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ABSTRACT

In this research project paper, I introduce some basic idea of Variational iteration
method and its algorithm to solve the equations ODE & PDE, fractional differential
equation, fractal differential equation and differential-difference equations. Also, some
linear and nonlinear differential equations like Burger’s equation, Fisher’s equation,
Wave equation and Schrodinger equation are solved by using Variational iteration
method. Then I compare this method with Adomian decomposition method (ADM) and
modified Variational iteration method (MVIM). The advantage of VIM, it does not
require a small parameter in an equation as perturbation technique needs. The VIM is
used to solve effectively, easily, and accurately a large class of non-linear problems with
approximations which converge rapidly to accurate solutions. For linear problems, its
exact solution can be obtained by only one iteration step due to the fact that the
Lagrange multiplier can be exactly identified.

KYE WORDS- Variational iteration method, Adomian decomposition method, Modified
variational iteration method, Lagrange multiplier, Stationary condition, Restricted
variation, Correction functional, Burger’s equation, Fisher’s equation, Schrodinger’s
equation, Wave equation and KDV equation.
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CHAPTER-1

INTRODUCTION

The Variational Iteration Method (VIM) was first developed by Chinese
mathematician Ji-Huan He, professor at Donghua University. The VIM was initially
proposed toward the end of the most recent century and completely grew in 2006 and
2007.

The method VIM is used to solve effectively, easily, and accurately a large class
of non-linear problems with approximations, which converge rapidly to the accurate
solutions. For linear problems, its exact solution can be obtained by only one iteration
step due to the fact that the Lagrange multiplier can be exactly identified.

This method VIM introduces a reliable and efficient process for a wide variety of
scientific and engineering applications like linear or nonlinear, homogeneous or
inhomogeneous, equations and systems of equations etc. Also this method is more
powerful than other existing techniques, such as the Adomian method, perturbation
method etc. This method gives rapidly convergent successive approximations of the
exact solution if such a solution exists, otherwise a few approximations can be used for
numerical purpose. The existing numerical techniques suffer from the restrictive
assumptions that are used to handle nonlinear terms. The VIM has no specific
requirements, such as linearization, small parameters, Adomian polynomials etc. for
nonlinear operators. Another important advantage of VIM method is capable of greatly
reducing the size of calculation while still maintaining high accuracy of numerical
solution. Moreover, the power of the method gives it a wider applicability in handling a
huge number of analytical and numerical applications in real life problems.

Recently, fractional-order calculus has been studied as an alternative calculus
in mathematics. Numerous problems in physics, chemistry, biology, and engineering can
be modelled with fractional derivatives. On the other hand, in control society, fractional-
order dynamic systems and controls have gained an increasing attention, and also
motion of an elastic column fixed at one end loaded at the other can be formulated in
terms of a system of fractional differential equations. Since most fractional differential
equations do not have exact analytic solutions, approximate and numerical techniques,
therefore, are used extensively.

The variational iteration method (VIM) is relatively new approaches to provide
approximate solutions to linear and nonlinear problems. The variational iteration
method, (VIM) was successfully applied to find the solutions of several classes of
variational problems.
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The VIM is an iterative method based on the use of Lagrange multiplier,
restricted variations and correction functional which has found a wide application for
the solution of nonlinear ordinary and partial differential equations. This method does
not require the presence of small parameters in the differential equation, and provides
the solution (or an approximation to it) as a sequence of iterates. The method does not
require that the nonlinearities be differentiable with respect to the dependent variable
and its derivatives. Being different from the other non-linear analytical methods, such
as perturbation methods, this method does not depend on small parameters and initial
gauss can easily chosen even also with unknown parameters so it gives a wide
application in non-linear problems without linearization or small perturbations.

1.1. General Lagrange multiplier

Lagrange multiplier is well known in optimization and calculus of variations.
Inokuti et al. suggested a method of General Lagrange multiplier [15]. In order to
understand the concept of the general Lagrange multiplier, we consider an algebraic
equation

f(x=0), X €R (D
If “x,”is an approximate root of the above equation, it follows

flxn) #0 2
Now to improve its accuracy, we can write the following correction equation

Xn1 = Xn + Af (Xn) 3)

Where A is a general Lagrange multiplier, which can be identified optimally by setting

dXn+1 _ @)

dxn

Thenwe have, 1+ Af'(x,) =0 = A1=1/f"(x,)
This leads to the well-known Newton iteration formula

f(xn)
xn+1 = xn - f(xn) (5)

There are alternative approaches to construction of correction equation. Now we write
an another correction for x, as follows

Xns1 = Xn + A9 () f (%) (6)
Here g(x) is an auxiliary function. After identification of the multiplier, we have a

general iteration formulation
9(xn)f (xXn)
X = Xn — 7
LT gGaf () +g” e f (o) 7
The value of the auxiliary function should not be zero or small value during the all
iteration steps, so|g(x,)| > 1, if we choose g(x,) = e " then the iteration
formulation, Eq. (7), reduces to

_ _ f(xn)
1 = Xn T e ar Gon) ®

This iteration formulation is very effective when f'x,, is small.
To show this we can consider the following example i.e. consider the equation
sinx =0 9
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If we begin with x, = 1.6 the Newton iteration is not valid for cos 1.6 is a small value.
The below table shows the iteration procedure, the nearest solution near x, = 1.6 is
X =T

-
}

Iteration x{x=1) x(x=2 x () =097

o 1.6 L6 1.6

1 257 2.09 2.60
2 2.96 248 198
3 312 2.78 312
4 ERE 2.99 314

We also obtained some iteration formulae by General Lagrange multiplier

_ _ f(xn) _ f”(xn)fz (xn)
bt T TGy T 2 ) (10
o fOm) e | U ) ) =3 ) £ e 1f3 G
i1 =X T e 2 2f7 (xn) (a1

If Eq. (1) is replaced by differential equation, then a correctional functional similar to
Eq. (3) can be established.

1.2. Stationary conditions

The problem of optimization is ubiquitous in nature. The simplest problem of the
calculus of variation [7] is to determine a function y = f(x) for which the given
functional

J =[P FO50dx + g1 ()Y limx, = 92(0Yl=s, (12)
is a maximum or a minimum.
The extremum condition (stationary condition) of the functional (12) requires that

6] 5f F(yry x)dx + gl(x)ylx =Xq1 gz(x)y|x=x2
= [ 6F (0,53 0)dx + g1 ()Y |xmz, = 92 (XY lx=x,

_f;:{ &y +d ,6y}dx+g16y|x =x; — 920V |x=x,

= [ {56y + 252 (89)} dx + 16V lxms, — 926Y1x=x,
= [{[E - (50)] 0y + 5 (55 69)} dx + 9167 1ems, — 926V s,
= f,fl{ v —( )| sy} dx + [ 69|22 + 916V lxmr, — 928V ]xmx,

For arbitrary &y, from the above relation, we have
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Z—i—:—x(%) =0 (13)

And the boundary conditions

dF dF
d_y,(x1) —g1(x1) =0 and d_y,(xz) —g2(x2) =0 (14)
Where Eq. (13) is called Euler-Lagrange’s differential equation, or Euler’s equation, and

Eq. (14) is known as the natural boundary conditions.

1.3. Restricted variation

To show how restricted variation works in Variational iteration method, let
we consider a simple algebraic equation.

x2=3x+2=0 (15)
Now we rewrite Eq.(15) in the form
Xx—3x+2=0 (16)

Where X is called restricted variable, the value of ¥ is assumed to be known i.e initial
guess solving x from (16) leads to result

2
X =— 17
3-% a7
Or an iteration of the form
Xy = =2 (18)
n+1 3—x,
This method is often very efficient for good prediction, shown in the below table.
Iteration Eq. (1E) Newton iteration formulation
0 0.5 05
| (1] 0875
2 0,909 0987
3 0.956 0999
4 0.978 (L]
5 (L9809 1000
6 0,994 1 060

0.997 1.000
0.998 1.000
0.999 1.000

L=1 -]

In variational iteration method, initial guess is always chosen with a possible
unknown parameter, one iteration leads to highly accurate solutions. So we can
illustrate the effectiveness of free parameter in the above example. Now introducing a
free parameter in the initial prediction

Xo = 0.5+ b, (19)
Here bis a small parameter which to be determined. Now we substituted (19) into (18),

2 2 2 1
= e s s T )~ 08 (1+5-b) +0(b?) = 08+032b+0(b?) (20)
: 2.5 '
Now to identified the value of b we set x, = x; (21)
Or 08 + 032b = 05+ b (22)
From the above relation we can idenified immideately that
b = 0.4412 (23)
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So the updated approximated rootis x; = 0.9412

Now consider the restricted variation in a variational functional. Consider temperature
distribution in convective straight fins with temperature-dependent thermal
conductivity, the dimensionless governing equation is

d do ,
Lla+pn]-vio=0 60 =0 61)=1. (24)
Here 6 is dimensionless temperature, f and y are constants.

So the use of the concept of restricted variation, an approximate variational functional
can be established as defined below

10) = f;{(1-p8) (52) + 6%} dx (25)

Where 8 is a restricted variation, i.e., 8 = 0.
So we can rewrite (24) in an iteration form

1 d0ni1\%
J i) = [y {1 = B0 (£22) 4+ 920,12} dx (26)
Now we begin with the initial guesses satisfying the boundary condition 8'(0) = 0 and
0p=1—a+ ax? (27)
Where ais the free parameter. Now we apply Ritz method to solving 64, the trial-
function for 61 is assumed to be have the form
6, =1—b+ bx? (28)
Where the unknown parameter b to be further determined. Substituting (27) into (25)
yields
J = J,{4(1+ B — a — ax?))b2x? + (1 — b + bx?)?}dx
= 3(1 +B(1—a))b? + gab2 +2(1— b2)+§b(1 — b)Y? + gbzlpz (29)
Now minimizing the functional, eq. (25), with respect to 6 is approximately equivalent
to minimizing the above function, eq. (28), with respect to b we have,
Z—{) =2(1+p(—@)b+2ab— 2?1 —b) +=(1 - 2b)Y? +=by? =0 (30)
We set 6, = 0, , then we can readily identified that,
_ —(204+20B+81?)+/(20+208+892)2+401p2(12—20p)

a= 24-408 )

NIT, Rourkela, Mathematics Dept. 2015 Page 10



CHAPTER-2

VARIATION ITERATION METHOD

2.1. Basicidea of VIM

In 1978, Inokuti et al. [15] proposed a general Lagrange multiplier method to
solve non-linear problems, which was first proposed to solve problems in quantum
mechanics. The main feature of the method is the solution of a mathematical problem
with linearization assumption is used as initial approximation or trial-function, and
then a more highly precise approximation at some special point can be obtained.

Let’s consider the following general non-linear system

Lu+ Nu = g(x), (31)
Where L is a linear operator and N is a non-linear operator.
Assuming uy(x) is the solution of Lu = 0. Now according to the Ref. [15], we can write
down an expression to correct the value of some special point, for example at x=1
Ueor(1) = uo(1) + [ A(Lug + Nuo — g)dx, (32)
Where A is General Lagrange multiplier [15], which can be identified optimally via
Variational theory and the second term on the right hand side is called the correction.

The author Ji-Huan He modified the above method into an iteration method in

the following ways
Up+1(X0) = Un (%) + f(jco/l(l'un + Nii, — g)dx, (33)
Where uy(x) is the initial approximation with possible unknowns, and i, is considered

as a restricted variation [3] i.e. §&in = 0. For arbitrary of xo, the Eq. (32) can be written
as follows

Uns1 (%) = U () + [ H{Lun(€) + Nity (§) — g(§)}dé, (34)
Eq. (34) is called a correctional functional. The above modified method is called
Variational iteration method or VIM.

2.2. Standard variational iteration algorithms

Here we have three standard variational iteration algorithms for solving
differential equations like integro-differential equations, fractional differential
equations, fractal differential equations, differential-difference equations and
fractional /fractal differential-difference equations are given below.

2.2.1. Variational Iteration Algorithm-I

Let us consider following general nonlinear system
Llu(®)]+ N[u(t)] =0 (35)
Where L is a linear operator and Nis a nonlinear operator.
The basic concept of the method is to construct a correction functional for the system
(35), i.e. we have
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41 (6) = U (8) + [, ALty (5) + Nitn ()} ds, (36)
Where A is a general Lagrange multiplier that can be identified optimally via variational
theory, u, is the nt"® approximate solution, and i, denotes a restricted variation, i.e.
6tin = 0.
Then after identifying the Lagrange multiplier in Eq. (36), we have the following
iteration algorithm
41 (6) = U (8) + [ ALty (5) + Nun(s)}ds, (37)

This can be easily understand by taking the following example

PROBLEM 1.
Let’s consider the following nonlinear equation of k-th order

u® + flu,u', v, .., u®) =0, (38)

Then variational iteration formulation is constructed as follows
t ~

un+1(t) = un(t) + fto A(un(k) + fn)ds, (39)

Where §fn=0, f, = f (upu'npu’y, ...). After identifying the multiplier, we have
t 1 -
U 1(8) = U (8) + (~ D" f}L === (5 = 0" [, (5 + fo] s, (40)

The main merit of this iteration formula is that the initial solution u,(t), can be freely
chosen, with even unknown parameters contained. However, some repeated and
unnecessary iterations are involved in this iteration algorithm at each step.

For initial value problems, we can begin with

U (£) = u(0) + tu' (0) + - t2u"(0) + - tu®(0) (41)

|
This leads to a series solution converging to the exact solution.
For boundary value problems, the initial guess can be expressed in the form
U (t) = a19:(t) + azg, () + - + argi (), (42)
Where g, (t) are known functions, agare unknowns which are determined by the
boundary conditions after a few iterations.

2.2.2 Variational Iteration Algorithm-II

After identifying the Lagrange multiplier A in Eq. (36), we can construct the
iteration formula

s (6) = o (£) + f, ANy (5)ds, (43)

This is the Variational iteration algorithm-II. For example 1 given above, Variational

iteration algorithm-II gives

Un1(8) = ug(t) + (=" [y =5, (s = )" fuds, (44)

Where u, must satisfy the initial or boundary conditions. This is the main
shortcoming of this algorithm.
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PROBLEM 2.
Let’s consider the following simple equation

u' +u? =0, u(0) = 1. (45)
Using a Lagrange multiplier A, we first construct an iteration formulation
t ’ ~
1 (8) = ug(0) + J§ A (Wa () + () ds, (46)
The Lagrange multiplier can easily identified i.e. A = —1 and Variational Iteration
Algorithm-I gives the following iteration formula
tr
Ups1 = Up — [ (U'n(s) + 1w, %(5))ds, (47)
Now Variational Iteration Algorithm-II gives
t
Upy1 = Up — fo unz(s)dsf (48)
If we begin with u, (t) = u(0) =1, we obtain a convergent series
up () =1
u =1—t+0(t?
u =1—t+t>+0(t3), (49)

2.2.3. Variational Iteration Algorithm-III

From Variational Iteration Algorithm-II, Eq. (43), we have
nsa(6) = o (1) + [ ANtyr (5)dls, (50)
Subtracting Eq.(50) from Eq.(43), we obtain the following Variational Iteration
Algorithm-III

Uns2(6) = Un i1 (O) + [) MNtp11(5) = Nun(s)}dls, (51)
One common property of both Variational Iteration Algorithm-I and Variational
Iteration Algorithm-III is the allowed dependence of the initial guess on unknown
parameters whose values could be identified by using the initial/boundary conditions
after a few iterations. Variational Iteration Algorithm-IIl, in particular, is highly suitable

for boundary value problems of high orders.

PROBLEM 3.
Let’s consider the following 4th-order differential equation
u® + fuu,u", v, u®) =0, (52)
Then we have the following algorithms are given below
Variational Iteration Algorithm-I

Unar (6) = U () + f, 3 (s = 03w, (5) + frdds, (53)
Variational Iteration Algorithm-II
U1 (8) = Uy (8) + [ = (s — ) frdls, (54)
Variational Iteration Algorithm-III
U1 (8) = U (8) + [ 2 (s = (= fr1)dls, (55)
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Here the initial guesses for Algorithm-I and Algorithm-IIl can be chosen to contain
unknown parameters such as

uo(t) = A+ Bt + Ct? + Dt3, (56)
Where 4, B, (; and D are unknowns to be determined. Algorithm-II is suitable for initial
value problems, and the initial solution is always chosen to be

u, (£) = u(0) + tu'(0) + %tzu”(O) + %t3u”’(0), (57)
PROBLEM 4.
We consider a fourth-order integro-differential equation [12]
yB(x) = x(1+ %) +3e* + y(x) — foxy(x)dx, (58)
Where the boundary conditions and initial conditions are given by
y(0) =1, yM=1+e y"(0)=2 y"(1) =3e. (59)
Now we introduce £(x) as
f(x) =x(1+€e")+3e* +y(x) - foxy(x)dx, (60)
Variational Iteration Algorithm-III for Eq. (58) is
Uns2(8) = Ui (8) + J; 2 (5 = 93 (fo — fren)dls, (61)
Where
fa(O) = (1 + %) +3e* + y,(0) — [ ya()dx, (62)
Now we begain with
yo(x) =1+ e*(a+ bx + cx* + dx?) (63)
And
Y1(8) = yo () + J; = (s = ) fods, (64)

The unknowns g, b, cand d can be identified after a few iterations by incorporating the
initial/boundary conditions. If / iterations are sufficient for instance, then from Eg.
(59), we have

yn(0) =1 (65)
yw(l)=1+e (66)
y'y(0) =2, (67)
y'y(1) =3e, (68)

The four unknowns can be determined from equations (65)-(68)

2.2.4 Variational Iteration Algorithms for Ordinary Differential Equations and Partial
Differential Equations

Here we summarized the variational iteration algorithms for some frequently
used differential equations. So we have

[u'+ fluu)y=0

a_(nD=u(n)—| (u + f)ds
| <0

Uy (O =up(0) = | f,ds

4, (D =u (0= (f,—f.)ds

(69)
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w'+au+ f(uu)=0
s =0~ [ £

i U, (1) =u0(1)—I;e”’”’f.ds

U, O =u )= [ O (f, - f,)ds
: (70)

u"+ fluu'w"y=0

um(l)=u,,('l)+_|-(:(5")(“:+f.)dS

;u,,,,(r)=u<,(r)+j'[:(5-1)f,ds

| ter (1) =U..(r)+.|'(:(s—r)(f. = fia)ds (71)

s 2
W'+o'u+ fluu u)y=0

| Y
u,.,(1) =u_(l)i—;.[u(u_' + (ozu_ + f,)sina{s—1)ds

P, l ‘
U (1) =u )+ —I f.sino(s—r)ds
@V

U, (1)=u1) —l.r(j; = fs)sine(s—r)ds
i w0

(72)
W' —tu+ fluu.u’)y=0

| . 2
s =, 0+ [ e~ + [ )ds

2a

. | I
m40=%m+L;;w””—f“)Lds

LD O S A
u,.,m=u.(r)+j,,§(e —-e™ ) f, - f)ds

(73)
u”+ fluu' w" u"y=0

. 0l
Uy 0) =, )= [ <

(s=1)’ (@l + f,)ds

’ 8| 2
U =y(0)= [ (s =17 f,ds

U, ()=u, (- [;%(S—!)z(f. = fu)ds
. $023 (74)

U+ fluu " u"uy=0

4y

: 1 .
aﬁ,(r)=u.u)+.[ag(s—!) (u,” + f)ds

. 9 |
um(r)=uu(1)+Jog(s-!)’fnds

uﬁ,(r)=u.m+f;%(s—r)’(f.—f.-l)ds
_ (75)
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u® + f ' e u™)=0

a1 20w
U () =1, (1) + (=1 | —— (=) 7@ + £ )ds
| Ok =1y

U (D) =uy ()= (=" | (s—1)7" f.ds

Ok-=1!

(U () =0, (D) + (1) .irj_;]"(.v—r)""‘u; - fua)ds
The initial guess can be chosen in the algorithms Eq. (71) are only used for nonlinear

oscillators, are
uy(t) = u(0)coswt + %u’(O)sina)t (77)
Where w is the frequency of the oscillator.
For example, we consider an oscillator of the form is

u'+ud=0, (78)
This can be rewritten in the form,
u’ +w?u+f =0, (79)

Where f = —w?u+ ud.
So the similar iteration algorithms can be constracted for partial differential equation
also. For example the partial differential equation is of the form
Liu+ Lyu+ L;u+ Nu=0, (80)
Where with respect to x, yand z Lq, L,and L, are the linear operators respectively
and Nis a nonlinear operator. Then according to VIM the correction functionals can be
constructed as follows

X
un+1/3 =Up + f A1{L1un(5'y' Z) + LZﬁn(S'y' Z) + L3ﬁn(SfY: Z) + Nﬁn(s,y, Z)}dS
0

y

Upy2/3 = Upy1y3 T f /11{L1ﬁn+1/3(5' Y,2) + LoUny1/3(5, Y, 2) + Lafingq/3(5,y,2) + Nty yq/3(5,y, 2)}ds
0

zZ
Upy1 = Upgzyz t+ f 11{L1ﬁn+2/3(5'y' z) + Lyfiny2/3(5,Y,2) + LaUny2/3(5,Y,2) + Nilpio /508, y, z)}ds
0

(81)
After the identification of Lagrange multipliers 1,,4, and A5 the variational iteration
algorithms (I, Il and III) can be easily constructed

PROBLEM 5.
Consider the following partial differential equation
%u(x,y) . 9%u(x,y) 3 .
dx2 + 9y?2 u?(x,y) = 0. (82)
Now we begin with
uo(x,y) = u(0,0) + xux (0,¥) + yuy (0,y) + yuy (x,0), (83)

Then the variational iteration algorithm can obtained as follows
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" 20 -2
culs.y) culs,y)
| ~ - + n 0 -

- y
U (xy)=u(x.y)+| (s—x) - —u (5,y):ds,
[/ <0 as oy :
| - -
: .x | éu, (s.y)
U (X V) =uy(x, ¥)+ | (s—1)————u,(s5.y);ds,
S
' ox [0%u (5¥) 4, du_,(sy)
U V=0, (x. ¥)+ | (5—1){———F——u, (5. y)|-———=——+u,ls.y):ds
| : z <0 ey : cy’

(84)
We can also convert the partial differential equations into ordinary differential

equations if only traveling wave solutions are sought. Applying the transformation

1 = x+ wy, we get the ODE,

(1 + w?) dZT“ —ud =0, (85)

dzu 1 3 _
d_nz - —(1+w2) u- = 0, (86)

With the initial conditionsare u(n) =Aandu(n) =B
Now we can construct the following iteration algorithms

d j“,‘ 5)

U (m=u )+ | (s—nX u.(s)ds,
J0

3 3

ds® 1+

- @

1 ¢n 3
“.,-x(’F'=“',~(f?.'—l—~|., (s—nu,(s)ds.
)"-‘.

| 7 3, 3
uﬁ_,(.»;n::lhmrn———,[' (s—n)u, (s)—u,_,(s))ds.
e O

(87)
So we can begin with
uo(n) = u(0) +nu'(0) = A+ Bn, (88)
Then we have a series of solution, which can be easily obtained

2.2.5 Variational Iteration Algorithms for Fractional Differential Equation

In recent decades there are a rapid development in the theory of the
fractional calculus and its applications, with fractional synchronization attracting
particular interest. Because of their exact description of many nonlinear phenomena
Fractional differential equations have received recently much more attention. The
variational iteration method is a greatly successful technique or method that was first
proposed in 1998 to solve fractional differential equations whose effectiveness and
accuracy was clearly discussed by Draganescu[6], Odibat and Momani[14] by applying it
in to some complex differential equations of fractional order.

Now let’s consider the fractional differential equation

D%
=t f=0, (89)

a

Here is called the Caputo’s fractional derivative that is widely used in the

literature and is defined as

DPu(t) 1 t um+ ()
DtP . T(m+i-p) fa o dt, m<p<m+l, (90)
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p called the order of the fractional derivative where p is some real number and /"
denotes the gamma function.
Now for this case, 0 < @ < 1, we can rewrite Eq. (89) in the following form

D%
E-l_ﬁ__-l_f 91)

And then the variational iteration algorlthms are given as follows

= D%u
u_ (ty=u(t)—| { L+ f)ds
a+l n _.“ l)’a jﬂ
e D%u,  du
MOETAGES N -
o D¢t dt
=k = '.,. - D°u, du, £ ‘D’u"_, du_, + £ Vs
e Dt d " Dt* d

(92)
And for the case 1 < a < 2, the above iteration formulas also valid. Now we can rewrite
Eq. (89) in the form
d’u D%  d?*u
dt2 t Dtx  dt2 +f=0 (93)
Then we have the following iteration formulae

a

P D . .
U )=u )+ | (s—t)—==+7,)ds
Dt
t 1 I( —ay e i, f.)d
u,(ty=u,lt)+| (s—1) ——=+ f )ds
: Dx®  dr?
[ D%, _d’u, D, A%y, |
m—u(n*l(v 1) d +f) - (———+f)ds

|. "D &* Dt a7V

(94)
When « is close to 1 then Eq. (92) batter and when a approaches to 2 then Eq. (94) is
batter. If N is natural number then we have general case, N < a < N+1 the iteration
formulas are as follows

| o, Dl
u, (1) =ut)+(- h‘| (s=1)"(—=+ [ )ds
| SN=-1)! Di®
| N 1 ‘ - Du, d%u, + £)d
U (y=u ) +i- s—1) T —=—-—==+f)ds
| ‘ ‘o (N —1)! Dt dr®
V- (=1)" ' (5 —f)¥! [ D%, d"u, LY Du_, d%u_, +f )b
u.m-uu— 5— =+ ) - - o) rds
| 43 a(N=1)! |" Dz de® e dr¥ : 95
: (95)
Or
W (ty=ult)+{- )ik
D"u, d™"'u
U (=u0)=(-1" |—u-r> ( o v f)ds
I D%, d“'u D% d¥u '
d_ (=u()+(-n"" =" (o - £y =L ____=1, r yidg
Tin " -lL N! |" D a"t " De® ™ fet))
_ : ' (96)

Here when « is close to N, then Eq. (95) is batter and when « is close to N+1 then Eq.
(96) is more effective.
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2.2.6 Variational Iteration Algorithms for Fractal Differential Equations

By the transformation of the standard integer dimensional space-time (x, £)
into a fractal space-time [4, 5], the fractal derivative is defined as follows

du(t) _ tim u(®)-u(s)
dtP = sot tD_sD

Here Dis the order of the fractal derivative. For example, consider the fractal derivative

(97)

relaxation equation [4]

S+Bu=0, 0<D<1, u(0)=1, (98)
The analytical solution of Eq. (98) is
u(t) = exp(—BtP), (99)
Now we write down a general fractal differential equation of the form
du
2D +f=0 (100)

and to convert Eq.(100) into an ordinary differential equation , we use the
transformation t? = x, we have

du
—t f=0 (101)

So the iteration algorithms proposed above can be directly applied is given by

x du 3
U (x)=u(x)- f (—+ f,)dx
0 dx
|
St (X)=uy(x) - |~| f.dx

U, (X)=uy(x)— ‘T (f.— f)jdx
“ . (102)
Or
un-:u”b=u,,nr”)—_|';p1 :1?;, + £ de
U (17)=uy (") - |] f,Dt" dr
lu"-,u” )=uy (1) - |, {f.— )} D™ dx.
| ‘ (103)
Let’s taking an another example i.e. consider the n‘"order fractal differential equation is
dNu
7D +f=0 (104)
That can be converted by the transformation  t? = xV (105)
in to the ordinary differential equation
dtu +f=0 (106)
atN

Then the Variational iteration algorithms are
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s X = (N -
U (X)=u,(x)+(-1)" L ' V_“,(.v—.\"l‘“ "W+ f,)ds
3 E I b Y P
Uy (X)=uy(x)+(-1) -'*'n’\"—l)!“ x)' 7 f,ds
U, (x)=u,(x)+(-1)" | e W7 = fua)ds.
> : (107)

2.2.7 Variational Iteration Algorithms for Differential-difference Equations

The another approach to the formulation of discontinuous problems is
differential-difference model which also attracted much attention due to its ability to
exactly describe many real life problems in engineering, nanotechnology etc. that can be
written in the general form

dkui
F + f(...,ui_l,ui,uiﬂ, ) =0 (108)

Then the Variational iteration algorithms are

A
» 1 - ’
)un_:m=umu‘n+(—l|‘g (s—0)* 7 (—2
) k-1 di

+f)ds

U (D =u )+ (s—1)"" f.ds
<1 3

(k-1)!

b'(s—t)"’c_f" — [l )ds.
(k-=1)! (109)

‘!

T ,
[ _ \ e
lu,,_,ﬂu—u]ﬁln»(—ln |

2.3 Physical understanding

Here physical understanding of fractional, fractal and differential-difference
equation are given.

2.3.1 For Fractional Calculus

Although the fractional calculus was first invented by Newton and Leibnitz over
three centuries ago, but it became a hot topic recently owing to the development of the
computer and also it gives the exact description of many real-life problems. To
understand the physical interpretation of the fractional calculus, let we begin with a
simple function

x = x? (110)
When x = x; and x = x, , then we have,
yi=x{ and y, =xj (111)
Therefore, we have the difference
Ay =y =y, = x§ —x5 = (1 — %) (X1 + %) = (21 + x)Ax (112)
Now in case x; = x, or Ax — 0, we have the differential,
dy = 2xdx (113)

The above derivation, however, is only valid for continuous functions. To show its
applications, we consider the action in String Theory,
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S=mc[ds (114)
Where mis the mass of a particle, cis the speed of light, and dsis the relativistic metric
that can be expressed in the form

ds = /At — dx? —dy? — dz? = ¢ |1 - % dt (115)

Substitution of Eq. (101) in Eq. (100) gives

S = [mc? /1—j—jdt (116)

From which equation of free motion can be obtained in the usual way

d mu

dat 2
/1—“—2dt
C

So the above derivation assumes that space and time are both continuous. Now
the distance between two points, for example, cannot be expressed in the form of Eq.
(115) in a discontinuous world (e.g., in the Julia set). Now consider a plane with fractal
structure (see Fig.1). The shortest path between two points is not a line and we have

dsp = kdsP (118)

Here dsg is the actual distance between two points (i.e. discontinuous line in
Fig.1), ds is the line distance between two points (continuous line in Fig.1), D is the
fractal dimension and kis a constant. Now the action in a discontinuous space-time can
therefore be written in the following form by using fractional calculus

S=mc [dsg = [mc*Pk (1 - Z—E)D/ZdtD (119)

Therefore the Fractional calculus is valid for discontinuous problems.

=0 (117)

Fig.1 The distance between two points in a discontinuous space time.

Let we consider a well-known predator-prey model (i.e. the Lotka-Volterra equation).
dx

-, = x(a—by), (120)
D _yc—dy), (121)

Here y is the number of predators (for example, wolves), x the number of its
prey (for example, rabbits) and a, b, ¢ and d are the parameters representing the
interaction of the two species. In general, the growth of the two populations is
discontinuous and a simple modification of the predator-prey model is to replace dy/dt
and dx/dt by fractional derivatives
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o =x(a—by) (122)
P2 = —y(c —dy) (123)

Dth
Where the populations of the predator and prey may be greatly affected by the

fractional orders, @ and f3.
2.3.2 For Fractal differential equation

In many applications the fractal derivative is simpler than fractional counterpart
and it is also valid for discontinuous cases. Now we can re-write Eq. (97) is in the form
du(t) _ 1 1jm u(A)—u(B)
atD  kA-B  g,-xp (124)
Here kis a constant and A4 and B are arbitrary points in discontinuous space or space-
time (as shown in Fig.2). (X, , Xp) are called the fractal coordinates and are defined by
Xy = k(%y — 0)° = k(%) (125)
Xp = k(g — 0)? = k(fB)D (126)
Here (x4, xg)the coordinates and D are is the fractional dimension in x-direction.
Substituting Eq. (125) and (126) into (124), we obtain
du() _ 1im _u(4)-u(B)
datP A-B (x)P-(xp)P’
]

(127)

O

Ffd

Fig. 2 A schematic diagram of distance between O and A (i.e. the fractal coordinate of A)
in a fractal space, D=In2/In3, while the fractional dimensions for the plane are In8/In3.

The fractal differential model is particularly suitable for describing the
discontinuous matter and which is the preferred model for describing flow or heat
conduction through porous media. For example, the principle of mass conservation can
be written in the form

3} d(pu) d(pw)

a_lz Ty, le ast
In the x, y, and z directions Di, [» and D5 are the fractal dimensions of porosity
respectively and k; (i = 1,2,3) are constants which are related to the fractal dimensions.
In particular, we can have k; = 1 when D; = 1. Similarly, for the momentum equation in
one-dimensional porous flow, can be written in the form

—+k kap+k (ka”), (129)

axD - oxP
Here D = 1,and k = 1, then Eq. (126) turns out to be the classical one.

d(pv)
oyD2

=0, (128)

+ k, + k3
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Now in porous media the one-dimensional heat conduction equation can be expressed
as

axP
Where p is the conduction coefficient and when D = 1 we havek = 1.
Also an oscillator is swinging in a porous medium can be described by fractal
differential equations. For example, the Duffing equation with fractal damp we have the

] oT
ks (ukas) =0 (130)

following equation

d?u ou 3 _
F+u+kuﬁ+su =0 (131)
By replacing d / dx in the classical approach by kd/dx", it is easy to establish fractal

differential equations for discontinuous media.
2.3.3 Physical understanding of Differential-difference equations

Recently the differential-difference model has achieve much attention
because of its ability to describe exactly many real-life problems in textile engineering,
nanotechnology, and stratified hydrostatic flows. This can batter understood by
considering the flow through a lattice where the conservation of mass requires

ap;
d_tl + Pi+1Ui+1 — Pi—1Ui-1 =0 (132)

Where p; and u; respectively are the gas density and velocity at the /th lattice point.

P My _ d P, PraiMisy 3
e — | i
Gas flow di Gas flow

(i-1)th lattice point i-th lattice point (i+1)th lattice point
Fig. 3 Conservation of mass
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CHAPTER-3

APPLICATIONS

This method is vastly applicable on higher order nonlinear equations. It has
many applications like Boundary Value Problems of various-orders, Boussinesq
Equations, Thomas-Fermi Model, Unsteady Flow of Gas through Porous Medium,
Boundary Layer Flows, Blasius Problem, Goursat Problems, Laplace ProblemsHeat and
Wave Like Models, Burger Equations, Couple Burger equations, Parabolic Equations,
KdVs of Third, Fourth and Seventh-orders, Evolution Equations, Higher-dimensional
IBVPS,Helmholtz Equations, Fisher’s Equations, Schrédinger Equations, Sine-Gordon
Equations, Telegraph Equations, Flierl Petviashivili Equations, Lane-Emden Equations,
Emden-Fowler Equations etc. Let’s discusses the some of following examples to
understand this method in a batter way.

3.1 Burger’s equation
Consider that the one-dimensional Burger’s equation, which has the form
U + UUy — VUy, = 0 (133)

_ atB+(B-a)exp(y)
u(x,0) = Trexp() , t=>0. (134)

Where y = (a/v)(x — A1) and the parameters a, 5,y and v are arbitrary constants
Now to solve Eq.(133) by means of VIM, let’s construct a correction functional as
follows

With initial condition

t - -
Un1 (X, 1) = Un(x,0) + [ Au, + uil, — vily,}dr, (135)

Where 61, is considered as a restricted variation Now making above correction

functional stationary, and noticing that §y(0) = 0, so its stationary conditions are obtained

as follows
2@ =, (136)
14+ A(1)|=¢ = 0. (137)
Where Eq. (136) is called Lagrange-Euler equation, and Eq. (136) natural boundary
condition. The Lagrange multiplier, therefore, can be identified as A = —1 and the
following Variational iteration formula can be obtained
un+1(x» 0) = un(x: 0) - fot[(ut)n T UplUpyx — vunxx]dT (138)

We start with an initial approximation u, = u(x,0) given by Eq. (134), by the
Variation iteration formula we can obtain directly the other components as

_ atf+(B-a)exp(y) | 2aBexp(y)
ul(x' t) - 1+exp(y) v[1+exp(y)]?2 (139)
_ atf+(B-a)exp(y) | 2aB’exp(y) a®pZexp(y)[-1+exp(y)] . »
u2 (6 6) = 1+exp(y) v[1+exp(y)]? vZ[1+exp(y)]3 (140)
402 _ 2
us(x,t) = uy + & Brexp()[1-4exp()+exp()?] 5 (141)

3v3[1+exp(y)]*
and so on.
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And in the same manner the rest of components of the iteration formula (138) were

obtained using the Maple Package. The solution of u(x, t) in a closed form is
a+p+(B-a)exp(()

1+exp({)
Where { = (a/v)(x — Bt — A) is the required solution.

u(x, t) = (142)

3.2. Fisher’s equation

Let’s consider the Fisher’s equation

Uy = Uy +u(1l —u) (143)
subject to the initial condition u(x,0) = a.
To solve this equation by Variational iteration method, let substitute
Lu=u,, Ru,=-u,_, Nu,=-u,(1-u,), g=0, where L = d/dt, Risa
linear operator which has partial derivatives with respect to x, Nu(x, t) is a nonlinear
term and g(x,t) is an inhomogeneous term and we obtain the following iteration
formula

Up+1(x, 1) = up(x,t) — fot{unT ~Uny, — up (1 - un)}dT (144)
Where A = —1 and with the initial approximation uy(x,t) = @. Then we obtain the
solution by several approximation as follows
u (g, t) =a+a(l—at

2 3
u(xt) =at+a(l-a)t+a(l—a)(1- za)%+ [—az(l _ a)Z% ,

2 3
us(x,t) =a+a(l—a)t+a(l—a)(1 - 2a)%+ a(l—a)(1-6a+ 6a2)%

t* t>
+ [—a?(1 - 2a)(1 - a)zg —a?(1 - a)?*(3—20a + 20a2)%

3 3t6 4 4t7
+a’°(1-2a)(1 —a) 1—8—a 1-a) @l

and so on. Then the solution is
2 3

u(x,t) = a + a(l— a)t + a(l — a)(1 - 2a)%+ a(l - a)(1 - 6t + 6a2)%+

aet

i 145
1-a+aet (145)

Which is the required solution of equation (133).

3.3 Schrodinger equation

Let’s consider the linear Schrodinger equation
U + iUy, =0, u(x,0) =1+ cosh (146)
Then the correction functional is given by

dun , 02 (1) (x,
1 (6 8) = un (6 + [ A0 (52 + i =550 ae (147)
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The stationary conditions are given by

1+1=0,
A=0 (148)
From which we have 4 = —1. (149)

Substituting this value of the Lagrange multiplier A = —1 into the functional (147) gives
the iteration formula

Une1 (6 0) = up (3, 8) = [} ("’alg + lM) dé, n>0. (150)

Now we can start with initial approximation u(x,0) = 1+ cosh(2x) and using the
iteration formula (150), we obtained following successive approximations
uy(x,t) =1+ cosh(2x)

uy(x,t) =1+ cosh(2x) + 4itcosh(2x)
2

] (4Lt)
u,(x,t) =1+ cosh(2x) + 4itcosh(2x) +

(4lt)

cosh(2x)

(4Lt)

us(x,t) =1+ cosh(2x) + 4itcosh(2x) + ——cosh(2x) + ——cosh(2x)

And so on. Then,

2 2 N3 c N4
u, (x,t) = 1 + cosh(2x) (1 + (4it) + Wt) + (4;? + (4;? + )

(151)

The VIM introduces the use of u(x,t) = nll";o u,(x,t), which gives the exact solution by
u(x,t) = 1+ cosh(2x)e*®, (152)

4it

obtained upon using the Taylor expansion of e*** which is the required solution.

3.4 Wave equation

Let’s consider the first-order wave equation in one-dimension

U+ ClUy, =0,c>0 (153)
With initial and boundary conditions
. (—cmt —cmt

u(0,t) = sm( Cln ), u,(0,t) = %cos( Cln ) (154)

u(x,0) = sin (?), u:(x,0) = — %cos (?) (155)
Then the correction functional for Eq. (153) in the t-direction takes the form

Uy (6, 8) = 1y (x, £) + [ 2| 2208 4 ¢TI0 g (156)
Now stationary conditions of above equations are A'(t) =0, 14+ A(7)|;= = 0 which
gives the solution 4 = —1 . Now substituting the value of A in the equation (155), we
have

t [Qun(x,t) At (xt)
a1 (68) = un(x,0) = fy P42 4 P2 (157)

Considering the given conditions (154) and (155), it is clear that the solution
contains sm( ; ) So we can choose uy(x,t) = u(x,t) = sm( l )

Now using this chosen value in the equation (157) we obtained the following successive
approximation
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uy(x, t) = sin (?)

X nx crt
u,(x,t) = sin (T cos [
X

) _
u,(x,t) = sin —) [1

(5
s, 0) = sin (%) 1 ——(C—’“) ] cos (%) [%’“—%(%“)3]'

Then the nth proximation is

ap
R A G
1 cn’t cn’t ] (158)

5l

CTI.'t TI.'X crmt
- COS [

Then the solutlon is

u(x, t) = sm( . )cos( Tt) cos (nl )sm (C?t) = sin [n( Ct)] (159)

Which is required exact solution for Eq. (152), with given conditions (154) and (155).
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CHAPTER-4

COMPARISIONS WITH VARIATIONAL ITERATION METHOD

4.1. With Adomian Decomposition method

4.1.1. Analysis of Adomian Decomposition method
Adomian decomposition method defines the unknown function u(x) by an
infinite series
u(x) = Ypzo Un(x) (160)
Where the components u, (x) are usually determined by recurrently. Now the nonlinear
operator F(u) can be decomposed into an infinite series of polynomials, which is given

by

F(w) = Xn=0 An, (161)
Where An are the so-called Adomian polynomials of ug, uy, ..., u, defined by
1 4" i
An = —— [F(Zo Awi)],_, n=0123,.., (162)
Or equivalently
Ag = F'(uo)
A = u F'(uo)

1
Ay = upF'(up) + EUZ1F”(UO)
1
Az = uzF'(up) + ugu F'(ug) + §u31F”’(u0)

I 1 2 1(ug) 1 2 nr 1 4 piv
Ay, = uF'(ug) + (u1u3 +Eu z)F 0 +§u 1U F" (ug) +ﬁu 1F"% (ugp)

and so on. (163)
Now these polynomials can be generated for all classes of nonlinearity according to
specific algorithms defined by (161) and Adomian decomposition method provides the
components of the exact solution, where these components should follow the
summation given in (160).

Now we can show comparison between Variational iteration methods and
Adomian decomposition method by taking an example

PROBLEM 6.
Let’s consider the homogeneous advection problem
us +uu, =0 (164)

With initial condition u(x,0) = —x
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4.1.2 Implementation of Variational iteration method

Now according to the method the correctional functional is given by
t oun(x,8) | ~ dun(x,$)
1 (5,6) = un (6, 0) + [ AQ) (P22 4 10, (3, ©) T2 22) g (165)

This yields the stationary conditions A'(§) =0, 1+ A(§) =0 and this in turns gives
A= -1, where 4 is the Lagrange multiplier. Now substitute the value of 4 in the
equation (164), we have

Oun (x, ~ Oup(x,
U1 (6 8) = un (6 0) = [y (F2ER + 2,6 ) 25 ) ag,  mz0 (166)

Now according to the method, using initial condition in equation (165), we have

successive approximations
ug(x, t) = —x
u(x,t) = —x —xt

1
u,(x,t) = —x — xt — xt? —§xt3

2
uz(x, t) = —x — xt — xt? — xt3 — §xt4‘ — small terms.
14

uy(x,t) = —x — xt — xt? — xt3 — xt* — Ext5 — small terms.
us(x,t) = —x — xt — xt? — xt3 — xt* — xt> — small terms.
Then n‘" approximation is given by,
u,(x, t) = —x — xt — xt? — xt3 — xt* — xt> — .- — xt™ — small terms. (167)
Using u = nll_)"zo u, we have from Eq. (167)

u(x,t) = —x(Q+t+t2+3+t*+ 5 +-), (168)
This leads to the solution

u(x, t) = = (169)

4.1.3 Implementation of Adomian Decomposition method

Here we first rewrite Eq. (164) in an operator form,

Lu = —uu,,
u(x,0) = —x (170)
Where the differential operator L is
d
L=~ (171)
The inverse L~! isassumed as an integral operator given by
L) = [ dt (172)

Applying the inverse operator L~! on both sides of (170) and using the initial condition
we find

u(x,t) = —x — L' (Xrzo An) (173)
According to the Adomian Decomposition method, we have the functional equation
YmmoUn (X, 1) = —x — L7 (X0 An), (174)
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where u, are the so-called Adomian polynomials. Identifying the zeroth component
Uo(x,t) by —x, the remaining components u,(x,t ),n = 1, can be determined by using
the recurrence relation

Uy (xr t) = =X,

U1 () = =L71(4,) k=0, (175)
Where A, are Adomian polynomials that represent the nonlinear term uu, and given by
Ay = upug,
A1 = uoulx + uluox
AZ = uouzx + ululx + uzuox
and so on. (176)

Other polynomials can be generated in a similar way to enhance the accuracy of
approximation. Combining (174) and (175) yields

uy(x, t) = —x,
uqy(x, t) = —xt,
u,(x,t) = —xt?,
uz(x,t) = —xt3
uy(x,t) = —xt*
and so on. (177)
In view of (176), the solution u(x, t) is readily obtained in a series form by
u(x) = —x(A+t+t2+t3+t*+-), (178)
Orin closed formby  u(x,t) = — (179)

t—1

4.1.4 Basic difference between Adomian Decomposition method and Variational
iteration method

The two methods are powerful and efficient methods that both give
approximations of higher accuracy and closed form solutions if existing. He’s variational
iteration method gives several successive approximations through using the iteration of
the correction functional. However, Adomian decomposition method provides the
components of the exact solution, where these components should follow the
summation given in (159). Moreover, the VIM requires the evaluation of the Lagrangian
multiplier A whereas ADM requires the evaluation of the Adomian polynomials that
mostly require tedious algebraic calculations. It is interesting to point out that unlike
the successive approximations obtained by the VIM; the ADM provides the solution in
successive components that will be added to get the series solution.

More importantly, the VIM reduces the volume of calculations by not requiring
the Adomian polynomials; hence the iteration is direct and straightforward. However,
ADM requires the use of Adomian polynomials for nonlinear terms, and this needs more
work. For x nonlinear equations that arise frequently to express nonlinear
phenomenon, He’s variational iteration method facilitates the computational work and
gives the solution rapidly if compared with Adomian method.
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4.2. 'WITH MODIFIED VARIATIONAL ITERATION METHOD

4.2.1 Modified Variational Iteration method

Modified Variational Iteration method is a little modification of Variational
Iteration method. To illustrate the basic concept of the modified variational iteration
method (MVIM), we consider the following partial differential equation

Lu(x,t) + Ru(x,t) + Nu(x,t) = g(x,t),
u(x,0) = f(x), (180)
Where L = %,R is a linear operator which has partial derivatives with respect to

x, Nu(x,t)is a nonlinear term and g(x,t) is an inhomogeneous term. Partial
differential equation (179) covers a large branch of applications such as soliton
equations like Burger’s, coupled Burger’s, Schrédinger, KdV, modified KdV and also
compacton equations like k(n,n) and many others important equations.

Now using Variational iteration method, we have A = —1 and we have the following
iteration formula
t
Upy1 =Up — fo {L(Un) + R(Un) + NU, — g}dT- (181)
We can rewrite the Eq. (180) as
t
Un+1 = Un - fo {R(Un - Un—l) + (Gn - Gn—l)}dT (182)

Where U_; = 0,Uq = f(x),U; = Uy — [, {RWUy — U_1) + (Go — G_4) — g}dr, and Gy (x, t)
is obtained from
NU,(x,t) = G,(x,t) + O(t"*1) (183)

Eq. (182) can be solved iteratively to obtain an approximate solution that takes the
form
u(x, t) = Up(x, 0), (184)
Where n is the final iteration step. This is the required Modified Variational iteration
method (MVID)
Now we can show comparison between Variational iteration methods and
Modified Variational iteration methods by taking an example.

4.2.2. KDV equation
Let's consider the KdV equation which takes the form
Up — OUU, + Uyyy = 0, XER

u(x,0) = _Tkzsechz Ex] (185)

Applying VIM, the following VIM results are obtained
Uy (x, t _ K hz[k ]
olx, t) = 5 sec 2x
5

k k k
U;(x,t) = Uy(x,t) — 7sech2 [E x] Tanh [E x]
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Uy(x,t) = Uy(x,t) — %sech“ [gx] (2 — cosh[kx])t?

k k
+ 512sech® [Ex] Tanh [Ex] (2 — cosh[kx])t3,
k8 k
Us(x,t) = Uy(x,t) — Esech4 [Ex] (2 — cosh[kx])t?
2 h5[k ](11 ' h[k ] inh |2 ]>t3
25 Sech® |5 % sinh |5 x| = sinh|—-x
+ 64(970 — 1163cosh[kx] + 232cosh|[2kx]

k
— 11cosh[3kx])sech® [Ex] t* +0(t>),

and so on. (186)
Applying Modified Variational iteration method using formula Eq. (181) with
U_4=0,
And G, (x,t) is calculated from the relation
—6U, (x, ) (Uy(x, t))x = Gp(x, t) + O(t™), (187)

The following MVIM results are obtained
2

U, ) = % hZ[k]
o(x,t) = ——sech® |- x
5

k k k
U,(x,t) = Uy(x,t) — —sech? [— x] Tanh [— x]
2 2 2
k8 k
Uy(x,t) = Uy(x,t) — gsech4 [Ex] (2 — cosh[kx])t?

K1tk Tk Bk
Us(x,t) = Uy(x,t) + —sech [Ex] (1lsmh [Ex] — sinh 796]) t3

48
and so on. (188)
This solution is convergent to the exact solution
1,2
u(x,t) = Tksech2 [S (x — kzt)] (189)

4.2.3 Basic difference between Modified Variational iteration method and Variational
iteration method

MDVTI helps to overcome some of dis advantages of VIM. MVIM eliminates all the
unneeded terms and the repeated computations in VIM. MVIM is powerful in saving
time and calculations. MVIM is often useful to engineering and non-specialists and
others to have an approximate closed form solution to describe the nonlinear problems.
MVIM can deal with highly nonlinear differential equations with no need to small
parameter or linearization. The solution procedure is very simple by means of
variational iteration theory, and few iterations lead to high accurate solutions. More
precisely Variational Iteration method (VIM) has some repeated computations and the
calculation of unneeded terms but by using Modified Variational iteration method
(MVIM) we overcome the disadvantages of VIM, which stops the repeats of the old
computations and eliminate the unneeded terms.
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CONCLUSION

In this paper we discuss the elementary introduction of the method VIM,
algorithms etc. also here we have studied few problems with this this method and we
conclude that this method does not required small parameters in equation as the
perturbation technique do. The main part of the method is the construction of
correction functional which can easily constructed by the Lagrange multiplier, and the
multiplier can optimally identified by variational theory. The application of restricted
variations in correction functional makes it much easier to determine. In this method
the initial approximation can be freely selected with unknown constants, which can be
determined via various methods which can be easily calculated. The approximations
obtained by this method are valid not only for small parameter, but also for very large
parameter this is the most important advanture of this method. Furthermore their first-
order approximations are of extreme accuracy. Comparison of this method with
Adomian’s method reveals that the approximations obtained by the proposed method
converge to its exact solution faster than those of Adomian’s. Hence we finally
concluded that this is one of the best method for solving higher order nonlinear
problems.

NIT, Rourkela, Mathematics Dept. 2015 Page 33



BIBLIOGRAPHY

[1] A.A. Hemeda, Variational iteration method for solving wave equation, Computers
and Mathematics with Applications,2008, 1948-1953.

[2]  Abdul-Majid Wazwaz, A comparison between the variational iteration method
and Adomian decomposition Method, Journal of Computational and Applied
Mathematics, 2007, 129 - 136.

[3] B. A. Finlayson, The Method of Weighted Residuals and Variational Principles, ,
Academic Press, New York, 1972.

[4] Chen W, Zhang XD, KoroSa D, Investigation on fractional relaxation-oscillation
models, , International Journal of Nonlinear Sciences and Numerical Simulation

[5] Chen W. Chaos, Time-space fabric underlying anomalous diffusion, Solitons and
Fractals, 2006, 923-929

[6] Draganescu GE, Application of a variational iteration method to linear and
nonlinear viscoelastic models with fractional derivatives,. Journal of Mathematical
Physics, 2006.

[7]  ].H. He, Generalized Variational Principles in Fluids, , Science & Culture Publishing
House of China, 2003 .

[8] J.H.He, Generalized Variational Principles in Fluids, , Science & Culture Publishing
House of China, 2003.

[9] Ji-Huan He, Guo-Cheng Wu, F. Austin, The Variational Iteration Method Which
Should Be Followed, Nonl. Sci. Lett. A, 2010, 1-30

[10] Ji Huan,He, Variational iteration method -some recent results and new
Interpretation, Journal, Computational and applied mathematics ,20073-17.

[11] Ji-Huan He, Variational iteration method-a kind of non-linear analytical
technique: some examples, Int. ].of non-linear mechanics,1999, 699-708.

[12] ].H.He, Wu XH, Variational iteration method: new development and applications
Computers & Mathematics with Applications, 2007, 881-894

NIT, Rourkela, Mathematics Dept. 2015 Page 34



[13]

[14]

[15]

[16]

[17]

[18]

[19]

M.A. Abdou, A.A. Solima, Variational iteration method for solving Burger’s and

coupled Burger’s equations, Journal of Computational and Applied Mathematics,
2005, 245- 251

Odibat ZM, Momani S, Application of the variational iteration method to
nonlinear differential equations of fractional order. International Journal of
Nonlinear Sciences and Numerical Simulation, 2006, 27-34,

M. Inokuti, H. Sekine, T. Mura, General use of the Lagrange multiplier in
nonlinear mathematical physics, in: S. Nemat-Nasser (Ed.), Variational Method
in the Mechanics of solids, Pergamon Press, NewYork, 1978, pp. 156-162

Mokhtari R, Variational iteration method for solving nonlinear differential-
difference Equations, International journal of Nonlinear sciences and

Numerical simulation ,2008.

M. Matinfar and M. Ghanbari, Solving the Fisher’s Equation by Means of
Variational Iteration Method, Int. ]. Contemp. Math. Sciences, 2009, 343 - 348.

S. Momani, Numerical comparision of methods for solving linear differential
equation of fractional order,chaos Solitons Fractals, 2005.

Tame A.Abassy, Magdy A.El-Tawil, H.EI Zoheiry, Toward a modified variational

iteration method, Journal Computational and applied mathematics 2007,137-147.

NIT, Rourkela, Mathematics Dept. 2015 Page 35



