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DATA DEPENDENCE FOR THE AMPLITUDE EQUATION
OF SURFACE WAVES

PAOLO SECCHI

ABSTRACT. We consider the amplitude equation for nonlinear surface wave solutions of hyperbolic con-
servation laws. This is an asymptotic nonlocal, Hamiltonian evolution equation with quadratic nonlin-
earity. For example, this equation describes the propagation of nonlinear Rayleigh waves [7], surface
waves on current-vortex sheets in incompressible MHD [1, 2] and on the incompressible plasma-vacuum
interface [13].

The local-in-time existence of smooth solutions to the Cauchy problem for the amplitude equation in
noncanonical variables was shown in [9, 13]. In the present paper we prove the continuous dependence
in strong norm of solutions on the initial data. This completes the proof of the well-posedness of the
problem in the classical sense of Hadamard.

1. INTRODUCTION

In the present paper we consider the following equation
Yt + %H[qﬂ]mz + Pz, =0, @ = Hy] . (1)
Here H denotes the Hilbert transform defined by

+o0
i) = o [ 2y,

—00 T Y
and such that
F[H[e]] = —isgn(k) Fle],
for F denoting the Fourier transformation.

This is an asymptotic nonlocal, Hamiltonian evolution equation in one space dimension, with quadratic
nonlinearity. For example, the equation describes the propagation of nonlinear Rayleigh waves [7], surface
waves on current-vortex sheets in incompressible MHD [1, 2] and on the incompressible plasma-vacuum
interface [13], where in the vacuum part the electric and magnetic fields are ruled by the Maxwell equa-
tions. In a sense this is a canonical model equation for nonlinear surface wave solutions of hyperbolic
conservation laws, analogous to the inviscid Burgers equation for bulk waves.

Equation (1) also admits the alternative spatial form

where [H], @] is the commutator of H with multiplication by ®, see [10]. The alternative form (2) shows
that (1) is an equation of first order, due to a cancelation of the second order spatial derivatives appearing
in (1).

The local-in-time existence of smooth solutions to the Cauchy problem for the amplitude equation in
noncanonical variables was shown in [9, 13]. In the present paper we prove the continuous dependence
in strong norm of solutions on the initial data. This completes the proof of the well-posedness of (1) in
the classical sense of Hadamard, after existence and uniqueness. As written in Kato’s paper [11], this
part may be the most difficult one, when dealing with hyperbolic problems. Our method is somehow
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inspired by Beirdo da Veiga’s perturbation theory for the compressible Euler equations [3, 4], and its
application to the problem of convergence in strong norm of the incompressible limit, see [5, 12]. Instead
of directly estimating the difference between the given solution and the solutions to the problems with
approximating initial data, the main idea is to make a triangularization with the more regular solution
to a suitably chosen close enough problem.

Numerical computations [1, 7] show that solutions of (1) form singularities in which the derivative ¢,
blows up, but ¢ appears to remain continuous. As far as we know, the global existence of appropriate
weak solutions is an open question.

1.1. The kernel. Equation (1) can be written as

+oo
Gulkt) +isen) [ A= 60 gk L0 GEYA =0, VA0, 3)
for ¢ = Flp], with the kernel A defined by
2|k + £] k| |£]

Ak, 0) = — . 4
(k. 6) |k + €] + |k| + |£] )

A(k,£) is perhaps the simplest kernel arising for surface waves. It satisfies the properties
Ak, €) = AL, k) (symmetry), (5a)
Ak, 0) = A(—k,—£) (reality), (5b)
Aok, al) = o*A(k, 0) Ya>0 (homogeneity), (5¢)
Ak+14,—0) = A(k,0) Vk, £ € R (Hamiltonian). (5d)

The value 2 of the scaling exponent in (5¢) is consistent with the dimensional analysis in [2] for surface
waves. It is shown by Ali et al. [2] that (5d) is a sufficient condition for (3), in addition to (5a), (5b), to
admit a Hamiltonian structure, see also [7, 8].

1.2. Noncanonical variables and existence of the solution. As in [9] we introduce the noncanonical
dependent variable 9 (z,t) defined by

U, t) = 0a " 2p(x, 1), (k1) = [k 2Rk, 1).

Then rewriting equation (3) in terms of ¥ gives

+o00o
dulb.t)+ ik [ SK- L0000 - L0 D=0, YEZO, (6)
with kernel S given by
1/2
Sk, 0) = Ak, 0) _ 2|kl(k + 0)| (7)

TRER+O)V2 T [k + €]+ [k + 1]
The definition of S is extended by setting

S(k,0)=0  if kl=0.

S obviously satisfies

S(k,0) =S4, k) (symmetry), (8a)
S(k,0) = S(=k,—0)  (reality), (8b)
S(ak,al) = a/2S(k, 0) Va>0 (homogeneity), (8c)
S(k+¢,—¢) = S(k,f)  Vk,€R  (Hamiltonian). (8d)
Moreover S satisfies
|S(k = £,0)] < min{|k['/2, [k — ¢]/2,]¢]/2}. (9)

The corresponding spatial form of (6) is

Oy + Opa(y, ) =0, (10)
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where the bilinear form a is defined by
— +oo . .
o)) = [ S 6000~ £ G(E.0) e ()

(10) has the form of a nonlocal Burgers equation, like (2.8) in [9], or (1.1) in [6].
We consider the initial value problem for the noncanonical equation (10), (11), supplemented by an
initial condition

¥(2,0) = Yo(x). (12)

The existence and uniqueness of the solution to (10)—(12) easily follows by adapting the proof of Hunter
[9] (given for the periodic setting) to our case.

Theorem 1. For any v € H*(R), s > 2, the initial value problem (10)—(12) has a unique local solution
¢ € C(I; H¥(R)) N CH(L; H*H(R))

defined on the time interval I, = (—Ty,Ty), where

1
Te = 1—2/s 2/s 13
Callvoll 522 W0l 2 (13)
for a suitable constant Cy. Moreover 1 satisfies
1Y)z = [[oll 2, (14)
1-2/s 2/s —s/2 (15)
) lar-zy < Iboll sy (1= Collvollyagey ol ) VEe L.

For the proof of Theorem 1 we refer the reader to [9, 13], see also [14].

1.3. The main result. Now we state the main result of this paper about the continuous dependence in
strong norm of solutions on the initial data.

Theorem 2. Let s > 2. Let us consider ¥y € H*(R) and a sequence {¢f§}neny C H?*(R) such that
P — 1bg strongly in H*(R), asn — +oo. Lety € C(I; H¥(R))NCY(I; H¥~Y(R)) and ¢ € C(I; H*(R))N
CHI; HS71(R)) be the solutions of (10), (11), with initial data 1o and 1§ respectively, provided by
Theorem 1, where we may assume without loss of generality that all solutions are defined on a common
time interval I = [T, T], with 0 <T < 7.'. Then

P = strongly in C(I; H*(R)), as n — +00. (16)

Notice that, using the a priori estimate (15) and standard arguments, it is rather easy to show the
continuous dependence of solutions on the initial data in the topology of C(I; H* ¢(R)), for all small
enough ¢ > 0. Instead, in Theorem 2 we prove the continuous dependence precisely in the topology of
C(I; H*(R)).

From Theorem 1 and Theorem 2 we obtain that the initial value problem (10)—(12) is well-posed in
H? in the classical sense of Hadamard.

The rest of the paper is organized as follows. In Section 2 we introduce some notation and give
preliminary technical results. In Section 3 we prove our main Theorem 2.

IThis assumption is a consequence of the convergence I3 |rs — ||%oll s and the formula for the maximal time of
existence (13).
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2. PRELIMINARY RESULTS

2.1. Notation. In the paper we denote by C' generic positive constants, that may vary from line to line
or even inside the same formula.
For nonnegative real numbers s we consider standard Sobolev spaces H®* = H*(R) normed by

too 1/2
|w||Hs=(/ (1+|k2)5|¢(k>2dk) b= .

We also introduce the homogeneous space H* (R),
. . +w ~
HS:HS(R):{¢;]R<—>R : / k|28|¢(k)|2dk-<+oo}.

As inner product and norm in H®, we use’

+o0 R . +o0 . 1/2
ethe= [ DO d ||w||s:(/ |k25|w(k>2dk) |

In particular we have
too 1/2
olla = ot = ([ 1o ar)

— 00

2.2. The bilinear form. Let us consider the bilinear form a defined by (11). We first recall the properties
of a proven in [9], here adapted to the case on the whole real line.

Proposition 3. Let a(y, ¢) be defined by (11) and let s > 1. Then

(a) a: H® x H? —>'Hs is a bounded symmetric bilinear form.
(b) For all ¥, ¢ € H® N 5+,

a(h, d)e = a(the, ®) + a(y, ¢z). (17)
(¢) For all v, ¢, € L? N H?,
(¢,a(¢,\P))L2 = (Qsaa(\lj?w))LQ (18)
and there is a constant C > 0 such that
(,a(6,9)) 2] < ClE N 6lloll ¥ lo- (19)
Proof. See [9]. O
For the sequel we fix a real number 0 < a < 1, needed for the estimate
1EI"2g] 0 < Cllgllgive Vg€ HF™ (20)
In the following proposition we give some more properties of a.
Proposition 4. (a) Given any s >0 and a fized real number 0 < a < 1, there exists a constant
C > 0 such that, for all,¢ € H* N He,
la(, &)lls < C([Llsll@ll ra + [0l g1+ lllls) - (21)
In particular, if s > 0, there exists a constant C > 0 such that, for all ¢, ¢ € H® N HFo,
la(, Ol < C([¥llasl¢l e + 1l mrsalldllms) - (22)
(b) There exists a constant C > 0 such that, for all ) € H>** ¥ € H*,
(@(¥, ©)a, W) r2] < Clltb]l2+al P15 (23)

2If ¢ is real then (k) = d(—k).
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Proof. The proof of (a) is essentially given in [9] and we repeat it for the sake of reader’s convenience.
For the sake of brevity in the following calculations we don’t write explicitly the dependence on time ¢.
Using (11) we get

+o0 — 2 +o0 +o0 R R

lat.0)12 = [t aw)] db= [ k| [ st 6000 0600 at (24)

For s > 0 and k,¢ € R, we have
k[* < Cs(lk =€ + [€]).
Using this inequality and (9) in (24) we get
+oo +o0 2
la(y, 9)II2 < C ‘/ (% — €[* + |e1*) min{ [k[*/2, [k — €'/, |62} [ (k — €) (0)| dt|
+oo +oo 2
<C/ ‘/ |k—£|5|€\1/2+|k—€|1/2|£|5) [b(k — 0) p(€)| de| dE (25)

~ ~ ~ 12
=C / (RIEFBD)  (K1/2101) + (B210]) = (k1%10])] b

where we have introduced the convolution

Using Young’s inequality
1F *gllee < IFllc2llgll e,
and (20), from (25) we readily obtain
la(¥, @)]ls < C (IllklsiﬁllmH|/f|1/2<13||L1 + |||k|1/21&||u|||k\s<13||L2>

< Ol e + 19l mr+alllls)

that is (21). The proof of (22) follows combining (21) for s > 0 and for s = 0.
In order to show (23) we proceed as follows. Using integrations by parts and the properties of a given
in Proposition 3 we compute that

((% )17 ) —(a(lﬂ,\ll),\llw)lg

(26)
=—(1,a(¥, ¥a))2 = —3(¢, (¥, V)a) 2 = 5(¢0, a(T, 1)) .
Using (19) with s =14« > 1 in (26) gives
[(@(th, ¥)a, ¥) 2] < Clltha 1+l ¥[1F = Cllll2+all P[5,
that is (23). O

We conclude this preliminary section with one commutator estimate that will be used in the proof of
the main result Theorem 2.

Proposition 5. Given any s > 2 and a fized real number 0 < a < 1, there exists a constant C' > 0 such
that, for all € H® N H?>*®, ¥ ¢ H5~ 1 n HTo,

IK02)*" 5 a(eh, )a]¥llL2 < C (I¢]| 1
where (0,) = (1 + |0,|?)Y/? is the Fourier multiplier in the variable x, and the commutator denotes

[<am>871; a(d% )z]\:[l = <az>571 (a(wv \Il)z) - 0(7/1, <a:6>871\11)m-

Ul v + 9ozl [Ol[me1) (27)
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Proof. From the definition of the commutator we have that its Fourier transform is

(1. sa(w. )W) (K) = ik (k) a B)(k) — ik (a(w. (0,)° )" (8)

- zk/ (k)= — (0 S(k — 1, 1)ep(k — )T (£) de. (28)
Using (9) and the estimates
k| <[k =€+,
(k)" = (0" < Clk — €]((k)* 2 +(£)*%) < Clk — £|((k = €)% +(0)*7?),
B[ (k)" = (0" < Clk = €| ({k = €)*" +(0)°7),
gives
+00 R N
(1002 0w, )00)" ()] <. [ = (k= 07+ (0 ISk~ LDk~ B0 at
< c/+°o|k—z|(<k—€>s—1 + (0 ming k]2, [k — €12, 1012} [k — 09 (0)] de )
oo A ) ) A
< C/_ (k= 0%k = O ]2 10 (O] + [k — €2 [d(k = )] (01 E(0)] a
= C (R K]0 + k2 5] (k)91
Using again Young’s inequality, (20) and Plancherel’s theorem we get
11402) %, Yol @llzs < C (IR Pl o Nk 2] 20) + R | ) 12 .
< C([Yllas ¥l mve + 19 p2eal ¥ 1),
that is (27). O

3. PROOF OF THEOREM 2

From Theorem 1 we can easily obtain the following result.

Proposition 6. Under the assumptions of Theorem 1, given any T such that 0 < T < T, there exist
constants K > 0 and > 0, depending on T and ||t || g+ (r), such that, for all initial data 5 € H*(R)
with ||vYg — ol gsry < B, the solution ¢ of (10), (11), with initial data 1y, satisfies

19" Ol = m) < Kllollm=), vVt e [-T,T]. (31)
Proof. For any T such that 0 < T' < 7., with 7, given in (13), we define § > 0 from

1= Culltholl iy 1ol 3@y T = 26.

Let 8 > 0 be such that, if ||1){ — o]

H#(R) < ﬂ then
1-2/s 2/s
1= Cille6 ]| gy 16 31y T > 6.
From (15) for ¢ we get (31) with K = §=5/2. O

As a consequence of Proposition 6 and convergence of the sequence {¢§ }nen to 9o in H?, from now
on we assume, without loss of generality, that the sequence of solutions {1}, ¢y is uniformly bounded
in H® on the common time interval I = [-T,T], i.e. there exists K’ > 0 such that

1™ ()| sy < K196l ars ry) < K7, Vt €I, Vn. (32)

Proposition 7. Let s > 2. Under the assumptions of Theorem 2 the sequence of solutions {Y"}nen
converges to 1 strongly in C(I; H*~1).
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Proof. We take the difference of equation (10) for ¥ and ¥™ and use the properties of Proposition 3 to
get the equation

(W =" +al®+¢" ¢ —¢")e =0.
Using (23) we compute that

1d 2
ERARR
Let o > 0 be small enough so that s > 2+ «. It follows from (32) that the sequence {¢™},en is bounded
in H2+*, uniformly for t € I, and we get
1d
2dt

Applying Gronwall’s lemma we obtain from (33)
I =™ @IIF < e Tllvo — w5l tel,

which gives the strong convergence in C(I; L?). By interpolation and the uniform boundedness in H* we
get

= |(a(y) + "™, — ™), ) — ") 2] < Olltb + " || rasallo — ™3

I —w" 5| < Cllv —¥"1l5. (33)

n 1-1/s n 1/s 1/s
1@ = ™) Ol < Ol = ) Ol 1@ =) O < Clw =ML, tel,
which gives the thesis. O
Remark 8. Obwiously, by the similar argument with a finer interpolation we could prove the strong

convergence of Y™ to v in C(I; H~%), for all small enough o > 0. However, this is useless for the
following argument.

We take two spatial derivatives of (10) and obtain
wxxt + QG(M wxa:)a: = _2a('¢w7 ’(/):E):E (34)

For convenience let us denote
F= —20(1#93,77/11)1
Using Proposition 4 we compute
[Fllms-2 < 2l|la(e, Yu)ms-1 < Clltpa|lmrva|[Vallga—1 < Cll[|gz+a||¢] He, (35)

for @ > 0 such that 2 + a < s, and we deduce that F € C(I; H*=2). Moreover to., = 021 € H*2.
Given ¢ > 0, let us take ¥§ € H*~!, F° € L}(I; H*~') such that

WG — Yozallgs—2 + |F€ = Fllp1(r;ms-2) < €. (36)
Let us consider the Cauchy problem
Ui + 2a(y, ¥°), = F°, reR, tel, (37)
Ve (z,0) = U (x), z eR.

Lemma 9. Let s > 2. For any e > 0, the Cauchy problem (37) has a unique solution V¢ € C(I; H*™1)
and

1 e ms—1y < eClvlleansT {||‘I’8||Hs—1 + HFE”Ll(I;HS—l)} . (38)
Proof. We apply (9,)°! to (37) and obtain
((02)° =1 W%); + 2a(4), (02)° 1 W%), + 2[(02)° 15 (¥, )| W = (02)° 1 FZ. (39)
Applying Proposition 4 gives
(@, (02)* M%)z, (02) 1 O°) 2| < Ol rz+a[{00)* L8NG = Clloll raa 195 e, (40)

and applying Proposition 5 gives
I402)°~ s a(®, )o] ¥l 22 < C (W]l 2+

Ve[ grve + 19l zee |95 o) - (41)
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Let a be small enough so that s > 2 + a. From (39)—(41) we get
1d

5 g1 o | < Cll e 9 W pes + 1E e 195 e
and applying the Gronwall’s lemma we obtain (38). Given the a priori estimate (38), the existence and
uniqueness of the solution follows by standard arguments. O

Now we estimate the difference W¢ — 9., which solves the linear problem

{(WE — ue)e +20(0, 0 — )y = FC—F,  wER tel, @)
(TF — e )(2,0) = U5 () — Yoza (), z eR.
Lemma 10. Let s > 2. For any ¢ > 0, the difference W& — 1, satisfies the estimate
¢ = Yuzllcms—2) < Ce. (43)
Proof. As for (38) we obtain
1V — Yuallome—2) < eClvlleannT {198 = Yowallgrs—2 + |1F* = Fllpr(rme-2) } - (44)
Thus (43) follows from (36). O

Finally we estimate the difference between ¢, and ¥°. The difference of the corresponding problems
) {(qﬁ — )+ 20 (", W — ), = G zeR, tel (45)
(W€ =93, ) (2, 0) = WG(x) — P, (2), z €R,
where we have set
Gne=2a(¥" =, V) + F* = F",  F" = =2a(}, ¢})a-
Lemma 11. Let s > 2. For any e > 0, there exists M (€) > 0 such that, for any n the difference W —y2,
satisfies the estimate

102 = ¥2) )l
t
<C{””“’°‘“’6’ ”HS+M(E)|¢_wn|c(1;Hs—l)+‘/o I = ™)) er } (46)

foranytel.
Proof. As for (44) we first obtain for every t

t
1025 — 2,) (1) | o2 < €NV lowmaT {llws — Yol o2 + ’/ |Goe (7|12l
0

Applying (21) we get for every T
[Gnellms-—2 < 2[la(®™ — ¢, U%)allge—2 + | F* — F*| o2

b

SCOMY™ =Pl 19 me-r + 1F° = Fllgs— + |[F = F™|[ -2,

and integrating this inequality in 7 between 0 and t gives

t
‘/ |Gl o2
0

where we have denoted
M(e) i= Mo (Wl ras + [Pl o zoare }
that is the right-hand side of (38). On the other hand, we have
1 = F" g2 < 2l|a(ve = b3, %o + O3 ger < Clltbe = 3 ge 1z + b3 | o

< CTM(e)[[¥" = dlleu;mr)

t t
+‘/ |F= = Fyesdr +‘/ IF = F"|geedr|, (48)
0 0
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for all 7, which yields, thanks to the uniform boundedness of ¥™ in C(I; H®),

t
‘/ |F — F™|| yo—zdr
0

Using (36), (48), (49) we get

SCVO o — | gedr] (49)

t
195 — 0 lrrems + ' / 1Goa () e
0

t
<e+ o —vgllas + CTM ()P = dllewm—) +C ‘/0 (¥ = 4") ()| =dr| .

Using again the uniform boundedness of 4" in C(I; H®), from (47), (50) we get (46). O

} . (51)

Proof of Theorem 2. Adding (43), (46) gives
1(Wre = ¥22) (Ol re-2 < NV = aa) (O)llzro-2 + (L7 = ¥i) (0| -2
< {et o=l + MEY ~ Wl +| [ 1w =670 i

Using the estimate
[ = ¢™ae <MY =¥ g1 + [Yhoa — Vsl He-2,

and applying the Gronwall lemma in (51) we obtain

Wea = V3ullome-2) < C{e+ o — ¥5llas + (M(e) + DY — ¥ lowm-1)} - (52)

Given any d > 0, let € = £(J) be such that Ce < §/3. With this fixed € in M (¢), and taking account of
Proposition 7, let ng be such that, for any n > ny,

C{llvo — ¥gllms + (M(e) + DY — ¥"lo(rme—1) } < 8/3.
It follows that
|2z — Ygollo@m—2) <26/3  Yn > ne.
Combining again with Proposition 7 we get, for a suitable n{ > ng,

¥ — Y™l <90 Vn > ny,

which concludes the proof of Theorem 2.
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