View metadata, citation and similar papers at core.ac.uk brought to you by X{'CORE

provided by ethesis@nitr

HOMOLOGY THEORY FOR CW-COMPLEXES

Manasi Kumari Sahukar

M.Sc. Student in Mathematics
Roll No. 413MA2072
National Institute of Technology
Rourkela - 769 008 (India)

ROURKELA

A dissertation in conformity with the requirements for
the Degree of Master of Science in Mathematics at

National Institute of Technology, Rourkela.

(© Manasi Kumari Sahukar

2015


https://core.ac.uk/display/80148686?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

CERTIFICATE

This is to certify that this review work entitled “Homology Theory of C'W-
complexes” which is being submitted by Manasi Kumari Sahukar, a M.Sc. Student
in Mathematics, Roll No. 413MA2072, National Institute of Technology, Rourkela
- 769008 (India), for the award of the Degree of Master of Science in Mathematics
from National Institute of Technology, Rourkela is a record of review work done by
her under my advice. The results embodied in the dissertation are known results and
the dissertation in the present form has not been submitted to any other University
or Institution for the award of any Degree or Diploma.

To the best of my knowledge Ms. Manasi Kumari Sahukar bears a good moral

character and is eligible to get the degree.

Professor A. Behera

Adviser
Department of Mathematics

National Institue of Technology
Rourkela (India) -769 008



ACKNOWLEDGEMENTS

First of all, I wish to acknowledge my sincere gratitude and gratefulness to my the-
sis adviser Professor A. Behera, Department of Mathematics, National Institute of
Technology, Rourkela, for his advice and constant inspirations throughout my review
work. His tireless working capacity, devotion towards have strongly motivated me
to write the review works in a clear manner. Apart from the academic support, his
friendly camaraderie even helps me to reach the divine feet of the almighty:.

I thank the Director, National Institute of Technology, Rourkela, for permitting
me to avail the necessary facilities of the Institute for the completion of this work.

Last but not the least I would like to express my sincere gratitude to my par-
ents, brother and my friends for their unwavering support and invariable source of

motivation without whom none of my success is possible.

Manasi Kumari Sahukar

M.Sc. Student in Mathematics
Roll No. 413MA2072

National Institute of Technology
Rourkela - 769 008 (India)



ABSTRACT

In this thesis we will have a study on homology theory of C'W- complexes with an
emphasis on finite-dimensional C'WW-complexes. We will first give a brief introduction
on basic definitions and basic preliminaries of topological space and definition of C'W-
complexes and brief discussion on some important keywords in CW-complexes. Then
certain definitions on singular homology theory of CWW-complexes will be discussed.
Then, we will give a brief discussion on axioms of homology theory for topological
spaces and axioms of homology theory for CW-complexes. Finally, we will discuss

Whitehead theorem and its proof.
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Chapter 1

INTRODUCTION

For homology theory the most tractable family of topological spaces seems to be
the family of CW-complex. A C'W-complex is made of basic building blocks called

cells.

In this dissertation,we have done a review of the homology theory and C'W-
complexes. For this study in Chapter 2, we have done the preliminary results of

topological spaces, Hausdorff spaces, continuous function and so on.

In chapter 3, we have recalled the definition of C'W-complexes. For this study
firstly we have gone through quotient space, adjuction spaces, pushout, attaching

maps. We have given vivid description of CW-complexes with examples.

In chapter 4, we have studied singular homology theory of topological spaces.For
this study first we interact free abelian group and an important concept from lin-
ear algebra, namely, affinely independent.This content is required to define standard
n-simplex. These seven homology theories are in algebric topology. The most im-
portant one is singular homology theory. This homology theory has been applied to
CW -complexes.



In chapter 5, we have shown that Singular homology theory of topological spaces
for C'W-complexes. The main purpose of this theorem is to study Whitehead Theo-

rem, which is the main intention of our work.

In all the result, definition and examples the appropriate reference have been added.
In case, In any event, if the appropriate reference is missing, then the author renders

her sincere apology for this.



Chapter 2

TOPOLOGICAL
PRELIMINARIES

In this chapter we recall the general topology, some definition and results. Some more
definitions and results are included in the relevant chapters which serve as the base
and background for the subsequent chapters and when required, we shall keep on

referring back to it. For further details,refer [4].

2.1. Topological spaces

A topology on a set X is a collection & of subsets of X have the following properties.
1. 0, X € 7.
2. The union of elements of any subcollection of 7 is in 7.
3. The intersection of elements of any finite subcollection of .7 is in 7.

A set X with a topology 7 is called a topological space(X,.7). If X is a topological
space with topology 7, a subset U of X is called an open set of X if U € 7.

Basis

If X is a set, a basis for a topology on X is a collection # of subsets of X such that



1. For each z € X,

there is at least one basis element B. containing x.

2. IfZEGBlmBQ,

then there exists a basis element Bj containing x such that By C By () Bs.

The topology generated by B is defined as follows: A subset U of X is said to be
open in X if for each x € U, there is a basis element B € B such that x € B and
BcU.

2.2. Types of topologies

There are some other topologies for a set X which are defined in the following.

1. Discrete topology : If X be any set, the collection of all subsets of X is called
as discete toplogy.

2. Indiscrete topology : Let X be any set, the set (), X is called trivial topology

or indiscrete topology .

3. Standard topology : The topology generated by B = {(a,b)|a,b € R,a < b}
is called standard topology on the real line.
4. Product Topology :Let X be defined as X := [][X;, then the Cartesian
iel
product of the topological spaces X;, ¢ € I, and the canonical projections
pi + X — X;, the product topology on X is defined to be the coarsest topology
(i.e. the topology with the fewest open sets) for which all the projections p; are

continuous.

5. Subspace topology : Let X be a topological space with topology .7 .If Y is
a subset of X, the collection % = {Y NU|U € Z} is a topology, called the
Subspace topology and Y is called as a Subspace of X.

2.3. Hausdorff space

Consider,the space R and R?, where all one point sets are closed. But if we consider
the topology on three point set {a, b, c},the point set {b} is not closed. Since neigh-

borhood of b intersecting both neighborhood of a and ¢ which are not in b. If we

9



consider z,, = b for all n, converges not only to the point b, but also to the point a
and to the point ¢ which misleading the conception that the properties of convergent
sequence in R and R?. Hence, a new topology arised to overcome the problems which

is discussed below.

Definition 2.3.1. A topological space X is called Hausdorff space if for each pair
x1, xo of distinct points of X, there exist neighborhoods Uy, Us of 1, x5 respectively.
In Hausdorff space X, every finite point set is closed and sequence of points of X

converges to at most one point of X.

2.4. Continuous function

Let function is defined between topological spaces X and Y as f: X — Y and 7
and .7 be the topologies on X and Y respectively. Then both are equivalent.

(a) f is called continuous if for every U € .7, 3 f~1(U) € 7

(b) f is continuous at x € X if for every neighborhood V of f(z) there exists a
neighborhood U of x such that f(U) C V.

Example 2.4.1. Let X be a non-empty set and let P, and P, be two partitions on
X and let T} and T5 be the two associated partition topologies on X. Let f: X — X
be the identity function f(z) = x whose domain is equipped with 77 and codomain
with T5. Then f is continuous if and only if every element in P, is a union of elements

from P;.
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Chapter 3

CW-COMPLEXES

The purpose of this chapter is to introduce the definition of C'W-complexes of an

arbitrary topological space.

3.1. Quotient space

Let (X,.7) be the topological space and ~ be an equivalent relation on X.Then
X/ ~= X* is the set of all equivalent classes in X, such that X* = {[z]|z € X} and
the function p : X — X* is called natural projection function defined as p(x) = [],
then 7% = {0 C X*|p~}(O) € T} is called as quotient topology and the mapping p

is called as quotient map and X* is called as quotient space.

Example 3.1.1. (Quotienting out by a subset). Let (X, Zx) be a topological space
and let A C X be a subset of X. Let Y be the set Y = (X — A) U {a} where a is
some abstract element not in X. Define the function p: X — Y by

{x, re X — A
m(x) =
a, € A

and note that it is surjective. The space (Y, Ix/-) is typically denoted by (X/A, Tx/a)
and referred to as the quotient of X by A. Note that it is the quotient space X /P4
associated to the partition Py = {A, {z}|z € X — A} of X.

11



3.2. Adjunction space

Let XY be Hausdorff spaces and A C X. Let g : A — Y. Define an equivalence

closed

relation ~on X [[Y asa ~ g(a),Va € Aand z ~ z, forall z € (X—A) J(Y —g(A)),
then X [[Y/ ~=Y |, X.

Example 3.2.1. Let X = D' ={z e R: |z| <1} =[-1,1], A={-1,1}, Y = {y}.
Define g: A — Y by g(—1) = g(1) = yo, then Y [J, X = gl

3.3. Pushout

A diagram consisting of two morphisms f: A — Band s: A — C

A—f>B
g

C
with a common domain is said to be a push-out diagram if and only if
1. the diagram can be completely be a commutative diagram.

f

A——B
g lu

2. for any commutative diagram, i.e., uf=vg there exist a unique morphism @ :

D — Z such that
f

A—-=B
g lu

N\
&
\
EN
t Z

such that u = s and v = t¢.



Proposition 3.3.1. If
X

X : Y,
N A

XIIY
and
Y : YU, X
XY
then the following are true.
1.i(X—-A) C YUQX.
open
2. (Y YU X.
]( ) clocsed Ug
. homeomorphism
i X—-—A: X - A YUgX.

onto its image

homeomorphism

=

jiY YU, X.

onto its tmage

5. X and Y are compact = Y ;X is compact.

3.4. Attaching maps

Let X = D" A = S"! Define g : S"°! =V, then Y|, D" is said to obtained
b attaching n-cells to Y. Then ¢g : S® ! — Y is called an attaching map and
f:(D™, 5" 1) = (Y e, Y) is called characteristic maps.

Example 3.4.1. Let X = D! = [-1,1], S = 8% = {—1,1}. Define g: S® — Y by
9(=1) =0,9(1) = y1, o # y1-

3.5. CW-complexes

A CW-complex X consists of

1. X is a Hausdorff topological space.

13



2. X has the structure of a cell complex.

(a) A cell complex on X is a collection {e? : a € J,, J, is an indexing set of

an non-negative integers } of subsets of X.

(b) {€Y, a € Jy, an indexing set of non-negative integers}, are called 0-cells.

{6[13, p € Jp, an indexing set of non-negative integers }, are called 1-cells.

{e},6 € J,, an indexing set of non-negative integers}, are called n-cells.

(c) XY is called as O-skeleton of X defined as the collection of all O-cells i.e.,
X0 ={e : a € Jy,an indexing set} X! is called as 1-skeleton of X,defined
as the collection of all 0-cells and 1-cells ie., X' = X°U{ej : § €

Ji,an indexing set of non-negative integers} : X™ is called as n-skeleton of
X defined as the collection of all O-cells and 1-cells and - - - n-cellsi.e., X" =
XOUXTU---UX"tU{er : § € J,,an indexing set of non-negative integers}

X)=Jel c X
subsapces
acdy

xX=UelJUUes c X

subsapces
acJy BseJy

xr=UalUe-UU

aeJy BeJ1 o€y
es C X
subsapces

Ue;CX

subsapces
acJ,

0<r<oo

14



U e, =X

a€cJ,
0<r<oco

e =el ﬂ | X" | = boundary ofé”

e #0=n=ma=p

x=J &

025 25
The map f : (D™, S"1) — (", é™) is surjective and maps D" —S"~1 = Dn
homeomorphically into e” — é" = é”
The cells €™ is compact and hence closed in X.
XcXtcXxX?c---cX"c---CX
X™ is discrete space.
X! is obtained from X° by attaching 1-cells by the characteristic map
f (D', 8% — (X% 1), X? is obtained from X! by attaching 2-cells by
the characteristic map f : (D? S') — (X', X%) --- X" is obtained from
X"~! by attaching n-cells by the characteristic map f : (D", S"!) —
(X1, x72)

3. Closure Finite Property : For each cell e ,its closure e” intersects only a
finite number of cells.

4. Weak Topology: A set B is open in X iff B(e? is open in e} for each n,a.

15



Chapter 4

SINGULAR HOMOLOGY
THEORY OF TOPOLOGICAL
SPACES

The purpose of this chapter is to introduce the singular homology theory of an arbi-
trary topological space. The essential computational tool is stated by following the
definitions and proof of homotopy invariance. The results discussed in this chapter
are applied to prove number of classical theorem : Whitehead theorem. For further
details, refer to [5] and [6].

4.1. Free abelian group

Let S be a non-empty set. Free abelian group generated by S is an abelian group

F(S) satisfying following properties.
e There exists a function i : S — F(S5)

e For any abelian group A and a function 5 : S — A. Then there exists a unique
homomorphism ¢ : F(S) — A such that j = i i.e., the following diagram

commutes.

16



This is called the universal property of F(S). The free abelian group is written
as (F(9),1) or simply F(S).

Proof. Let fun(S,Z) ={f:S — Z: f takes non-zero values only a finite subset of

S} and f,g € fun(S, Z) such that (f +g)(s) = f(s) + g(s),s € S (=f)(s) = = f(s)
0(s) =0 for alls € S. Then fun(S, Z) is an abelian group. Define a function s : S —
Z by the following.

s<x>=5w={ Cre
0, otherwise.
Let f € fun(S,Z) be arbitrary. Let f(s1) = n1,f(s2) = na,--,f(sk) = ng, where
S1,82,...,8 € S. Clearly f = nys; + ngsy + - -+ + ngs, Define a function 7 : § —
fun(S,Z) by i(s) = s,for alls € S. Let A be any abelian group and j : S — A be
any function.
Define a function ¢ : fun(S,Z) — A by o(f) = n1j(s1) + n2j(s2) + -+ + ngj(sk)
Thus the diagram

—! Fun(S,Z)

S
jt s
A%

commutes and ¢ is unique.

4.2. Affinely independent

A subset S C R” is called affinely independent if and only if for every finite subset
50,81, ---,8k C S, the objects s — sg, ..., Sk — So are linearly independent.

Proposition 4.2.1. Let S C R".the following are equivalent.
1. S is affinely independent

2. For every finite subset sg, s1,...,5: C S, Zf:o t;s; = 0 such that Zf:o t; =0,
that implies t; = 0 for each ¢

17



Proof. (1) = (2) Let so, s1,. ..,k C S, then by the definition of affinely independent,
Siotisi=0,31 ot =0

k k k k
0= thsz = Ztlsl — (Z ti)So = Z(Sl — 80>ti
i=0 i=0 i=0 i=1
Now since s; — Sg, ..., S, — Sg are L.I, we have s; = 0,2 =0,...,k. Hence so =0

(2) = (1) Let 50,51, .,5: C S, then S°F_ ¢;(s; — s0) = 0.
k k
0= Z Ci(Si — 50) = Zcisi + <— Z Ci>50
=0 =0 =1

Let tyg = — Zle citi =¢;,1=1,..., k. Hence Zf:o tis; =0, Zf:o t; =0. Thust; =0
for each 7 and ¢; = 0 for each ¢ O

4.3. Standard n-simplex

Let R® = {z = (2;)2, : x; € R, with only a finite number of non-zero entries } i.e.,

en ={0,0,...,1,0,...}, 0 ={1,0,...}, e = {0,1,0...} and so on. Then the convex

set generated by {eg, €1,...,e,} is called as standard n-simplex and denoted by A,
i.e., Ag = ey Let Ay be the convex set generated by {eg,e1} = {to(1,0,...) +

t1(0,1,0,...)} for each to,t; € I such that to+t; = 1. Thus A; = {(to,t1,0,---) :

tot1 € I tg+1, =1}

Properties of A,

e A, is path connected(hence connected).
e A, is compact.

e the set of vertices eg, eq, ..., e, is affinely independent.

18



4.4. Face maps

For 0 <14 < n, define 9!, : A,,_; — A, by

, €k, k <
a;<ek>:{ :

(M + 1, k Z 7.
Since A,,_; is the convex set generated by eg,eq,...,e,_1, each z € A,_; can be
written as @ = Y p_o tger, Oh(z) = S p_gdi(er) Forn =19 : Ag — Ay,i = 0,1,

8?,8% : AO — Al, 8?(€0> = 618%(61) = €y. For n = 2 (95 : Al — Az,i = 0,1,2,
83,8%,8% : Al — AQ, 63(60) = 617821(61) = €9, 821(60) = 60,821(61) = é9, 8%(60) =

€0, 83(61) = €1.

4.5. Singular n-simplex

Let X be a topological space, then the map o,, : A,, — X is called a singular n-simplex
of X and S, (X) is called as free abelian group generated by singular n-simplices o,
and the element of S, (X) is called an n-chain of X.

For n > 0 and for an n-chain ¢ € S,,(X), let
C=MN101] + Noog + ...+ Npog
Then for i = 0,1,...,n, 0 09’ is a singular (n-1)-simplex.

Define
dy 2 Sp(X) — Sp1(X)

such that

dn(0) = (~=1)"c o 0.

=0

Proposition 4.5.1. For a singular n-simplex o in X, d? = 0.

19



Proposition 4.5.2. Let

Sp(X) = 5, 1 (X) 2225, 5(X)

We prove that d,,_1d,, = 0.

Proof.

n

dp_1dn(0) = dp_y Z(—l)jaoaﬂ;

Jj=0

Jj=0
n n—1
— J i J i
- (_1) (_1) g o 8n © an—l
7=0 =0
n n—1
= (=)Mo o & o O
7=0 =0
= (=)o 0 &) o O E
0<i<j<n 0<j<i<n—1
= E (=)o 0 8 o0 |+ E
0<i<j<n—1 0<5<i<n—1

Leti=7 and j—1=14

dordalo) = 3~ Moo g0t S

0<j/<i'<n—1 0<j<i<n—1

+ Z (_1)i/+j’+10. o 8{; o az Z

0<j'<i'<n—1 0<j<i<n-—1

=0

20
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4.6. Singular homology

The chain complex is defined as

dn—1

e S (X) P 5,(X) 2 Sy (X) T e 5 (X)

Definition 4.6.1. Group of n-cycles is defined as

Zn(X) = ker(d,)
={o € S,.(X) :d,(0) =0}

Definition 4.6.2. Group of n-boundaries is defined as

={dp1(0) : 0 € Sp1(X)}

Proposition 4.6.3.
Bn(X) C Z,(X)

Proof. Since

dy
e SO

(X)——0

[]

Let f: X — Y, then there exists an induced homomorphism f; : S.(X) — S.(Y)

such that fy(o0) = foo: A, — X — Y.

Proposition 4.6.4.

1. If Ix : X — X then there exists a induced homomorphism [y; :

Sn(X) called as identity homomorphism.

Sp(X) —

22 If f: X =Y and g: Y — Z then there exists f; : 5,(X) — S,(Y) and

g5 : Sn(Y) = Su(Z) jsuch that (g o f)y=gs o fy

21



Proof. (1) Ix:(0) = Ix o 0 = 0. Since o is arbitrary,/x: is a identity homomorphism.

(2)

(go flilo) =lgfo]
= gi(fo)
= gy o fi(o)

Since o is arbitrary,this implies (g o f); = (9)s © (f); O

4.7. Mapping cylinder

Let f : X — Y be a map of spaces. Then the mapping cylinder My is obtained
by gluing a cylinder X % I on Y by identifying points (x, 1) equivalent to f(x)and is
defined by the following pushout:

l.e

22



Chapter 5

SINGULAR HOMOLOGY
THEORY FOR CW-COMPLEXES

5.1. Homology theory for topological space

By a homology theory ¢ on ¢, H be a function assign to each topological space
(X, A) in a catagory € .For each integer ¢, an abelian group there exists a q-dimensional
homology group H,(X,A) of topological pair (X, A). = is assigned to each map
f:(X,A) = (Y,B)in C as f. : H(X,A) - H,(Y, B) called as the homomorphism
induced by the map f in the homology theory 7.
Let

0=0(X,A,q) : H(X,A) — H,1(A)

be the boundary operator on the group H,(X, A) in ‘H
(a) Axiom-1: Commutativity axiom
If f:(X,A) — (Y,B) and g : A — B such that f(x) = g(x) Vo € A, then
dof. =g, 00 ie.
H,(X, A) ="~ H,(Y, B)
al ja

Hy1(A) == Ho-1(B)

g *

(b)Axiom-2: Homotopy axiom
If f,g:(X,A) — (Y, B) such that f ~ g, then there exist induced homomorphisms
fes gs - H(X, A) — H,(Y, B) such that f. = g..

23



Proof. To show f, = g,, it is sufficient to show that : f;, g; : S(X) — S(Y) are chain
homotopic i.e. there exists 77 : S(X) — S(Y) such that 0Tt + 710 = f; — g
f =~ g implies that there exists a homotopy

F:(XxI,AxI)— (Y,B)

such that
F(z,0) = f(z), F(z,1) = g(z) Vo € X
Define
go,q1: (X, A) = (X« [, Ax1I)
by
go(z) = (2,0), g1 (x) = (v,1)Vx € X
(Y, B)
/ A \
Fl
|
(X, A) = (X [,AxT) =— (X, A)
such that
f=Fogq
g=Foq
Let

Gogs G S(X) = S(X = 1)
such that there exists a homomorphism
T:5X)—S(X 1)

which satisfy the following.
That implies
= Fﬂ(ﬁT + T(?) = Fﬁ(goﬁ — glﬂ)

= [4(0T) + Fy(T0) = Fi(goz) — Fygus
= 0(Fyr + (FBT)0 = f; — g

24



Then
KT : S(X)— S(Y)

is chain homotopy between f; and g;.

Let

Tn € Sp(A)
For any

on: A, =X

oy 0 Sn(Ay) = Sp(X)

such that

oy(1n) = 0.
Define

for all X, n > 0 and ¢ < n such that

Assume that for any
h: X —>W

Si(X) —X- S,(X % 1)

hul L(h*l)u

Si(W) T i1 (W 1)
commutes for all i <n
Tx(0) =Tx(oy(1y)) = (0 % )3(Ta,(70))

So to define T it is sufficient to define Ta, on S, (A,).
Let d be the singular n-simplex on A,,.
Let

¢ = goy(d) — guy(d) — T, (94).

25



Then

dc = 8goﬁ(d) — 8glﬁ(d) — 6TAn (8(1)
= go3(0d) — g13(9d) — (goy(0d) — g13(9d) — Ta,,0(0d))
—0

Thus ¢ is a cycle of dimension n in the convex set o, % I. Hence ¢ is the boundary.
Let b € Sp41(A,, * I) with
ob=c

Define
Ta,(d) =10

OT(d) +T0 = gog(d) — gr3(d)

By definition for Tx on n-chains of X
OT'x +Tx0 = goz — g1z

9ot () = gozoy(7a) = (0 * I)3g04(70)

and similarly

911(0) = 91304(7a) = (0 % 1)3914(7n)

now

0T (d) + T0(d) = 0T oy(1,,) + TOoy(T,)
= 0(o * 1)1 (1) + 0(0)T(10)
= (0% 1)30T (1) + (0 * 1)yT0(7y,)
= (0% D)g(g05 () — g15(7n))
= 90s(9) — 913(0)

(¢c)Axiom-3: Composition axiom
If

26



,then
g0 fx

H,(Y, B) ——= H,(2,0)

HQ(Xv A)
Proof. Let f:(X,A) —» (Y,B) and g : (Y, B) — (Z,C), then for any [z] € H,(X, A)

)

(g0 f)ulz] =[(g 0 f)s(2)]
= [g:/:(2)]
= g+[f¢(2)]
= 9. ful2]

Since [z] is arbitrary, (fg). = f.g. for all [z] € h, (X, A). O

(d)Axiom-4: Excision axiom
U be a open set of a topological space X such that U ¢ U € A° ¢ A C X and
e: (X\U, A\U) = (X, A), then e, : H,(X\U, A\U) = H,(X, A)(isomorphic), where

e is called as excision of U and e,, is ¢ -dimensional excision isomorphism.

Proof. Refer to Theorem 2.20 in [1] H

(e) Axiom-5: Exactness axiom
Ifi:A— X and j: X < (X, A), then

s Hy1 (A) = Hy1 (X) 2 Hy(X, A) &
is exact.i.e.
1. im(i,) C ker(j.)
2. im(j.) C ker(0)
3. im(0) C ker(i,)
4. ker(j.) C im(i.)
5. ker(d) C im(j,)

6. ker(i.) C im(0)
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Proof. of (1) Let

= Hyp1 (A) = Hyp1 (X) = Hy(X, A) -+

Let v be any element of H,,(X) in the image Im(i,) of the induced homomorphism
i.. Then, by definition of I'm(i,), there exists an element § € H, (A) with

i(8) = «

Consider a singular cycle
z€ B CCy(A)

By the definition of i,,
(Cr(1)](2) € a C Cp(X)

. Then by definition of j,, we have
Co()[Cnli)(2)] € ji(a) C Cu(X, A)

Now,since

Cu(i) : Cp(A) = Ch(X)
is obviously the inclusion homomorphism and
Colj) : CulX) = Cul(X, A)
is obviously the natural projection, it follows that
Cu(D[Cn(1)(2)] = 0 € Cu(X, A)

This implies
J«(a) =0€ H,(X, A)

This implies
a € ker(j,)

Since « is arbitrary element of I'm(i,),this proves (1) O
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Proof. of (2) Since
o Hya (A) = Hypo (X) == Hy(X, ) ©—

Let a be any element of H, (X, A) in the image Im(i,) of the induced homomorphism
i.. Then by definition of I'm(j,), there exists an element § € H, (X) with

J(8) = @

Consider a singular cycle

z€ b CCu(X)

By the definition of j,,
Ch(j)(2)] € a C Ch(X, A)

Then by definition of j,,we have
Co()[Cn(i)(2)] € ji(a) C Cu(X, A)

Since C,(j) is the natural projection of C,(X) onto C, (X, A),it follows from the

definition of boundary operator
0:Hy(X,A) — H,(A)

that we have

d(z) € 0(a) C Cp,_1(A)
Since z € Z,(X),we have d(z) = 0.This implies

J(a)=0¢€ H,_1(A)

Hence
a € ker(0)

Since « is arbitrary element of I'm(j,),this proves (2) ]

Proof. of (3) Since

r1(A) = Hypt (X) —2= Hy(X, A) 2
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Let a be any element of H,_1(A) in the image Im(0) of the boundary operator 0.
Then by definition of I'm(0), there exists an element 5 € H, (X, A) with

9(p) = a

Consider a singular cycle
z€p CCL(X,A)

Now,since

Cn(j) : Cr(X) = Ch(X, A)
is an epimorphism, there exists u € C,,(X) such that
Cn(J)(u) = 2
By the definition of the boundary operator 0,
d(u) € a C Cp—1(A)

From the definition of i,

Since d(u) € B,_1(X),this implies
iv(a)=0€ H, 1(X)
Hence « € ker(i,) Since « is arbitrary element of I'm(0),this proves (3) O
Proof. of (4) Since
o Hyp1(A) = Hya (X) == Hy(X, A) & -

Let a be any element of H,(X) in the ker Ker(j.) of the induced homomorphism
J«-Consider a singular cycle
z€aCCy(X)

Since j.(a) = 0, we have

Cn(5)(2) € Bu(X, A)
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Hence there exists y € C,,11(X, A) such that

On1(y) = Cn(A)(2)

Since

Crt1(J) 1 Coia(X) = Cria (X, A)

is an epimorphism,there exists = € C,,11(X) such that

Then we have

This implies
z—0(z) € Ch(A)

Since d[z — d(x)] = d(z) — 9*(x) = 0,we have
z—0(x) € Z,(A)

Let 8 € H,(A) which contains the singular cycle z — d(z). Since z € o and 9(x) €
B,(X),
z—0(z) € a C Ch(X,G)

.This implies

i(0) = «
Hence
a € im(iy)
Since « is arbitrary element of Ker(j,),this proves (4) O

Proof. of (5) Since
v Hyp(A) == Hya(X) == Hy(X, 4) 2o

Let « be any element of H,(X,A) in the ker Ker(d) of the boundary operator
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0.Consider a singular cycle
z€aCCy(X,A)

Since,

Cn(j) : Cr(X) = Ch(X, A)
is an epimorphism,there exists u € C,(X) such that
Cn(4)(u) = 2
By definition of boundary operator 0,
Op € Op(a) C Cy_1(A)

Since

On(a) =0 € Hy_y(A)

there exists v € C,,(A) such that

This implies
y € Zn(X)

Let 5 € H,(X) which contains the singular cycle y. Since v € C,,(A) ,we have

This implies
Hence

a € im(j.)

Since « is arbitrary element of Ker(0),this proves (5)
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Proof. of (6) Since

= Hyp1 (A) = Hyp1 (X) = Hy(X, A) -+

Let a € ker(i.).Choose a singular cycle
z e o C On,1<14>

Since i, () = 0 there exists u € C,,(X) such that

Let

then

9(y) = O[Cn(j)(u)] = Coa[0(w)] = Coa (5)(2)

This implies
y € Z, (X, A)

Let 8 € H,(X, A) which contains the singular cycle y.Since
Cn()(u) =y
it follows from the definition of (/) we have
z=0(u) € 0(B) C Ch_1(A)

This implies
9(p) = a

Hence
a € im(0)

Since « is arbitrary element of Ker(0),this proves (5)
For further details,refer theorem 7.1 of [2]
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(f) Axiom-6: Dimension axiom

If H,(A) be a q dimensional homology group of a singleton spaceA,then H,(A) = 0
YV q#0.

Proof. Let the chain homotopy be

e gy ({6)) 255 H ({0]) e o Hy({5}) =2 Hy ({%}) —= Ho({})

and
dn 1 n
Oy M0, 1 Cy —>Cy —=Cy—=0
Let
on s Ay — {x}
such that

n

Z(—l)’bnai

0, n odd;
On_1, 0 even.

.
s
Q
N
Il

This implies
H,({x}) = Ker(d,)/Im(dn+1)
] 0 n even;
B C,/C, =0, nodd.

Hence H,({x}) =0 O

5.2. Homology theory for C'W-complexes

For each non-empty C'W pair (X, A), there exists a sequence of abelian group h,, (X, A).
If f:(X,A) = (Y,B), then f, : h,(X,A) — h,(Y, B) is called as a sequence of in-
duced homomorphism and the function defined on h,(X, A),d(n, X, A) : h, (X, A) —
hn—1(A) is called as boundary operator and any CW pair (X, A) the following axioms
are satisfied.

(a) Axiom-1: Identity axiom
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If Id: (X,A) — (X, A), then there exists a induced homomorphism Id, : h,(X, A) —
hn(X, A) such that Id, = Id.

Proof. Suppose [z] € h, (X, A).

Then Id.[z] = [Idy(2)] = [z] Since [z] is arbitrary, Id, = Id for all elements in
ha(X, A). O
(b)Axiom-2: Composition axiom

If

gof

X ; Y 7 A

,then

g*Of*

(X, 4) =T 7, B]==—==1,(Z.C)

Proof. Refer to Axiom-4 of 5.1. m

(c) Axiom-3: Homotopy axiom
If feg: (X, A) — (Y, B) ,then f, = g.: hy(X, A) — hy(Y, B)

Proof. Refer to axiom-2 of 5.1. [

(d) Axiom-4: Commutativity axiom
If f:(X,A) — (Y,B) and g : A — B are such that f(z) = g(z) Vx € A, then
dof. = g.00 i.e.
hy(X, A) L= b, (Y, B)
aj La

he-1(A) =5 ha1 (B)

g *

(e) Axiom-5: Exactness axiom
Ifi:A— X and j: X < (X, A), then

o g1 (A) = By (X) 2 By (X, A) s

18 exact.

Proof. Refer to Axiom-4 of 5.1. m
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(f) axiom-6 :

For a wedge sum X =\/ X, with inclusions
lo : Xo = X,

the direct sum map @@, ias : D, In(Xa) = hn(X) is an isomorphism for each n.
(9). Axiom-7: Dimension axiom

For a single point space {*},the n dimensional homology group h,,({*}) = 0 for n # 0.
Proof. Refer to Axiom-5 of 5.1. O

Definition 5.2.1. A pair (X, A) is 0-connected if every path component of X meets
A i.e. path connected.

Definition 5.2.2. A pair (X, A) is called as n-connected iff
1. (X, A) is 0-conneted.
2. m(X,Aa)=0foralll <r<nforalaecA

Proposition 5.2.3. For any pair (X, A) is n-connected, n > 0 iff there exists a
function i, : m.(A, xg) — m.(X, zo)

1. bijective for r <n
2. surjective for r =n for all zp € A

Definition 5.2.3 . f is called as n-equivalence if and only if (M}, X) is n-connected.

5.3. Whitehead Theorem

Theorem 5.3.1. If (X, A) is an (n-1)-connected pair, forn > 2 and A is 1-connected,
then
h:my(X, A o) = Hy(X, A, 2)

s an isomorphism for ¢ < n and epimorphism for ¢ =n + 1.

Theorem 5.3.2 .Whitehead Theorem
Let f: X =Y be a map of spaces which are 0-connected (path connected). Then the

followings are true.
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1. If f is an n-equivalence (n = inf allowed) then f, : Hy(X,Z) — H,(Y,Z) is

an isomorphism for g < n and epimorphism for q = n.

2. If X,Y are 1-connected and f, : H(X,Z) — H,(Y, Z) is an isomorphism for

q < n and epimorphism for ¢ =n then f is an n-equivalence.

Proof. (1) By the definition of n-equivalence, f is an n-equivalence if and only if

(Mg, X) is n-connected. Since

e H(X, 2) L B (Y, Z) —= Hoy (M, X Z) 2= Ho (X, Z) s

is exact.
This implies f, : f[q(X AR f[q(Y, Z) is an isomorphism for ¢ < n and epimorphism
for ¢ = n iff

H,(M;, X,Z) =0, forall ¢ <n.

Suppose f is a n-equivalence. Then 7,(My, X, ) = Ofor allg < n. By theorem 5.3.1,

since there exists a function such that
h:mg(Mp, X, %) — Hy(My, X, Z)
is an isomorphism, H,(My, X,Z) =0 ,for allg <n

(2) If
H,(M;, X,Z)=0forall ¢ <n

and X, Y are 1-connected this implies (My, X) is 1-connected. For n = 2, by theorem
5.3.1,
h:mo(My, X, %) = Ho(My, X; Z)

is an isomorphism.

If n > 2, then (M, X) is 2-connected. If we continue by using mathematical

induction, we find (M, X) is n-connected i.e.f is n-equivalence. O
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