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Abstract

The thesis addresses and makes a review work on a new term splint introduced by David A.
Richter and classifies the splints of the classical root systems. Further, a related studies on
affine Kac-Moody algebras and discuss the roots of untwisted affine Kac-Moody algebras
which will be helpful in determining the splints of Kac-Moody algebras and classified the
splints of type B} and C}.
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Chapter 1

Introduction and Motivation

The term Lie algebras were discovered by Sophus Lie (1842-1899) while he was attempting
to classify certain smooth subgroups of general linear groups. The groups he considered
are now called Lie groups. He found that by taking the tangent space at the identity
element of such a group, one obtained a Lie algebra. However, Lie algebras can also be
studied independently in its own interest. Also E. Cartan and W. Killing investigated
about the finite dimensional simple Lie algebras over the complex field (1890-1990). Later
on H. Weyl also contributed in basic ideas on the structure and representation theory. The
finite dimensional simple Lie algebras has found many application in mathematics and

mathematical physics and it is considered as one of the classical branches of mathematics.

Kac-Moody algebras were introduced by V.G Kac and R.V Moody in 1967. The theory
of Kac-Moody algebras extended finite dimensional Lie algebras to infinite dimensional. It
has also attracted much attention in both mathematics and physics. Moreover, it turned
out to be many applications in area of mathematics, including number theory, topology,
combinatorics, differential equations and invariant theory. The representation theory of
affine Kac-Moody algebras has its application in mathematical physics like string theory,

statistical physics and conformal field theory.

In view of these applications the theory of Lie algebra of finite and affine types moti-

vated us to study a new term ”splint” which was introduced by D. A Richter (2008) where



the classification of splints for simple Lie algebras is obtained. The motivation comes from
representation theory of semisimple Lie algebras. Many of the concepts that arise in the
theory of affine Lie algebras play a very similar role and actually were developed in the

theory of simple Lie algebra.

I also got motivated to study the theory of Lie algebras by inspiring course of lecture

given by Prof. Kishor Chandra Pati at National Institute of Technology Rourkela.

The content of this thesis is summarised as follows. The basic definition of algebra,
Lie algebra, Weyl group, Cartan subalgebra, and Cartan matrix are given, Representation
theory of sl is been discuss which is the foundation for introduction of the term ” Splints”,
and revision of work by D. A Ritcher has been done on splints of classical root system.
In Chapter 3 I have studied the few basics concept about genralised Cartan matrices and

its classification, and discussed about roots of Kac-Moody algebras of affine type.



Chapter 2

Preliminary

In this chapter some definitions and basic results are discussed which are very much
essential for the development of the entire project work. This chapter serves as the base
and background for the study of subsequent chapters and we shall keep on referring back
to it as and when required. The main objective is to establish notation, while more

detailed information on these structures appears in the references.

2.1 Some Basic Definitions

Definition 2.1 (Algebra) An algebra a is a vector space endowed with a bilinear oper-
ation,

O:axa—a

Definition 2.2 (Lie Algebra) A Liealgebra g is an algebra such that [,] :gxg— g
obeys :

1. [x,x] =0 forallx € g (antisymmetry)

2. [z, [y, 2]] + [y,lz,2]] + [z [x,y]] =0 forallz,y z€g9 (Jacobi identity)



Definition 2.3 (Simple Lie algebra) A simple Lie algebra is a Lie algebra which con-

tains no proper ideals and which is not abelian.

Definition 2.4 (Semisimple Lie algebra) A semisimple Lie algebra is an algebra which

is direct sum of simple Lie algebras.

Definition 2.5 (Root System) The roots form a finite set of non-zero elements of a

real inner product space E and have the following properties :

1. The roots span E.

2. If a is a root, then —a is a root and the only multiples of o that are roots are av and

— Q.

3. If a is a root, let w, denote the linear transformation of E given by

(@.5),,

(@, a)

Wo.B=p0—2

(2.1)

then for all roots v and B, w,.B is also a root.

4. If a and B are roots, then the quantity 28298) s integer.
(a,a)

Any collection of vectors is a finite dimensional real inner product space having these

properties is called root system.

Definition 2.6 (Direct sum of root system) Ifg is complex semisimple, then its root
system s a disjoint union of various copies of these, each corresponding to a summand

of g into simple components.

Suppose A1 and Ao are root systems. The direct sum of the root systems is then

A Ay ={(a,0) : x € Al}U{(O,a) ta € Aq}



Chapter 2: Terminologies and Some Basic Results )
The direct sum operation has the following features:

1. f A= Al + AQ with a1 € Al and Qg € AQ, then a1 + Qo gé A.

2. If there exist roots a1, as € A such that a; + as is also a root, then the root system

cannot be written as a direct sum A = Ay + Ay where a; € Ay and ap € A,

3. If one may write A = A;|J A, as a disjoint union where for all a3 € A; and all

a9 € Ay, the vector a; + ap is not a root, then A is the direct sum of A; and As.

Definition 2.7 (Cartan Matrix) Let & be a simple Lie algebra with Cartan subalgebra
$) and simple root system A° = (o, ..., . ). The Cartan matriz A = (A;;) of the simple
Lie algebras & in the v X r matrixz defined by

;.05

Aij:2

;.0

Definition 2.8 (Cartan-Weyl basis) Let & be a simple complex Lie algebra of dimen-
sion n. The Cartan Weyl basis of & will be constituted br r generators H; and the n - r

generators E, satisfying the commutation relations :

Z. [HHH]] = 0 [HZ,EQ] = OéiEa
2. [BayB_o] =, oiH,
3. [Ea,Es] = NapEass

The r- dimensional vector o = (al, ..., a”) of R" is said to be associated to the root

generator E,. The coefficients Nyog satisfy for any pair of roots o and (3

1
N2y = 5/g(k +1)a?

where k and k' are integers such that « + kB and o - k' are roots.

Definition 2.9 (Cartan subalgebra) The set ) generated by the generators (Hy, ...,
H, ) is called cartan subalgebra of &



2.2 Representation Theory

For finite-dimensional modules of a simple Lie algebra g, one can always find a basis such
that the Cartan subalgebra acts diagonally. This is best understood by representation
theory of Ay = sls.

2.2.1 Representation theory of A; = si,.

The Lie algebra sl(2 F) is an important canonical example of a simple Lie algebra. The
irreducible representations of sl(2 F) form the foundation of the representation theory of

finite dimensional Lie algebras.

Definition 2.10 (Weights and maximal vectors) Let V be arbitrary L-Module. Let
h 1s semisimple then h acts diagonally on V. This yeilds a decomposition of V as direct
sum of eigenspaces Vy = {v € V]hw = A}, A € F. When X is not an eigenvalue for
endomorphism of V which represents h then the subspace Vy = 0. Whenever Vy # 0, we
define A a wetght of h in V and we call V) a weight space.

Lemma 2.1 Ifv e V,, then z.v € Vyy9 and y.v € V_s.

Remark 2.1 The lemma implies that  and y are represented by nilpotent endomorphism

of V.

Since dimV < oo 3\ € F such thatVy # 0 but V1o =0 ( so in particular z.v = 0 for

any v € Vi) a finite dimensional representation, (note not necessarily irreducible)

Definition 2.11 (Maximal vector weight) In general, any nonzero vector Vy annihi-

lated by x will be called a mazximal vector weight \.
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2.2.2 Classification of irreducible modules

Now assume that V is an irreducible L-module. Choose a maximal vector V, € V) ; set

Vi =0and V; = (1/i!)y’.v, for i > 0.

Lemma 2.2 1. hov; = (A — 20y,
2.y = (i + v

3. T.v; = (/\ —i+ 1)1}1'_1

Theorem 2.1 Let V be an irreducible module for L = sl(2, F).

1. Relative to h, V is the direct sum of weight spaces V,,, . = m,m-2, . . . ,-(m-2),-m,
where m + 1 = dim V and dim V,, = 1 for each p.

2. V has (up to nonzero scalar multiples) a unique mazximal vector, whose weight (called
the highest weight of V') is m.

3. The action of L on V is given explicitly by the above formulas, if the basis is chosen
in the prescribed fashion. In particular, there exists at most one irreducible L-module

(up to isomorphism) of each possible dimension m + 1,m > 0.

Corollary 2.1 Let V be any (finite dimensional) L-module, L = sl(2, F). Then the eigen-
values of h on V are all integers, and each occurs along with its negative (an equal number
of times). Moreover, in any decomposition of V into direct sum of irreducible submodules,

the number of summands is precisely dimVy + dimV;.

To finish the discussion of representations of sl(2, F) we explore the different represen-
tations we can obtain. For dim V = 1 we have the trivial module, for dim V = 2 we have

the natural representation, and for dim V = 3 the adjoint representation.



Definition 2.12 (Weyl Group) Let & be a simple Lie algebra of rank r with root system
A and coroot system A". For any root a € A there is a transformation w, in the weight
space, called Weyl reflection, such that if X is a weight:

wo(A) =X —2——a

a.x

The set of Weyl reflections with respect to all the roots of & forms a finite group W called
the Weyl group of &

2.3 Splints of classical root system

Splints play a role in determining branching rules of a module over a complex semisimple

Lie algebra.

The represenation theory of finite dimensional Lie algebars motivates us to study the
basic concept of branching rule. Here we discuss the basic definition of branching rule

and concept of splints and classify the splints of classical root system.

Definition 2.13 (Branching Rule) Let & be a semi simple Lie algebra and 8 a sub-
algebra of &. An irreducible representation R(®) of & is a representation, in general

reducible, R(R) of R. So the following formula holds
R(®) = P m;Ri(R)

where R;(R) is an irreducible representation of 8 and m; € Z~q is the number of times
the representation R;(R) appears in R(®). The determination of the above decomposition

for any Rg gives the branching rules of ® with respect to K

Definition 2.14 (Embedding) Embedding ¢ of a root system A into root system A
is a bijective map of roots of Ay to a proper subset of A that commutes with vector

composition law in Ay and A.
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Definition 2.15 (Metric Embedding) Suppose ¢ : Ay — A is an embedding, and
suppose that the inner products associated to Ay and A, respectively, are (,)o and (). Call
the embedding v metric if there is a positive scalar X such that {a, Yo = Xt («), ¢ (B)) for

all o, B € Ag and non metric otherwise.

Definition 2.16 (Splints of a root system) A root system A “splinters” as (A, As)
if there are two embedings 11 : A1 — A and 15 : Ay —> A where
(a)A is the disjoint union of 11 and iy

(b)neither the rank of Ay nor the rank of Ay exceeds A.

Equivalently, (A1, Az) is a splint of A

Definition 2.17 (Equivalency of splints) If A is a simple root system with weyl group
W, then the splints (A1, Ay) and (All, A/Q) of A are equivalent if there exists o € W such

that
w (MU0 aJea) = (51U (-a) 55U (-a5)

2.3.1 Classification of splints of classical root system

The purpose of this section is is to define what it means for a root system to splinter.
The following are the list of classical Lie algebra:
Ar (I‘ Z ]-)a BT (I' 2 2)7 Or (I‘ Z 3)7 DT (I‘ Z 4)7 E67 E77 E87 F47 G27

Example 2.1 1. Case A = A,
For r = 1 there is no splints.
Forr =2 (A;1,24:)
For r = 3 (3A1,34A1) , (3A1, Ay) and (A1 + Ay, 2A1)
In general for r > 4 there are only two types of splints (rAi, A,_1) and (A; +
A1, (r—=1)A)
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2. Case A = D,
There is only one value of r > 4 for which D, splinters is r = 4. In this case there

is only one splint (2A5,2A,)

3. Case A = Eg, E; and Ey

In this case there is no splints.

4. Case A = Gy
There are two splints (Ag, As) and (241, Bs)

5. Case A = F}
(Dy, Dy) is the required splints.

6. Case A = B,
For any r > 2, the root B, has a splint (D,,rA;)

7. Case A = C,
For r > 4 the required splint is (rAy, D,)

Here the case by case analysis of classical Lie algebra and its root system lead to the

splintering of root system.



Chapter 3

Affine Kac-Moody algebra

3.1 Generalised Cartan matrices and Kac-Moody al-
gebras

In this chapter we come to the first object of our interest, the theory of affine Lie algebras.
In these we discuss basic definitions of generalised Cartan matrix, Realisations and Kac-
Moody algebras. Section 1.2 describes the root system and dynkin diagram of affine
algebras. In section 1.3 we discuss the properties of highest weight modules of affine

algebras. In section 1.4 we discuss about branching rules for embedding of affine algebras.

We start with a complex n x n matrix A = (a;;)7;—; of rank [ and we will associate

with it a complex Lie algebra g(A).

Definition 3.1 (Generalised Cartan Matrix) A matriz A is called generalised cartan

matrix if it satifies the following conditions :

1. a; =2 foriv=1,...n;
2. a;; are non positive integers for i # j;
3. Qi = 0= Qj; = 0,’

11
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Definition 3.2 (Realization) A realization of A is a triple (h,II, 11V), where h is a
complex vector space, Il = aq, ..., a,C h* and 11" = af, ..., a;, C h are indexed subsets

in h*, h, respectively, satisfying the following three conditions :

1. both sets I1, 11V are linearly independent;
2. <Oé;),CYj> = Qi (Z,j = 1,...,71),'

S n—0l=dimh-n

Definition 3.3 (Kac-Moody algebra) Let e;, f; and h; denote the Chevalley genera-
tors. The KacMoody algebra is defined as the Lie algebra g together with following relations

1. [hihy) = 0
2. lei fi] = hi
3. lei, fi] =0
4. [hiyej] = aije;
5. [hi, f] = -ai; f;

6. (ade;)'"%ie; = 0if i #j

=

(adfy)' = f; = 0 if i # j

3.2 The classification of generalised Cartan matrices

Definition 3.4 A generalised Cartan matrices A has finite type if

1. det A # 0.
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2. there exists u > 0 with Au > 0.

3. Au> 0 implies u>0 or u = 0.
The generalised Cartan matrices A has affine type if

1. corank A = 1.
2. there exists u > 0 with Au = 0.

3. Au> 0 implies Au = 0.
The generalised Cartan matrices A has indefinite type if

1. there exists u > 0 with Au < 0.

2. Au> 0 and u> 0 imply v = 0.

3.3 Roots of Kac-Moody algebra

In case of affine Kac-Moody algebra there exists real root as well as imaginary roots.
When A has affine type, then there exists u>0 with Au = 0. The vector u is determined
to within a scalar multiple. Thus there is unique such u whose entries are positive integers
with no common factor. Let u = (ay, ..., a,). Let § = a1y + ... + ana,. Then the

imaginary roots of L(A) are the elements kd for ke Z, k# 0. Also a;j = ¢; - ¢;

We have studied the roots of untwisted affine Kac-Moody algebras. Here €.s are basis

vectors where ¢, j € Z and It is given as follows :

1. AN (1>1):
A={e,—ej+nomé1<i,j<Il+1,i#j0#meZnecl}
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2. BY (1>2):
A = {£e;; £nd, £(e; £e;) +nd,md, 1 <i,j<li#j0#meZnecl}

3. C’l(l) (1>2):
A = {£2¢;; £ nd, £(e; £e;) +nd,md, 1 < i, <li#j0#meZnecl}

4. DM (1>4):
A={£(e; £e)+nd,md1<ij<li#j0#meZnecl}

(1) .
5. BV .
A = {*(e; £ ej) +nd, £1/2(eg — e7 — eg + B(—1)"De;) + nd(Sv(i)e;)i < j,n € Z}

6. B
A = {£(e;£e;)+nd, £(er—es)+nd, +1/2(eg—er—eg+2(—1)"Dey) +nd(Zv(i)e;)i <
j,n € L}

7. Eél) :
A = {£(e; £ ¢;) +nd, N(=1)"De;) + nd(Sv(i)e;)i < j,n € Z}

8. F4(1) :
A = {£(e; £ej) +nd,1/2(xe; £ ey teztes) +ndi < jnel}

(1) .
9. GV .
A ={£(¢;) +n6(1 <1 <3) £ (¢ — ¢p;) +no,mé(1 <i<j<3),n,meZ}
Where ¢; = ¢; - 1/3(e1 + €3 + e3) i=1,2,3

After studying the roots of affine Kac-Moody algebras we can extend our work to splints
of affine Kac-Moody algebras. Here is the few examples of splints of untwisted affine

Kac-Moody algebra.

Example 3.1 1. Case A = BY
Splints of BY is (B%),D(l) ) where n> 3, m> 1

n—m

2. Case A = CV
Splints of oV 4s (C’S), C’fll_)m) where n> 8, m> 1
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Conclusions and Scope of Future Works

Due to the time constraint I could not complete the whole work and the result obtained,
I could not generalised it. In future more analysis is to be done on representation theory of
affine Kac-Moody algebra so that we can classify the splints of affine Kac-Moody algebra

in more generalized term.
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