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Abstract

A critical review of analytical and numerical models for studying masonry out of
plane behaviour is presented. One leaf historical masonry, composed by rigid blocks
arranged regularly with dry or mortar joints, is considered. Discrete model with rigid
blocks, Love-Kirchhoff and Reissner-Mindlin plate models and 3D heterogeneous
FEM are adopted. An existing simple and effective discrete model is adopted and
improved by applying matrix structural analysis techniques for static and modal
analysis of masonry walls in the elastic field, but the formulation allows to account
for material nonlinearity. Elastic parameters of both plate models are based on an
existing compatible identification between 3D discrete model and 2D plate models.
Static and modal analysis of masonry walls with several boundary conditions are
carried on, numerical tests account for in plane size of heterogeneity and structure
thickness by means of in and out of plane scale factors. Results show that discrete
model is simple and effective for representing masonry behaviour, especially when
size of heterogeneity is smaller than overall panel size. Decreasing in plane scale
factor, plate models converge to the discrete one, but the Reissner-Mindlin one
shows a better convergence and also allows adopting a simple FE for performing
numerical analysis.

Keywords: masonry, out of plane analysis, modal analysis, discrete model,

Kirchhoff plate, Mindlin plate;heterogeneousmatertal, homegenisation,-elasticity.
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1 Introduction

Masonry is a structural material obtained by composition of natural or artificial
blocks connected by dry or mortar joints. For this type of material, size of
heterogeneity (or size of block) is often not negligible with respect to the global size
of a structural element; then, several ad-hoc models have been developed in the last
decades adopting different approaches.

The model that may appear as the more simple one among others for representing
masonry behaviour is a heterogeneous Finite Element (FE) model. The first example
of such a model type was limited to the in plane case, characterised by blocks
modelled with FE quadrilateral elements and joints modelled with one-dimensional
elements [1,2]. Small improvements of these initial works were performed by
Tzamtzis & co-workers by defining three-dimensional elements and joints, but
limiting the field of analysis to the in plane case [3,4]. However, the limits of this
approach are represented by the large number of degrees of freedom involved and
the consequent computational effort for the analysis of macro-scale problems.
Another class of numerical models frequently adopted for representing masonry
behaviour is discrete modelling, that is characterised by rigid or deformable
elements in contact, in order to represent natural or artificial blocks in contact by
means of dry or mortar joints. Into this class of models, the discrete element method
(DEM) is one of the most representative approaches. Such a method is characterised
by distinct elements, with finite size and independent degrees of freedom, that can
be subject to finite displacements and rotations; moreover, contacts between
elements can vary during analysis and are automatically recognized by the model.
DEM had been introduced by the pioneering works of Cundall in the field of rock
mechanics [5,6], that started considering the plane case and created the well-known
program UDEC [7], and continued modelling three-dimensional problems [8,9],
creating the program 3DEC [10]. Several developments in the DEM field are
represented by the combination of discrete and finite elements [11,12] accounting
for block deformability; however these models are still limited to in plane analysis.
Another type of discrete models is represented by those adopted in Discrete
Deformation Analysis (DDA, [13]) that are characterised by deformable blocks by
means of uniform strain and stresses in plane state. This model was extended to the
3D case even if at preliminary stage [14,15].

The discrete models cited above were created for modelling granular materials and
for studying rock mechanics, in several cases such models were extended to the field
of masonry structures with results comparable with those obtainable with other
classes of models; the work of Lemos [16] presents a deep review of DEM applied
to masonry structures, furthermore the recent book edited by Bagi, Sarhosis and
Milani [17] collects an up-to-date review of DEM for masonry and other discrete
approaches.

However, historical masonry is frequently made of strong and rigid natural or
artificial blocks and weak, thin and deformable mortar joints. For this reason,
numerical models, characterised by rigid blocks, with deformability concentrated at
mortar joints or dry contacts, subject to small displacements that do not vary contact
topology, should be sufficiently accurate and effective. Effectiveness is given by the
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small number of degrees of freedom involved in the analysis that allows to model
structures starting from small masonry panels to building facades and bridges. It is
worth noting that these models cannot be defined DEMs but still remain discrete
models. Considering the in plane case, this type of model was adopted by many
authors in linear and non-linear fields [18-22]. In particular, the discrete and
heterogeneous models introduced by Cecchi and Sab [20] were extended to the out
of plane case by also performing homogenisation procedures [23-25]. Similarly, the
‘rigid-body-spring-model’ introduced by Casolo was effectively extended to the out
of plane case, in linear and nonlinear fields [26,27] and it was also compared with a
homogenised model [28].

Heterogeneous and discrete models are often linked with continuous materials
equivalent to masonry, obtained by means of identification or homogenisation
procedures. Continuous models are another class of models that are generally
adopted for studying masonry behaviour at macroscale level, when both
heterogeneous and discrete models start to be inapplicable due to the huge number
of degrees of freedom involved in the analysis of masonry buildings. Considering
the in plane case, standard Cauchy models were obtained applying periodic
homogenisation techniques and considering the elastic behaviour of both brick and
mortar [20,24,29]; moreover, micropolar or higher order continua were taken in
consideration [30-35]. Considering the out of plane case, Stefanou et al. [36]
performed a 3D Cosserat homogenisation of regular masonry composed by rigid
elements in the linear elastic field and then proposed a FE formulation for Cosserat
elastic plates [37]. However more generally, research in the 3D or out of plane field
has been generally focused on nonlinear masonry behaviour for performing
nonlinear, limit and stability analysis of walls, facades and buildings [27,38-46].
Recently, Ferreira et al. [47] presented an accurate literature review related to the
analysis of unreinforced masonry out of plane loaded.

Considering the field of analysis based on homogenisation or identification
procedures, plate models are often adopted for modelling out of plane masonry
behaviour. In particular, the already cited works of Cecchi and Sab [23,24] show an
identification procedure that is based on the balance of internal work in the discrete
model and in the continuous one for a class of regular motions. In this field, an
important problem is represented by how kinematic, dynamic and constitutive
prescriptions of a discrete system are transferred to the continuous one. Hence,
constitutive functions of the plate model may be different. For example, a Love-
Kirchhoff plate model was proposed by Cecchi and Sab [20] for the case of both
rigid and deformable blocks by means of homogenisation procedures, whereas
Cecchi and Sab [24] studied both Love-Kirchhoff and Reissner-Mindlin plate
models for rigid blocks connected by elastic interfaces by means of a 3D discrete
model and homogenisation procedures.

Recently, Baraldi et al. [48] have presented a review of several numerical models,
heterogeneous, discrete and continuous, that may be adopted for modelling the
mechanical behaviour of masonry, with particular attention to out of plane loaded
panels having a specific regular texture. The present work aims to extend the initial
review by adding further information about out of plane displacement and rotation
fields obtained with linear static analysis. Moreover, this work aims to extend the
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campaign of numerical tests to the field of modal analysis, by means of a simple and
effective approach for studying the discrete system, based on the determination of
the stiffness matrix of the masonry assemblage. In addition, analytic solutions
relative to natural frequencies of homogenised plates simply supported along edges
are presented.

Hence in this work, numerical evaluation of the differences between a discrete
model with rigid blocks, heterogeneous FEM and homogenised plate models is
carried on for several case studies, performing static and modal analysis and
considering several boundary conditions. The effect of varying in plane
heterogeneity size (block width respect to panel width) is considered, as it has been
done for the in plane case by several authors [32,35,49]; moreover, the effect of
block aspect ratio (block width with respect to block height) and out of plane scale
factor (block thickness with respect to panel width) are taken into account.

In order to represent the behaviour of historical masonry, characterised by block
stiffness larger than mortar stiffness and joint thickness smaller with respect to block
size, the discrete model adopted in this work and the corresponding homogenised
plate models are based on the following hypotheses: i) masonry structure composed
by infinitely rigid blocks subject to small displacements and with fixed contact
topology, ii) mortar joints modelled as elastic interfaces. It is worth noting that the
elastic behaviour considered may not be correct for studying masonry structures,
given that such structures present a strong nonlinear behaviour even at low stress
levels; however, the proposed review represents an initial step for performing
numerical tests of out of plane loaded panels, that can be extended to the nonlinear
field in further developments of this work, adopting, for example, a Mohr-Coulomb
yield criterion for interface actions, following the numerical tests recently dealt with
by authors both for the in and out of plane cases [50,51]. Moreover, the proposed
campaign of modal analyses will allow to perform structural identification of
masonry specimens by comparing numerical results with laboratory or in situ tests.

2 Discrete model

This work considers a regular and periodic masonry assemblage, characterised by
equal rigid blocks arranged regularly with aligned horizontal joints and vertical
joints staggered by block half width. This model is defined as Discrete Rigid Block
Model (DRBM). A representative elementary volume (REV) is considered (Figure
1), characterised by a generic block B;; surrounded by six blocks by means of six
interfaces or joints S ok with k;, k, = £ 1 for horizontal interfaces and k; =+ 2, k, =

0, for vertical interfaces (Figure 1). Block dimensions are: a (height), b (width) and s
(thickness). It is worth noting that this contact topology is assumed to be fixed
during the analysis. Considering rigid block and small displacements hypothesis, the
displacement of a generic block is represented by a rigid body motion referred to the
motion of its centre and the rotation with respect to its centre:

u(y) =u + QY (y-y") (1)
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where y* is the position of block centre in the Euclidean space and considering the

out of plane case, u"/ =u}’ is the out of plane translation of block centre and Q¥ is

the rotation skew tensor collecting block rotations with respect to y; and y, axes:

Q= 0 0 -a 2

al [N /ifj ””” t“" ””” irré:f”’V .

Figure 1. Discrete rigid block model (DRBM), running bond Representative
Elementary Volume (REV)

Out of plane translation and rotations may be collected in q"/ = {u}’ @’ w}’}".

Following the procedure described by Cecchi and Sab [24] for the out of plane case,

the interactions between two adjacent blocks B;; and B, ., through a generic

interface S, are represented by unknown distribution of stresses, normal and

ky ko

tangential, o ={c"" &7 with normal stress assumed positive in case of

tension and negative in case of compression. Integrating stresses over the interface
area, interface force f;*** and couples c2,cj"> are obtained and collected in
ik = (£ ok BT Quch stresses and interactions are related to the relative
displacement and rotations between adjacent blocks, that are defined by:

b (a)Hk] ,J+ky +a)z /) (a)li+k],j+k2 +0)11',j)

kiky — itk jthy
d, u, Tk — 15 5 —k,a 5 ,

ki ok, l+k ,J+k i,j
o =" — @, (3a-c)
5k1 Jky — z+kl J+k, w;’,j,

and that may be collected in d“* = {d}"* 5/ 5217 Assuming the hypothesis of
elastic interfaces, the constitutive relation that defines interaction between block B;;

and B, .., is o"*n""% = K" d"" where n""* is the vector normal to interface
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Si s, » and K" =diag{K, K, K} is the interface stiffness matrix, that collects

tangential (K,) and rotational (K., K,,) stiffness of the interface, that may be detailed
for horizontal and vertical cases. Assuming mortar joints made of an isotropic and
elastic material, interface stiffness values are function of mortar elastic modulus £”
and Poisson ratio v". For instance:

K'= Chz_i_ E :E, Kfl_l E 225’ (4a,b)
e, 2(1+v"™) e, e, 1-(v") e

kog ol E G 1B K
e, 2(1+v"™) e, e, 1-(v") e,

where e, e, represent horizontal and vertical joint thickness, respectively.
2.1 Elastic energy

The elastic energy over a generic interface is determined by defining the product of
interface forces-couples and interface relative displacements-rotations:

_1 T _1 T _1 T _1 T3>
M, =5 [ (om) dds = [a Kdds=—_d'(KA)d=_d'Kd,  (6)

Sty Sy ko

where apex ki,k, for vectors and matrices is omitted for simplicity, A is the generic
diagonal matrix of area and inertias of the interface, that may be detailed for the
horizontal case and for the wvertical case: A, =diag{S,/, ({,+1,;)},

A =diag{S ([,+1;)1,}, with:

v

S, =bs/2, I,=bs’/24, I, =bs/96,

(7a-1)
S =as, I,=as’/12, I,=a’s/12.

Interface forces and couples may be obtained by differentiating the expression of

interface elastic energy in Equation (6) with respect to each block displacement

component. Then, extending such equation to the entire masonry assemblage (i.e.

masonry panel), the total elastic energy Il is obtained and the subsequent

equilibrium equation for the assemblage subject to out of plane actions F¢ is:

Fext = oIl /aq _ Kpanelq’ (8)

panel

where q collects block degrees of freedom of the entire panel. Equation (8) may be
solved by adopting a molecular dynamics algorithm or directly by explicitly
defining the stiffness matrix of the entire assemblage Kr#¢/, extending to the out of
plane case the procedure adopted by Baraldi and Cecchi [52] for the in plane case in
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the field of modal analysis of masonry panels. Details of the determination of Kree!
may be found in appendix A.

2.2 Kinetic energy

The kinetic energy of a masonry assemblage may be defined at block level and it
involves directly the global displacements of a generic block q*/ = {1}’ &)’ &f’}":

1% = I + (687 + 0,6, ©)

where m=y(a-b-s) 1is the mass of a block having density y and
Jy=m(a@’+s*)/12=y1,, J,=m(b*+s°)/12=y1, are block polar or rotatory

inertias with respect to y; and y, axes [24,36]. Mass and polar inertias of each block
may be corrected by taking into account mortar joint thickness, especially if it is not
standard (i.e. e, or e, > 10 mm), then m may be substituted by

m*=y[(a+e) (b+e,)-s], Ji with J*=m*[(a+e,)’+s°]/12 and J, with
J =m*[(b+e,)’ +5>]/12. Writing Equation (9) in matrix form, the (local) mass-

polar inertia matrix M/ of the generic block may be highlighted:

1 m 0 0][u 1
Hjﬁsza @ @y o0 J, 0ol =5(q‘*f )M 4, (10)
0 0 J||a&

where <->=d /dt. The mass matrix of the entire panel MP** is obtained by

assembling the local mass matrix M over the panel, obtaining a diagonal mass
matrix at panel level.

2.3 Modal analysis

The dynamic equilibrium of a masonry assemblage represented by a discrete model
can be formulated by expressing the equilibrium of the effective forces associated
with each of its degrees of freedom. Then, a multi degrees of freedom (MDOF)
equilibrium equation is obtained [53]:

Mpanelq+cpanelq+Kpanelq=Fext, (11)

where <-->=d*/dt*, Mprwel and Krael are, respectively, mass and stiffness

matrices of the entire panel and CP** is its damping matrix (a diagonal matrix
collecting damping coefficients related to block DOFs). The equation above is
coincident to the one adopted by the authors for solving static problems by means of
a molecular dynamics algorithm [24,54] and that is usually adopted in more general
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discrete element modelling numerical procedures. Such equation, in general, is
solved by considering each DOF separately from other DOFs, hence it does not
request the actual determination of panel matrices. On the other hand in this work,
matrices definition is fundamental for performing static and modal analyses.

For simplicity, the equations of motion of a freely vibrating undamped system can
be obtained by omitting the damping matrix and the applied load vector:
M” 4+ K" q=0. Then, assuming that the free vibration motion of the panel is
simple harmonic, which may be expressed for a MDOF system as
q.(t)=¢g,sin(nt+6), the equation of motion is modified as -

—N°'M?'q+K””“q=0. Then, a standard eigenvalue problem is obtained. The
quantities m; are the i-th eigenvalues of the vibrating system, which are related to

the free vibration frequencies of the panel A; = n/(2m), while the corresponding
displacement vectors (; represent the corresponding i-th shapes of the vibrating
system, known as eigenvectors or modal shapes [53]. As well known, natural
frequencies and modal shapes are obtained by solving a standard eigenvalue
problem and finite amplitude vibrations are possible only if
det[K” —m*M*"“]1=0. Moreover, after the determination of eigenvalues and

eigenvectors of the system, the mass and polar inertia participation factor of each
eigenpair respect to out of plane translation and rotations may be determined as
PFE = (q/M”"r)* /(r"M?”"“r), where r is the vector of displacement for the r-th
degree of freedom considered. Such factors turn out to be very important for

selecting eigenpairs that activate the largest percentage of mass in y; direction and
for evaluating the rotatory inertia activated by each vibrating mode.

3 Continuous models

S S

Uy A
» }.U;f' ) }0%

LK RM
U U

ol d
V1 s Vi 7S

V3 )3
a b

Figure 2. Love-Kirchhoff (a) and Reissner-Mindlin (b) plate models.

Cecchi and Sab [20,24] developed Love-Kirchhoff and Reissner-Mindlin plate
models (Figure 2 a,b respectively) for studying masonry walls, in and out of plane
loaded, by means of rigorous homogenisation procedures. It is worth noting that in
this field of analysis two scale parameters may be taken into account. Considering a
masonry assemblage with overall size L, the first scale parameter is the in plane one
€ = b/L that is typical of materials with an internal structure and plane heterogeneity,
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whereas the second scale parameter is the out of plane one { = s/L, that is typical of
plate structures and that in general does not depend on in plane heterogeneity. It is
well-known that when { tends to zero, the 3D solution converges to the Love-
Kirchhoff solution. Caillerie [55] has extended this result to periodic plates.

3.1 Love-Kirchhoff plate model

Following Cecchi and Sab [24], in the Love-Kirchhoff orthotropic plate model
(Figure 2a) the 3D displacement field is expressed in terms of the out of plane

displacement U.* (y,,y,) as follows:

u W) ={-U L)y, UGS L)y U e)) Vy, (12)

where <, > indicates derivation with respect to a direction of the coordinate system
adopted. An identification between the 3D DRBM and the Love-Kirchhoff plate
model may be performed as

q” =’ o) o} ={U () -Usf(v7) Uy 5D} (13)

Then, the elastic constants which relate the plate bending tensor X to the curvature
tensor may be highlighted as follows:

X D, Dy 0 X
X=9Xp =D Duy 0 X (> (14)
X, 0 0 Dy, X2

LK
where y, =-U;,,

and Sab [20]. In order to study the free vibrations of the homogenised Love-
Kirchhoff plate, Equation (14) needs to be solved together with the following
equilibrium equations:

with @, = 1,2 and D, ; were identified in the work of Cecchi

M 5= 9s =0,

ks (15a,b)
0,.,—rs@U;" /ot7)=0,

where O, with o = 1,2 is the generic component of the shear stress tensor

Q=1{9 Qz}T and y has been introduced in paragraph 2.2 for representing masonry

density. Therefore, the differential equation of the Love-Kirchhoff plate is obtained
and it is given by the following expression:

aZULK
LK LK LK
D]1]1U3,111] + 2(D1122 + 2D]2]2)U3,]122 +D2222U3,2222 = }/S at; . (16)
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The solution of the equation above is described in appendix B.l1 for the
determination of homogenised plate frequencies.

3.2 Reissner-Mindlin plate model

The Reissner-Mindlin orthotropic plate model (Figure 2b) proposed by Cecchi and
Sab [24] is adopted here for taking into account shear effects in the continuous
model. In this model, the 3D displacement field depends on the out of plane

displacement U (y,,y,) and two rotations @ (»,,¥,),4, (,,»,) as follows:

uRM(Y):{¢1(y1ay2)y3 & (V1> 3,) ¥ UfM(ylayz)}T vy. (17)

Similarly to the previous model, an identification between the 3D DRBM and the
Reissner-Mindlin plate model is defined as

q" ={u’ o) o} =) 4G ()Y (18)

The bending elastic constants of the model are coincident to those of the Love-
Kirchhoff one in Equation (14) by assuming y,, =(¢, , + ¢, ,)/2 with o, = 1,2;

whereas the relationship between shear strains and stresses is given by

Q:{Ql}:rn 0 Hm}, (19)
QZ O F22 7/23
where y,,=¢, +Uﬁ4 , with @, = 1,2 and D,, ; were identified by Cecchi and Sab

[24]. In order to study the free vibrations of the homogenised Reissner-Mindlin
plate, Equation (14) (with y,,=(4,,+¢,,)/2) and Equation (19) needs to be

solved together with the following equilibrium equations:

o’¢,
ot’

D1111¢1,11 +D1212¢1,22 + (D1122 + D1212)¢2,12 _E1(¢1 + U3Riw) = 13

2

o’¢
(D1122 + D1212)¢1,12 + D1212¢2,11 + D2222¢2,22 - Fzz (¢2 + Ufzw) = [3 ?22’ (20a'c)

UM

E1(¢1,1 +U31fﬁ)+Fzz(¢z,2 +U3{%) =S o

Where I, =ys’ /12 is the rotatory inertia of the homogenised plate. The solution of

the above system of equations is described in appendix B.2. It is worth noting that
analytic solutions of homogenised plate models (for both plate types) in static and
dynamic fields may be determined for simple load-restraint conditions such as
simply supported plates. Then, in the following numerical tests, a simple

10
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quadrilateral isoparametric shell element is adopted for representing the
homogenised Reissner-Mindlin plate model if analytic solutions do not exist.

4 Numerical tests

A numerical experimentation is performed in order to compare different approaches
that may be adopted for modelling the out of plane behaviour of masonry panels and
to evaluate their field of applicability. Particular attention is given to the evaluation
of the effectiveness of the homogenised models and particular attention is given to
the use of discrete model for static and modal analysis. Moreover, the sensitivity of
masonry out of plane behaviour to in and out of plane size of heterogeneity and to
block dimension ratio is taken into account.

The following models/solution methods are adopted for performing numerical tests:
- Discrete Rigid Block Model (DRBM);

- Homogeneous Reissner-Mindlin plate model - analytic solution (RMS);

- Homogeneous Love-Kirchhoff plate model - analytic solution (LKS);

- Homogeneous Reissner-Mindlin FE model (FEM RM);

- Heterogeneous full 3D FE model (FEM Het).

DRBM and homogeneous plate models have been described in Paragraph 2; the
Heterogeneous full 3D FE model is created by means of a commercial FEM code
and it is characterised by 6-noded brick elements used for modelling both blocks and
mortar joints by adopting different elastic parameters in order to represent the rigid
block assumption (block elastic modulus 10* times larger than mortar elastic
modulus). A masonry panel with a running bond texture pattern is considered as
reference case for the following numerical tests (Figure 3). It is characterised by 6
blocks in horizontal direction and 16 courses in vertical direction, with blocks
having dimensions b = 250 mm, @ = 55 mm and s = 120 mm. Horizontal and vertical
mortar joints have the same thickness e = 10 mm, hence, the overall dimensions of
the panel are: length L = 1560 mm, height 7 = 1040 mm and thickness s = 120 mm.
The mechanical characteristics of the mortar are £” = 1000 MPa and v = 0.2.

T T I T T I »

Figure 3. Masonry panel considered for the numerical examples

In the following, two panel boundary conditions are considered: panel simply
supported along its edges and panel with fixed base. The first boundary condition is
considered in order to provide also analytical solutions that may be determined for
the homogeneous plate models considered in this work, moreover such boundary

11
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condition may represent a masonry wall restrained along horizontal edges by slabs
and along vertical edges by orthogonal walls without a perfect connection. The
second boundary condition is considered in order to take into account a realistic
restraint for a masonry wall with a base foundation.

Y2 y2 Y Ve
g F_~

H
4 p
H F =

] A

ys iz 7 v
y: iz Ve ¥
a b c d

Figure 4. Case studies considered for the static analysis

4.1 Static analysis

In order to perform linear static analysis, several load conditions are taken into
account together with the two boundary conditions defined previously. The
following list collects the case studies considered (Figure 4):

- Case study 1: panel simply supported along edges, subject to a uniform load
distribution (Figure 4a);

- Case study 2: panel simply supported along edges, subject to a load distribution
over a small area at its centre (Figure 4b);

- Case study 3: panel with fixed base, subject to a uniform load distribution along
upper edge (Figure 4c);

- Case study 4: panel with fixed base, subject to a load distribution over a small area
at its upper-left corner (Figure 4d).

All cases are obviously characterised by load distributions acting in the direction
orthogonal to the middle plane of the panel. Cases 3 and 4 may represent walls in a
masonry building that are perfectly connected only with a slab or foundation
element at their base, and that are subject to horizontal forces at their top,
transmitted by a well-connected roof (Case 3) or a single beam of a wooden roof
(Case 4).

Before performing numerical tests related to the evaluation of scale factor effects
and to the comparison of the numerical models proposed, the following figures 5
and 6 collect the deformed shapes together with the maps of out of plane
displacements and rotations obtained with the reference panel for the four case
studies considered, modelled with the discrete model. Due to the restraint condition
of cases 3 and 4, out of plane rotations turn out to be negligible with respect to out
of plane translations, whereas for case studies 1 and 2 all block displacement
components turn out to be relevant.
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4.1.1 Influence of in plane size of heterogeneity — case studies 1,2

The effect of size of heterogeneity on the out of plane behaviour of masonry has
been already presented in the recent work of Baraldi et al. [48]. In this work, the in
plane scale factor is defined as € = b/L (hence, reference panel in Figure 3 is
characterised by € = 1/6) and in this paragraph block dimension ratio is maintained
fixed as well as the ratio between the overall dimensions of the panel. For simplicity,
an inverse expression of the scale factor p; = L/b = 1/¢ is also introduced in order to
represent with integers the results of the following analyses.

case study 1 case study 2

u3 [mm]

o [rad]

0.01

0.005

-0.005
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-0.01
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—_
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wu

Figure 5. Out of plane displacements and rotations for case studies 1 and 2 applied
to the reference panel modelled with the discrete model

Figure 7 shows the maps out of plane displacements obtained for case study 1,
considering two different scale factors ¢ = 1/6 and ¢ = 1/24, corresponding to p,
equal to 6 and 24, respectively, and adopting DRBM, Love-Kirchhoff solution
(LKS) and Reissner-Mindlin solution (RMS). Following the work of Cecchi and Sab
[24], analytic solutions for both Love-Kirchhoff and Reissner-Mindlin homogenised
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plate models may be determined for different load distributions over panels with
simple supported edges by means of a Navier double sine series expansion. The
order of magnitude of displacements is the same for the models considered, in
particular DRBM results are close to Reissner-Mindlin solution for decreasing in
plane scale factor €. Assuming maximum displacements obtained with DRBM as

reference solution, differences with respect to results determined with other models

are evaluated: diff =|uf —uy "™ | /uy"® -100, where i represents a model/solution

method adopted (LKS, RMS, FEM RM, FEM Het) and u; is evaluated at panel
midpoint. Figure 8 shows such differences for increasing p; and decreasing e,
denoting that solutions determined with all models converge to DRBM solution and
in general FEM Het turns out to have a behaviour very close to that of DRBM.

case study 3 case study 4

u3 [mm]

 [10-*rad]

> [10"*rad]

Figure 6. Out of plane displacements and rotations for case studies 3 and 4 applied
to the reference panel modelled with the discrete model

For both case studies, FEM Het is more rigid than DRBM, with differences less than
5%, whereas for case study 1 homogeneous models are more deformable with
respect to DRBM and differences are less than 5% only for 1/¢ > 15. Considering
case study 2, all models converge to DRBM solution for decreasing in plane scale
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factor or increasing p; = 1/e and in particular the Reissner-Mindlin analytic solution
presents almost uniform differences with respect to DRBM. As can be expected,
FEM RM is more deformable than the corresponding analytic solution. It is worth
noting that for both case studies and 1/¢ = 3, all models present large differences
with respect to DRBM; in this case panel thickness is not negligible with respect to
panel size (s almost equal to L/6), then plate models fail to represent correctly the
3D behaviour of the structure.

e=1/6

S = N W A~ Ul &

0 0.5 1 1.5

1/24

€

Figure 7. Out of plane displacements for case study 1
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0% | PR S e e S
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Figure 8. Differences in the determination of maximum panel displacement with
respect to DRBM results for varying in plane scale factor

Furthermore, it is possible to compare computation times for each modelling method
and for increasing in plane scale factor. Given that load and restraint conditions do
not influence computation times, only case study 1 is considered for this comparison
and A PC equipped with an Intel Core 17-3770 @ 3.40 GHz and 8 GB RAM is used
for this purpose and analyses with 3D heterogeneous FEM are done with a rough
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mesh refinement with one element along mortar joint thickness in order to avoid
huge computation times. For this reason, Figure 9 shows that computation times
with the discrete model are generally less than those spent with FEM Het, but they
tend to converge for increasing p;. The homogeneous FE model has the advantage
that the same mesh refinement, i.e. the same number of degrees of freedom, is
adopted for increasing in plane scale factor, hence the computation time is constant
and, adopting 32 subdivisions along both plane directions, it turns out to be smaller
than that of DRBM for p; > 10.

3 L woa ool a
10 Case study 1 g

9 10° = 3

§ ] £

- 101 = E

= B

2 17 " —=— DRBM

S 10" 3 £ —+— FEM Het
10 e

0 10 20 30

l/e=L/b=p,
Figure 9. Computation times for varying in plane scale factor

4.1.2 Influence of in plane size of heterogeneity — case studies 3,4
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0.2
0.15 0.8
© 0.15
= 01 0.6
Il ! 0.1
W
0.05 0.05
g 0
£
L 4
3 3
&
= 2 2
Il
W 1 1
0
0 2 4 6 0 2 4 6

Figure 10. Out of plane displacements for case study 3

In these cases, analytic solutions for homogeneous models do not exist, then the FE
model introduced for representing the behaviour of the Reissner-Mindlin plate (FEM
RM) turns out to be fundamental for comparing discrete and homogenised
approaches of analysis. Figures 10 and 11 show out of plane displacements obtained
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950 for case studies 3 and 4, respectively, considering two different scale factors € = 1/6
951 and € = 1/24 and adopting DRBM and FEM RM. Similarly to the previous cases, the
952 order of magnitude of displacements is the same for the numerical models
953 considered, in particular for decreasing the scale factor ¢ or increasing p;.
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086 Figure 12. Differences in the determination of maximum panel displacement with
087 respect to DRBM results for varying in plane scale factor
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990 differences with respect to results determined with other models are evaluated for
991 increasing p; and represented in Figure 12. Similarly to the previous cases, the FEM
992 introduced for representing the Reissner-Mindlin model is more deformable with
993 respect to DRBM and differences are less than 5% only for p; > 15. The 3D
994 heterogeneous FEM is generally more rigid than the DRBM (except for p; = 18 and
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4.1.3 Influence of out of plane size of heterogeneity: panel thickness

In order to evaluate the effect of panel thickness on the out of plane behaviour of
masonry, the out of plane scale factor { = s/L, introduced previously, is here
considered (for instance, the panel in Figure 3 is characterised by { = 0.077). Small
values of { represent thin panels, whereas large values of { represent thick panels. In
the following tests, a panel with p; = 18 is considered and its thickness is varied
assuming several values of . For simplicity only case studies 1 and 3 are taken into
account.

Figure 13 shows maximum panel displacements obtained with both plate models
and DRBM for increasing . Considering case study 1, it is evident that the results of
both plate models, as expected, converge to DRBM results for small values of {,
whereas for increasing (, both plate models are not able to represent the DRBM;
however, as can be expected, the Reissner-Mindlin model is slightly closer to
DRBM than the Love-Kirchhoff model. Considering case study 3, Figure 13 shows
that differences between DRBM and FEM RM results are almost uniform for
increasing ¢, close to 5% (obtained previously in Figure 12 for p; = 18).

0.015 TR I R S N1 TR IR S R N1
i Case study 1 Fod Case study 3 g 0.004
- 0.010 _ ro H—M i )
“ g Foo - =)
Eo . § —— DRBM
< 0.005 N i E M a E ks
] C } —— RMS
0000 ] L L — L T T - ] T T — T T — [ 00035 == FEM RM
0 0.05 0.1 0.15 0 0.05 0.1 0.15
C=s/L C=s/L

Figure 13. Maximum panel displacements for increasing out of plane scale factor

4.2 Modal analysis

In this paragraph, modal analysis of masonry panels modelled with DRBM is
performed in order to evaluate the effectiveness of the model in the determination of
out of plane panel vibration frequencies and of the corresponding modal shapes and
in order to evaluate the effects of in and out of plane scale factors, together with
block and panel dimension ratios.

4.2.1 Panel with simply supported edges

The panel with simply supported edges adopted for case studies 1 and 2 (Figure 4
a,b) is taken into account for first. Figure 14 shows the first four mode shapes and
the corresponding frequencies for the reference panel; block thickness is not
represented for simplicity and the corresponding colour maps of out of plane
displacement are added for better understanding block displacements. Similarly to
isotropic plates, first mode shape is characterised by one half-wave in both plane
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determination of the first four frequencies assuming DRBM results as references,
where j indicates a homogeneous plate solution method or solutions obtained with
heterogeneous FEM and i indicates the i-th eigenpair considered. Frequencies
obtained with LKS and RMS appear to be quite close to each other and present
similar differences with respect to DRBM results. Hence for both analytical models,
differences obtained for 1st and 4th frequencies decrease to 2% for decreasing in
plane scale factor € or increasing p;, whereas differences obtained for 2nd and 3rd
frequencies slightly decrease for increasing p; and are close to 10%. Similarly to the
static case, the results obtained with the 3D heterogencous FEM are closer do
DRBM results with respect to homogeneous plate solutions.
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| 4th i 1 4th I | st i
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Figure 15. Differences in the determination of panel frequencies with respect to
DRBM results for increasing p; or decreasing in plane scale factor €

4.2.2 Panel with fixed base

In this paragraph, the panel with fixed base adopted for case studies 3 and 4 (Figure
4 c,d) modelled with DRBM is taken into account. Panel texture in Figure 3 is
assumed as reference case, then several geometrical parameters are modified in
order to evaluate their effect on panel frequencies and modal shapes. For the
following analyses a second in plane ratio p, = H/a is introduced in order to evaluate
block dimension ratio a/b.

Then, the following aspects are considered for performing modal analysis:

- sensitivity to in plane scale factor: maintaining fixed block dimensions, the number
of blocks in both plane directions is increased;

- sensitivity to out of plane scale factor: maintaining fixed block and panel
dimensions (reference case), the effect of varying panel thickness is taken into
account;

- sensitivity to block dimension ratio - subcase 1: maintaining fixed panel
dimensions and block height a, the effect of varying block width b is taken into
account;

- sensitivity to block shape factor - subcase 2: maintaining fixed panel dimensions
and block width b, the effect of varying block height a is taken into account;

- sensitivity to panel shape factor: maintaining fixed block dimensions and panel
width L, the effect of varying panel height H is taken into account.
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The first row of Figure 16 shows the first four mode shapes of the reference case
together with the corresponding frequencies. The first mode shape is characterised
by the classical flexural deformation in vertical direction with one half-wave and

almost 60% of participant mass in out of plane direction (PF"™ =59.3%). The

second mode shape is characterised by a torsional deformation; in this case the
participant mass in out of plane direction is close to zero, whereas a participant

rotatory inertia with respect to vertical direction ( PF," =2.2% ) is obtained. The

third mode shape is characterised by a flexural deformation with two half-waves and
a PF}® =18.6% . The fourth mode shape is characterised by flexural deformations in

both plane directions (flex. 2D) but mass and rotatory inertia participation factors are
close to zero.

In order to evaluate the effect of in plane scale factors, the second row of Figure 16
shows the first four mode shapes and the corresponding frequencies of a panel
having & = 1/24, corresponding to p; = 24 and p, = 64. Mode shapes order does not
vary with respect to the reference case, whereas frequencies are smaller than those
of the reference case due to the larger deformability of the panel given by the large
number of blocks and joints considered. Mass participation factors in out of plane
direction of first and third mode shapes are almost coincident to those of the

reference case ( PF" =60.1%, PF," =18.6% ). Then, in plane scale factor does not

affect significantly modal shapes and mass participation factors of fixed base panels.
Figure 17a, indeed, shows that frequencies decrease linearly and mode order do not
vary for increasing p; or decreasing €.

In order to evaluate the effect of out of plane scale factor, Figure 17b shows the first
four frequencies for increasing out of plane factor {. As can be expected, frequencies
increase linearly for increasing { due to the increasing stiffness of the panel given by
its thickness, moreover mode order does not vary for increasing ¢ with respect to the
reference case and for this reason deformed shapes are not added to Figure 16. In
order to evaluate block dimension ratio a/b, the third row of Figure 16 shows the
first four mode shapes and the corresponding frequencies for a panel having p; = 24
and p, = 16, corresponding to a/b = 1.0. It is clear that the first mode shape and the
corresponding frequency is quite close to the first eigenpair of the reference case,
however the subsequent mode shapes are characterised by different order and
frequency values with respect to the reference case. Figure 17c, indeed, shows that
the first frequency value does not vary significantly for increasing p; and similarly,
the frequency values corresponding to the flexural mode shape with two half-waves
are almost constant or slightly increase for increasing p;. On the other hand,
frequencies corresponding to torsional mode shape and the one with flexure in both
plane directions decrease for increasing p; due to the increasing deformability given
by the increasing number of blocks and mortar joints in horizontal direction. Hence,
it is clear that flexural mode shapes are not affected significantly by scale factor p; if
block height and panel dimensions are fixed. Continuing to consider the effect of
block dimension ratio a/b, the fourth row of Figure 16 shows the first four mode
shapes of a panel having p; = 6 and p, = 32, corresponding to a/b = 0.125.
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Figure 16. Modal analysis of masonry panels (DRBM) varying several parameters
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First and third mode shapes are characterised by flexural deformation with one and
two half-waves, respectively, whereas second mode shape is a simple torsional
deformation and the fourth mode shape is a combined flexural-torsional
deformation. Frequencies corresponding to flexural modal shapes decrease for
increasing p, (Figure 17d), whereas frequencies corresponding to torsional modal
shapes initially decrease up to p, = 10 and then increase for ip, > 10.

modal shapes

v
W

10° ——] e 10" —— flex. 1 half-wave
a 10" p,=L/b 10’ 107 107 ¢=s/L 10" 10° b —— flex. 2 half-waves
10" el ST TS —e— torsional
. r —e— torsional-flexural
: kﬁ —— flex. 2D
10° 4 \“ . \‘\‘.._.«0""; 10°
MIHz]| et \\\.\_‘ A, [Hz]
10" — o e 10!
c 10° p,=L/b 10' 10° 10° p,=Hla 10" 10° d

Figure 17. First four panel frequencies varying in plane and out of plane scale
factors. Sensitivity to: in plane scale factor (a), out of plane scale factor (b); block
shape factor - subcase 1 (c), block shape factor - subcase 2 (d)

Finally, the effect of panel shape factor is considered by varying L/H ratio. For
example, the fifth row of Figure 16 collects the first four modal shapes
corresponding to L/H = 0.5, with p; = 6. Thanks to the slenderness of the panel, first,
second and fourth mode shapes are flexural with one, two and three half-waves,
respectively, whereas the third modal shape is torsional. Figure 18a shows frequency
values for increasing L/H. For the range of L/H values considered, the first mode
shape is always flexural with one half-wave and it is possible to define an expression
for estimating frequency values linearly depending on L/H and panel material
parameters. Moreover, Figure 18b shows mass participation factors related to this
case study and the first mode shape tends to activate the 60% of the total panel mass
for decreasing L/H, whereas the percentage of mass activated by the second flexural
mode shape does not depend on L/H and it is close to 20%. Figure 18c shows
rotatory inertia participation factors, that are strictly related to block out of plane
rotations. In particular, the rotatory inertia related to @, for the first and second
flexural modes increases significantly for increasing L/H.
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Figure 18. Modal analysis varying panel shape factor L/H. Frequency values (a),
mass participation factors (b); rotatory inertia participation factors (c)

4 Conclusions

In this work the out of plane behaviour of masonry panels with regular texture has
been considered. Elastic behaviour, small displacements, and fixed contact topology
are the hypotheses adopted for the analysis. Several numerical and analytical models
have been taken into account for modelling masonry, with particular attention to a
simple discrete model introduced by Cecchi and Sab [24] and here extended by
performing static analysis with several boundary conditions and load cases and, in
particular, by performing out of plane modal analysis. The proposed review has
shown that the discrete model (DRBM) is simple, effective and efficient for
modelling out of plane behaviour, thanks to the small number of degrees of freedom
involved during the analyses. Such simplicity allowed to define the stiffness matrix
of the regular assemblage of blocks, in order to obtain fast static solutions with
respect to the molecular dynamics method adopted originally and in order to
perform modal analysis by solving eigenvalue problems.

Both in static and modal analysis, the 3D Heterogeneous FEM turned out to be quite
close to the DRBM, however it is affected by the large number of degrees of
freedom needed for modelling accurately the masonry structure and by the mesh
refinement required for obtaining accurate results. Love-Kirchhoff and Reissner-
Mindlin homogeneous plate models turned out to be more deformable than the
DRBM almost in all case studies considered in static and modal analysis. However,
performing static analysis, analytic solutions obtained with the Reissner-Mindlin
plate turned out to be closer to DRBM for decreasing in plane scale factor. In
general, for the four case studies considered during static analysis tests, the
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homogeneous models proved to be effective for representing masonry behaviour
only for small values of the in plane scale factor (i.e. € < 1/15 or p; > 15).

The FEM adopted for modelling the Reissner-Mindlin homogeneous plate for static
analysis turned out to be slightly more deformable than the corresponding analytical
model, however it has been fundamental in the determination of out of plane
displacements for the case studies of panels with fixed base. Furthermore,
computation times with FEM RM are not affected by the in plane scale factor, hence
this model may be successfully adopted in case of panels with a large number of
blocks.

Then, modal analysis performed for the simply supported plate allowed authors to
define the analytic solutions in terms of frequencies for Love-Kirchhoff and
Reissner-Mindlin homogeneous plate models. Similarly to the static analysis case,
homogeneous models turned out to be effective for representing masonry behaviour
only for small values of the in plane scale factor (i.e. € < 1/15 or p; > 15). Further
modal analyses on masonry panels with fixed base have been carried on adopting
only discrete model, obtaining flexural deformation with one half-wave as first
mode shape and obtaining often torsional deformation as second mode shape. In
plane and out of plane scale factors turned out to slightly influence mode shapes
order.

Further developments of this work will regard the extension of the DRBM to the
field of nonlinear analysis by assuming rigid block and nonlinear interfaces,
similarly to recent developments performed by authors in plane case [50].
Furthermore, more accurate continuous models, such as the Cosserat continuum,
will be taken into account and compared to the DRBM here reviewed.
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Appendix
A Stiffness matrix of a regular block assemblage

In order to describe how to determine the stiffness matrix of a regular masonry
assemblage, the simplest procedure envisages the definition of the stiffness matrix
for an interface S, , between two generic blocks. Then, the degrees of freedom

related to the generic block B;; in Equation (1) have to be taken into account
together with the degrees of freedom of a generic neighbour B,

i+hy,j+k, :
i+ky,j+ky, _ i+hky,j+k i+ky,j+k i+hky,j+k, T
q 1 2 _{u3 1 2 a)l 1 2 a)z 1 z} , (21)

where k;, ko, = = 1, for horizontal interfaces, k; = + 2 and k, = 0 for vertical
interfaces. The degrees of freedom of the couple of adjacent blocks may be collected
in the following vector having 6 components:

kyky i,j i,j i,j o i+ky,j+k, i+ky,j+k, i+ky,j+ky T
q" ={uw’ o 0w @, W, 3 (22)

i+ky,j+k,

Adopting the notation of vectors q*/ and q

relative displacements between the blocks, may be written in matrix form as
follows:

, Equation (3a-c), representing

dy | (1 —kal/2 kb4 [ugr
dvt =36kt =10 1 0 AL
52kl ks 0 0 1 a)?kl vk,
1 kal/2 —kb/4]|uy (23)
—10 1 0 a)lt/ — Hi+k|,j+k2 q[+kl,j+k2 —Hi’j qi"j,
0 0 1 @’

and, assembling matrix and vector components, the following expression may be

obtained:
_ Hi’j 0 qi Ni
kl ’kZ j— j— kl ’kZ kl ’kZ
d —|: 0 Hi+k|,j+k2j|{qi+klﬁj+k2}—H q . (24)

It is worth noting that k; and 4, depend on the interface considered, consequently
matrices H™/*  H" and then matrix H** depend on the interface considered.

Moreover, interface forces and couples depend on relative displacements between
blocks by means of constitutive relations involving interface stiffness matrices.
Then, substituting the equations above in the expression of the elastic energy of the
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