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Abstract. A layer of composite material is investigated, which is heated one-sidedly with 

one-dimensional energy transfer accounting for thermal conductivity and radiation. A 

mathematical model is suggested for non-stationary coefficient thermophysical problem 

under radiative-conductive heat transfer in a material layer. Temperature dependencies of 

thermal capacity and thermal conductivity coefficient of composite radio-transparent material 

have been determined through numerical modeling by solving the coefficient reverse 

problem of thermal conductivity. 

1. Introduction 

Composite radio-transparent materials are widely utilized as protection devices for aircraft antennas 

[1, 2]. In the process of exploitation, these composite materials experience influence of various 

environment factors, such as discharge plasma [3–5], electrization and optical radiation [6], locally 

increased temperature and others. The crucial factor determining composite’s properties is the increased 

temperature, which alters such primary dielectric parameters of composite materials as complex relative 

dielectric permittivity [7, 8]. In order to measure temperature change within the sample one uses high-

temperature thermocouples with small conductor cross-section. The thermocouples are embedded into the 

sample’s volume during its formation stage. The coordinates of thermocouple’s joint in the sample are 

defined via X-ray imaging. Thus, several thermocouples with different setting depths are placed in 

various cross-sections of the sample. 

 

2. The samples and research method 

In order to calculate the temperature in spaces between the thermocouples of the sample a specific 

mathematical apparatus is used applying numerical mathematical methods. One uses solutions for non-

standard direct problems of thermal conductivity and inverse coefficient ones under radiative-conductive 

heat transfer in a flat layer of the absorbing, emitting and scattering medium. One-dimensional problem is 

commonly considered for the purposes of measurement. In the mathematical setting of the 

thermophysical problem of determining temperature distribution in the thickness of a flat dielectric 

sample one considers a flat layer of a thermophysically isotropic material. 

When solving thermal conductivity problems, first-, second- or third-type boundary conditions may be 

used in arbitrary combinations for each of the surfaces. As for the radiation transfer, within each of the 

spectral ranges the sample boundaries can be either semi-transparent or non-transparent for self-radiation 

and radiation of external heat sources. The diversity of boundary condition types allows modeling 

arbitrary heat response conditions and processing the experiment results, which have been conducted on 

installations varying in design and sample heating conditions [8, 9]. When solving coefficient reverse 

problems, both separate and integrated determination of temperature dependencies of volumetric heat 

capacity cq (T) and thermal conductivity coefficient  (T) are valid. 
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Thermophysical properties of the sample an d (T) arenon-linear and temeprature-dependant, 

whileitsoptical-physical properties, such as absorption and scattering factors, refraction index and 

scattering indicatrix, depend on temperature and wavelength of the heat-associated radiation. 

We consider a layer of composite material which is in condition of one-sided heating with energy 

transferred one-dimensionally via thermal conductivity and radiation. In the case initial temperature 

distribution within the sample and heat exchange conditions at its boundaries are known. When 

implementing numerically, the composition of heat exchange parameters set is determined by a concrete 

type of heat response. Thus, in case of radiative microwave heating or infrared heating, one specifies 

densitiesof radiation fluxes that are brought to the sample surfaces, their spectral and angular 

distributions. Under the experimental conditions with convective heating created by gas burners or arc 

plasma sources, we specify gas environment temperature and temperature dependency of the heat-transfer 

coefficient, Moreover, in all the cases of thermal response optical properties of the boundaries are 

considered established. 

The temperature dependencies cq (T) and (T) of the material are deternined by solving a reverse 

problem of thermal conductivity or radiative-conductive heat transfer. When coefficient calculation 

methods are applied, thermophysical properties of the material are among causal characteristics whereas 

temperature patterns and radiation fields are consecutive. In the process of the experiment temperatures at 

separate points of the sample are meausred. In this case measuring temperature at one inner point of the 

sample allows to restore only one temperature dependency – either cq (T) or  (T). In order to restore both 

dependencies one should measure the temperatures in at least two points within the sample thickness and 

heat flux on one of its surfaces. 

 

3. Mathematical modeling 

We shall now take into consideration a mathematical model of the non-stationary coefficient 

thermophysical problem. The mathematical model of radiative-conductive heat transfer in a layer of 

absorbing, emitting and scattering medium includes thermal conductivity equation as well as radiation 

transfer equation transformed using a binomial approximation of the moments method [10, 11]. The 

equations for inner heat sources and initial condition for the thermal conductivity equation as well as 

boundary conditions for the thermal conductivity and radiation transfer equations also make up the 

mathematical model. 
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 p 1 , 

where: Т is the temperature, K; t is time; r – stand for coordinate; cq – volumetric thermal capacity, 

J/m
3
;  – thermal conductivity coefficient, W/m·K;  – absorption coefficient, m

-1
;  – scattering 

coefficient, m
-1

; p – scattering indicatrix parameter; 0f  
– initial temperature distribution; 

2,1K – the 

variable indicating the boundary condition type.  

With 02,1 K
 
first-type boundary conditions are set. In this case 

  12,1 T ;           02,1 T ;             2,12,1 f ; 

 2,1f  
is the surface temperature dependency in time.  

With 12,1 K second- and third-type boundary conditions are set. And in this case 

  2,12,1 fT   ;   2,12,1 WTWq ; 

   
 



21 21

2,1 2,12,12,12,12,12,1

 


 ffWWПW TdBdqT

WW
; 

where:
2,1f is the heat transfer coefficient, W/m

2
;  – is the emissivity of the boundary surface; Пq –

stands for the density of the radiation flux incident, W/m
2
; Tq

 
– density of the flux absorbed by the 

surface, W/m
2
; 

fT – environment temperature, К; В – is the Planck function; n – is refraction index; 

BnB 24 
; mnR , mnQ , mQ , E are integral optical characteristics of the boundary surfaces;

 т – portion 

of diffuse radiation in the incedent radiation flux; б – portion of the directed radiation in the incident 

radiation flux; q0 – radiation flux incident to the semi-transparency area of the material, W/m
2
; M0 – 

intensity moment of the zero-order radiation, W/m
2
. The   index indicated frequency dependence, and 

W1, W2 are related to the front and rear surfaces accordingly. 

Solving the system (1)‒(8) is carried out by the method of finite differences with implicit difference 

scheme applied. The coefficient problem of radiative-conductive heat transfer is usually formulated in 

extreme setting [10]. The algorithm for determining the coefficients of equation (1) –  (Т), cq (T) – is 

realized via minimizing the functional linking the experimental and estimated temperatures 
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where: N – is the number of temperature sensors;  i
e rtT ,

 
are experimental temperature values; 

 irtT ,
 
– estimated temperature values, determined from the solution of (1)‒(8);

et – experiment duration. 

Solving the radiative-conductive heat transfer is usually carried out applying the principle of iterative 

regulation [12, 13]. In this case the condition of residual is used to stop the process of minimization: 
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where  i
e rtT ,  is the error of experimental temperature values. 

The sought-for temperature dependencies are expanded into series by the number of basis functions: 
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where: m , Ст are expansion factors;  , C are basis functions; МС, M stand for the number of 

members in the expansion. 

Cubic and linear b-splines are often used as basis functions [13]. So the sought-for spline coefficients 

appear to be the values of thermophysical parameters of the sample material in the spline-approximation 

vertices. 

Expansion of the sought-for dependencies cq (T) and (T) to basis functions allows one to bring 

problem (1) to the problem of determining the MMC  function minimum of the variables: 

.min),...,,,,...,,( 2121 
cMM cccSS


                                (14) 

In order to solve this problem we can use, for instance, a gradient minimization method – the 

Davidon-Fletcher-Powell method [12]. The valuesof iS 
 

gradient tvector; Mi ,1 ; iCS  ; 

CMi ,1 are determined from the dual problem. The Davidon-Fletcher-Powell method involves 

determining the minimum of function Salong the chosen search direction. 
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