi)ier = (Z a; @ bn—i)
=0 neN

for every
(ai)icr € Bic] V'

63
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and
(bi)icr € @ict V.

T(V) is a graded K -algebra with the graded piece of degree n > 0 being the subgroup V®",
which we denote by 77 (V). The map
Ver T
defined by
m1®...®mn|_> (0’... 7m1®...®mn’0’...)
is amorphism of K-modules, which gives an isomorphism of /' -modules of V' with its image
(V).

We prove the following couniversal property of nth term of tensor algebra.

Theorem 7.1.2. Let V" and W®" be K-modules and let f : V®" — W®" be module
isomorphism of K-modules. Then f has the following property: given a module isomorphism

g : V& — T™(V), there exists a uniqgue module isomorphism such that g = 0f.

ven ™Vv)
/)V

f 7

wen

Proof. Forw; @ wa ® -+ - @ w, € W, define
0: W — T™(V)

by the rule
0w, @wy @ -+ @wy,) = gf Hw @wy @ -+ @wy,).

Clearly, 6 is well defined and is a homomorphism. We show that # is one-one. If
(w1 @wy ® -+ @wy) = O(w] uHR - ®w,)

then
gf M @wy @ - @w,) = gf Hw @uh® - @ul,);

since f and g are isomorphisms, we have

W QW @ Qw, =W @Wy® -+ @ wl,.
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We show that 6 is onto. Since g, f are surjective,
(V) = g(VE") = g(fHW®")) = (W™").
Next we have

0f(1 @U@ @v,) =0(f(11 @2 @ -+ R vy))
=9/ ([ @ ®- - ®v,))
=gV @V ® - R vy).

showing 6 f = g. Suppose that there exists another 6’ : W®" — T™ (V') such that ' f = g.
Then

Olw, @wa @ -+ @wy,) = gf Hw @wy ® -+ @ wy)
=0 ff N w Q@u, ® - @ w,)
=0 (w1 @y ® -+ @ wy,).

Hence we get 6 is unique. [

7.2 The Category o/

Let o7 denote the category of all K-modules and module homomorphisms where K is a
commutative ring with unit 1. We assume that the underlying sets of the elements of .<7 are

elements of %7. We fix a set of morphisms in 7.

Let S,, denote the set of all free K-module homomorphisms s,, : P®" — Q®" such that

Sy, 1S isomorphism.

Proposition 7.2.1. Let s; : PP — Q" i € I liein S,,, where the index set I is an element
of U ; then

V.S, VPP v Qe
ier ' ier ¢ ie]QZ

lies in S,,.

Proof. Coproducts in .o/ are direct sums equipped with a collection of projection maps. Here

P = VP,
el
and
= v ",
@ z‘eIQl
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Define s = Vosi P — Q by the rule s(p) = (s;(p;))ies- Clearly, s is well defined and is
1€

also a homomorphism.

In order to show s is injective, take p,p’ € P and consider s(p) = s(p’). Then
(si(pi))ier = (si(ph))ier for each i € I (since s; is injective for each i € I) showing p = p'.

Hence s is injective.
To show s(P) = Q, take (¢;)ier € Q™. Since s;(PF") = QF", we have

(Qi)iél = <Si<pi))iel = S(p)7

showing s is surjective. Therefore s : P — () is an isomorphism, i.e., s = vlsi lies in
€
Sh. O

We will show that the set of morphisms S, of the category .« of K-modules and

homomorphisms admit a calculus of left fractions.
Proposition 7.2.2. S, admits a calculus of left fractions.

Proof. Since S,, consists of all isomorphisms in o7, clearly, .S,, is a closed family of
morphisms of the category 7. We shall verify conditions (a) and (b) of Theorem 1.2.2.
Lets : P®" — Q%" and t : Q®" — R®" be two morphisms of the category .«7. We show
that if ts € S, and s € S,,, then ¢t € S,,. For any

QRGP ® g, € QP

and
HRGBR---®q, € Q"

consider
O ® @R ®¢) =t G - @q,).

Then since s is an isomorphism.

(1 ®RR - ®q¢,)=sP1OP2®--- Py

and
(@GR - ®q)=sp @, @p)).
Thus
ts(p1®@pa @+ ®@pn)) =t(s(py @ Py ® - @),
1e.,

ts( @pa® - @ py) =ts(PL O Py @ --- Q@ py,)

66



Chapter 7 A Categorical Study of Symmetric and Tensor Algebras

since ts 1s isomorphism we have
PLOP2 @ ®@py =P @Py @ @ .

Hence
sPLOPr® - Qpp) =s(P) P, R - @)

implying
BRER Q=0 QG @ q,

i.e., t is injective. Since ts € S, and s € §,,, we have
ts(P®") = R®" and s(P®") = Q*".

Then
HQ™) = t(s(P") = R

So t is surjective. Thus ¢ is an isomorphism, i.e., ¢ € S,. Hence the condition (a) of
Theorem 1.2.2 holds.

In order to prove condition (b) of Theorem 1.2.2, consider the diagram

S

A®n - > B®n

SW

cen

in o/ with s € S,,. We assert that the above diagram can be embedded to a weak push-out

diagram
A®m Be®™
s 3 t
RN — -~ ®n
C g D

in &/ witht € S,,. Let
D@n — (B®n @ C@n)/N(Xm

where N®" is a sub module of B®™ @ C®" generated by

{(flar®@as @ ®ay),—s(a1 Ra; @ - ®a,)) a1 Rag ® - Ra, € AO"}.
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Define ¢t : B®™ — D®™ by the rule

@b @ - ®b,) =(b1 @by ® -+ @by, 0) + N
and g : C®" — D®" by the rule

g1 R - ®c,) =0, @R+ R¢cy) + N.

Clearly, the two maps are well defined and homomorphisms. Forany a1 ® a; ® - - - ® a,, €

A®" we have

tfla®a® - ®a,) = (fla®a @ ®ay,),0)+ N
=(0,5(01 ®as ® - ®ay)) + N
=gs(a1 ®as ® -+ @ ay).

Thus ¢t f = gs. Hence the above diagram is commutative.

Next we show t € S| i.e., t is injective. Take
b @by @ @b, € B®"
with t(b; ® by ® - - - ® b,) = N. This implies that
(b1 @by ® -+ ®by,0)+ N = N,

1e.,

(@b ®---Rb,,0) € N.

So
(b1 @by ®b,,0) = (fla1®a®@ - Ra,),—s(a1 ®as® - R ay))

from which it follows that
a1 ®as Q-+ R a, =0.

Now we get
f(0)=(b1®b,®---®b,) =0.

Thus ¢ is injective.

In order to show ¢ is surjective, take an element

i @d®-- ®@d, + N e D,
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@@ @dy, =01 @by @ @by, 1 Q2 ® -+ D Cp).

where
Then
(1 @dy®---®d,)+ N = (b1 @by ®
=0 @b ®-
=1(b; ® by ®

(

t(by ® by ®

t(by ® by ®
(

Thus ¢ is surjective. Sot € 5,,.

@b (R ® - ®e))+ N
®b,,0) + (0,61 @0 - ®cy) + N
e @b) g ®e® @)
b))+ g(sla ®az® - ®ay))
e ®by) Ftfla ®as® - @ ay)

(b1 by @+ Rby) + fla1 ®as @+ ® ay))

Next let v : B®" — X®" and v : C®" — X®" be in category <7 such that uf = vs.

A@n 4]6» B®n

Define
0 : D®"

by the rule

— Xxen

(1 ®@de®@ - @dp) + N)=u(b1 @by @ - @b,) +0(c1 @2 ® - R cy)

where

(d1®d2®...®dn):((bl®b2®...@bn)’(q@@@...@%)).

It is easy to show that 6 is well defined and also a homomorphism. Next we show the two

triangles are commutative. For any (b; ® by ® - - - ® b,) € B®", we have

Ot(by @by @ -+~ R by,)

0((by @by @ -+ @ by, 0) + N)

:u(b1®bg®"'®bn)

69



Chapter 7 A Categorical Study of Symmetric and Tensor Algebras

and forany (c; ® 2 ® - ® ¢,) € C®",

Og(c1 @ ca @ ®¢,) =0(0,(1 R @+ ®¢y)+ N)
=01 ®c® Q).

So 0t = wand g = v. ]
The following result is a well-known.

Theorem 7.2.3. The category <7 is cocomplete.

From Propositions 7.2.1 7.2.2 and Theorem 7.2.3 we see that all the conditions of the

Theorem 1.4.1 are satisfied. So from the Theorem 1.5.5 hence we have the following result.

Theorem 7.2.4. Every object V" of the category </ has an Adams completion Vs, with
respect to the set of morphisms S,,. Furthermore, there exists a morphism e : V" — Vg in
S,, which is couniversal with respect to the morphisms in S,: given a morphism s : V" —
U®™ in S, there exists a unique morphism t : U®" — Vg in S, such that ts = e. In other

words the following diagram is commutative:

V®n Vsn

-,

Uen

7.3 Tensor algebra as Adams completion

We show that the nth term of tensor algebra 77 (V') of a K -module V, is precisely the Adams

completion Vs, of V®™.

Theorem 7.3.1. T"(V) = Vs .

n

Proof. Consider the following diagram:

yen Ly
e ,/’/

'
Vs,

By Theorem 7.1.2, there exists a unique morphism ¢ : Vg, — T"(V') in S, such that pe = g.
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Next consider the following diagram:

yen Vs,

g
™Vv)
By Theorem 7.2.4, there exists a unique morphism ¢ : 7"(V') — Vs _in .S, suchthatig = e.

Consider the following diagram:

yen Vs,

/s
™(V)

We have ype = 1g = e. By the uniqueness condition of the couniversal property of e, we

e

Vs,

conclude Y = Ty .

Next consider the following diagram :

9

ven mv)

/
g Vs,
oy,
™)

We have ¢p1)g = pe = g. By the uniqueness condition of the couniversal property of g, we
conclude ) = Lyn(yy. Thus T"(V) = Vg, . O]

Next we extend our study to symmetric algebra using the properties of the category
o/ as described in Section 7.2. In fact we do a categorical study of symmetric algebra.
For this study we add some extra assumption on the category 27; in particular we work in
the of category .# of all free K-modules and free module homomorphisms where K is a

commutative ring with unit 1. We recall symmetric algebra.
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7.4 Symmetric algebra

We recall the the definition of symmetric algebra [47].

Definition 7.4.1. [47] Let K be a commutative ring. Let M be a K-module. Let n € N.
Let S™ denote the nth symmetric group. Let /,, be the K-submodule

(my @ my - -y — M) @ Mo(2) -~ - @ Moy | (M1, ma, -+ ,my) ,0) € M™ x S™)
of the K-module M®". The factor K -module
S™(M) = M®"/1,,(M)

is called the nth symmetric power of the K-module M. We denote by p,,, the canonical
projection
M®" — M®"/I,(M) = S™(M).

Clearly, this map p,, is a surjective /{-module homomorphism for n > 2.

Let S"(M) denote the nth symmetric algebra. The map p, : M®" — S*"(M) is a

surjective K -module homomorphism for n > 2. We prove the following for our need.

Theorem 7.4.2. Let K be a commutative ring with unit 1. Let M®" and N®" be free
K-modules and let f : M®" — N®" be a surjective free K- module homomorphism
in S,. Then 1 has the following property: given a surjective free K-module homorphism
i o M®" — S"M in S,, there exists a unique surjective free K- module homorphism

@ : N® — S"M in S, such that i = fo, i.e., the following diagram is commutative

MEm —— N&n

p
7P
V's

S™(M)

Proof. By Theorem 7.1.2, there exists a unique K -module isomorphism v : N®" — T" M
suchthaty f = ¢

M®" ——— N&n

///
.
9 ZZJ
T
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where g : M®" — T™(M) ) is a K-module isomorphism. Consider the diagram

(M)
2N
MO ———— N® - -~ S™(M)

Let h = ig~'. For each n € N®", define ¢ : N®" — S™(M) by the rule p(n) = hi)(n).

Then for each m € M®" we have

showing o f = 1. Clearly, ¢ is surjective. For the uniqueness of ¢, suppose there exists
another ¢’ : N — S™(M) such thati = ¢'f. For eachn € N®" letn = f(m),m €
M®" thus

p(n) = @f(m) =i(m) = ¢'f(m) = ¢'(n),

showing p = ¢'. O

7.5 The category .#

Let .# denote the category of all free K-modules and free K -module homomorphisms
where K is a commutative ring with unit 1. We assume that the underlying sets of the

elements of .# are elements of % .

Let S,, denote the set of all free K-module homomorphisms f : M®" — N®" such that

f is surjective for n > 2 and isomorphism for n = 1.

Proposition 7.5.1. Let {s; : X" — Y,*" i € I} be a subset of S,,; where the index set I is
an element of % , then

VS VPP — V"

ier ' ier z‘eIQZ
is an element of S,,.

Proof. The proofis trivial [
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Chapter 7 A Categorical Study of Symmetric and Tensor Algebras

We will show that the set S, of free K-module homomorphisms of the category .# of

free K-modules and free K -modules homomorphisms admits a calculus of left fractions.

Proposition 7.5.2. S,, admits a calculus of left fractions.
Proof. The proof is almost the proof of Theorem 7.2.2; hence it is omitted. O]
Proposition 7.5.3. The category 4 is cocomplete.

For n = 1, the set of morphisms S, is saturated. When n > 2, from Propositions 7.5.1
7.5.2 and 7.5.3 we see that all the conditions of the Theorem 1.4.1 are satisfied. So from the

Theorem 1.5.5 we have the following result.

Theorem 7.5.4. Every object M®™ of the category .# has an Adams completion Mg, with
respect to the set of morphisms S,,. Furthermore, there exists a morphisme : M®" — Mg, in
S, which is couniversal with respect to the morphisms in S,: given a morphism s : M®" —
N®™ in S, there exists a unique morphismt : N" — Mg in S,, such that ts = e. In other

words the following diagram is commutative:

(&
Mer ——— Mg,

~
S

-,

Nen
Theorem 7.5.5. The free K-module homomorphism e : M®" — Mg _is in S,,.
Proof. Let
S ={s: M®" — N®"in ./ | s is a surjective free K-module homorphism for n > 2}
and
S22 ={s: M®" — N®"in .4 | s is a free K-module isomorphism for n = 1}.

Clearly,
(a) S=.S!NnS2and

(b) S} and S? satisfy all the conditions of Theorem 1.5.9. Thus e € S,,.
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7.6 Symmetric algebra as Adams completion

We show that the nth term of symmetric algebra S™(M ) of a free K-module M is precisely
the Adams completion Mg of M®".

Theorem 7.6.1. S™(M) = Mg, .

Proof. The arguments of the proof of this therem are exactly that of Theorem 7.3.1. [



Chapter 8
Exterior Algebra and Clitford Algebra

as Adams Completion

The concepts of exterior algebra and Clifford algebra are fundamental to the theory of
differential forms used in geometry and analysis. In this chapter we express both the exterior
and Clifford algebra of a module as the Adams completion of the module by choosing a
suitable sets of morphisms in appropriate categories. First we express exterior algebra in

terms of Adams completion

8.1 Exterior algebra

In this section, we describe a few results about exterior algebra of K-modules, where K is

a commutative ring with 1.

Definition 8.1.1. [48, 49] The exterior algebra of a K-module M is the K-algebra obtained
by taking the quotient of the tensor algebra T'(M) by the ideal /(M) generated by all
elements of the form

mm, me M

The exterior algebra T'(M)/I(M) is denoted by A(M ). The exterior algebra is graded with

nth homogeneous component
A (M) =T"(M)/I"(M).

We can identify K with A°(M) and M with A'(M) and so we consider M as a K -submodule
of the K -algebra A(M).

Furthermore the exterior algebra A(M) of the K-module M has the following universal
property.

Theorem 8.1.2. [48, 49] Let A be an associative algebra with unit element ¢ and let
f:M— A
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Chapter 8 Exterior Algebra and Clifford Algebra as Adams Completion

be a linear map of M into A such that
f(m)? =0
forallm € M. Then f extends uniquely to an associative algebra homomorphism
f:nNM)— A

from the exterior algebra N(M) into A. That is, there is a unique associative algebra
homomorphism
fnNM)— A

such that

f(1) =e and foin =1,

where iy is the natural inclusion mapping of M = A'Y(M) into N(M); in otherwords the

following diagram is commutative:

Theorem 8.1.3. Let K be a commutative ring with unit 1. Let M and N be free K-modules
and let f : M — N be an injective free K-module homomorphism with f(m)? =
0 for all m € M. Then f has the following property: given an injective free K-
module homomorphism iy : M — N(M), there exists a unique injective free K-module
homomorphism ¢ : N — N(M) such that iy = fo, ie., the following diagram is

commutative:.

M
M)

A

Proof. By Theorem 7.1.2, there exists a unique K-module isomorphism ¢ : N — T (M)
such that ¢ f = g. Consider the diagram

(M)
27X
M N - AM)
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Chapter 8 Exterior Algebra and Clifford Algebra as Adams Completion

where g : M — T'(M) is a K-module isomorphism. Let ¢’ = iy;g~'. Foreachn € N,
define o : N — A(M) by the rule

For each m € M, we have ¢o(f(m)) = ¢'(f(m)). Form € M let f(m) = n, so

pf(m) = p(n) = g'¥(n)
= ing 'p(n) = iaef M0 ()

showing ¢ f = i,,. To show that ¢ is one-one, consider the commutative diagram

M / - N
| 0. \
Tm I IN
ANM AN

(M) N (N)

Since A(f) o : N — A(N) is injective we have that ¢ is injective. Next for eachn € N,

we have

For the uniqueness of ¢, for eachn € N, let n = f(m),m € M. Let there exist
@ N — AN(M)

such that ¢'n = i,;. Thus

showing ¢ = ¢'. O

8.2 The category <

Let .7 denote the category of all free K-modules and free module homomorphisms where
K is a commutative ring with unit 1. We assume that the underlying sets of the elements of

o/ are elements of %/ . We fix suitable set of morphisms in the category 7.

Let S denote the set of all free K-module homomorphisms f : M — N such that f is
injective and f(m)? = 0 for all m € M.
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Proposition 8.2.1. Let s; : P, — Q; liein S, for each i € I, where the index set I is an
element of % . Then

Vs;: VP—= V(@
iel el iel

liesin S.

Proof. Coproducts in .o are direct sums equipped with a collection of projection maps. Here

P=VPE
iel
and
Q=VQ;
i€l
Define
s=Vs;:P—Q
el
by the rule

5(p) = (si(pi))ier-

Clearly, s is well defined and is also a free /K-module homomorphism.

In order to show s is injective, let p,p’ € P with s(p) = s(p’). Then (s;(p;))ier =
(s;(p%))ier for each i € I (since s; is injective for each ¢ € I) showing p = p’. Hence s is

injective. Now we have to show that s(p)? = 0. We see that
s(p)* = s(p) A s(p) = —(s(p) A s(p))

implying 2 (s(p) A s(p)) = 0. Thus (s(p) A s(p)) = 0. O

We will show that the set S of free K -module homomorphisms of the category .27 of free
K-modules and free K-modules homomorphisms admit a calculus of left fractions.

Proposition 8.2.2. S admits a calculus of left fractions.

Proof. Let M, N and Pbein <. Lets: M — N andt: N — P be two free K-module
homomorphisms of the category 7. We have to show that ts(m)? = 0 for all m € M.
Since s and t are in S, we have s(m)? = 0, t(n)> = 0. Consider ts(m)? = t(s(m))> = 0
for all m € M. So S is a closed family of free K-module homomorphisms of category
</ .We shall verify conditions (a) and (b) of Theorem 1.2.2. Let s, ¢ be two free K-module
homomorphisms in the category 7. We show that if ts € S and s € S, thent € S, i.c.,
t(n)? = 0 and t is injective. Consider the following commutative diagram.
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M - N L .p
lM\ \ZN/ ip
A(M) B A(N) N A(P)

¥
M P------- - A(N)
ts gp’

By Theorem 8.1.3, ¢ is one-one and pts = iy,. Again we have ¢’ = A(s)p implying ¢’ is
injective. From ('t = i,y we conclude ¢ is injective. We have

t(n)* = t(n) At(n) = —(t(n) At(n))
implying
2(t(n) At(n)) = 0.

Thus
t(n) At(n) =0.

Hence the condition (a) of Theorem 1.2.2 holds.

In order to prove condition (b) of Theorem 1.2.2 consider the diagram

y S

B

C

in o/ with s € S. We assert that the above diagram can be embedded to a weak push-out
diagram
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in .o witht € S. Let
D=(BaC)/N

where N is a sub module of B & C' generated by

{(f(a), —s(a)) - a € A}.

Define ¢t : B — D by the rule
t(b) = (b,0) + N

and g : C' — D by the rule
g9(c) =(0,c) + N.

Clearly, the two maps are well defined and free K -module homomorphisms. Forany a € A,

tf(a) = (f(a),0) + N = (0,s(a)) + N = gs(a),

impling that ¢t f = gs. Hence the above diagram is commutative.

Next we show that ¢ € S| i.e., t is injective. Take b € B with ¢(b) = N; this implies
(b,0) + N = N, ie., (b,0) € N.So (b,0) = (f(a), —s(a)) from which it follows that
a = 0. Now we get f(0) = (b) = 0. Thus ¢ is injective. Clearly, ¢(b)* = 0 for all b € B.

Nextletu : B — X and v : C' — X be in category <7 such that uf = vs.
f

N

Define § : D — X by the rule
0((b,c) + N) = u(b) + v(c).

It is easy to show that 6 is well defined and also a free K-module homomorphism. Next we

show the two triangles are commutative. For any b € B,

0t(b) = 0((b,0) + N) = u(b)
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and for any ¢ € C,
Og(c) =0((0,¢c) + N) = v(c).

So 0t = wand g = v.
O

The following result holds in the category of free modules and free module

homomorphisms.
Proposition 8.2.3. The category <7 is cocomplete.

From Propositions 8.2.1, 8.2.2 and 8.2.3 we see that all the conditions of Theorem 1.4.1

are satisfied, hence we have the following result.

Theorem 8.2.4. Every object M of the category </ has an Adams completion Mg with
respect to the set S of free K-module homomorphisms. Furthermore, there exists a free
K-module homomorphism e : M — Mg in S which is couniversal with respect to the free
K-module homomorphisms in S : given a free K-module homomorphism s : M — N in S
there exists a unique free K-module homomorphismt : N — Mg in S such that ts = e. In

other words the following diagram is commutative:

Theorem 8.2.5. The free K-module homomorphism e : M — Mg isin S.

Proof. Let
Si={s: M — Ning/ |sis an injective free K-module}
and
Sy ={s: M — N in .« | sisa free K-module homomorphism such that s(m)* = 0} .

For S; and S5, it easily follows that all the conditions of Theorem 1.5.9 are satisfied.
Therefore, e € S. [

8.3 [Exterior algebra as Adams completion

We show that the exterior algebra A(M) of a free K-module M is precisely the Adams
completion Mg of M.
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Theorem 8.3.1. A(M) = Ms.

Proof. Consider the following diagram:

3%

M AN(M)
e

¥
Mg

By Theorem 8.1.3, there exists a unique free K -module homomorphism ¢ : Mg — A(M)
in S such that pe = iy,.

Next consider the following diagram

M— e My
3
7 ’ ,l/)
AN (M)

By Theorem 8.2.4, there exists a unique free K -module homomorphism ¢ : A(M) — Mg
in S such that viy; = e.

Consider following diagram

®

Mg

/4

e A(M)
A4 A

we have 1ype = 1)1); = e. By the uniqueness condition of the couniversal property of e, we

Mg

conclude that Y = 1.

Next consider the following diagram

{
v M

| /s
(2% Mg

A A
A (M)
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we have pyi,; = pe = 7). By the uniqueness condition of the couniversal property of 7y,
we conclude that ¢t = 1,(ap). Thus A(M) = Ms. O

8.4 Clifford algebra

Clifford algebras were introduced by Clifford in the late 19th century as part of his search
for generalizations of quaternions. Clifford algebras have become a more popular tool in
theoretical physics. We show that given an algebra, its Clifford algebra is isomorphic to the
Adams completion of the algebra with respect to a chosen set of morphisms in the category

of modules and module homomorphisms.

Theorem 8.4.1. [50] Let K be a commutative ring. Let M be a K-module and
f-MxM-—K

be a bilinear form on M. Let
©: M — CIl(M, f)

be the K-module homomorphism defined by v = (proj) o (inj), where
my M — QM
is the canonical injection of the K-module M into its tensor algebra Q@ M and where
proj : @M — Cl(M, f)
is the canonical projection of the tensor algebra @ M onto its factor algebra
@M /Iy = CUM, f),
where Iy is the two-sided ideal
(®L)- MM — f(M,M)| MeL) (L)

of the algebra @ L. The homomorphism [ is injective.

Definition 8.4.2. [51] Let M and N be two K-modules. The mapping
qg: M — N
is said to be K-quadratic mapping if

a(Ar) = Ng(x)
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forall A € K, x € M and the map
f:MxM-—N
defined by

flz,y) = q(z +y) — q(x) — q(y)

is K -bilinear, this mapping f(x, y) is called the associated bilinear mapping. When N = K,
q is called a quadratic form on M and (M, q) is called quadratic K-module.

Definition 8.4.3. [51, 52] The Clifford algebra of a quadratic form (M, q) is a pair
((CU(M),q),p), where C1(M,q) is a K-quadratic module and p : M — CI(M,q) is a
quadratic mapping such that p(m)? = ¢(m)1,; we assume the following universal property:

for every linear mapping
f:M—A

with
f(m)? = q(m)14

for all m € M, there exists a unique algebra morphism

fCl(M,q) — A

such that the following diagram

is commutative, i.e., f = f/p.

Theorem 8.4.4. [S51]Ifu: (M,q) — (M’',q') is a morphism of quadratic modules, i.e.,

forall x € M, then the algebra morphism Cl(u) is defined as follows

¢ (u(@))” = q'(z)1y

and the universal property of § : M — CIl(M,q) implies the existence of a unique
morphism

Cl(u) : ClU(M,q) — CI(M',q)
such that the following diagram
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(M, q) CI((M, q)

u 3 Cl(u)
'

(Mlv q/> 7’ CZ(M,a q,)

is commutative, i.e., p'u = Cl(u)p.
We prove the following result which will be used in the sequel.

Theorem 8.4.5. Let K be a commutative ring with unit 1. Let M and N be free K-quadratic
modules and letn) : M — N be an injective free K-quadratic module homomorphism. Then

1 has the following property: given an injective free K-quadratic module morphism
ing : M — CUM, qnr)
there exists a unique injective K-quadratic module morphism
¢ : N — Cl(M)

such that 0'n = iy, i.e., the following diagram is commutative

Ui

M N
v

e 9/
.

CU(M)

Proof. By Theorem 7.1.2, there exists a unique K -module isomorphism 6 : N — T(M)
such that On = ¢

n
M

N

-
.
-
-
g -
-
0
-
g
»

(M)
Now consider the diagram
THM)
S
M 7 waélff»Cl(M)
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where g : M — T'(M) is a K-module isomorphism. Let ¢’ = iy;g~'. Foreachn € N,
define @' : N — CI(M) by the rule

For each m € M, we have ¢'(n(m)) = ¢'0(n(m)). Form € M, let n(m) = n. Thus we

have

0'n(m) = 6'(n) = g'0(n)
=iyng O(n) =iy f1070(n)

= inf ™' (n) = in(m)
showing 0'n = iy;.

To show that ¢’ is one-one, consider the commutative diagram

M ! - N
0.
in in
CIl(M) CI(N)
Cl(n)

Since Cl(n) o0 : N — CI(N) is injective we have that ¢’ is injective. Next we show that
0'(n)* = gn(n) - 157. We have gyn(m) = qpr(m). Since (M, qur), (N, qn) are quadratic
free modules, we have

0 (n)? = g'gm)? = qu(m) - 1t = an(n) - Ly
For the uniqueness of ¢, for each n € N, let n = n(m), m € M. Let there exist
0" : (N,qn) — ClU(M, qar)
such that #”n = i,; Thus
0'(n) = 0'n(m) = ir(m) = 0"n(m) = 6" (n)

showing ¢’ = 6" O
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8.5 The category o

Here we modify the category .o/’ as chosen above, also we choose different set of morphisms

as described in Section 8.2.

Let . denote the category of all free K-quadratic modules and free quadratic module
homomorphisms where K is a commutative ring with unit 1. We assume that the underlying

sets of the elements of <7 are elements of %. We fix a suitable set of morphisms S in .

Let S denote the set of all free /{-quadratic module homomorphisms
st (M, qm) = (N, qn)
such that s is injective and
s(m)? = qu(m) - 1y
forallm € M.

Proposition 8.5.1. Let s; : (P, qp,) — (Qi, qo,) liein S, for each i € I, where the index set
1 is an element of % . Then

VS VP = Vv,
ier " ier " z‘e[@’

liesin S.

Proof. Coproducts in o are direct sums equipped with a collection of projection maps. Here

P=VPF
i€l
and
Q =V Qz
el
Define

s= Vs :P—Q

i€l
by the rule s(p) = (si(p;))ier. Clearly, s is well defined and is also a free /-module

homomorphism.
In order to show s is injective, take p,p’ € P and consider s(p) = s(p’). Then

(s:(pi))ier = (s:(p}))ier for each i € I (since s; is injective for each i € I) showing p = p'.

Hence s is injective. We consider the homomorphism
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M 7 g N
ZM\ //// \ZN
Cl(M) CI(N)

Cl(n)
Q

Then

igs(p)” = iq(s(p))” = ao(s(p) - 1o = qr(p) - lo-

Thus we get s(p)? = qq(p) - 1o- O

We will show that the set S of free K -quadratic module homomorphisms of the category
o of free K-quadratic modules and free K -quadratic modules homomorphisms admit a

calculus of left fractions.
Proposition 8.5.2. S admits a calculus of left fractions.

Proof. Let (M, qu), (N, qn) and (P, gp) be in < and
iy s M — Cl(M, (]]\/[)7

iN N — CZ(N,(]N)

and
ip: P— Cl(P,qP)

the corresponding Clifford algebras. Let

s: (M,qu) = (N,qn)

and
t:(N,qn) — (P, qp)

be two morphisms of the category </. We have to show that
ts(m)* = qur - 1p
for all m € M. Since s and ¢ are the free quadratic K -module morphisms, we have
ans(m) = qu(m), qrt(n) = qn(n).

Consider

qpts(m) = qpt(s(m)) = qn(s(m)) = qu(m)

89



Chapter 8 Exterior Algebra and Clifford Algebra as Adams Completion

for all m € M. Composition of injective map is injective. So S is a closed family of

morphisms of category <7

We shall verify conditions (a) and (b) of Theorem 1.2.2. Let s, ¢ be two free K -quadratic
module homomorphisms in category «7. We show thatif ts € Sand s € S, thent € S, i.c.,

t(n)?> = qy1p and ¢ is injective. Consider the following commutative diagram.

M ° N L . p
)
CUM) — = CUN) e CUP)

From the above diagram we have a diagram

CU(M)

¥
M P ~ CI(N)
ts 90/

By Theorem 8.4.5, ¢ is one-one and ¢ts = iy,. Again we have ¢’ = Cl(s)p implying ¢’
is injective. From ¢'t = iy, we conclude ¢ is injective. Now consider the commutative

diagram

N

IN

CI(N)

Cl(t)

with
Cl(t)oiy =ipot-ipot(n)® =ip(t(n))* = t(n)

Since ¢ is quadratic homomorphism, we have ¢pt(n) = qy(n) foralln € N. Again
ip(t(n))? = gpt(n)1p = qu1p

foralln € N. Thus ¢t € S and the condition (a) of Theorem 1.2.2 holds.

In order to prove condition (b) of Theorem 1.2.2 consider the diagram
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y S

B

C

in o/ with s € S. We assert that the above diagram can be embedded to a weak push-out

diagram
f
A B
s 't
y
C”f;"’ D
in o/ with t € S. Let
D=(BaC)/N

where N is a sub module of B & C generated by

{(f(a), =s(a)) - a € A}.

Define ¢t : B — D by the rule
t(b) = (b,0) + N

and g : C' — D by the rule
g(c) = (0,¢) + N.

Clearly, the two maps are well defined and free K-quadratic module homomorphisms. For
any a € A,
tf(a) = (f(a),0) + N = (0,s(a)) + N = gs(a),

implying that ¢ f = gs. Hence the above diagram is commutative.

Next we show that ¢ € S| i.e., t is injective. Take b € B with ¢(b) = N; this implies
(b,0) + N =N, i.e., (b,0) € N.So

(b,0) = (f(a), =s(a))

from which it follows that « = 0. Now we get f(0) = (b) = 0. Thus ¢ is injective. We

consider ipt:

t )
(B,q5) —— (D, qp) —2—~ CU(D, qp)
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iDt(b)2 = ZD(t(b))z = qD(t(b)) . 1D = qB(b) . 1D'

Sowe gett € S.

Nextletu : B — X and v : C' — X be in category </ such that uf = vs.
f

N

Define 0 : D — X, by the rule
G((b,c) + N) = u(b) + v(c).

It is easy to show that # is well defined and also a free K -quadratic module homomorphism.

Next we show the two triangles are commutative. For any b € B,
0t(b) = 6((b,0) + N) = u(b)

and for any ¢ € C,

So 0t = uand g = v. O

The following theorem is a well known result in the category of free quadratic modules

and free quadratic module homomorphisms.
Proposition 8.5.3. The category o is cocomplete.

From propositions 8.5.1, 8.5.2 and 8.5.3 we see that all the conditions of Theorem 1.4.1

are satisfied, hence we have the following result.

Theorem 8.5.4. Every object M of the category </ has an Adams completion Mg with
respect to the set S of free K-quadratic module homomorphisms if and only if there exists
a morphism e : M — Mg in S which is couniversal with respect to the free K-quadratic
module homomorphisms in S: given a free K-quadratic module homomorphism s : M — N
in S there exists a unique free K-module homomorphismt : N — Mg in S such thatts = e.

In other words the following diagram is commutative :
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Theorem 8.5.5. The free K-quadratic module homomorphism e : M — Mg isin S.

Proof. Let

S1={s:(M,qu) = (N,qy) in &/ | sis an injective free

K -quadratic module homomorphism}
and

So ={s: (M,qu) — (N,qn) in & | s is a free K-quadratic module

homomorphism such that s(m)* = g/ - 15}
Clearly,
(@) S=5,N55and
(b) Si and .S, satisfy all the conditions of Theorem 1.5.9.

Hencee € S. [

8.6 Clifford algebra as Adams completion

We show that the Clifford algebra C'1(M) of a free K -quadratic module M, is precisely the
Adams completion Mg of M.

Theorem 8.6.1. CI(M) = M.

Proof. The proof is same as that of Theorem 8.3.1. [
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