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Abstract. We consider thin plates whose energy density is a quadratic function of the difference
between the second fundamental form of the deformed configuration and a natural curvature tensor.
This tensor either denotes the second fundamental form of the stress-free configuration, if it exists,
or a target curvature tensor. In the latter case, residual stress arises from the geometrical frustration
involved in the attempt to achieve the target curvature: as a result, the plate is naturally twisted,
even in the absence of external forces or prescribed boundary conditions. Here, starting from this
kind of plate energy, we derive a new variational one-dimensional model for naturally twisted ribbons
by means of I'-convergence. Our result generalizes, and corrects, the classical Sadowsky energy to
geometrically frustrated anisotropic ribbons with a narrow, possibly curved, reference configuration.
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1. Introduction. Ribbons are ubiquitous in the physical world [1, 4, 8, 28, 31].
Recently, they have received a great deal of attention. This is true, in particular, for
Mobius strips and helical bands, [2, 5, 10, 12, 17, 27, 39, 43]. This renewed interest is
also due to their manifold potential applications, which range from physics/electro-
technology to chemistry/nanotechnology [14, 25, 32, 34, 38, 40, 41].

Geometrically a ribbon is a strip of thickness h, width e, and centerline length ¢,
with h < ¢ < . Because of anisotropic prestrains, inhomogeneous swelling, plastic
deformations, or differential growth, ribbons may not have a stress-free configuration.
Hyperelastic theories for these bodies have been recently formulated in terms of defor-
mations that are measured with respect to a reference metric rather than a reference
configuration [11, 13].

Several plate models for these materials have been obtained by studying the T'-
limit of various scalings of the energy, as h goes to zero. In particular, in [22, 30, 36] the
energy density of the deduced model is a quadratic function of the difference between
the second fundamental form of the deformed configuration and a “natural” curvature
tensor. This tensor either denotes the second fundamental form of the natural (stress-
free) configuration or a target curvature tensor. In the latter case, residual stress
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arises from the geometrical frustration involved in the attempt to achieve the target
curvature: as a result, the ribbon is naturally twisted, even in the absence of external
forces or prescribed boundary conditions (here and throughout the paper, by the word
“twisted” we mean “forced out of its proper shape”; in the language of beam theory
it would be “bent and twisted”). By controlling the natural curvature tensor one may
select the shape spontaneously attained by the ribbon: this is the focus of several
studies aimed at designing new structures [2, 29, 24, 35, 42, 45].

Given that also ¢ < /¢, after having let h go to zero, it is interesting to find
one-dimensional models that characterize very narrow strips, by considering the limit
as € tends to zero. A limit energy for homogeneous, isotropic, elastic ribbons with a
rectangular stress-free configuration was put forward by Sadowsky [33]; see [26] for a
recent English translation. This energy, now known as the Sadowsky energy, depends
on the curvature and torsion of the centerline of the band and it is singular at the
points where the curvature vanishes. A formal justification of the Sadowsky energy
was given by Wunderlich [44, 43]. Only very recently, in [18], it has been proved by
means of I'-convergence that the Sadowsky energy is correct for “large” curvature
of the centerline of the strip, while for “small” curvature the correct limit energy is
significantly different from the Sadowsky energy. We shall further address this point
at the end of the introduction.

Before discussing the contents of our paper we mention that one-dimensional
models could be obtained from the three-dimensional theory also by letting h and e
go to zero simultaneously. Within the nonlinear theory of elasticity for homogeneous
bodies with a stress-free configuration, several limit energies, corresponding to differ-
ent scalings, have been obtained in [20, 21]. In a forthcoming paper we will show that
one of the possible scalings delivers the energy of a nonfrustrated ribbon.

In the geometrically frustrated setting, one-dimensional models have been for-
mally deduced from two-dimensional models in [9, 29, 24, 38] by following the pro-
cedure of Wunderlich [44, 43]. The models obtained in these papers do not coincide
with the one rigorously derived here. The only rigorous model within the setting
of frustrated ribbons has been obtained in [2]. There the authors consider isotropic
ribbons that may not have a stress-free configuration and, by following the analysis
carried out in [18], they deduce a one-dimensional model by means of I'-convergence.
Their nice model has partly inspired ours.

In this paper we consider a two-dimensional energy that coincides with that ob-
tained in [36] by letting h go to zero (see also [22, 30]). We assume the reference con-
figuration to be given by a sequence of two-dimensional “thin” regions parametrized
by e. These regions are not necessarily rectangular; they may have a curved center-
line and a smoothly varying width. The admissible deformations are isometries and
their energy depends quadratically on the difference between the second fundamen-
tal form of the deformed configuration and a natural curvature tensor. Our model
slightly generalizes the one considered in [9]; indeed, the two models coincide if we
restrict our energy density to be isotropic. By letting the parameter € go to zero,
under appropriate assumptions on the limit behavior of the natural curvature tensor,
we identify the T-limit of the (suitably rescaled) sequence of energy functionals in a
topology that ensures compactness of the sequence of minimizers.

Our result not only provides a rigorous derivation of the energy of a very narrow
ribbon, but also corrects several formal justifications that are found in the literature.
In addition, we allow the energy density to be anisotropic: an “intrinsic” anisotropy
and not simply the one scattered by the presence of the natural curvature tensor as
in [6, 7, 23]. Limit models within this generality, as far as we know, have not been
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deduced, not even formally. We also prove a relaxation result for quadratic functionals
with a determinant constraint (see section 5), that is of interest in its own right and
is a fundamental ingredient to deal with the nonlinear isometry constraint in weak
topologies.

The limit energy that we deduce depends on three vector fields (directors) dy, da,
and dsz, where d; is tangent to the limit deformation, ds represents the “transversal”
orientation of the strip, and ds3 is orthogonal to d; and ds. The system of directors
may not be orthonormal; in fact, they are related to the geometry of the reference
configuration by means of a covariant basis D = (D1, D) through the constraints

do-ds=Dgo-Dg,  d,-(dsAdy) =D (esADy).

The first constraint implies that the ribbon is unsherable and inextensible, while the
second constraint is a consequence of the intrinsic nature of the geodesic curvature.
The energy functional is then given by

/2
J(d1;d27d3) = Q(xlvdll ' d37d/2 ! d3) dS,
—2/2

where £ is the length of the centerline of the strip. The quantities d} - ds and d, -
ds are usually called, within the theory of rods, bending strain and twisting strain,
respectively. Denoting the energy density of the plate by @, the limit energy density
Q is defined in two steps: first, two positive constants oz]?(_ and oy are defined by

af :=sup{a >0: QM)+ adet M >0 for every M € R2X2

sym J

and then the energy density @ is given by

Q(x1,p,7) = min{(Q(M — D7TA°D™) + agf (det M) + ag (det M)~ )det D :
M = uD'® D' + 7(D' ® D* + D* ® D) + 7D* ® D2, WER},

where (D', D?) denote the contravariant basis in the reference configuration, i.e.,
D% . Dg = d4p, while A° = A°(x;1) characterizes the limit behavior of the natural
curvature tensor, and (det M)* denote the positive and negative part of det M.

In the very particular case considered by Sadowsky [33, 26] and Wunderlich [44,
43], which corresponds to Q(M) = |M|?, A° = 0, and D equal to the identity, the
energy density reduces to

2 22
-~ W+ R
Qa1 p,7) = pw
472 if /12 <72

and coincides with that found in [18]. If y and 7 are interpreted as the curvature
and the torsion of the centerline of the band, this function agrees with the Sadowsky
energy density only in the regime p? > 72; this is the large curvature regime to which
we alluded earlier in the introduction.

The paper is organized as follows. In section 2 we introduce the sequence of
energy functionals and in section 3 we rescale them on a fixed domain. In section 4
we study the compactness properties of sequences with bounded energy and state the
I'-convergence result. Section 5 is devoted to the relaxation of quadratic functionals
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with a constraint on the determinant. This result is the crucial ingredient for the
identification of the correct I'-limit and is used in the proof of both the liminf and the
limsup inequalities. The construction of the recovery sequence also requires several
geometric and approximation results for isometric immersions, that are proved in
section 6. Finally, in section 7 we prove the I'-convergence result.

2. The energy of an inextensible elastic ribbon. We consider an inexten-
sible elastic ribbon whose configurations in the three-dimensional space are isometric
to a planar region S., where ¢ > 0 is a small parameter. The region S. C R? will
be taken as the reference configuration and its geometry will be specified below. Any
smooth deformation u : S. — R3 will satisfy the isometry constraint

(1) (Vu)" (Vu) =1,

where I denotes the 2 x 2 identity matrix. In coordinates, (1) reads Oqu - dgu = dagp.
We denote by
v, = O1u A Oqu

the unit normal to the deformed configuration u(S,), and by A, : S — ngxnzl the
second fundamental form of w. It is defined by (Ay)ap := vy - 0udsu, which can be
equivalently written as A, = V2u;(v,);. We recall that, since u is an isometry, the

Gaussian curvature of u(S;) is zero, that is, the second fundamental form of u satisfies
(2) det A, =0 in S..

We assume the energy density of the strip to be quadratic and to depend on the
second fundamental form, but we neither assume the material to be isotropic nor the
reference configuration to be stress free. Let A" € L2(S; ngxn%) be a symmetric ten-
sor field that either represents the second fundamental form of a natural configuration
(that is, A?* = Ao for some deformation ug) or a target curvature tensor field not
necessarily corresponding to a configuration (this latter case is usually addressed as
nonEuclidean ribbons). The bending rigidity is taken into account by a linear map
K from Rfyxn% into itself. We assume K to be symmetric, i.e., KA- B = KB - A for
every A, B € ngxn% Moreover, we assume K to be positive definite, i.e., there exists a
constant ¢ > 0 such that KA - A > c|A|? for every A € RZ2.

The energy of the ribbon takes the form

Buu) = 52 [ K(Au() = A2(a) - (Au(a) = A (@) da.

Its domain of definition is the set of deformations u € W22(S.;R3) that satisfy the
constraint (1). The choice of this model as the starting point of our analysis is
motivated by the work [36], where this energy is rigorously deduced by means of a
rigorous three-dimensional-two-dimensional limit (see also [22, 30] for related models).

The region S.. To define the region S, we introduce the rectangle 2. = I x
(—¢/2,¢/2), where I denotes the interval (—¢/2,¢/2) with ¢ > 0. Then

SE = X(Qs)a

where x : R? — R? is an injective orientation preserving map of class C2. We assume
that
01x|(z1,0) =1 Va1 €R,

so that the length of the curve y({z2 = 0}) in S. is also equal to .
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Se

Fic. 1. A ribbon having a nonrectangular parallelogram as reference Se.

Set Q :=1 x (—1/2,1/2) and let p. : Q@ — Q. be defined by p.(z) := (21,ex2).
We define
D® := (V) o pe

and
D;, := D%q = (0aX) © pe-

The pair of vectors D and D5 is the covariant basis in the reference configuration.
For later use we note that there exists a constant ¢ > 0 such that

1 1
(3) ¢ <detD?(z) < - < |Df(z)| < - for every x € Q,
and that
4) D® — Vx(-,0)=:D

uniformly. We set D, := De, and remark that |Dq| = 1.

Remark 1. We note that by allowing D;-Ds # 0, ribbons as depicted, for instance,
in Figure 1 are covered by our analysis.

3. The rescaled bending energy. Let x. : 2 — S, be the function
Xe *= X © Pe

that maps the fixed rectangular region into the reference configuration.

L B
Se u(Sz)

T x
| — )
l £ | y
o
T 2 |

Setting
Rf:=Vp. =e1 Qe1 +eea R e,
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we have Vy. = D°R°. With a given deformation u : S. — R? we associate a rescaled
deformation y : Q — R3 by setting

Y= uoXe.

Then Vy = (Vu) o xcVxe, which can be rewritten in terms of the directors of the
reference configuration as

0
(5) Oy = (VwoxeDi, 2 = (Vu)oy.D5.

As u satisfies (1), we immediately deduce that

Oy - Oy = Dy - D,

15)
(6) oy~ =% = Di - ;.
Oy Ooy
~ e ~ D De

Thus, u € W22(S.;R3) satisfies (1) if and only if the rescaled deformation y belongs
to the space

W22 (O R?) == {y € W22(Q;R®) : y satisfies (6) a.e. in Q}.

iso,e

Let
81:(] A 5‘1823/

Ny = VUV, O =V —
Y uoXe |01y A e=10ay|

denote the unit normal to y(2). The second fundamental forms of u and y are related
by the formula

(7) V2yi(ny); = VXL Ay o XeVxe.
Indeed, straightforward computations lead to
3a0pyi = (VX2 VUi 0 XeVXe)ap + Vi 0 Xe - DadpXe,
from which (7) immediately follows since u is an isometry. From (7) we deduce that
(8) Auoxe = (D) T A,(D) 7Y,

where
Aye = (R7) 'V 2y(ny )i(R7) ™
is the rescaled second fundamental form of y. This can be rewritten in a more explicit

form as

0202y

010
! 2y(el ®62+62®€1)+ny'762®62.

Aye=ny-0101ye1 Qep +ny -

By (2) we immediately have that

(9) det A, . =0 ae in Q.
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The energy in terms of the rescaled deformation is given by J. : Wéﬁe(Q;R?’) —
[0, 4+00), defined as
(10)

J=(y) !

=5 [ K((D?) " (Aye = A)(D7) 1) - (D) T (Ayc = A2)(D)~" det D* da,
Q

where we have set
(11) A? = (DE)TAIE"CIt oxeD*".

We note that the relation between the bending energy and the rescaled energy is
JE(y) = Ee(“)

4. Compactness and I'-limit. Hereafter, we assume that
(12) AS — A°  in L2(Q;R?*?)
with A° = A°(z;), that is, A° € L?(I;R2X2).

sym

LEMMA 2. Let (y.) C W22_(S;R3) be a sequence of scaled isometries such that

iso,e

(13) lim sup J¢ (ye) < oo.

e—0

Then, up to a subsequence and additive constants, there exist a deformation y €
W22(I;R3) and three vector fields di,ds € W2 (I;R?) and ds := (d1 A dz)/|d1 A da]
satisfying
(14) dl:y/a dadﬁ:DaDﬂa
(15) dll '(dg/\dl) :D/l . (63/\D1),
almost everywhere in I, such that
(16)

ye =y in WA R?),  Oye = dy in WH(QR?), % —dy in WH(Q;R?),
and Ay, . — A in L*(Q;R2)2), where

(17) A=dy-dsey®e;+dy-dz(eg®ez+ea®@e1) +yer @ e
for some v € L*(Q).

Remark 3. Lemma 2 naturally extends to a more intrinsic setting, where the de-
formation v := u o x is considered as the natural variable and the energy is defined
on the class of isometric immersions of the surface €2, endowed with a given Rieman-
nian metric g (which in the present case coincides with (Vx)7(Vx)). In this setting
formulas (14) and (15) follow from the continuity of g and of the metric connection
(Christoffel symbols) defined by g. A similar remark applies to Theorem 5(i) below.
Details on this general approach will be given in a forthcoming paper [19].

Proof of Lemma 2. Let (y.) C W22 _(S;RR3) be a sequence satisfying (13). Then,

iso,e

by using the fact that K is positive definite and (3), we find
¢> C/ (D*)~"(Ay, e — A2)(D?)~"|* det D° du
Q

> / Ay . — A°]2/|D| i > ¢ / A, . — A dr,
Q Q
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where the second inequality holds since there exists a constant ¢ > 0 such that
|BAC| > ¢|A|/(|B~Y |C~|) for every matrix A and any invertible matrices B and C.
Thus, from (12) it follows that

(18) limsup || Ay, || 22(Q) < +oo.
e—0

Also, combining the fact that y. € W22_(€;R?) with (3) gives the bound

iso,e
(19) hmsgp(H@lyEHLoo(Q) -+ ||57182y5\|Loc(Q)) < +00.
e—

We now show that

(20) lim sup (101019 | L2y + e 0102yl 2 () + lle™?0202ye || 12(0)) < +o0.
e—

To prove this it is convenient to set

029 Ny N dS Ny N d§
ds =0 dE = , dlz_ Ye 27 d2: Ye 1.
PO T ST g g T Jas A dg)

Since df, = (Vu) o x.D5, (see (5)), and w is an isometry, we have that |df A d5| =
| DS A D5|. Thus, from (3) and (19) we deduce that

timsup (15 o) + 1451l @) + Il oy + 2l i) < +ox.
E—r

Moreover, since d5, - d2 = ,4, we have
(21) 0101y = (D101Ye - Orye)dz + (0101ye - €~ Doye)d2 + (D101ye -y )y
By differentiating the first two identities in (6) with respect to 1 we obtain
0101ye - Oy = 01 D5 - DY
and
0101ye - Daye = O1(D5 - D3) — Dye - €91 8oy = 1(DF - D3) — (26) 1 92(Df - DY),

where the last equality follows by differentiating the first identity in (6) with respect
to xo. Applying these formulas in (21) yields

(22) D101y. = (01DF - Di)d: +[01(D5 - D5) — (26) ™" 02(D5 - DY)]dz + (€1 Ay, ce1)ny, ,
where we also used the definition of A,,_ .. Since
e710y(D5 - DY) = e 05[(81x - Drx) © pe] = [B2(d1x - Dr1x)] © pe,

it follows that the first two terms on the right-hand side of (22) are uniformly bounded
in L°°, while the third is bounded in L? by (18). We have therefore proved that
limsup,_,q [|01019c||2(q) < +00. The other two bounds appearing in (20) are proven
similarly.

From (19) and (20) we infer that, up to additive constants, the sequence (y.)
is uniformly bounded in W?22(Q;R3). Therefore, up to subsequences, we have that
ye — y in W22(Q; R?) and strongly in W1P(Q;R?) for every p < oo. Inequality (19)



A VARIATIONAL MODEL FOR RIBBONS 3891

implies that y is independent of x5. The convergence just stated also implies that
O1y. — dy weakly in W12(Q;R?) and strongly in L”(£2; R?) for every p < oo, with d;
independent of x9 and d; = ¢’ almost everywhere in I.

Still from (19) and (20) we deduce that, up to subsequences, e ~*day. — do weakly
in WH2(Q; R?) and strongly in LP(£;R?) for every p < oo, with dp independent of
x2. Now, by passing to the limit in (6) we find d, - dg = D, - Dg.

Since
_ 0w Ne 'Oy Diye ANl Doye

|01y A €102y | |D§ A Dj
we have that n,_. — ds in LP(S;R3) for every p < oo, where d3 = (d1 Ada)/|d1 Ada].

The constraint (15) follows from the fact that the geodesic curvature is intrinsic,
i.e., the geodesic curvatures of two isometric curves are equal (see [37]), that is,

Ny,

0101Ye - (ny, N O1Yc) _ 0101Xx - (e3 AN D1 xe)
|81y€|3 |81X6‘3 .

Rearranging and passing to the limit we find

81D1 . (63 A Dl)

Ovdy - (ds A dy) = Do

|d1‘3’
and the equality (15) follows since |Dy| = |d1] = 1.

Finally, up to subsequences, we have that A,_. weakly converges to a matrix
field A in L?(S;R2X2). By using the convergences established above, it follows that

Sym
e1-Ae; =y - ds and e - Aeg = df - d3. The entry e - Aey cannot be identified in
terms of y, ds, and d3 and is set equal to « in the statement. 0

The vector fields dy, do, and d3 are usually called directors: d; is tangent to
the deformation y, ds represents the transversal orientation of the strip, and ds is
orthogonal to d; and dy. The limiting values of the 11 and 12 components of the
second fundamental form are measures of flexure and twist, respectively; cf. [3]. We
also note that the constraint det A,_. = 0, which holds for every ¢, does not pass
to the limit. Indeed, the limit matrix field A in (17) may have determinant different
from zero. The constraint in (14) asserts that the limiting beam is inextensible, while
(15) asserts that the limiting beam has the same geodesic curvature of the reference.

In order to state the I'-convergence result we first introduce some definitions. We
set

dy Ad
A= {(dl,dz,dg) e WH(LR¥3) : dy-dg = Dy - D, dy = ———2
d1 A da|

and d} - (ds Ady) = D} - (e3 A D1) a.e. in I},

and

QM) := %KM - M.

By means of this quadratic energy density we define the constants

off ==sup{a >0: Q(M)+ adet M >0 for every M € RSVXH?
and
ag :=sup{a >0: Q(M) — adet M >0 for every M € R2X2

sym J *
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The limiting energy density is the function @ : I x R x R — [0, +-00) defined by
Q(z1, ,7) := min {Q(D(Il)T(A — A°(21))D(21) ") det D(z1)

4 (det A)T _ (det A)~ A (rT R
Oé]KdetD(:vl)—H)[KdetD(:L“l) U\ oy V€

for every z1 € I, u, 7 € R, where (det A)T := det AV 0, (det A)~ := —(det AA0), and
D(z1) = Vx(x1,0). The I-limit functional J : A — R is given by

J(dl,dg,dg) = /@(xl,d’l . d3,d/2 . d3) dJL‘l
I

for every (di,ds,ds) € A.

Remark 4. Let D® := D~ Te¢,, be the contravariant vectors in the reference con-

figurations, i.e., D% - Dg = Jo3. It is easy to see that @) also has the following
characterization:

Qzy,p,7) = min{(Q(M — D TAD™Y) + oif (det M)" + ag (det M)~ )det D :
M = uD'® D' + 7(D' ® D* + D* ® D') + 7D* ® D2, yeR}.

We are now in a position to state the I'-convergence result.

THEOREM 5. As e — 0, the sequence (J.) T'-converges to the functional J in the

following sense:
(i) (liminf inequality) for every sequence (y) C W22 (4 R3), y € W22(I;R3),

iso,e
and (dy,da,d3) € A such that y' = dy a.e. in I, y. — y in W22(Q;R?),
01y — dy and 92ve (1, in WH2(Q; R3), we have that

g

. > .
111€r1_>1(1)1f Jo(ye) = J(dy,da,ds);

(ii) (recovery sequence) for every (di,ds,ds) € A there exists a sequence (ys) C
Wiif’a(ﬂ;ﬂ@) such that y. — y in W22(;R?), d1y. — dy and % —ds in
WL2(Q;R3), and

limsup J. (ye) < J(d1,d2, ds),

e—0

where y 1s defined up to a constant by y' = dy a.e. in I.

Theorem 5 will be proved in section 7. The proof will be based on two main ingre-
dients: a relaxation result, which is the subject of the next section, and a geometric
construction of isometric immersions done in section 6.

We conclude this section with some examples. By the assumptions made on the
tensor K, in a fixed orthonormal basis we may write

1 1 Kiin Kize Kirie My My,
§KM'M = EKaﬁvéMaﬁMwé =3 Kit2o Koooo Kiooo Moy || Moo
Kiti2 Koo K212 2Mi2 2My2

Ezample 6. We consider an orthotropic material with respect to the chosen axes,
i.e., we assume K1112 = K1222 = 0. We set 2K11 = K111172K12 = K1122,2K22 =
KQQQQ, and 2K33 = K1212. Then, setting m = (Mlla MQQ, 2M12)T S Rs, we have

QM)+ adet M = (C+aD)m-m,
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where
K Kz 0 0 3 0
CtaD=| Ki» Ko 0 |xafl 2 0 0
0 0 K 0 0 —1

By definition, o is the largest value of a for which all the eigenvalues of C & oD are

greater than or equal to zero. A simple computation shows that the eigenvalues of
C+ aD are

1/2

K+ K K1 — Ko\ 2 2
K33:F%7 11—; 22<< 112 22) +<K12ig)) )

where we omitted the third eigenvalue since it is always positive. By imposing these
expressions to be always greater than or equal to zero we find

a]k’: — min {4K33, 2 <\/m - Kl?) } ’
og =2 (\/ K1 Ko + K12) .

If we take A° = 0 and D equal to the identity, i.e., Sc = €., and we assume that
aﬂz = 2(vV K11 K93 — K12), it follows that

Kuip' 4 (2K12 + 4K33) 1% + Koor*
B 114 +( 12 + 33)/1“ 7T+ BooT if \/K711:U’2>\/K72272’

Q(xla;U/7T) = ,U'2
(4K33+2\/K11K22+K12)T2 lf \/K11,u2 S \/K22’7'2.

Ezample 7. The case Q(M) = |M|?, which corresponds to the case considered
in [18], can be recovered by Example 6 by setting K13 = Koo = 1, K12 = 0, and
K33 = 1/2. In this case we obtain

~+

so that
Q(M) + o (det M) + ag (det M)~ = |M|* + 2| det M]|.

Again, for A° =0 and D equal to the identity, we infer

2 2\2
_ 7(;1 +2T ) if u? > 72,
Qz1,p1,7) = I
472 if u? <72
Example 8. For an isotropic material
Q(M) = K |M[* + Kx(tr M)>?,
we have

o = 2K, oy = 2K, + 4K,

as follows from Example 6 with K11 = Koo = K, + K\, K12 = K, and K33 = K,,/2.
By means of the identity

(tr M)? = [M|*> + 2det M = |M|* + 2(det M)+ — 2(det M),
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which holds for every M € R2X2, we find

Sym ?
Q(M) + aif (det M)t + ax (det M)~
= K,|M|? + K(tr M)? + 2K, (det M) + (2K, + 4K )(det M)~
= (K, + K\)|M> + 2(K, + K))(det M) + 2(K,, + K))(det M)~
= (K, + K\)|M[* +2(K, + K))|det M|.

The same result can also be obtained by observing that Q(M) = (K, + K)|M|? for
every M with det M = 0, and then by applying Example 7.

5. Relaxation of quadratic functionals with a determinant constraint.
Let B be a bounded open subset of R™. Let z : B — R be a measurable function and
let Q : B x R2X2 — [0, +00) be measurable in the first variable and quadratic in the

sym
second. Define the functional

F i L* (B;RZX2) — [0, +oc]

Sym

Q(x,M(z))dx ifdet M =z a.e. in B,
rony={ s )
400 otherwise.

PROPOSITION 9. The weak-L? lower semicontinuous envelope of F is the func-

tional o
F: L? (B;RZSE) — [0, +00)

Sym

given by
F(M) :/B(Q(x, M(z)) + o (z)(det M (x) — z(z))" + o (z)(det M (z) — z(z))f) dz,

where for every x € B

at(z) :=sup{a>0: Q(zx, M)+ adet M >0 for every M € R2X2

sym

and

a”(x) :=sup{a>0: Q(z,M)—adet M >0 for every M € R2X2

sym J*

Remark 10. If Q(x, M) = |M|*> and z = 0, then o™ = o~ = 2, and the lower
semicontinuous envelope takes the form

F(M) = /B (Q(M(x)) + 2| det M(z)]) dz

for every M € L? (B; RQXQ); see also Example 7.

sym

Proof of Proposition 9. By [16, Proposition 3.16] we have that F is also the se-
quentially lower semicontinuous envelope of F, that is, the largest function below
F that is sequentially lower semicontinuous with respect to the weak-L? topology.
Moreover, by [16, Theorem 6.68], the lower semicontinuous envelope of F is given by

F(M) = /B Qi (. M (2)) d,
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where for every fixed z € B the function Q§*(z,-) is the bipolar function of Qo(z,-)
and Qo : B x R2X2 — [0, +0c0] is defined by

sym
QO(xa M) = Q(SU, M) + X{det=z} (l‘, M)

for every M € R2X2.  Here X{det=z} 18 the indicator function of the set

{(x,M) € BxRZX2: det M = z(x)}.
Hereafter, the variable x will be dropped since it will be kept fixed until the end
of the proof. For instance, we shall write Q(M) in place of Q(z, M).

We have to prove that
(23) (M) =Q(M)+at(det M — 2)* +a~ (det M — 2)~

2x2
for every M € RgjL;.

In the following we identify matrices M € R2%2 with vectors m = (M1, Mag, 2M 12)T
of R3. For every m € R? we define

detm := mimo — ng,
so that, according to the previous identification, we have det M = det m. Finally, let
C e R3%? be such that
Q(M)=Cm-m
and let f : R® — [0, +0c0) be the function f(m) = Cm -m + X{det=z}(m). The thesis
(23) is equivalent to proving that

(24) f(m)=Cm-m+at(detm —2)" +a (detm — z)~
for every m € R3.
Let
0 3 0
D=1 0 o |,
00 —1

so that detm = Dm - m. For every o € R we consider the matrices C + aD. By
the definition of o~ and ot we have that C + aD is positive definite for every a €
(—a~,a™), while for « = —a~ and a = ot some eigenvalues of C + al) become equal
to 0 and the matrix C + oD is positive semidefinite.

Since the functions m +— Cm-m+a™(det m—2) and m — Cm-m—a~ (det m—2)
are convex and they are both below f, we deduce

[ (m) > max {Cm-m+ at(detm — 2), Cm-m — a (detm — 2)}
=Cm-m+at(detm —2)T +a (detm — 2)".

To prove the converse inequality, we use the definition of bipolar function. Thus,
we need to show that for every m, ¢ € R3 we have

m-&— f(€) <Cm-m+at(detm — 2)* +a (detm — 2)7,

where f* is the polar function of f. Using the definition of f*, the above inequality
follows if we prove that, for every m, ¢ € R? there exists £* € R? with det £* = z such
that

Cm-m—m-&+at(detm —2)" +a (detm —2)” > CE* - & — ¢ - €.
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This is equivalent to proving that for every ¢ € R? the function
ge(m) :==Cm-m—m-&+at(detm — 2)* +a (detm — 2)~

attains its minimum at a point £* with det &* = z.

We first observe that g is coercive, since ge(m) > Cm-m—m-¢ for every m € R3
and C is positive definite. Since g¢ is also continuous, g¢ attains its minimum on R3.

We now want to prove that there exists a minimizer with determinant equal to
z. We will argue in the following way: assume that there exists a minimizer m* with
detm* # z; then we will show that we can construct £* such that det&* = z and
9¢(€") = ge(m™).

Let m* be a minimizer of g¢ with detm* — z > 0. Then m* must be a critical
point, that is, it is a solution to

2(C+a™D)m* =¢.

Since C + atD is symmetric, this implies that ¢ € Ker(C + a*D)> .
Let now m*™ € Ker(C + a*D) with m* # 0. We note that detm™ < 0 since
otherwise (C + a™D)m™* - m*™ > 0. Consider the family of vectors

my :=m* + Am™.

We observe that det mg — z = detm* — z > 0, thile detmy — z ~ A2detm™ < 0 for
A large enough. Thus, there exists a suitable A > 0 for which detmy = z. We set
§* = my and we have

9¢(€7) = (C+a'D)(m" + dm™) - (m* + Am™) — (m” + Am™) - £ —a'z
= ge(m™) —l—Xz((C +atD)ym™ - mt +2XC + o D)mT - m* —ImT - €
= gi(m*)’

where we used that m* € Ker(C+a*D) and ¢ € Ker(C+a*D)L. A similar argument
applies to the case where det m* — z < 0. O

6. Local construction of isometries. This section contains some abstract
results concerning the construction of isometries, with some given properties, in a
neighborhood of a given curve. We believe that the results contained in this section
have their own interest and for this reason the section is completely self-contained.
However, to help the reader in understanding the meaning of these results, we outline
in the next remark the strategy followed in section 7 to construct the recovery sequence
of Theorem 5.

Remark 11. The aim of this remark is to give an idea of the construction of
the recovery sequence: full statements and details will be presented in the next
section. For given admissible directors di,ds, and d3 we have to find a sequence
(ye) C Wéie(Q;R?’) such that
aZys

ye =y in W22(Q;R?), 01y. — d; and ~

— dy in WH2(Q; R?),

where y is defined up to a constant by y’ = di, and

e—0

(25) lim sup /Q QD) T (Ay. . — AD(D)Y) da < J(dy, 3, dy).
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Roughly speaking, our strategy is to first “prove” the inequality (25) on matrix
fields and then “move backwards” and construct y.. More precisely, we first apply
the relaxation result, so to have a sequence of matrix fields (M?), with det M? = 0
for every §, such that

lim /Q(M5 — D_TAOD_l) det Ddzx = J(dl, ds, d3)
d—0 I

At 6 level the matrix M? plays the role of the second fundamental form restricted
to the midline of the ribbon. Now, to move backwards and find y. it suffices, up to
an appropriate rescaling and a diagonal argument, to solve the following problem:
given a curve B (in the next section B = x(-,0)) find an isometry u°, defined in a
neighborhood of the image of B, whose second fundamental form equals M? on B.

Since det M? = 0, one of the eigenvalues of M? is equal to zero. Let A\° be
the other eigenvalue with associated eigenvector p°, so that M® = A\p? ® p®. The
principal curvatures of the isometry u, if it exists, will be A% and 0. Hence, u® will
be a straight line in the direction of the eigenvector (p®)+ associated with the zero
eigenvalue. Thus we need to make sure that (p°)! is not tangent to the curve B:
this amounts to requiring that B’ - p® # 0 everywhere. Thanks to Lemma 16 we
may essentially assume (by approximation) that B’ - p? > 0 everywhere and that
X and p? are smooth. Now given “the second fundamental form” M?® we may find
the directors that “generate” M?® by solving an ordinary differential equation (see
(33)). By means of the directors, which we denote by r’e;,r7%es, and r7es (here for
notational simplicity we have dropped the index ¢), we define

G=(Te)@B + (rTes) ® (B .

A simple calculation shows that, if the isometry u? exists, then the restriction of Vu®
to the curve B should be equal to G. Also, from the definition of G, it follows that
G" = m ® p° for some vector field m (this is shown in the proof of Proposition 13).
This and B’ - p® # 0 are the main conditions used in Lemma 12 to prove the existence
of an isometry, defined in a neighborhood of the image of B, with gradient equal to
G on B. Proposition 13 then also shows that the second fundamental form of u’ is
equal to M? = X\p® @ p°.

Throughout this section we identify vectors a = (a;,a2) € R? with the corre-
sponding a = (a1,a2,0) € R® and vice versa. Accordingly, we can write a=
(—az,a1) = ez Aa.

Moreover, we will use the following definition: if U is an open subset of R?, a
Wh_isometry of U is a map u € WL (U;R?) with Vu € 0(2,3) =
{Q e R**2 . QTQ = I} almost everywhere.

In the following we consider B € W2°°(I;R?) to be an arc-length-parametrized
embedded curve, i.e., |B’| = 1 and the continuous extension of B to I is injective. We

set N :=e3 A B' = (B')*.
LEMMA 12. Let B € W2°°(I;R?) be an arc-length-parametrized embedded curve

and let p € CH(I;S') be such that B’ -p # 0 on I. Then there exists n > 0 such that
the map ® : (—n,n) x I — R? given by

(26) ®(s,t) = B(t) + sp*(t)

is a bi-Lipschitz homeomorphism onto the open set U = ® ((—n,n) x I).



3898 L. FREDDI, P. HORNUNG, M. G. MORA, AND R. PARONI

Assume in addition that there exist G € WH(I;0(2,3)) and m € L*(I;R3) such
that

(27) G =m®p ae onl.

Then the map v : U — R3 given by

(28) w(B(s,t)) = /O G(0)B'(0) do + sG(t)p* (1)

is a Wh>®-isometry of U. More precisely,
(29) Vu (®(s,t)) = G(t) for a.e. (s,t) € (—n,n) x I.

Proof. The value of the quantity 7 in this proof may change from line to line.
Clearly @ is well-defined on all of R x I. We claim that for all p > 0 there exist c,
1 > 0 such that, for all ¢, ' € I we have

(30) [t —t'| > pand s, s’ € [-n,n = |®(s,t)—P(s, )| >c

In fact, by the hypotheses on B, for all p > 0 there exists ¢ > 0 such that
|B(t) — B(t')| > 5¢ whenever |t — t'| > p. Taking n = ¢, the implication (30) fol-
lows because |p| = 1.

On the other hand, since p € C*(I;S!) and since B € W2*(I;R?) C C1(I;R?),
we see that ® € C1(R x I; R?) and we compute (with V& = (9,9|9,®))

(31) det(V®(s,t)) = p(t) - B'(t) —sp(t) - p'(t) on R x T.

For 7 > 0 small enough the right-hand side differs from zero for all (s,t) € [—2n,2n] x I
because p - B’ # 0 and p* - p’ is bounded on I. Hence by continuity |det V®| is
bounded from below by a positive constant on this set. As V& is bounded on this
set, the inverse function theorem implies that there exists p > 0 such that if (s,t),
(s',t') € [-n,m] x I then

(32) O<[t—tP+]s—5s><p? = B(s,t) # 0(s,1).

Combined with (30) this shows that there exists n > 0 such that ® is injective on
V, where V. = (—n,n) x I. Thus by the invariance of domain theorem (cf. [15,
Theorem 3.30]), the set U = ®(V) is open, and since both V& and (det V®)~! are in
C°(V), the inverse ¥ of ® is in C1(U;R?).

Denote the right-hand side of (28) by f(s,t) and define u = f o ¥, which is
equivalent to (28). Since Gp*+ € WHI(I;R?), we have that f € W1 (V;R?). Since ¥
is bi-Lipschitz, we can apply the chain rule (cf. [46, Theorem 2.2.2]) to conclude that
u € WHL(U;R?) and, using the fact that G’p~ = 0 by hypothesis, that

Vu(®(s, 1)) VP(s,t) = (G(t)p™(t)) @ e1 + (G(t)B'(t) + sG(t)(p")'(t)) @ e2
= G(t)V®(s,1).

Since V@ is invertible pointwise on V, formula (29) follows. In particular, u is a
Wl _isometry. 0
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Let B € W2%>(I;R?) be an arc-length-parametrized embedded curve and let
M € L*(I;R2X%). A frame r € W12(I;SO(3)) is said to be adapted to the pair

sym

(B, M) if r solves

0 KW
(33) rr=(-x 0 7|7
- -7 0

with k = B” - N, 7= MB'-N, and = MB'- B', where N = (B')*.

PROPOSITION 13. Let B € W2°°(I;R?) be an arc-length-parametrized embedded
curve and let N = (B')*. Let p € CY(I;S?) be such that p- B' # 0 on I and let
A€ L3(I). Letr € WH2(I;S0(3)) be a frame adapted to the pair (B, \p @ p) and let
y € W22(I;R?) satisfy y' = rTey. Then there exists a neighborhood U of B(I) and a
Whee_isometry u € W32(U;R3) such that uo B =1y and A, o B = \p® p, and

(34) Vu(B(t) + spt(t)) = (rT(t)er) @ B'(t) + (rT (t)es) @ N(t)

for all t € I and all |s| small enough. The W1 -isometry u is explicitly given by
formula (28), where G denotes the right-hand side of (34).

Proof. As r is adapted to (B, \p ® p), it satisfies (33) with p = A(B’ - p)? and
7=XNB"-p)(N -p) and kK = B"” - N. Set

G=(Te)®B + (rTes) ® N.
Then, a short computation shows that
(35) G' = (rTe3) ® (uB' 4+ 7N).

Since (B’ - p)T = (N - p)u, we see that pt - (uB’ +7N) =0. Sop || (uB’ + 7N) and,
therefore, G’ = m ® p for some m € L!(I;R3).

Lemma 12 then shows that the map ®(s,t) = B(t) + sp-(t) is a bi-Lipschitz
homeomorphism onto its image, and that u given by (28) satisfies (29). In particular,
Vuo ® = G, which is (34). Moreover, denoting by n the normal to u, we have
no B =rTes. After a possible translation we also have v o B = y.

Finally, taking derivatives in (34), recalling that for an isometric immersion u the
relation V2uy = A,ny holds, and using (35), we have

(n ) B) ® (Au e} B)B/ — (VQU,O B)B/ — (,’,Teg) ® (‘LLB/ + TN)
Inserting the definitions of 1 and of 7, we see that
(36) (AyoB)B' = (\p®p)B'.

Since A, is symmetric with det A, = 0 and since p - B’ # 0, this readily implies that
A,oB=Xp®p.

The proof is essentially complete. However, ®((—n,n) x (0,T)) is not a neigh-
borhood of B(I), although it is a neighborhood of B(J) for any subinterval J of I
with J C I. So we extend u, 7, and & by zero to R, and then we extend B and r by
solving the Frenet equations and the system (33), respectively. Then there is an open
interval I; with I C I, such that the hypotheses of the proposition are still satisfied
on I,. Applying the preceding proof to I leads, therefore, to the conclusion. 0



3900 L. FREDDI, P. HORNUNG, M. G. MORA, AND R. PARONI

Remark 14. In the particular case B(t) = te; and in the presence of enough
regularity, Proposition 13 and Lemma 12 reduce to [20, Lemma 4.3] with 8 = y and
t = 0. Since x = 0, the condition y” # 0 is equivalent to B’ - p # 0.

Remark 15. Condition (27) is clearly necessary for (29) to hold (even for s = 0).
In fact, (29) implies

Gla(t) =Y 0aO5ui(B() Bj(1).
8

If u is a Wh-isometry, then 0,0zu || n for o, 3 = 1,2. So indeed the range of G’(t)
is contained in the span of n(B(t)).

The next lemma is a smooth approximation result within the class of symmetric
rank-one matrix fields.

LEMMA 16. Let B € W2°°(I;R?) be an arc-length-parametrized embedded curve
and let M € L*(I;R2%2) such that det M = 0 almost everywhere on I. Then there

sym

exist p, € WHo(I,SY) and \,, € C°(I) such that p, - B' >0 on I and
AnDn @ pr — M strongly in L (I, R?*?).

More precisely, there exist @, € C®(I;(—m,m)) such that p, = e'*»B’, where e'?
denotes counterclockwise rotation by .

Proof. Let N = (B')*. Define p € L°°(I;R?) by setting
. {|MM§ it MB' 0,
N if MB' =0,
and set A = tr M. Since M is symmetric, its range is orthogonal to its kernel. Hence
(37) M = Ap ® p.
In fact, if M B’ # 0 then we compute

AMp®@p)B' = (trM)(p-B') p

_ (MB'-B')?+(MB'-B')(MN - N) VB
B (MB'-B')2 4 (MB'-N)2

= MB,

where we have used the fact that (M B’-N)? = (M B'-B’)(MN-N) because det M = 0.
The above equality remains true when M B’ = 0. Since clearly the trace of M agrees
with that of Ap ® p, it follows that their (N, N)-components agree as well, and (37)
follows.
For fixed A > 0 we can consider the truncated functions Ay = (A A ) V (—=A).
Then clearly ~
MPpRp —=>Ap@p=M

in L*(I;R2x2), as A T co. Hence, by taking diagonal sequences we may assume

without loss of generality that A € L>°(I).
After possibly replacing p by

~._Jsen(p-B)p ifp B #0,
PN ifp-B =0,



A VARIATIONAL MODEL FOR RIBBONS 3901

we may assume without loss of generality that there exists a lifting ¢ € L>(I; (—7, 7])
such that p = e**B’. Set
Pni=((m= )NV (5 =)

and extend @, by zero to R. Denote by ¢, the mollification of &, on a scale 1/n.

Then ¢, € C>(I) attains values in (—,7) and ¢, — ¢ in LI(I) for all ¢ > 1.
Choosing A, € C*=(I) such that A\, — X\ in L?(I), the claim follows, because

en B' — pin all LY(I;R?). O

7. Proof of the I'-convergence result. In this section we prove Theorem 5.

Proof of Theorem 5(i). We may suppose that liminf._,o J.(y.) < 00, since other-
wise there is nothing to prove. Then, by passing to a subsequence, we may suppose
that limsup,_,q Je(ye) < co. By Lemma 2 we have that

(38) Ay — A in L2(Q;R2X2),

sym
where
di-ds d)-d
A= 1793 2 3)
(d'z ~ds v

with v € L?(Q). We note that, after setting
1
QM) = iKM - M,

M. :=(D°)"TA, .(D°)"'"Wdet D=,  M? := (D)~TA2(D?)~'Vdet D¢,

and using the definition (10) of J., we have that
Ty = [ QUL = M2y do = [ QUML) - KM, - Mz + QU)o
Q Q
By (4), (12), and (38), we have that

M. -~ D TAD 'Vdet D =: M, M2 — D TA°D 'V det D =: M°

in L2(Q;R?*2). Since det 4,_. = 0 by (9), we have that det M. = 0 a.e. in 2. Thus,
we may apply Proposition 9 to M. with B =2 and z = 0, and obtain

liminf J.(y.) > / QM) + o (det M)* + ag (det M)~ — KM - M° + Q(M®) da
E—r Q

:/Q(M—M°)+aﬂ*<:(detM)++aHE(detM)’ do
Q

= / Q(DT(A— A°)D™Y)det D + off (det A)t  (det A)~
Q

d
det D K det D x

2 /Q(‘rlud/l : d3ud12 : d3) dCUl,
I

where the last inequality follows from the definition of . This proves the liminf
inequality. 0
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Proof of Theorem 5(ii). Let (dy,ds,ds) € A and let y € W>2(I; R?) be such that
y =dp ae. in I. We set

pi=dy-d3s=1v"-d3, 7T:=dy-d3, and k:=d}-(dzAdy)= D] (e3A D).

Let D := D~ Te, be the contravariant vectors in the reference configurations,
ie., DY - Dg = 043, and let

M := uD' ® D' + 7(D' ® D* + D* ® D) + vD? @ D?,
where v € L?(I) is chosen so that
Q(z1,1,7) = (QM — D TA°D™") + oif (det M) + ag (det M) ™) det D.

By choosing uD! ® D! + 7(D! ® D? + D? ® D') as a competitor in the definition of
@ and by using the positive definiteness of ) one can prove that such a 7 exists and
in fact belongs to L?(I).

By Proposition 9, with B = I, there exists M°® € L*(I;R2%2) with det M° = 0
and such that M?® — M+/det D weakly in L?(I;R2%2) and

/IQ(Z\Z‘S)dxl
S / (QUMVATD) + o (det(MVAeL D)) * + o (det(MVAe D))" ) diry
I

= /1 (Q(M) + ot (det M) + oy (det M) ™) det D dzs.

Let M?® = M?/+/det D. Then det M? = 0 and M? — M weakly in L?(I; R2X2) and

sym

(39)
/Q(M5 — D TA°D7 1) det D dx,
I
= /Q(M‘s) —(KDTA°D™Y - M° — Q(D~TA°D~Y))det D dxy — J(dy,ds,ds).
I

By Lemma 16 with B(t) := x(t,0), hence B’ = D;, we may assume without loss of
generality that there exist A € C>(I) and p° € C'(I,S') (same regularity of B’)
such that p‘5 -Dy>0o0n I and

M = 2opd @ P

We let 7° € WH2(1; SO(3)) be a frame adapted to the pair (B, M?), i.e.,

0 &Yy My
(40) () = | —KS, 0 |
—pay =T 0

with k), = D} - (e3s A Dy) and 73, = M°D; - (e3 A Dy) and p; = M?D; - D;. We take
79(0) = (d1|ds A dy|d3)T(0) as initial condition. Finally, we define d{ := (r°)Te; and

g = ‘ 68 S.
B (1) .fy<o>+/0 d3(s) d
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For each § > 0, Proposition 13 yields a neighborhood U? of B(I) and an isometry
ud : U® — R3 such that u® o B = 3% and

(Vu?)o B = (r")"e; @ Dy + (r°)Tes @ (e5 A Dy)

and (Ays) o B = M?.

We let 7 € WH2(I;SO(3)) be a frame adapted to the pair (B, M), i.e., r satisfies
(33) with &, 7, and p replaced by ky = Dj - (es A D1), 7y = MD; - (es A Dy),
and ppr = M Dy - Dy, respectively. Again, we take r(0) = (di,ds A dy,d3)T(0) as
initial condition. Since M? — M weakly in L2(I;R2%%2) we have that u, — un

sym
and 79, — 7 weakly in L2(I). Thus, 7% — r weakly in W12(I; SO(3)). To identify
r note that kpy = w and ppr = p. Also, since D' = —ez A Dy/|D; A Do| and

D? = e3 A D1/|Dy A Ds|, we have

Tar = —MDl . D2 +7 _ —(dll . dg)(dl . dg) +d’2 . d3
| Dy A Dy | Dy A Dy '

To simplify this expression we write
do = (d2 - dy)dy + (da - (d3s A dy))ds Ady = (da - di)dy + |dy A dalds A dy,
from which we deduce that d - d3 = (d2 - dq)(d} - d3) + |d1 Adz|(d3 Ady) - d3. Hence,

M Adal(dAd) sy Ay
|D1 /\D2| |D1/\D2|

dy-(d3Ndy) = —dy-(dsAdy) = ds-(dsAdy)’,

where we used that
(41) |D1 A Dy|? = (Dy - Dy)(Dy - D3) — (Dy - Dy)?
= (dy - dy1)(dg - d) — (dy - d2)* = |dy A dol?.

It is now immediate to check that r(t) = (di,ds A dy,d3)7 (¢).
Thus, r® — (di,d3 A dy,d3)T weakly in WH2(I; SO(3)) and, as a consequence,
B% — y weakly in W22(I;R3) and

(Vu‘;)oB —dy ® Dy + (d3 /\d1)®(63/\D1)

weakly in W12(I;R2%3). In particular, ((Vu®) o B)D; — dy weakly in W12(I;R?)
and, using (41),

((Vu5) o B)D2 — (D1 . Dg)dl + (63 A Dy - Dz)dg ANdy = (dl . dg)dl + |d1 N d2|d3 A dq
= <d1 . dg)dl + (d3 Adi - d2>d3 ANdi = ds
weakly in W12(I; R?). Since for £ small enough S. C U° we may define

S &
Yz = U O Xe-

The map
() = x(£,0) + s(p°) = (1)

is a C! diffeomorphism and, from (34) and the regularity of r° as a solution of (40),
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we see that u’ is C2. Hence, as ¢ — 0, we have y? — u® o B = 3% in W22(I;R3) and
(see (5)) D1y — ((Vu®) o B)Dy and 0ayl /e — ((Vud) o B)Dy in W12(I;R?). Also

[ QD) T Ay~ 42D ) det D
Q
= / Q(Ays o xe — (D°)"TA2(D?)™Y) det D° dx
Q
> /Q(Aus o B — (D) TA°(D)")det D das
I

= /Q(M5 — (D)"TA°(D)™!) det D day,
I

where, to obtain the first equality, we used (8). Hence, by (39) it follows that

lim lim/ QD) T (Ays . — A2) (D) 1) det D° da = J(dy, ds, dy)
Q

6—0e—0
and by taking a diagonal sequence we complete the proof. 0
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