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1. Introduction

The development of effective methods for timely identification of concentrated masses in vibrating plates is an issue of
increasing interest in several fields of technology, such as, for instance, slabs supporting engines or motors not directly
accessible from the exterior; printed circuits boards or plate-like chassis with electronic elements attached to them; plates
with inhomogeneities in material mass density due to defective manufacturing processes; see, for example, the recent paper
by Aydogdu and Filiz [1] and references cited therein. Moreover, in connection with the above applications, we also recall
the possibility of using concentrated masses to modify the resonant frequencies of a thin uniform rectangular plate [2].
Ostachowicz et al. considered in [3] the interesting inverse problem of determining the location and size of a concentrated
mass in a rectangular plate from natural frequency measurements. The authors used a class of optimization methods based
on a genetic algorithm for solving the mass identification problem. The procedure was demonstrated on a simply supported
rectangular plate made by linearly elastic isotropic and homogeneous material, and the first four natural frequencies were
considered to construct the objective/error function to be minimized. In this paper we re-examine the problem by Os-
tachowicz et al. and, under the assumption that the size of the concentrated mass is small compared with the global mass of
the plate, we derive a closed form solution based on natural frequency data. In particular, following a line of research on
detection of defects in rods and beams (see, for instance, [4]), we carry out an identification based on a minimal set of
natural frequencies. Since the unperturbed plate, as in [3], is completely known and a single point mass is attached, only
three parameters need to be determined, namely the size of the mass and the two Cartesian coordinates of its location.
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Therefore, we investigate to what extent the measurement of the point mass-induced changes in the first three natural
frequencies can be useful for mass identification.

Changes in natural frequencies are commonly used as concentrated mass indicators, since these data are relatively easy
to measure with a satisfactory level of accuracy. However, the inverse problem formulated in terms of natural frequencies is
intrinsically ill-posed, since, by the double symmetry of the unperturbed plate (i.e., the plate without point mass), a point
mass located at any of a set of symmetrically placed points will produce identical changes in natural frequencies. This
feature is confirmed by the symmetry of the objective function with respect to the mid-point axes of the rectangular plate
found in [3]. Despite this ill-posedness of the inverse problem, we show that the linearized inverse problem can be solved in
closed form from the knowledge of the changes in the first three natural frequencies, and the point mass can be uniquely
localized up to a double symmetry location with respect to mid-point axes of the rectangular domain. The analysis also
shows that a slightly different approach must be followed when the second eigenvalue of the unperturbed plate has double
multiplicity, that is, for a square plate.

Our method is essentially based on the determination of an explicit expression of the sensitivity of a natural frequency to
a single point mass (i.e., the first derivative with respect to the point mass size), and on the simple form that this expression
takes in the case of a uniform, simply supported rectangular plate. The expression of the first derivative can be obtained for
general domains and inhomogeneous anisotropic materials, following the lines of the classical perturbation theory of ei-
genvalues, see, for example, [5] and [6]. In particular, the analysis of the multiple eigenvalue case allowed us to give a
theoretical justification of the interesting phenomenon observed, both numerically and experimentally, by Amabili et al. in
[7], namely, the fact that a small mass placed on the diagonal of a square plate is enough to transform the shape of modes
(m=1,n=2)and (m= 2, n= 1), where m and n are the number of half-waves in the two directions parallel to the plate
sides, into vibrating modes with diagonal nodal lines.

The identification method has been tested on a series of numerical simulations. Numerical results support the theory in
the absence of noise on the natural frequency data. The possible presence of measurement errors will result in a loss of
accuracy in predicting the mass location and intensity, especially when the point mass is close to the boundary of the plate.
The paper is organized as follows. The frequency sensitivity to a point mass is derived in Section 2 and it is specialized to
simply supported rectangular plates in Section 3. The identification method is presented in Section 4. A selected set of
results of numerical simulations is collected in Section 5.

2. Eigenpair sensitivity to a point mass
2.1. Formulation of the problem

Free transversal infinitesimal vibrations with radian frequency @ of a thin elastic clamped plate are governed by the
boundary value problem

Mupap) + 2pu =0, inQ, ()
u=a—u=0, on 0s2, (b)
on €8
where £ is a regular bounded domain in R? coinciding with the middle-plane of the plate, n is the unit outer normal to o2
and u e H3 (@) describes the eigenfunction associated to the eigenvalue 1 = w?. Here, H3(Q) is the Hilbert space of the
functions f: 2 — R such that f, the first and the second weak gradient of f are square summable on (2, that is
/Q(f2 + IVf2 + IV3f?) < 0, and the trace of f and of the gradient of f vanish on the boundary 02. Moreover, hereinafter,
repeated Greek indexes are assumed to be summed from 1 to 2. The plate is assumed to have no material damping, since its
effect on the natural frequencies is known to be negligible. The quantities M,s (1) = — Py,sl, @, B, v, § = 1, 2, and p denote
the bending/torsional moments in a reference Cartesian system (0, X;, X;) and the mass density for unit area (of the middle

plane) of the plate, respectively. The coefficients P,,; = %Ca/,ﬁ, a, B, v, 8 =1, 2, are the Cartesian components of the plate
tensor P, where C is the elasticity tensor of the material and h is the uniform plate thickness. We shall be concerned with
plates for which P satisfies:

(i) the minor and major symmetries, i.€., Py,s = Psyys = Pogs, and Pugs = Bsgss
(ii) PP is a strongly convex fourth order tensor, i.e., PA-A > £IAR in 2 for every 2 x 2 real symmetric matrix A, where ¢ > 0 is a
constant and - is the usual scalar product between second order tensors;
(iii) P belongs to C2(2).

The function p will be assumed to be a continuous and strictly positive on Q.

Vibration modes and corresponding natural frequencies are the eigensolutions of the boundary value problem (1a)-(1b),
and we denote by (u,, A, = 2),n > 1, the nth eigenpair of the unperturbed plate, that is the plate without the point mass. It is
well-known that for such P and p, and under our assumptions on £2, there exists an infinite sequence {4, )% of eigenvalues
of (1a) and (1b) such that 0 < /; < A < 43 < ..., with lim,,_ ,, 1, = oo0; see [5]. Assume now that a point mass € is attached at a
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point Py belonging to the interior of £2. The eigenvalue problem for the perturbed plate is the following

Ma/i,a/i(ﬁ) + Iﬁﬂ = 0| in Q, (a)

i=—=0, onoR, (b)
on ()

with
P =p+edpy €
where 5p; is Dirac's delta with support at Py and ii € H3 (@) is a nontrivial solution to (2a) and (2b) in the sense of dis-

tributions. To simplify the analysis, we introduce the following approximation of (3). Let Bg(Py) = {x € QI Ix — Pyl < R} c C 2,
for R small enough, and consider the mass distribution

XBr(Po)

P =pt+e@p®, R = Be(Po)l’ @

where XBp(Py) is the characteristic function of the disc Bi (Pp), i.e., Xapgy X) =1 if x € Bg(Py) and Xy @) =0 otherwise, and
IBr(Po)! = area(Bz(Pp)). The mass density p converges to the function p + esp, as R — 0 in the sense of distributions.
Therefore, for a sufficiently small and given R, we replace (2a), (2b) and (3) with the following problem

Meupap @) + Z(p + @RI =0, ingQ, (@

1l=-—=0, onoaR, (b)
on (5)

where the perturbed eigenfunctions are denoted by the same symbol ii. Also the plate problem (5a)-(5b) admits a countable
sequence of eigenvalues {1,}%; such that 0 < 4y < % < /3 < ..., with lim,_ ¢ 4, = co.

From general results of the variational theory of eigenvalues, it is known that an increase of the mass is attended by a
prolongation of all the natural periods, or that no period can be diminished, i.e.,

Zn<An, foreverynx>1. (6)

On adopting the arguments shown in Jimbo et al. [8], one can prove that the eigenpairs of the perturbed plate {1, &, }3
depend analytically on the perturbation parameter €. More precisely, we have the following theorem, based on the general
theory developed by Kato [6].

Theorem 2.1. Under the above assumptions and notation, there exists & ¢ > 0, such that the eigenvalues 7, = J,(e) of the
problem (5a)-(5b) are holomorphic functions of €, for 0 < e < €. Moreover, there exists an orthonormal basis of H3(22) (with
respect to the standard scalar product) consisting of eigenfunctions of the problem (5a)-(5b), and these eigenfunctions are
holomorphic functions of €, for 0 < ¢ < €.

In order to formulate and solve the inverse problem, we derive an explicit expression of the first-order perturbation of the
eigenvalues and eigenfunctions of the plate with respect to the parameter €. To simplify the presentation, we introduce the
following notation

Lu = My 05(W), @)
where the operator L is self-adjoint in H3 (), that is

= 2
[ wg= [ fde. foreveryf, geHj@. ®

The proof of (8) is standard and follows from integration by parts on using the major symmetry of the plate tensor P. In our
analysis, we distinguish two main cases, namely whether the unperturbed eigenvalues are simple or not.

2.2. Simple eigenvalues
Assume first that the unperturbed eigenvalue problem (1a)-(1b) has only simple eigenvalues, that is
O<)Wy<h<..<h<.. 9)
with
dimX,, =1, n=1,2, .., (10

where X, is the eigenspace associated to the nth eigenvalue. By Theorem 2.1, the perturbed eigenvalues and the associated
eigenfunctions can be expanded in convergent power series of the perturbation parameter ¢, for 0 < ¢ < &, where € is the
number appearing in the statement of Theorem 2.1. Then, following Courant and Hilbert [5], we can write
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In=In+ ep, + vy + 0(e3), 1n
Uy = Uy + eVy + 2w, + 0(ed), (12)
for0 <e <&,n=1,2, .., where the real numbers yp, v, ...., and the real-valued functions v,, w,, belonging to HZ (2) have to

be calculated. To simplify the analysis, we further assume that the p,'s are all different, that is u, # u, for every n # k,
n, k=1,2, ... Inserting (11) and (12) in (5a) and (5b) and equating term by term, we obtain the following boundary value
problem for the perturbation functions v, and w;:

Ly + npVn = — pppln — n(Gp)ty,  IN L2, (@)
va=2"_0, onoq, (b)
on (13)
Lwy + AnpWn = = An(6p)Vn — HnpPVn — ﬂn(éﬂ)un = UnpUn, inQ, @
Wy
wp,=—=2=0, onoQ. b
"7 on ®) (14)

To simplify the notation, hereafter we write (5p) = (6p)(R). In order to find v,, we introduce its Fourier representation on the
orthonormal basis {u; 32 of H3 (@):

Vn = Zanjuj- Qnj = f PVnl,
j=1 @ (15)

where fg pUjuk = ik, j, k=1, 2, ... Here, dj is the Kronecker symbol. By multiplying (13a) by u; and integrating in £2,
recalling (8), we obtain

G =) [ pvatti = =y = 2 [ Gp)unu, 6)
forn,1=1, 2, .... By taking [=n in (16), we obtain
- _ 2 _
= /1,1/!2(5;))11,1, n=1,2, .. an
By taking | # n in (16), we have

fpvnulzan,: _ /(5p)unul, nl=1,2,...,n#l
Q In—AJa

(18)

The Fourier coefficient a,, is found by the normalization condition on the perturbed eigenfunction i,,, with respect to the
(known) unperturbed mass distribution p, namely

_ ~2

1= L ply. 19)
Inserting the Taylor expansion (12) in (19), we find

fgpvnu,,za,m=0, n=1,2,... 20)
In conclusion, we have

Vp = Y,

jetjen An =4 21)

where

doj= —n /ﬂ Gpuguj, n,j=1,2, ..., n#j. 22)

Second order approximations can be determined similarly. Multiplying (14a) by u and integrating by parts we obtain
(An = Ak) /Q PWplly = — Ay fn ©Gp)Vnly — u, ./_(; pVnli — piy /!; Op)UnUy — VpOnks 23)

forn, k=1,2, ...
Setting k=n in the above identity and recalling (20), we have
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- _ _ 2 -
Vg = lnfg(ép)vnun /AH/Ql(ép)un, n=1,2, .. o4
For k # n, we can find the Fourier coefficients of w, on the basis {uy }}:
1
Wnlly = — ) Sp)VnUy + Vnlg + (5p)Unly)),
/Qﬂnk in_lk(n/!;(ﬂ)nk ﬂn/Q(Pnk (Op)Unliy)) 25)

forn, k=1, 2, ..., k # n. The remaining Fourier coefficient fQ pwil, can be found by using once more the normalization
condition (19):

__1 2 _
/gpwnun_ —E/va,,, n=1,2,... 26)

2.3. Multiple eigenvalues

We now consider the case of multiple eigenvalues. Without loss of generality and only for simplicity, we assume that the
first eigenvalue of the unperturbed eigenvalue problem (1) is a@-fold, « > 2, whereas for j > a the remaining eigenvalues are
simple, that is

O < W=dp==Ag= A <Agp1 < <Ay < o 27)
It is known that the dimension of the eigenspace X; and X;, associated with A and A, respectively, is given by
dimX;)=a, dm&X,)=1, n=a+1l,a+2,.. (28)

We denote by {u,}%_; a given orthonormal basis of X;. For j > «, the analysis presented for simple eigenvalues is still valid.
Therefore, we only need to consider n =1, ..., a. In this case, a supplementary discussion is needed. If A is a multiple
eigenvalue of the perturbed problem, then the corresponding eigenfunctions are determined by an orthogonal transfor-
mation. In fact, any family of functions obtained as a (no singular) linear combination of {u;}{_;, say {ui = Z‘]’.’:l Cijlj )f_q for
real coefficients c;; such that det(cy) # 0, still is a family of eigenfunctions for the a-fold eigenvalue A. In particular, by
imposing the orthonormalization condition on u;f, we obtain

a
S = fﬂﬂuzfuz*= > Cerls/

a a
Urlls = CkrClsSrs = Ckr Cir,
r,s=1 «Q g r,szzl r,szzl (29)
or, equivalently, ccT = 1,, where 1, is the a x «a identity matrix, namely (ci;) is an orthogonal transformation.

Basing on the above considerations, it is evident that we cannot expect the individual eigenfunctions {ij;}{_; to vary
continuously with the parameter ¢, unless the system of unperturbed eigenfunctions {u}}}_, (i.e., the orthogonal matrix c)
has been selected in a proper way. In fact, Theorem 2.1 guarantees for the existence of such a basis. Therefore, we introduce
the orthogonal transformation

up= Yoty n=1,.,q
= 30)

where the orthogonal matrix (y,;) will be determined later. By Theorem 2.1, we consider the following power series ex-
pansion in a neighborhood of (4, u;)

T = Ao + epp + €2un + 0(ed), (31

iy = uf + evy + 2w, + 0(e3), (32)

for0<e<é&n=1,2, .., a where the real numbers Hn» Un, ... and the real-valued functions v,, w, belonging to H2 () have
to be determined. By inserting (31) and (32) in (5a) and (5b), we find

Lvp + dnpVn = = ppp X 1ailli — 2n(0p) D ryilliy  INL, (@)
j=1 j=1

. 0, onoQ, (b)
on (33)

Vn

Lw, + AnpWn = — An(8p)Vy — HnPVn — (ﬂn(fsﬂ) + vnp) 2 }’njuﬁ inQ, @
j=1

Wy = Mn _ 0, onoaR. (b)
on (34
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By proceeding as before, we multiply (33a) by uy, [ > 1, and integrate by parts on £2, obtaining

a
Gn=a0) [ pvatir= = 3 Guadi+ n | Go)tiun,
j=1

(35)
forn=1,2,...,a,1=1,2, ...,a,a+ 1, ...
Ifl=1,2, .., a, then the left hand side of (35) vanishes, and we have
Z (dﬂ - ”n‘sﬂ)}'nj =0, dﬂ = -1 f ©p)ujuy, Ln=1,..,a.
j=1 ° (36)

This is the eigenvalue problem for the real symmetric o x a matrix (dj) and, for every given n, n =1, ..., a, the vector
r™ = {r;)j=1 (i€, the nth row of the matrix y) is the eigenvector associated to the eigenvalue . Therefore, the first order
changes {u,}4_; and the orthogonal matrix y are uniquely determined.

By the formulation (36) it is clear that the first order variations of the eigenvalues do not depend on the original choice of
the orthonormal basis of X;. In fact, let @)} be another transformation and consider

upt= ) quu, n=1,.,a
ez 37)

Then, by repeating the above arguments and using (30), we obtain an eigenvalue problem analogous to (36), namely (in
compact notation)

S -p*yv =0, (38)
where the a x a« matrix S is given by
S=(@Hd@@ N7, 39)

where y~! is the inverse of y. From Eq. (39), the eigenvalue problems (36) and (38) clearly have the same eigenvalues.
The second order changes of the eigenvectors and eigenvalues can be obtained as before, see, for example, [8] for details.

2.4. Frequency sensitivity to a point mass

To conclude the analysis of Section 2, we specialize the first order eigenvalue change formula to the case of a point mass.
In case of simple eigenvalues, by (17) and (4) we have

An 2 ..
= - us, for every small enough and positive R.
Hn Br(Po)| /l;R(Po) " y ghancp (40)
By the regularity of u, (u, € C(£))and taking the limit in (40) as R — 0, we have
8n = ep, = — edgu2(Po). 41)

Therefore, the change in a (squared) natural frequency produced by a single point mass € may be expressed in this case as
the product of three quantities: the (squared) natural frequency itself, the square of the corresponding mode shape of the
unperturbed plate evaluated at the mass position, and the mass variation €. Note that the first order eigenvalue change
vanishes on a nodal curve of the unperturbed mode shape. Expression (41) is the two-dimensional version of the first-order
eigenvalue change found in [9] for rods and beams, see also the analysis developed in [10].

For an eigenvalue A with multiplicity « > 2, the matrix (dﬂ)l;‘,:1 appearing in (36) and associated to a point mass € placed
in Py is given by

. XBR(P
djy = ,lg'_[,l})(_’lfg OOy = — Auj(Po)uy (Po),

IBr(Po)! 42)
that is, in compact notation,
d= —nPo) ® n(Po), 43)

where 7, (Py) = (U1 (Pp), ..., U,(Py)) is the a-vector whose kth component is equal to the value of the kth eigenfunction at Po.
We recall that, given two a-vectors a and b, the a x @ matrix a ® b appearing in (43) is defined as (a ® b); = a;b;,
J. =1, .., a By (43),if y(Py) = 0, then u, = 0 for everyn = 1, ..., , and we can consider the canonical basis {y® = e;}¢_; as
the orthonormal basis of eigenvectors of the eigenvalue problem (36). Conversely, if #(Py) # 0, then we find the following
eigenpairs:

1(Po)

= — Ay(Py)l2, with normalized eigenvector y@ = ,
M= —dn) & T o) (44)
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Uy = ... =u, =0, with (@ — 1) eigenvectors orthonormal to 5 (Po), {y®}{,. (45)

3. Application of the sensitivity analysis to rectangular simply supported uniform plates

In the previous section we have derived the first-order change in the eigenvalues induced by an additional small mass
placed in an interior point of a plate clamped at the boundary. By analyzing the steps that led to expressions (41)-(42), it is
clear that the procedure can be extended to any set of boundary conditions. In this section we examine closely the sensi-
tivity equations for rectangular simply supported uniform plates. The case is simple but significative, and largely applied in
practice, see, for instance, [3]. Moreover, it is one of the few situations in which closed-form expressions of the eigenpairs
are available. Let the plate be made by linearly elastic, homogeneous and isotropic material, with Young's modulus E, E > 0,
and Poisson's coefficient v, v € (0, ) Let us denote by D = 5- the bending stiffness of the plate, where h is the constant
thickness. Let £2 be the rectangle (0 a) x (0, b) in a two- dlmen510nal reference cartesian system of origin O = (0, 0) and axis
(X,Y). The infinitesimal undamped free vibration of the unperturbed plate are governed by the following eigenvalue problem

DAu — jpu =0, ing, @)
02U
u=—=0, onx=0andonx=a, (b)
ox2
u—az—u—O ony=0andony=b. (¢
a7 ' (46)

The (n,m)th normalized eigenpair of the unperturbed plate is

w2, = _ =D (2)2+(m)22 Unm (X, Y) = 2 sin M gjip MY
fm = nm P a b ’ ma _W a b ’ (47)

for n, m > 1. Assume that a and b are chosen so that the “lower” eigenvalues are simple, i.e., if, for example, % = %, then the
first eight eigenvalues are simple. Then, Eq. (41) gives

4 2 2\2
OApm = — €4ﬂ D (2) + (ﬂ) sin2 -0 NzXo sin2 mnyy ,
p2ab b a ' "

where Py = (o, yp).
As an example of plate with multiple eigenvalues, we consider in detail the case of a square plate, namely a=b. The
eigenvalues are given by

7D
Aam=—m2+m®2, n,mx>1,
nm /)(14( ) > 49)

and, therefore, those with n=m are simple, whereas the other have multiplicity « = 2. Under the notation of the previous
section and for n # m, let

2 . nax mny 2 . max . nzy
Uy = —— sin —= sin —=, Uy = —— sin —— sin —*
ajp a a a/p a a (50)
be an orthonormal basis of the eigenspace X;_,,,,. Moreover, let
171(Po) = (u1(Po), Uz (Po)) (1)
and, avoiding the trivial case, we assume 5 (Py) # 0. Then, the eigenvalue problem (36) has eigensolutions
Po)), Uz (Po))
= — PR, 7V = (2, = P, o)) )
(/41 n(Po)l=, v (nj)j=1 i (Po)l 52)
= Uy (Po), u1(Po)
=0, y@ = ()2, = L)
(”2 RRCL I (Po)! (53)

and the orthogonal matrix y is uniquely determined. We conclude the analysis of the square plate with a couple of examples.

Example 1. Let n=1, m=2, xo = y,, with x # % We have:

n(Po) =~ sin ™2 sin 2”Xo(l 1
app (54)
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and
8A oo 5 2Xo gy _ 1 }
= — — sin* — sin* ——, =—(1, Dy,
{”1 pa2 a a '’ ﬁ( % (55)
1
{uy =0, }’(2)=ﬁ(—1y 1D}, (56)
y=i( 1 1)
2\-11) (57)
Then, by (30), we have
uf = 8 sin ™ sin & cos ZEFY) (o5 ZEX=Y)
a2p a a 2a 2a (58)
and
u= - 8 sin ™ sin & sin ZEXEY) G ZX=Y)
a2p a a 2a 2a (59)
We notice that, inside £2,
uf=0ey=a-%x u=0sy=x, (60)

whereas the nodal lines of the initial basis {u;, u,} coincide with the segments of £2 of equation x, = % and x, = % The new
basis of X, is {uf", u3'} and, since u;*(xo, Xo) # 0 and u3 (o, Xo) = 0, we obtain g, # 0, u, = 0 (see (55) and (56)).

Basing on the above calculations, we can state that the addition of a (even) small point mass at (xo, ¥, = Xo), Xo # % has
the effect of redirecting the original basis {14, u,} of the eigenspace X, by rotating of Z the nodal lines. This fact was recently
pointed out in the experimental and numerical investigation developed by Amabili et al. [7] on the effect of rotary inertia of
an attached mass in the eigenparameters of a square plate. Finally, if xo =y, = % then the first order changes of the ei-
genvalue A;, vanish.

Example 2. We consider, as before, n=1 and m=2, but in this example we not necessarily assume xq = y,. To avoid the
trivial situation, let (xo, y,) # (%, %). We have

. .2 . .
n(Po) = L(sm o g 2o g 2mo G ﬂ_yO]
a a a a

aJjp (61)
and, therefore,
. . 2 . .
= - 4—'12(sm2 ™0 gip2 Yo 4 i 20 G2 ”—yo),
pa (62)
. .2 . .
7y = (| sin X0 gin ”yo, sin 2mXo sin 20 ,
a a a a (63)
. . . .2
Hy =0, y<2):C(—sm 270 gn 20 sin 20 gin ”yo) ,
a a a a (64)
where C # 0 is a normalization constant, and
1 [},(1) ym]
r=—7 .
2 @
2 r® (65)
Finally, by (30) and after a rearrangement of the terms, we have
uf = C sin 0 sin ™ sin k] sin ﬂ(cos o cos @ 4 cos X0 cos ﬂ)
a a a a a a a a (66)
and
uf = C sin 0 gin ™ sin 20 sin ﬂ(cos 0 cos X _ cos 0 cos ”—y)
a a a a a a a a 67)

where C' # 0 is a normalization constant. We notice that
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uf'(Po) #0, uy(Po) = 0. (68)

4. Identification of a point mass in a simply supported rectangular plate

Eq. (41) has an important consequence: the ratios of the relative changes in two different natural frequencies depend
only on the location of the point mass Py = (X, ) € £, not on its magnitude ¢, that is (denoting the eigenvalues by a single
index, for simplicity of notation)

oin
An u%(XOv yO) —
= 20007 - fixg, yp),
m U2 (xo, Vo) J (0. 3o0)
Am (69)

where 61, < 0. Note that if §1,, = 0, then the possible point mass locations coincide with the nodal curves of the mth
vibrating mode u,, of the unperturbed plate. The problem related to the point mass location consists in determining the
solutions of (69) for a fixed-measured value of the ratio (61,/1n)/(6Am/Am). It follows from (69) that all and the only possible
location of the point mass are the points (xo, y) of the function f(x, y) = (un(x, ¥)/um(x, ¥))* graph intersecting with the
horizontal plane drawn parallel to the plane (x,y) at a distance equal to the ratio (62,/2n)/(6Am/Am). These intersections
generally are curves on the plane (x,y) and, in order to reduce the indeterminacy, another or more equations as (69) can be
considered, depending on the measurements available. On a practical level, once the free vibration problem related to the
unperturbed plate is solved, the behavior of f (x, y) is known and, therefore, it is possible, via a numerical procedure for
example, to determine the solutions of (69). We shall see in the sequel that there are situations important in applications in
which the effects of non-uniqueness of the solution may be considerably reduced by means of a careful choice of the data.

Let us consider first the case of a simply supported rectangular plate 2 = (0, a) x (0, b) having first three eigenvalues
simple. By (41) and recalling (47), we have

M1 .o X0 o o

Gi= - — =¢ sin? == sin2 =2,

1 Cl]] € a b (70)
Sha .o mXo . 5 27

Go= - =< = 2 222 sinz =222

12 C/l]z € Sl a s b (71)
3 s o 270 5 T

Gi= — =4 = 2 =200 2 20

21 Cot € Sl a SIIY b (72)

where C = %.

We provpe that the measurement of the triple {G1, G, 31} determines uniquely the intensity € of the point mass and the
variables S = cos 2’;"0, T =cos 220 of the point mass location (X, ¥;).

The crucial point is that the first eigenfunction uy; never vanishes inside £2. This means that the first eigenvalue is always
sensitive to the point mass or, equivalently, G; > 0 for every Py € Q. Then, we can consider the ratio G,/G;. Using standard
trigonometric identities, we easily get

Go
T=—=-1.
2Gy (73)
Similarly, we can consider the ratio G51/G; obtaining
s=G g,
2Gy (74)

Once the variable positions T and S are determined, the mass intensity can be evaluated, for example, by introducing (73)
and (74) in (70):
C_ 4G
Ta-DAa-5" (75)

We have shown that the knowledge of the frequency changes of the first three vibration modes allows us to uniquely
determine the point-mass variation ¢, and the point-mass coordinates (xo, y,), up to symmetric positions with respect to the
symmetry axes x = % y= g In fact, let us denote by xg, x§ the two solutions of (74) in (0, a), with xq < xg and xq + x§ = a.
Similarly, let y5, yg, with y; < y; and y; + y5 = b, be the two solutions of (73) in (0, b). Then, the complete set of possible
positions of the point mass in the rectangular plate (0, a) x (0, b) is {(xg, ¥5), X0, ¥3)» X3, ¥5)» X&', Y}

We now consider the identification of the point mass in a simply supported plate with multiple eigenvalues and, for
simplicity of the presentation, we assume a=b (square plate). The eigenvalues 1;; and A,, are simple, whereas A, has
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Fig. 1. Percentage error in mass identification for mass size equal to 0.25% of the mass plate.

multiplicity 2, see Section 3. Therefore, by (41), (62)-(64), we have

M1 . o XQ . o
Gi= - — =e sin? = sin? =22,
n Ch1 ¢ a a (76)
Gz= - Shy =e(sin2 X0 sin2 27 + sin? 2mXo sin? %),
Chio 77
_ _ Okn o 27X0 oo 27
Cp= - 222 _ =Xo 2 (]
02 s € sin sin . 78)

where C = %. As before, G; > 0 for every position of the mass inside £2. The frequency shift C;, vanishes if and only if

X0=Yp = % and G, = 0 if and only if either xq = % or y, = g Without loss of generality, we can assume G, > 0. (If G, = 0,

then the mass is located at xo =y, = % and the mass magnitude € can be determined by (76).) Then, by (77) and (78), we
have
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Fig. 2. Percentage error in position u for mass size equal to 0.25% of the mass plate.
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Fig. 3. Percentage error in position v for mass size equal to 0.25% of the mass plate.
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Fig. 4. Percentage error in mass identification for mass size equal to 0.50% of the mass plate.

G b 7X,
G2 _ gl co 0 4 cog2 0|,
a

G1 a (79)
G2 _ 16 cogt ™0 ozt 70,
Gi a a (80)

Let us define the position variables Z = cos? ? W = cos? % Then, by (79) and (80), the variable Z solves the second-
degree polynomial equation

G C
X2-sX+p=0, s=-2, p=_22
P a7 166, 81)

By solving Eq. (81), we can find a closed form expression for the variable Z and, subsequently, for W. The solutions can be
written as
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{Z s — s -4p W s+,\/sz—4p}
1= , W= ,
2 2

2 it 2

{Z S+ s —4p W s—,\/sz—4p}
h = ,

82)

Let us consider the solution {Z%, W;} and let us denote by x;, x§ the x-coordinate values corresponding to Z; (ie.,

cos?(zxg[a) = Z), with xy < xg, and xg, x§ symmetric points with respect to x = % Let us also denote by y;, y; the two y-

coordinate values corresponding to W (i.e., cos?(zyg/b) = W;), with y; < yg and y;, y5 symmetric points with respect to

y=%. Therefore, the set of all the possible positions of the point mass associated to {74, W} is

P1={(Xg, ¥o)» X3, ¥o)» X, ¥3)» (X3, ¥3)}, which is a set of points symmetric with respect to the two axes x = g andy = % Let
us consider the second solution {%, W,}. In this case, a direct inspection of the expressions of Z, and W5 clearly shows that
the role of the cartesian coordinates x and y is exchanged with respect to the previous solution {Z, W;}. Then, the set of all
the possible positions of the point mass associated to {%, W, } is P2 = {5, X0), O3> X0)» W5+ X3)» Vg » X3) }, which corresponds
to positions of the point mass that are symmetrical of those belonging to the set #; with respect to the diagonals of the
square (0, a) x (0, a).
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Fig. 7. Percentage error in mass identification for mass size equal to 1% of the mass plate.
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Fig. 8. Percentage error in position u for mass size equal to 1% of the mass plate.

Therefore, the additional symmetry of the square plate with respect to the diagonals makes the ill-posedness of the
inverse problem more severe than the case of a proper rectangular plate. In fact, in order to recover uniquely the position of
the point mass by three natural frequency values, here we need to operate on a %—angular sector of the square plate.

In conclusion, we notice that the application of the proposed identification technique to general domains is, in principle,
possible. In fact, the analysis developed in Section 2 for the determination of the first order sensitivity of the eigenpairs
holds for rather general domains, that is £2 can be a regular bounded domain in the plane. However, the extension of the
identification method proposed in Sections 3 and 4 to a non-rectangular geometry faces with two additional difficulties. A
first hindrance is connected with the absence of a closed-form expressions of the eigenfunctions of the unperturbed plate
(even in the case of homogeneous isotropic linearly elastic material). A second - more important - difficulty is due to the
fact that the first fundamental vibration mode may change sign and vanish somewhere inside £2. It is possible to show that
this occurs in a rectangular plate clamped at the boundary, see [11], and that there are similar examples for non-convex
plane domains under simply supported boundary. This means that, in our notation, the quantity C;; may vanish in an
internal point of the plate, and the identification procedure must be revised.
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Table 1

Simulations with errors on the frequency data: mass size 100 x ;"E and normalized positions u = %0 and v= % of the point mass; differences

dum = (om — fam) €xpressed in Hz.
Case 100 x ™ u v dyn di dyy

pab

la 0.25 0.176 0.153 —0.009 —0.084 —0.059
2a 0.25 0.354 0.196 —0.042 —0.319 —0.073
3a 0.25 0.110 0.384 —0.016 —0.023 —-0.122
4a 0.25 0.261 0.375 —0.072 -0.117 —0.290
5a 0.25 0.422 0.334 —-0.111 -0.311 —0.057
6a 0.25 0.412 0.431 —-0.139 —0.072 —0.090
1b 0.50 0.176 0.153 —0.019 —0.169 -0.119
2b 0.50 0.354 0.196 —0.085 —0.636 —0.147
3b 0.50 0.110 0.384 —0.032 —0.046 —0.245
4b 0.50 0.261 0.375 —0.144 —0.231 —0.578
5b 0.50 0.422 0.334 —0.222 —0.318 —-0.115
6b 0.50 0.412 0.431 —0.276 —-0.144 —0.178
1c 1.00 0.176 0.153 —0.037 —0.344 —0.242
2c 1.00 0.354 0.196 —0.170 —1.267 —0.301
3c 1.00 0.110 0.384 —0.064 —0.092 —0.493
4c 1.00 0.261 0.375 —0.288 —0.448 —1.148
5c 1.00 0.422 0.334 — 0441 —1.218 —0.233
6¢ 1.00 0.412 0.431 —0.547 —0.283 —0.352

5. Numerical examples and results
5.1. The specimen

This section is devoted to the presentation of a series of numerical simulations of the proposed identification technique.
One goal of the analysis is the estimate of the limit of validity of the perturbation approach. A second objective concerns
with the robustness of the method to errors on the input data.

Results of numerical simulations are presented for the simply supported steel plate considered in [3], with a=0.8 m,
b=1.0 m, h=0.005 m, E=210 GPa, v = 0.3, volume mass density y = 7830 kg m~3 (p = yh). The first three natural frequencies
fam = %™ of the unperturbed plate are f;; = 31.54 Hz, f;, = 68.47 Hz, f,; = 89.24 Hz. By symmetry reasons, the point mass m
is assumed to be placed in a quarter of the plate, precisely inside Q = {(x,y) 10 <x< %, 0<y < g}, and increasing mass
sizes are considered.

Theoretical values of the first three natural frequencies of the plate with a point mass are obtained as zeros of the
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Simulations with errors on the frequency data: percentage errors e, = 100 X (iflest — M)/m, e, = 100 X (lest — U)[U, &y = 100 X (Vest — V)[V, Where Mest, Uest,

Vest are the average of megt, Uest, Vest, respectively, and N is the total number of samples. Distribution 1.

Case ey e, em N

la 80.80 105.62 44.00 29,542
2a 2.01 19.03 116.00 16,076
3a 149.36 —5.89 12.00 32,343
4a —1.61 —0.65 192.00 11,532
5a —2.27 —-135 4.00 11,991

6a -0.36 -1.72 0.00 12,813
1b 62.16 80.46 86.00 20,319
2b 0.65 2.60 108.00 11,944
3b 97.73 —-1.77 134.00 25119

4b —1.49 0.48 8.00 10,027
5b —0.02 —-0.09 0.00 10,254
6b 0.15 0.23 —2.00 10,295
1c 35.23 45.69 443.00 17,666
2c -1.07 —1.43 160.00 10,170
3c 56.27 1.72 105.00 18,932
4c 0.50 1.09 —2.00 10,000
5c -017 0.42 —2.00 10,000
6¢ —0.02 0.19 —3.00 10,000

Table 3

Simulations with errors on the frequency data: percentage errors e, = 100 x (g5t — m)[m, ey = 100 X (iest
Vesr are the average of mes, Uest, Vest, respectively, and N is the total number of samples. Distribution 2.

— w[u, ey = 100 X (Vest — V)[v, where Mest, Test,

Case ey e, em N

la 88.24 115.29 110.00 45,618
2a 0.08 40.56 100.00 22,607
3a 181.09 —8.44 56.00 43,748
4a 6.67 —2.96 132.00 16,460
5a —739 —2.10 40.00 15,364
6a —4.47 —6.66 16.00 18,494
1b 78.86 103.20 20.00 28,370
2b 1.44 1714 120.00 15,486
3b 143.55 —-5.73 28.00 30,937
4b —2.18 —-0.03 140.00 11,314
5b —-1.90 -0.87 4.00 11,668
6b —-0.15 —-1.28 0.00 12,508
1c 60.17 76.41 98.00 20,154
2c 0.20 2.24 94.00 11,580
3c 92.64 -115 80.00 24,069
4c —0.69 1.09 4.00 10,016
5¢ —-0.21 0.18 —2.00 10,182
6c -017 0.28 —2.00 10,271

frequency equation

A
i1 Akj — 4

®83)

where ¢ = ,)% i are the eigenvalues of the unperturbed plate and Ay; = sinz(k’;ﬂ) sinz(j”%), see [12]. In order to solve (83),

and after a careful comparison with the results obtained by taking an increasing number of terms on the right hand side, a
truncated series for k=6 and j=5 was considered, the same truncation values that have been used in [3]. In addition,
recalling (6), Eq. (83) was solved by means of a standard iteration algorithm with initial point taken coincident with the

unperturbed value of every eigenvalue.
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5.2. Results for error-free frequency data

We first present the results for frequency data free of error. Numerical simulations have been carried out by dividing both
sides of the plate into 50 equally sized intervals, for a total of 2500 nodes, and the mass m was located at all nodes of the
mesh. For each mass position, the normalized spatial variables u = % V= % and the mass size m were evaluated by Egs.
(73)-(75) (note that the first eight eigenvalues of the plate are simple in the present case). The percentage errors between
estimated and actual values of the identification parameters are summarized in the three groups of Figs. 1-3, 4-6 and 7-9
for ﬁ ?gg ,;Zlb ?30 and ’Zb 1(]) respectively. For a better comprehension of the identification results, error contour
curves are shown in these ﬁgures In general terms, the estimation of the position variables u and v is more accurate than
the estimate of the mass size m. The maximum percentage error for m is equal to 14, 26 and 56 percent for
= 825 858, &5, respectively, whereas the maximum discrepancy for u, v was respectively equal to 6, 11, 19 percent.
f\/laximum errors on the position variables are attained near the edges of the plate, that is near x = 0 for v and near y = 0 for
u, and the errors typically decrease quickly by approaching the interior points of the plate. Maximum errors on m were

found for mass positions u, v approximately belonging to the region u + v < 0.5.
5.3. Results for noisy frequency data

In a second stage of the analysis, measurement errors are assumed to be present in frequency data. In particular, ran-
domly generated errors are added to exact natural frequency values f,,, according to the equation

fPErt fnm +1, 84)

where 7 is a real random Gaussian variable with zero mean. Two normal distributions with standard deviations ¢; = % Hz

(Distribution 1) and 61 = O'gl Hz (Distribution 2) have been considered. Therefore, the maximum error magnitude is equal to
3¢, corresponding to +0.04 Hz and +0.075 Hz, respectively. These values are close to average errors found on frequency

measurements in real experiments. Six different positions (xo, J,) of the point mass within the rectangular domain Q are

considered, and the previous levels of mass size m, % = %, %, ﬁ (cases a, b, c, respectively), are included in calculations.
P

In Table 1, the coordinates u = % V= % of the selected positions and mass size m are displayed, together with the frequency
changes induced by the point mass. For each combination of position and mass intensity, a Monte Carlo simulation on a
population of 10,000 valid samples has been carried out. An identification sample is considered valid when the closed-form
expressions (73)—(75) give admissible values of the identified parameters, namely, m positive and both u and v belonging to
(O, %). Tables 2 and 3 show the errors in the estimations of the mass intensity and the positions u, v. The errors have been
calculated with respect to the mean value of the position and mass size corresponding to the 10,000 valid samples. The
tables also collect the number of samples N needed to reach 10,000 valid samples. It can be observed that the addition of
random errors in the frequency data do not change the conclusions of the inverse problem solution in the absence of
measurement errors, as the best results are obtained at positions far from the supported edges of the plate (see cases 4-6,
for any mass intensity). On the other hand, larger values of N were typically necessary for masses located near the support
edges of the plate. The comparison between Tables 2 and 3 shows as well that the accuracy of the identification gets better
as the errors in the measurements are smaller. This behavior is in agreement with the findings of most of the identification
methods based on natural frequency measurements, in which noisy errors on the data may be amplified strongly when their
magnitude is comparable to the eigenfrequency shifts induced by the perturbation.

6. Conclusions

A perturbation approach has been applied to the determination of the location and the magnitude of a concentrated
mass on a simply supported rectangular plate from natural frequency measurements. The analysis focussed on formulating
and solving the inverse problem in terms of a minimal set of frequency data.

The method is based on the derivation of an explicit expression of the frequency sensitivity to a point mass and allows us
to include the case of multiple eigenvalues. In particular, closed-form expressions for the mass size and the two position
variables in terms of the first three natural frequencies are provided. Numerical results are in agreement with the theory
when free-of-error data are employed in identification. In these cases, the estimate of the mass size is more sensitive to
errors than the two position variables, and deviations are typically larger when the point mass approaches the boundary of
the plate. A series of simulations performed on noisy data confirmed that, in the inverse problem solution, the errors on
natural frequencies are usually amplified strongly when the point in close to the supported edges of the plate.

The present work is part of a more general long-term research project on detection of defects, such as holes, cracks and
delamination, in plates by vibrational methods. In connection with this goal, further work is required, both from the the-
oretical and experimental/numerical point of view. The extension of the method to composite plates is another challenging
issue that could be investigated. In this regard, it should be mentioned the recent contribution by Rajendran and Srinivasan
[13] on the identification of an added mass in a glass fibre reinforced polymer composite plate by using a combination of
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rotational mode shape information with wavelet transform analysis.
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