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ABSTRACT: In modern mathematical and theoretical physics various generalizations, in
particular supersymmetric or quantum, of Riemann surfaces and complex algebraic curves
play a prominent role. We show that such supersymmetric and quantum generalizations can
be combined together, and construct supersymmetric quantum curves, or super-quantum
curves for short. Our analysis is conducted in the formalism of super-eigenvalue models:
we introduce B-deformed version of those models, and derive differential equations for
associated a//f-deformed super-matrix integrals. We show that for a given model there
exists an infinite number of such differential equations, which we identify as super-quantum
curves, and which are in one-to-one correspondence with, and have the structure of, super-
Virasoro singular vectors. We discuss potential applications of super-quantum curves and

prospects of other generalizations.
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1 Introduction

Riemann surfaces and complex algebraic curves play a prominent role in mathematics
and admit various generalizations, which often have origin in modern mathematical and
theoretical physics. In this paper we consider two such generalizations: supersymmetric
and quantum. Supersymmetric Riemann surfaces play an important role in superstring
theory [1-5], and they have received renewed interest recently [6-10]. They can also be
represented, at least in some specific cases, as supersymmetric algebraic curves [11, 12].

Another generalization of algebraic curves, also to much extent motivated by physics, is
related to quantization and non-commutative geometry, and leads to the notion of quantum
curves. Quantum curves can be thought of as differential operators E(ﬁz\, y) that impose
linear, differential, Schroedinger-like equations on certain wave-functions ¥(z)

AZ,79)¥(z) = 0, (1.1)

where T and 7, represented respectively by multiplication by z and hd,, are operators
satisfying the commutation relation

5,2] = h. (1.2)

In the limit 7 — 0 these operators commute and can be identified with complex numbers,
and the quantum curve equation reduces to a “classical” algebraic curve

A(z,y) =0. (1.3)

Quantum curves arise in various physical contexts, such as intersecting branes in type ITA
string theory [13, 14], B-branes in (refined) topological string theory [15, 16], surface oper-
ators [16, 17|, and they are objects of active studies in knot theory [18-20] and from other
mathematical perspectives [21-26]. It has been conjectured that in all situations mentioned
above quantum curves can be constructed by means of the topological recursion [27], and
in many cases they can also be constructed explicitly in the formalism of matrix models.
In this case the classical algebraic curve (1.3) is identified with the spectral curve of a
matrix model, and the differential equation (1.1) is the equation satisfied by a determinant
expectation value. It has been shown recently — in the formalism of matrix models and
the topological recursion — that to a given algebraic curve one can in fact associate an infi-
nite family of quantum curves, which are in one-to-one correspondence with, and have the
structure of, Virasoro singular vectors [28]. This statement can be viewed as a consequence
of the familiar relation between matrix models and conformal field theory [29, 30].

In this paper we combine the two above generalizations and construct supersymmet-
ric quantum curves, or super-quantum curves for short. Our construction is based on
so-called super-eigenvalue models, introduced in [31] and then analyzed in [32-36], which
can be regarded as supersymmetric generalizations of matrix models. In this paper we
first generalize super-eigenvalue models to the -deformed case, and then formulate a su-
persymmetric generalization of the construction presented in [28]. Analogously as in [28],
we find that to a given super-eigenvalue model one can associate an infinite family of



super-quantum curves, which have the structure of super-Virasoro singular vectors. These
super-quantum curves take form of differential equations that annihilate wave-functions,
which are constructed as certain «/f-deformed super-matrix integrals.

Let us stress that our results illustrate more general phenomenon, i.e. the existence of
infinite families of quantum curves associated to certain underlying symmetries. This phe-
nomenon is manifest in the context of matrix models or their generalizations. In the case of
ordinary hermitian matrix models there is an underlying Virasoro symmetry, which implies
the existence of quantum curves having the structure of Virasoro singular vectors [28]. In
the case of super-eigenvalue models considered in this paper, there is an underlying super-
Virasoro symmetry, and quantum curves take form of super-Virasoro singular vectors. For
other types of matrix models, e.g. involving other ensembles of matrices, or deformations
of the measure or the potential, or multi-matrix models, etc., there is also an underlying
symmetry, whose manifestation must be the existence of a family of quantum curves, hav-
ing the structure of associated singular vectors. Explicit analysis of such generalizations is
an interesting task for future work.

It would also be interesting to generalize our results beyond the realm of matrix models.
In the case of hermitian matrix models such a generalization can be formulated by means of
the topological recursion, so that one can essentially associate a family of quantum curves
to a given algebraic curve (irrespective of the existence of a matrix model). Reformulation
of other types of matrix models, in particular the super-eigenvalue model, in terms of gen-
eralized topological recursions would enable to identify yet more general quantum curves.

There are many other directions to explore. It would be interesting to relate our super-
quantum curve to the representation of super-Virasoro singular vectors in terms of super-
Jack polynomials [37-39]. While our super-quantum curves correspond to singular vectors
in the Neveu-Schwarz sector, it is desirable to identify analogous curves for the Ramond
sector, possibly following some ideas in [39, 40]. It would be interesting to interpret our
results in the context of a relation between super-Liouville theory and gauge theories on
ALE spaces [41], or to find links to some putative supersymmetric version of topological
string theory [42, 43].

As a word of warning, we stress that super-quantum curves introduced in this paper
should not be confused with (quantum) super-A-polynomials [20]. In the latter case the
prefix super has to do with homological knot invariants (in analogy with superpolynomials),
while in this paper super refers to a supersymmetric generalization.

Let us briefly summarize the results of this paper. First, we introduce a [-deformed
super-eigenvalue model as a formal integral

N
Z = / T dzaddair(z, ) o= Lol Vzada), (1.4)

a=1

where A(z,9) = [[1<,cp<n(2a — 26 — JaVp) and the potential takes form of a series

V(z,0)=Vp(z) + Ve(2)0,  Vp(z)=> tua",  Ve()=Y &ipa”,  (L5)
n=0 n=0



where ¢, and &, /o are respectively bosonic and fermionic parameters called times. The
partition function (1.4) is referred to as the super-eigenvalue integral, with bosonic z, and
their fermionic superpartners 1, interpreted as super-eigenvalues of some putative ensemble
of matrices. Although one way of writing (1.4) at 5 = 1 as an integral over some ensemble
of matrices was proposed in [44] and an explicit form of such an integral was given for small
N, it is not possible to write it explicitly for general N. Nonetheless, it is convenient to
call (1.4) as a super-eigenvalue model, or a super-matrix model, due to the analogy with
bosonic matrix models.

It is known that the bosonic partition function satisfies a set of Virasoro constraints,
and one can derive analogous super-Virasoro constraints in case of the super-eigenvalue
model (1.4). In this paper we derive such constraints in the S-deformed case and show
that they take form

Iny1/2Z = nZ =0, for n > —1, (1.6)

where g, 11/9 and ¢, are differential operators written in terms of times ¢, and &, /2,
which form a representation of the super-Virasoro algebra. The above equation means
that the matrix model partition function encodes the Neveu-Schwarz (NS) vacuum in an
auxiliary superconformal field theory associated to the super-eigenvalue model. We also
show that in the large IV limit a distribution of eigenvalues is encoded in a super-spectral
curve, which is described by a pair of equations (3.35)

yp(x)yr(z) + G(z) = yp(2)* + yp(x)yr(z) + 2L(z) = 0, (1.7)

where G(z) and L(x) are defined in (3.36). One can also eliminate the differential ¥ (x) of
yr(x) with respect to  from (1.7) and write this equation in the form of a supersymmetric
algebraic curve (3.38). Such a super-spectral curve was identified already in [31].

Having discussed properties of the p-deformed super-eigenvalue model, we associate
to it a family of wave-functions parametrized by a parameter a; we also refer to these
wave-functions as «/f-deformed super-matrix integrals. These wave-functions are a gener-
alization of a determinant (characteristic polynomial) expectation value in a bosonic matrix
model and take form

e a _ VBN aflog(z—2q)——2 ~ ~
Sal(z,0) — ez VB@) 33 Vr(2)d <e 2 a1 (1 g(r—2a) mzuﬁa>> = YB.a(z) + Xralz)f.

(1.8)
In the right hand side we identified bosonic and fermionic components of the wave-function,

and denoted them Xp () and Xr(z) respectively. We show that the a/f-deformed in-
tegral (1.8) also satisfies super-Virasoro constraints that generalize (1.6), and find corre-
z‘ﬂ/z(x, ) and (5 (x,6).

Having defined the wave-function Y, (z,6), we pose the crucial question in this paper:

sponding super-Virasoro generators ¢

does it satisfy a differential equation in x of a finite order? We find a very interesting answer
to this question: Y, (z,#) satisfies such a differential equation only for special values of «,
labeled by two positive integers p and ¢

_ /2 _ -1/2
o, = =8 2(q VA~ withp—qe2z. (1.9)




Remarkably, these are the values of NS degenerate momenta in super-Virasoro algebra,
and corresponding wave-functions may be referred to as NS wave-functions. We then show
that for the above values of o the wave-function can be identified as an expectation value
of a super-Virasoro degenerate primary field in an auxiliary superconformal field theory
associated to the super-eigenvalue model, while the differential equation annihilating the
wave-function has the structure of the corresponding super-Virasoro singular vector at level
n = pq/2, when expressed in terms of appropriate generators of the super-Virasoro algebra.
We identify such a differential equation as a super-quantum curve and for a given value of
a write it as (5.1)

Ao (z,0) = 0. (1.10)
Moreover, we show that at the lowest nontrivial level 3/2 this super-quantum curve reduces
to the classical super-spectral curve (1.7).

In more detail, we find two representations of super-Virasoro algebra, given in (4.32)
and (4.33), which can be used to write a super-quantum curve, and which act respectively
on the wave-function Y(z,#) and its bosonic component Xp o(x) defined in (1.8). We
show that the bosonic component X g () is annihilated

AR B ay, () =0 (1.11)

by an operator K%O), which takes form of the operator encoding a super-Virasoro singular

vector, written in terms of generators (4.33). This operator can be easily transformed into
an operator (super-quantum curve)

A% = A0 — 99, AQ) — g AD) (1.12)

n n

that annihilates the whole wave-function X,(z,6). The operator (1.12) is expressed in
terms of generators (4.32), and its component XSJ) is related to A\%O) simply by the action
of 6_1 /2, as we explain in detail in section 5.

A very interesting feature of our result is that at a given level n super-quantum curves
are written in a universal form, which depends on the momentum «, and substituting
a particular value a@ = o4 produces a familiar expression encoding the corresponding
singular vector. Moreover, one can substitute values of o corresponding to singular vectors
at levels lower than n, and then our expression (up to a simple factor) reduces to appropriate
expressions encoding corresponding singular vectors at lower levels. Therefore at a given
level n we find a universal a-dependent expression for the super-quantum curve, which
encodes all singular vectors at levels equal or lower than n. To our knowledge such universal
expressions for super-Virasoro singular vectors have not been previously known.

Let us illustrate the above statements with some examples. We find that an operator
A at level n = 3 /2 takes form

062/\

RO =T Gy G, (1.13)

and it indeed encodes familiar expressions for singular vectors at level 3/2 upon a substi-
tution of a = +4+/2h, which correspond to degenerate momenta (1.9) at this level. Then,



as explained in section 5, from (1.12) the full super-quantum curve is reconstructed as

n o? 5 2a% ~
g/Q = —8189 - ﬁG_S/Q - 9<8§ - 712[42) . (114)

Similarly, at level n = 2 we find

—~ ~ 202 ~ 2002 + Qha — h2 - ~
Aéo) =17, - ?L_z + 5 G_3/2G_1/2- (1.15)

For the degenerate momentum o = g9 = (B2 — B=1/2)h/2 this expression indeed re-
duces to a familiar expression encoding a super-Virasoro singular vector at level 2, and
for momenta at lower levels it reduces to expressions for corresponding singular vectors at
those lower levels. From the above result we can also easily reconstruct the full form of
A\g, which is given in (5.51). Furthermore, at level n = 5/2, in (5.61) we find analogous

universal a-dependent expression for Aé% that encodes singular vectors up to this level,

5/

Having introduced and explicitly identified super-quantum curves we analyze some

and then the full super-quantum curve AZ ), is given in (5.62).

of their properties. Among others we discuss two quantum structures encoded in their
form, and analyze two corresponding classical limits: the 't Hooft limit and the classical
super-Liouville (or equivalently the Nekrasov-Shatashvili [45]) limit. (As the second word
of warning, one needs to be careful in deciphering acronyms when analyzing the NS limit
of the NS wave-function.)

Apart from analyzing super-eigenvalue models with general potentials (involving
generic times ¢, and &), we also consider a specialization of our formalism to models
with fixed potentials, such as the super-gaussian and the super-multi-Penner model. In
particular we show that familiar objects in super-Liouville theory (the form of correlation
functions, super-BPZ equations, etc.) arise from the latter specialization. Furthermore, for
completeness and in order to compare classical limit of super-quantum curves with clas-
sical super-spectral curves, we conduct an analysis of planar solutions of super-eigenvalue
models.

The plan of this paper is as follows. In section 2 we review properties of the super-
Virasoro algebra and a construction of its singular vectors. In section 3 we introduce
a [-deformed super-eigenvalue model, show that its partition function satisfies super-
Virasoro constraints, and identify its super-spectral curve. In section 4 we introduce an
a/ -deformed matrix integral, find a representation of super-Virasoro algebra associated
to it, as well as a related representation, which provides building blocks of super-quantum
curves. In section 5 we present a general construction of those super-quantum curves and
illustrate it in several examples at levels 1/2, 3/2, 2, and 5/2. In section 6 we discuss a
double quantum structure encoded in super-quantum curves, and two corresponding classi-
cal limits: the 't Hooft limit and the Nekrasov-Shatashvili (or the classical super-Liouville)
limit. In section 7 we specialize our consideration to super-eigenvalue models with the
super-gaussian and the super-multi-Penner potentials. Finally, in the appendix we discuss
various operator expressions used in calculations throughout the paper, and also present a
general form of a planar solution of the super-eigenvalue model.



2 Super-Virasoro algebra, singular vectors, and free field realization

The N = 1 super-Virasoro algebra is defined by the following (anti)commutation relations

1
{GT‘7 Gs} = 2Lr+s + ;(72 - 4>5r+s,07
[Lma Gr] = (7721 - 7"> Gmtrs (21)

c
[Lin, Ln) = (m —n)Lypgn + E(m3 — M) 4,0

In this paper we consider primarily the NS (Neveu-Schwarz) sector of (2.1), in which the
indices of generators G, take half-integer values, r € Z + % Indices n of generators G,,,
forming the Virasoro subalgebra of the NS superalgebra, are integers.

Let va be the highest weight state with respect to the NS algebra (2.1)

Lova = Ava, Lpva = Groa =0, m,r > 0. (2.2)
Denote by mi(A) the free vector space generated by all vectors of the form
vaMR = Loyg-rvAa = Loy . Loy, G . .G yup, (2.3)
where R and M are multi-indices such that
O<ri <rg...<rg, 0<my <ma... <my,

and
M|+ |Rl=mi1+..mj+r1+...1p =n.
The %Z—graded representation of the NS superconformal algebra determined on the
space
ms(A) = @ ml(d),  7(A) =Cua,
nE%NU{O}
by the relations (2.1) and (2.2) is called the NS supermodule of the highest weight A and

the central charge c¢. Each mls(A) is an eigenspace of Ly with the eigenvalue A + n. The
space mys(A) has also a natural Zs-grading

_ m — m+3
Tns(A) = WI—JI_S(A)@’]TNS(A)’ ﬂ;S(A) = @ Tus(A),  ms(A) = @ s - (A),
meNU{0} meNU{0}

where 75, (A) are eigenspaces of the parity operator (—1)F = (—1)2(lo=2) NS generators
Ly, and G, are, respectively, even and odd with respect to this grading,

(D), L] = {(-DF.G.} = 0.

A nonzero element x € mys(A) of degree n > 0 is called a singular vector if it sat-
isfies the highest weight conditions (2.2) with Lox = (A + n)x. It generates its own NS
supermodule mxs(A + n), which is a submodule of myg(A).



There exists on mys(A) a natural, symmetric bilinear form (-, -) uniquely determined
by the relations (L,)" = L_,, (G,)" = G_, and normalization condition (va,va) = 1. The
singular vector y is orthogonal with respect to (-, -) to all vectors in mys(A) including itself,

Ve e mys(A): (E]x) =0. (2.4)

Consequently, if we denote by G’y the matrix of (-,-) on m{y(A) calculated in the
basis (2.3)

(GEnlyipns = (VaMRVANS), |M][ +|R[ = [N[ +[S] = n, (2.5)

then it is nonsingular if and only if the supermodule mys(A) does not contain singular vec-
tors of degrees %, 1,...,n. The determinant of this matrix is given by the Kac theorem [46]

Pq

detGly = K [ (A= Dpqe)) ™" %), (2.6)

1<pg<2n

Here K,, depends only on the level n, the sum p + ¢ must be even, the multiplicity of each
zero of the Kac determinant is given by Pys(n) = dim7{ig(A) and
pg—1 p>—1 ¢?—-11

Apglc) = 1" 3 B+ s B (2.7)

where

e = g_g (ﬁ_l/Q —ﬁ1/2>2.

The combination
Q=p"1"2—pl2 (2.8)

which we shall frequently use in what follows, corresponds to the background charge in
the N = 1 super-Liouville field theory. Finally, if we parametrize A as

a [
Aa - ﬁ (g - Q) ) (29)
then the equation (2.7) implies

 (p—1)BY2—(g—1)p Y2

Q= 0Qpqg = 9 ,

in agreement with (1.9).

Partial results containing the form of Neveu-Schwarz singular vectors can be found
in [47-51]. For the first few levels one can also compute their form directly from the
definition. Below we give some examples (for more examples see [52]).

e For n = 1/2 we have a singular vector for p = ¢ = 1, which corresponds to A = 0
(i.e. the singular vector is in the NS supermodule of the vacuum) given by

X11 = G—1/2V11> Vpg = VAp.q- (210)



e For n = 3/2 we have either (p,q) = (3,1) or (p,q) = (1,3). The former case corre-

sponds to
x31 = (L1G_1)o — BG_35) v31,
while the latter is obtained by changing 5 to —3~! and v3; to v13.

e For n =2 we have (p,q) = (2,2) and

1
2

2

(2.11)

(2.12)

e Finally, for n = 5/2 we have (p,q) = (5,1) or (p,q) = (1,5). In the former case

X51 = (L2_1G_1/2 + 26(3,@ — 1) — 35G_3/2L_1 — 2,8L_2G_1/2) Vs1.

The singular vector Y15 is obtained by changing 5 to —3~! and vs; to v15.

(2.13)

In what follows we will also take advantage of the free field realization of the super-

Virasoro algebra, in terms of the free bosonic and free fermionic operators on a two-sphere

5?2, such that

d(x1)p(x0) = log(zy — 22) + .. .,
P (es) = —

xry — 2

From these operators one can construct the superconformal current

S(z) =:9(2)0:0(x): +Q0x¢(x)

and the energy-momentum tensor

T(x) = 5 :00()0u0(0): 4+ :Oub(@hb(a): +5Q020(x).

It follows that
2c 2

= T
S(x1)S(22) e R (z2) + ...,
3
T -7 !
(01)8(22) = gz Slaa) + oS+
c 2
T(x1)T = T T’
(z1)T (x2) 2(x1 — 22 + (71 — 22)2 (z2) + T — o (z2) +
where the central charge is given by
_3 2
c= 5 3Q°.

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

From the OPE (2.18) it follows that the modes G, and L,, of the superconformal current

and the energy-momentum tensor

S(z) = Z G732 T(x) = Z Loz~ "2

reZ+1/2 neZ

(2.20)



satisfy the commutation relations of the super-Virasoro algebra (2.1).

Note that G, and L, discussed above are abstract generators of the super-Virasoro
algebra. In the rest of this paper we will find several explicit representations of such
super-Virasoro generators, which are expressed in terms of bosonic and fermionic times
encoded in the super-eigenvalue model, as well as arguments z and 6 of supersymmetric
wave-functions. To avoid confusion we write generators in those different representations
using different fonts.

3 (B-deformed super-eigenvalue models

In this section we introduce the S-deformed super-eigenvalue model. This model is a -
deformation of the super-eigenvalue model formulated in [31], which itself is a generalization
of an eigenvalue representation of the bosonic, hermitian matrix model to the supersym-
metric case. The analysis of expectation values in the -deformed super-eigenvalue model
will be the main tool in our considerations. The partition function of the S-deformed
super-eigenvalue model can be represented as a formal integral over an even number N of

bosonic eigenvalues z, and fermionic eigenvalues v,

N
Z = / T dzaddarr(z, 9)Pe= % Tty Vzaida), (3.1)
a=1
where
Az )= [ (za—2—tath), (3.2)
1<a<b<N

and the potential is given by

V(z,0) = Vp(x) + Vp(x)0,

- > 3.3
VB(J}) = Ztnl'n, VF(x) — Z£n+l/2xn- ( )
n=0 n=0

Here ¢, are bosonic parameters and &, /o are fermionic parameters with {Va, &1 /2} =0,
which we call (even and odd, respectively) times. Instead of parameters i and 3, sometimes

it is convenient to use parameters
_ 1/2 _ p—1/2
€ =—p"%h, €2 = [ h. (3.4)

For Vp(z) = 0 and 8 = 1 the partition function Z is equal to the square of the partition
function of the usual bosonic matrix model (which involves integration over eigenvalues
zq only, so that the dependence on fermionic variables is absent in the above formulas)
with the same (bosonic) potential Vz(x) [31, 32, 34]. In what follows by (---) we mean an
unnormalized expectation value, for an operator O defined as

N
(0) = / [] dzaddair(z,0)Pc—F £l Vit 0, (3.5)
a=1

,10,



In case of the usual bosonic matrix model, for some special values of 3, the partition
function is indeed a representation of an integral over some ensemble of matrices (hermitian,
orthogonal, or symplectic). Moreover, for all values of 3, the partition function of the
bosonic model satisfies Virasoro constraints, i.e. it is annihilated by operators £,, for n >
—1, which have an explicit representation in terms of times t; and satisfy the Virasoro
algebra; in this sense the partition function is analogous to the vacuum state in a conformal
field theory. For the super-eigenvalue model the situation is different — its partition
function cannot be represented as an integral over some (supersymmetric) matrices, for
any values of 3. However a remarkable feature of this model, and the original motivation
to construct it, is the fact that its partition function satisfies super-Virasoro constraints,
i.e. it is annihilated by a relevant set of super-Virasoro generators, analogously to the

supersymmetric vacuum in a superconformal field theory.

3.1 Ward identities and super-Virasoro constraints

In what follows we derive super-Virasoro constraints for the super-eigenvalue model, for

arbitrary values of 8. Let us first write down Ward identities, which in the context of

matrix models take form of loop equations, for the [-deformed super-eigenvalue model.

Note that the partition function (3.1) is invariant under a fermionic shift
) 0

Za — Zq+ , Ve — Vo + ,
T — 2 T — 2

(3.6)

where 0 is a fermionic constant. In consequence one obtains a fermionic Ward identity

N N
1 VB N
B — 5 a= \%4 Zaﬂ?a _
/ gdzacwa ;:1: (900, — 9p,) [x_ZaA(z,ﬁ) e 2a=1V(zaba) | — 0, (3.7)
Using
1 — 1
Za — 2p + _ " Yo% (3.8)

Za — 25 — Va0 - (24 — 20 — V) (20 — 20 + 9ap) 2o — 26 (2a — 25)%’

the fermionic Ward identity (3.7) can be written as

(S+(@)) =0, (3.9)
where
Sy(v)=p Z Va +(1_B)§: Va
ab=1 (z — za)(x — 2) p (2 — 24)2
N
a ‘f ; . _1 - (VE(2a)00 + Vi(2a)).- (3.10)

Similarly, the invariance of the partition function (3.1) under the bosonic infinitesimal
transformation

€ ey,
— Yy — U _
Zq Za+:c—za’ a a+2(az—za)2’

(3.11)
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with an infinitesimal bosonic constant ¢, leads to a bosonic Ward identity

% 1 VB N
_ a B,— Za: V(2a,9a) —
/ | | dzadi, E < a2 = Za)> [m — ZaA(z,ﬁ) e h 1 0. (3.12)

Using the relation (3.8), this Ward identity is written as

(T} (2)) =0, (3:.13)
where
B N S S S PR
Ty () = 2 a,,bz=1 (z — 2za)(z — 2) 3 a,b2=1 (x — 2zq)(z — 2p)? " 2(1 g ; (z — Za)2+

The quantities Sy (x) and 7% (x), which implement Ward identities given above, can
be identified with positive parts of the superconformal current and the energy-momentum
tensor of an auxiliary superconformal field theory, which can be associated to the super-
eigenvalue model. Note that time derivatives of the partition function (3.1) can be identified
with expectation values of the combinations of eigenvalues, by the following identification

N
h h
Zza — ———=0,,, Zz[jﬂa =0, (3.15)
a=1 \/B a=1 \/B
We can therefore associate to the super-eigenvalue model a free boson and a free fermion
fields, which in terms of the above identifications can be written as

o(z) = fVB 6] Zlog (x — zq), (3.16)
Y(x) = va fz p— (3.17)

We can then build the superconformal current as in (2.16). We find that
S(x) =S_(x) + S(x), (3.18)

where Sy (x) is given by (3.10) and

N N /
- 1 / Q / \f ( ) VF Za \/B VB VB(Za))ﬁa
S_(z) = ﬁVF(ﬁ)VB(m)‘FgVF( T)— h; pr—— h; pr—— .
(3.19)
Similarly, the energy-momentum tensor (2.17) takes the form
T(s) =T (2) + T (x), (3.20)



where T’ () is given in (3.14) and

T () = ooy (VE(@)? + VE@Vi@) + V() - Y il Lt Lt
~ \Q/Eil (Vﬁ(w)x—fa(za))ﬁa - ggi vfim,:))fa’ 2
where we have defined
Vi (2, 70) = Vir() — Vir(za) — (& — 20)Vi(2a). (3.22)

Finally, expanding (3.18) and (3.20) in the modes defined as in (2.20), for n > —1 we find

o0 o0 n
Inity2 = O KtkOe iy nt Y Sh1/200 i T2 Oepyy 01, —Qh(n+1)0e, ., (3.23)
k=1 k=0 k=0

and

0o o >
by, = Z ktkathrn + 5 Z atkatn,k + Z
k=1 k=1 =

n+1
<k + 9 >£k+1/2a§k+n+l/2+
k=0

(3.24)

RN 1
™ 9 Z kaén—kﬂ/zaik—l/z - iQh(n +1)0,,
k=1

as well as the modes for n < —1 given explicitly in (4.22) and (4.24). In terms of the above
generators the fermionic Ward identity (3.9) can be rewritten in the form of super-Virasoro
constraints

Int1/2Z =0, n > —1. (3.25)

Similarly, the bosonic Ward identity (3.13) gives constraints
0,7 =0, n> -1, (3.26)

which can be derived also from (3.25) using the commutation relations (2.1). These are
the super-Virasoro constraints of the S-deformed super-eigenvalue model that we have been
after.

3.2 Super-spectral curve

In the analysis of bosonic matrix models an algebraic curve, called the spectral curve, plays
a crucial role. It encodes information about the equilibrium distribution of eigenvalues and
can be determined from the large N limit of the loop equation. Upon quantization it is
turned into an operator that annihilates a wave-function, defined as a certain expectation
value. In this paper we show that an analogous situation arises in super-eigenvalue models
— however in this case the resulting spectral and quantum curves are supersymmetric. In
this section we show how a supersymmetric algebraic curve emerges from the large N limit
of loop equations (3.9) and (3.13), while corresponding quantum curves are analyzed in the
following sections.

,13,



By the large N (or classical) limit we understand the limit
N — o, h—0, with p= BY2RN = const, (3.27)

and we also denote
h= (8" - g/, (3.28)

In this limit we consider the following expectation values (defined as in (3.5))

V(e h) = Y (a) = ]\}iinm%<8$¢(x)>, Yi(a:) = Ye(e) = Jim 2 (0().  (329)
T fixed T fixed

With this notation Ward identities (3.9) and (3.13) yield respectively

Y (2)Yr(x) - Vh(2)Ve(2) + h(Vi(z) - Vi) - HO) = 0, (3.30)

Yp(2)® + Yi(2)Yr(x) = Vi(2)® = Vi(@)Ve(e) + 7(Vh(z) - V(@) - 2/O @) =0, (3.31)

where

hO(z) = hO (z;7) = (3.32)
o @ N Ve(z) — Vi(zq) (Vé(:z)—V]g(za))ﬂa
- L (PR )

FO(z) = fO(a;h) = (3.33)
e VBB SS (V@) = Vi) | (Ve®) = Vi) Pa | Vi (@, z)a
= (N (P BT )

where V}Q)(:c,za) is defined in (3.22). A (z) and f©(x) are polynomials in z if the
potentials Vp(x) and Vp(x) are polynomials. For i = 0, or in particular for § = 1,
denoting

yp(z) =Yp(2;0),  yr(z) = Yp(z;0), (3.34)

the Ward identities (3.30) and (3.31) in the large N limit yield [31]

{ Ap(z,yBlyr) = yp(z)yr(z) + G(z) =0, (3.35)
Ap(z,yplyr) = yp(2)* + yp(x)yr(z) + 2L(x) =0,
where

G(z) = —Vg(2)Vp(x) — ha(z),

L(w) = 5 VA(@)? — SVE@Vir(e)  falo), (3.36)

— 14 —



Using the first equation in (3.35), the differential y%(z) in the second equation can be
removed by rewriting it as

Ap(@,yplyr) = yp(2)Ap(@,yplyr) + yr(2)0:Ap(z, yslyr)
= yp(z)® + 2L(x)yp(x) + yr(z)G (x) =

Then the solution space C of the equations (3.35) can be embedded in a supersymmetric

(3.37)

algebraic curve C

C= {(93,y3|9,yF) € C? } Ap(z,yplyr) = 9AB(=TayB|yF)} (338)
- _ 3.38
cC= {($7y3|07yF) e 2 ’ yBAFr(z,yBlyr) = GAB(«%,?JB\Z/F)},

where we have introduced a fermionic variable 6 conjugate to yr, {0,yr} = 0.

4 «a/B-deformed matrix integrals and the wave-function X, (x, 6)

The aim of this paper is to construct supersymmetric quantum curves. These objects
quantize the solution space C in (3.38) and by definition impose differential equations for
the following wave-function

Lalz,0) = <e%<¢(x)+¢(m)0)> 7 (4.1)

where ¢ is a fermionic variable with {0,7,} = {0,{,41/2} = 0. The expectation value
(+-+) is understood as in (3.5), and we also call the expression (4.1) as the «/p-deformed
matrix integral. The momentum « is a bosonic parameter, and we will see that finite
order differential equations for the wave-function arise only for some special values of «.
Using (3.16) and (3.17), the wave-function (4.1) can be written as

Xa(@,0) = ez BETEVE@0 (yins gy = opzVBETEVE@0 (1 6), (4.2)
where by omitting the proportionality factor we introduced x,(z,#), and

X5 (,0) = o e oslemsn) ) < \F Z xafﬁz ) H(mfza)_@a- (4.3)

a=1

It is also convenient to decompose the wave-function (4.1) into a bosonic component X o ()
and its fermionic partner Xpq ()

Xa(2,0) = XB,a
XB oz E < o = X\a(xa 0)7 (44)
Rra(@) = 3 <¢(x)e%¢<m>> = —0pXa(z.9).

In some situations — in particular in the analysis of the classical limit of super-quantum
curves — we also consider a wave-function normalized by the partition function (3.1), which

Xa(z,0)
A

we denote

\I’a(ﬂf, 9) = (45)
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Note that, analogously to the bosonic case [28], the normalized wave-function can be ex-
pressed in terms of connected differentials

h N c)
dx;
Winoy (1, n Bh/2< [ — > (4.6)

i=1a=1
h N N (c)
da; 9,0
Wiy (@1, ... zplz,0) = gOTY /2<Hzx — .Zx_z> : (4.7)
i=la=1"" @ =1 @

where (- -- >(C) denotes the connected part of the normalized expectation value (---) /Z.
From the definition (4.1) we find the formula

log W (z,0) = ;;V(x 0)+ (4.8)
1 o h x x
+};h'(_h) /OO/OO (W(h@)(iﬂl,,$h)+W(h,1)(x177xh’xa0))

Recall that in the bosonic case the differentials (4.6) can be reconstructed by means
of the topological recursion [53-55], with the initial condition given by an algebraic curve.
In consequence the wave-function (4.8) and the quantum curve equation it satisfies can be
reconstructed in more general situations, even if a matrix model formulation of a given prob-
lem is not known [27]. A supersymmetric version of the topological recursion that would
enable to compute both types of differentials (4.6) and (4.7) in super-eigenvalue models has
not been formulated yet. Once such a formulation is established, the expression (4.8) would
enable construction of super-quantum curves beyond the realm of super-eigenvalue models.

In this section we analyze certain properties of the wave-function (4.1) and identify
associated representation of the super-Virasoro algebra. This representation will turn out
to provide building blocks of super-quantum curves, which will be constructed in the next
section.

4.1 Deformed currents and Ward identities for the wave-function

Let us first derive Ward identities for the wave-function, analogously as for the original
partition function Z in section (3.1). For simplicity, we consider first xq(z,6) defined
n (4.2), with the prefactor removed. Such a wave-function can be regarded as the original
super-eigenvalue model, however with deformed potentials

Vs(y;z) = Va(y) + alog(z — y),

V o 4.9
Ve(y;2,0) = Ve(y) — - _Hy_ (4.9)

Our strategy is to consider bosonic and fermionic fields corresponding to the model with
such potentials, and to write Ward identities in terms of the corresponding currents. The
deformation of the potentials given above leads to a deformation of bosonic and fermionic
fields (3.16) and (3.17), so that the super-conformal current S(y) in (3.18) is replaced by

,16,



where

\/B i Vi (y; 2, 0) VF(za;a:,Q)_i_

S*(yal‘ae) VF(yaJ; 9)6 VB ya I

h2 h — Y — Zq
Q VB N8,V — 0., VB(2a;2)) Va4
<9,V ) _
+ 0,V (y;2.0) = = ; - (411)

{<><>}
- VAW Vi) + QEVEW) +h()].

The second expression above is written in terms of the operator h(y) defined in (A.1), and

h2

deriving the action of S_(y;x,0) on xa(x,0) we took advantage of derivatives 9px25(z, 0)
and 9, x8%(z,0) given in (B.2). Above, as in (2.9), we denoted

a [«
We also find
al 9 Yo
S (y;x,0) = - 1— —
C(y,0) 5%_:1 G ﬁ); CEEAE
N
- \éB Z Y _12 (aza‘N/B(Za§ x>19a + ‘7F(Za§ xz, 0)) -
7 o ; v N N (4.13)
(&% a a
~h ;@c—za)(y—za) NRALD D omen AL DY e ey
a&f \F VL (y)0a + Vi(y) 1~
Zw—za(y—za Z Y—Za W
Similarly the energy-momentum tensor 7'(y) in (3.20) is replaced by
where
1 ~ ~
T y;,0) = iy (0T ) + (0 Vs 0) Vi3 2,) + 202V s )
VB = 9V (y; 2) — 8.,V (20; ) VF( )y, 203 7, 0)04
7?2 Y~ Za 772 -2

(0 VF(yJ: 0) — 8., Vir(za: 2, 9))29

Z _ (4.15)

a=1 Y= Za
1 af

:2(31—:1:)2[2A +9<ag—hgvp( )>]+y [8 +h2 Vi(y)— %QVF( )]

b o [ VB + FVEWVEG) + 30nVEw) + Fl)|

2B
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where we defined
17}9) (Y, za; %, 0) = Vp(y; 2,0) — Vir(2a;2,0) — (y — 24)0:, Vi (2a; 7, 0). (4.16)

The second expression in (4.15) is written in terms of the operator f(y) defined in (A.5), and
to find the representation of T_(y;x,0) on y.(z,0) we took advantage of derivatives (B.2).
We also find

N N N
B 1 ﬂ Vo 1
T, (y;x,0)=— + = -
Y (y;2,0) gagl (y — 2a)(y — 2) 2a%:1 (y — za)(y — 2p)? 2 aZ:1 — 24)?
5o VB~ Ve(zai2,0)Va
Zy o aZaVB Zas )+8ZQVF(ZG7$’0)19G)_%;(ZJ—ZCL)2’ (417)

which can be rewritten as

N N
Ty (y;2,0) = O‘fz +Q‘/BZ ! +§Z _zal -

(x -2 )(y —z) 2 HW-z)? 2 4 )y — )
g bi —zj ﬁb— )2 QQ\FZ a:—zaia(y—za)Jr
ae\ﬁz — _Za)2 ZWB(;J:Z( Wa
5z(f<> (a15)

In terms of the above currents, the fermionic and bosonic Ward identities for the
super-eigenvalue model with deformed potentials (4.9) take a simple form

(S (ys 2, 0)x™(2,0)) =0,
(T (g2, 02 (2, 6)) = 0.

4.2 Super-Virasoro operators for a/3-deformed matrix integrals

(4.19)

By expanding the superconformal current S(y;x,#) in (4.10) and the energy-momentum
tensor T'(y; z,0) in (4.14) in powers of y, and writing them in the form

S(y;,0) = > gz 0y T(yx,0) =) (0" (4.20)
reZ41/2 nez

we find the following representation of the super-Virasoro algebra (as acting on x(z,6))

Gny1/2 — 02" 10, + 2" 19+
+o 2 ko xn_ka€k+1/2 +ad 32"y, ifn>-1
In+1/2 — QAQG(TL + 1)$n _ an+1ax + :L,n+1ag+

S P po T = GOSN e 4 D)ty 2L i< -2
(4.21)

gngl/Z(m? 0)=

,18,



where

ZZO 1 ktka€k+n+1/2 + Zi" 0 £k+1/2atk+n+1+

+h2 > h_ 00¢1/20t, 4 Qh(n+ D)0, .1 s ifn>—-1
DI 2(k + 1)tp1€n k- 52 — S Q610+

3 1 Eht 120 T Do Ktk gy i< =2

In+1/2 = (4.22)

Furthermore

b, — "1, — "—H 009 + Y Oxkatn_k—i—

—1-0402 (7 - k) kafn k—1/2° ifn>-—1
02(2,0) =} by — (n+1)Aga™ — 2" 19, — 2200+
8 Yl P (kA Vgt

+om2 D i lo ((”+k+1)$n+k§k+1/2+(k + 1)$n+k+1§k+3/2>’ ifn< -2
(4.23)

where

2

ktkatk+n + L= Zk 1 8tk8tn k + Zk 0 (k + = )§k+1/28§k+n+1/2+
+% Zk 1 kafn k+1/Qa§k—1/2 - nTHQhatna ifn>-1
by = n(zzl) Qt_p — 2ﬁ2 Yolo 2(k + 1)(k +n+ Dtgprt—n—r-1+
+ 2ok — ”)tk O, — 557 Sonme (4 + 1€ j_1/28k41/2+
+ Zk——n (k + = )£k+1/2a£k+n+1/27 ifn < -2

(4.24)

Note that super-Virasoro generators gfl/z(x, 0), g‘f‘/z(x, 0) together with ¢, (x,0), (5 (x,0)
and ¢§(z,0) form a representation of osp(1|2) algebra, and they impose constraints on the
wave-function

911/2(9579)9(04(55: 0) = {31,0(z,0)Xa(z,0) = 0. (4.25)

In terms of super-eigenvalues z, and 9,, the generators in the above constraints (as acting
on xq(z,0)) take form

@N
ha:l

0 Y N
g7 (w,0) = —aD — == — ‘f 3" (Vh(2a)Va + V() 20 + (1 + Qi — ) \hf Z
a=1 a=1

9%12(@,0) = =D — (VB (2a)00 + Vr(2a)), (4.26)
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N
09 (x, 0) X0y 269 + 2/7;2 (b + Qh —2a) — Tﬂ ; (VB (2a) + Vi(24)Ya) 2a+
JB N
~on GZ:I VF(Za)ﬁaa (4.27)

Vfi N
05(z,0) = —220, — 200y — l - Z Vi (2a) + Vi (2a)00) 22+

a=1

N N
\QZ:: zaﬁza—k\;fu—i-(o?h—a ;z

where

D= —0y+00,. (4.28)

In section 7 we will see that, at least for super-eigenvalue models with some particular
potentials, this symmetry — by means of the constraints (4.25) — can be used to turn
time-dependent quantum curves into time-independent ones.

4.3 Super-Virasoro operators as building blocks of super-quantum curves

We can define now the representation of super-Virasoro algebra on x,(x,0) at y = 2. The
generators G_,, ;1o and L_p for n > 1 which provide building blocks of super-quantum
curves can be determined as

d
Gust/xa(e.0) = 3y = 2" S(us . O)xal,6) =
y=a
d
—§ -2 (i Oae. ),
v 4.29)
dy 1 (
Lnxa(z,0) = % o (y — )" (y; 2,0)xa(x,0) =
y=a
dy n+1
g _ — T_ .
o= T i Ol 0),

where in the second line of each expression above we have used the Ward identity (4.19).
Taking advantage of (4.11) and (4.15) we then find

61 =0(00 + 5V5)) - (0 - Vi)

1 , a .
G _pi12= 2]l <a;—2(VB(a:)VF(x)) + (Qh+ n—1>6x Wi (x)+

+ O‘—ea%( )+ 82_271\(:c)>, for n > 2,

— 20 —



of

L= h(nl_Q), (a;—Z(Vé<x>)2+;aﬁ(vm)w)) + (jom 25 vt
M ny/ n—27%. or n
O o) + 03 >), for n > 2, (4.30)

where 8;}71(1:) and 8;}}\(3:) are defined in (A.2) and (A.6).
We can also include the prefactor in (4.2) and consider the representation of super-
Virasoro algebra on Xq(x, ), defined by

_ ~ d . R
ConiipRa(.0) = 3%y~ 2) S (. ORal.0),
y=x

(4.31)

~ dy n _
LoRalw6) = § 52y = a) " (i 6)Ra0,0).
y=a

From the earlier results, and using the commutation relations (A.11), from (4.30), we find

~

G_1/2 =00, — 0y, Ly =0,
P 1 ~
G2 = a3 (a” 2(Vh(x )vp(x))+Qhag—1vF(x)+a;—2h(x)), for n > 2,

- 1 (4.32)

En = g i (5% V() + 3002 (Ve)Ve)+
+ %Qh&;‘VB(x) + 8’;2)?(&*)), for n > 2.

Using the commutation relations (A.11) and (A.12), one can check that the above gen-
erators indeed satisfy the super-Virasoro algebra in particular {G,m 1 /Z,G,n 1 /2} =
2L,m n—1, [L,m,@_n 1/2] = (n (m— 1)/2) —m—n—1/2 and [L,m,L n} (n— m)L,m n
for n > 1.

From (4.32) we also find the representation of the super-Virasoro algebra, as acting on
bosonic and fermionic components X g o(z) and X p(2) introduced in (4.4); for n > 2 we get

/\ A

G_1/2XB,a(?) = XFa(2), G_1/2XF.a(®) = 0:XB.a(),
a—n—‘,—l/QXBOé(x) G_ n+1/2XBa( z), a—n+1/2XFa(9C) —n+1/2XFOé(x)v (4.33)

L 1XBa(9C) Oz XB,a(®), L 1Rpalr) = wXFa( );

LonXpa() = L-nXp.a(@), L ana@:) L-n%ral).

From this representation, 62_1 /2 = Ly on XB,a(7), and we find commutation relations

{afj\nfl/g\a afnfl/Z} = 2E—m—n—1a ﬂ:—m, afn71/2] = (n —(m — 1)/2)/G\fmfn71/2a as well
as [L,m, L,n] = (n—m)L_,,—p for n > 1. Although commutation relations

{671/27 a7n+1/2} = 2E—n7 [671/271\—’@] =

an71/27 n Z 1, (4.34)

are not obvious at this stage, they are needed to construct quantum curves in the next
section.
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Yet another representation of super-Virasoro algebra that we consider is associated to
the normalized wave-function (4.5). In this case the operators G112 and L;, in (4.32) are
converted to G_,, 172 = Z‘lG_n+1/2Z and £_, = Z 'L_,Z, and for n > 2 they take form

~ 1 , n— n—27
G ny12= m(%”(VB(Uf)VF@)) + Qhdy Vi () + 87 *h(x)+

+ [8;‘_2ﬁ(x),log Z]),

~ 1
L, =

(4.35)

72(n = 2)1 (;8;“2(%(:6)2) + SO (VE @) Vi(w)) + 5 QRO Vi(e)+

+ M2 f () + [0072 f(a), log Z]) .

5 Super-quantum curves as super-Virasoro singular vectors

In this section we construct supersymmetric quantum curves, or super-quantum curves,
denoted AY, which annihilate wave-functions Y, (z,6) introduced in (4.1)

~

A%%u(z,0) = 0. (5.1)

Our construction is based on the analysis of Ward identities (4.19). We show that these
super-quantum curves have the structure of the Neveu-Schwarz (NS) super-Virasoro sin-
gular vectors, which have been presented in section 2. As we recalled in that section, NS
super-Virasoro singular vectors exist only at levels n = pq/2, for integer p and ¢ such that
p — q is even, and correspond to momenta of the form

(p—1)B"2 — (¢ -1

a=oap,= 5 h, with p — ¢ € 2Z. (5.2)

We will show that super-quantum curves can be identified also only for those special values
of . In our derivation these values arise from the condition that the wave-function X, (z, )
satisfies a differential equation of a finite order in x. Therefore in the notation Eg the
superscript « refers to the deformation parameter of the corresponding wave-function, and
the subscript n denotes the level of the singular vector encoding the structure of a given
super-quantum curve; we also refer to n as the level of a given super-quantum curve. In the
next section we will show in particular that the super-quantum curve at level 3/2 reduces
to super-spectral curve (3.38) in the classical limit.

The structure of super-Virasoro singular vectors is encoded in operators ;1\% as follows.
First note, that in view of the decomposition (4.4) and the representation (4.33), we can
write the wave-function in the form

Ra(,0) = (1= 0G_1/9)RB,a(@). (5-3)

Therefore the information about the wave-function is essentially encoded in its bosonic
component g q(x). Note also that

05(\04(1'7 9) = HSC\B,a(x)a X\F,a(w) = _89§(\a('7;7 9) = é—1/2)/(\B,0c($)' (5'4)

— 922 —



In consequence one can introduce an operator /&1(10), expressed in terms of generators (4.33),

which annihilates the bosonic wave-function

A5, , (@) = 0. (5.5)

As we will show, this is the operator ,EW(ZO) that takes form of a super-Virasoro singular

vector, written in terms of generators (4.33).
10)

The above equation can be rewritten also in terms of an operator A,  — which arises
by replacing G_; /5 by (—dp) in A%O) — acting on Yq(z,0)
0A0%,, (2,0) = 0AV%p o () = 0. (5.6)

Furthermore, the bosonic wave-function is annihilated also by the following operator /&S)
(expressed in terms of generators (4.33))

AL =Gy /A, (5.7)
which can be related to the operator acting on X, (z,0) as
() o Ao
0AM R, (2,0) = AV o, (x) = 0. (5.8)

Finally, the original super-quantum curve ﬁﬁ can be reconstructed from the two ingredients
A%O) and AS) introduced above, as

A = A0 _ 99, A0 _ gAWD) 5.9
n

n n n

and this operator is expressed in terms of generators (4.32).
One can also transform the operator (5.9) into an operator that annihilates the nor-
malized wave-function (4.5), which takes form

A =z A7, (5.10)

and can be expressed in terms of generators (4.35).

In section 5.1 we discuss an algorithm that enables to construct (5.5) and then super-
quantum curves (5.9) at arbitrary level, and in following sections we illustrate this algorithm
and construct explicitly super-quantum curves at several lowest levels.

5.1 General construction

Our construction of super-quantum curves is based on the analysis of constraint equa-
tions (4.19) and their generalizations, which we write as

(ST @ 02,00y =0, (T (2, 0)x2(2,0)) =0, (5.11)
where
—1)k ok
Ssrk+3/2)(x79) = ( k') aTJkSJr(yW?,Q) ;
' y== 5.12
+ )= k! 8yk +(y’$, y:ac7
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for k > 0, denote derivatives of the superconformal current S, (y;x,#) given in (4.13) and
the energy-momentum tensor T (y; x, ) in (4.18). We also consider additional constraint
equations, expressed in terms of loop insertion operators (C.1)

m . )\ (5072 )0 (a-1/2)\ 0/ o(k+3/2) ins _
(Oh) - (Aw) " (O02) " (4) (s w0 0)) = 0, (5.13)
1 \M )\ (502 )" (a-1/2) 9 yp(k+2) ins _ '
(o) () " (00,0) - (aly?) (T . oxi(@.0)) = 0,
where ki, ..., k&, are non-negative integers and /1, ...,¢, € {0,1}. Here the actions of the

loop insertion operators on S (y;x,0) and Ty (y; z,0) are given by (C.5).

To construct super-quantum curves we consider singular terms in z (for z — 00), i.e.
terms involving (z — zj) in denominators in the above constraints, and show that they
can be expressed in terms of derivatives of y,(z,6) with respect to x or 6, so that a
combination of such derivatives provides a differential equation we are interested in. We
argue now that it should always be possible to construct such differential equations, and
in following sections we will illustrate such a construction in explicit examples.

Let us discuss first super-quantum curves at half-integer levels n — %, for n € N.
Consider a linear combination of constraint equations (5.13) of the form

n—2
0=9<Z S ar B ST @, 0)+ Y a8 002 T (@)X (e, 0)+
p=0|p|=p |p|l=n—3
+ 30 A (0l T @)+ a0 2 T (@) +as0l) 0 2 ST (@) i, 9)>
|ul=n—4
(5.14)

where (4 is an integer partition with |u| = py + pe + ..., and

(1) (11)  5(k2)
Wota) = W) W) (5.15)
The number of coefficients a;,, in (5.14) is given by
n—2
a(n) = p(p) +p(n—3) +3p(n — 4), (5.16)
p=0

where p(p) denotes the number of partitions of p. The most singular terms in the equa-
tion (5.14) are of the form

094,

5.17
(x—Zal)/J‘l(w_ZGQ)HQ...(x_zap)upv ( )
with p1 + g2 + ... 4+ pp = n. The number of such terms is given by
n—1
A(n) = _p(p). (5.18)
p=0
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Now note, that the inequality p(p — 1) + p(p — 2) > p(p) for p > 2 implies that
a(n)+1> A(n). (5.19)

This means that the number of coefficients in (5.14), together with an additional freedom to
adjust a (taken into account by an additional 1 in the left hand side of the above equation),
is sufficient to group the most singular terms of the form (5.17) (present in (5.14)) into
combinations that reproduce the same type of singularities in

00" 10 xalx,h). (5.20)

In an analogous way one can express less singular terms in (5.14) also in terms of derivatives
of the wave-function with respect to # and x. Therefore a combination of constraint equa-
tions (5.14), with coefficients appropriately adjusted and expressed in terms of derivatives
of the wave-function with respect to # and =z, gives rise to a differential equation which we
identify as a super-quantum curve.

Similarly one can construct super-quantum curves at an integer level n € N. To this
end we consider now a combination of constraints

0:0<ZZb T TP (@)X (2, 0) +

=0 |u|=p

(5.21)
—2n—p—2
Z S by, A DS g, 9)>
p=0 ¢=0 |u|=p
The number of coefficients by,, and by, is given by
n—2 n—2
b(n) => pp)+ > (n—p—1p(), (5.22)
p=0 p=0
while the most singular terms in (5.21) take form
o , 0041 Yy , (5.23)
(T = 2a )M (T — 20512 -+ (T — 2q,,)17 (T = 2a )M (T — 205 )12 -+ (T — 2q,,)17
where 1 + p2 + ... + pp = n. The number of such terms is given by
n—2
_ n—p
B(n) = p(n) + Y | 57 p(0). (5.24)
p=0

where [--- | is the floor function. From inequalities > 7~ Sp(p)+1>p(n)and p—1> 5]
for p € N, and taking into account the freedom to adjust «, it follows that

b(n) + 1> B(n). (5.25)

One can therefore adjust coefficients in (5.21) so that the most singular terms of the first
type in (5.23) reproduce the same singular combinations that appear in

00y Xa(2,0), (5.26)
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while the singularities of the second type in (5.23) are removed (by setting their coefficients
to zero). Repeating such operations for less singular terms, one can express constraint equa-
tions in terms of derivatives of the wave-function with respect to 6 and x, and ultimately
interpret them as super-quantum curves.

5.2 Super-quantum curve at level 1/2

The lowest level at which a super-Virasoro singular vector arises is n = 1/2, which cor-
responds to values p = ¢ = 1 in (5.2), and vanishing momentum « = 0 in consequence.
Therefore the wave-function is identified with the partition function (3.1) in this case,
Xa=0(z,0) = Z, which does not depend neither on = nor on 6. In this case the operator

A(O)

1/2 takes a simple form

2(0) ~ ~
Ag/)QXa=o(% 0) = —09Xa=o(z,0) = 0, (5.27)
and from (5.4), on the level of the bosonic component Xp o—o(z) we get

A0 _¢ AL ¢ R0 7
Ay =Gip Ay =GypAl) =1, (5.28)

so that E\g% indeed has the same form as the operator (2.10) encoding a super-Virasoro
singular vector at level 1/2. Finally, from (5.9) we find the full super-quantum curve
equation at level 1/2

A Ramo(@,0) =0, A0 = ~9p — 00, (5.29)

5.3 Super-quantum curves at level 3/2

To construct quantum curves at level 3/2 we consider the first nontrivial constraint equation

(S (z, )X (x,0)) = 0, (5.30)

[0}

where

N

o h 09, 09,

a=1

(5.31)

OB o= Vi(@)0a + Vr(z) 0 ~
- az_l p— —ﬁh(:ﬂ).

The constraint equation (5.30) can be written in terms of 80,09 x«(z, 8), see (B.3), only for

2
o
with special values of momenta
a=0, BY%h or —p /2 (5.33)
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These values correspond respectively to (p,q) = (1,1), (p,q) = (3,1), and (p,q) = (1,3)
n (5.2), with the first solution corresponding to singular vector at level 1/2. For the above
values of a the equation (5.30) can be written as

9<azag+2‘iﬁ(x)>><a(:c,9)+90‘2\f<<Z 5 ()0 +§:V:1 :f_(”Z)XgIS(x,e)> =0, (5.34)

T — 2z

a=1

which using (B.2) can be further rewritten as a differential equation

a o a’~
0 <3I39 + ﬁVé(x)ag - ﬁVF(x)ax + h4h(x)>xa(x, 0) = 0. (5.35)
By including the prefactor in (4.2) and using (A.9) we then obtain
A3/2 8 89 h2 G,3/2, (536)

for the momenta a in (5.33). As the operators acting on Xp o—o(x) we find

2

A3/2 - L 1G 1/2 — ﬁG—?)/Qa
i ) (5.37)
AL A0) 2 a’ o
3/2 —G_ 1/2A3/2 =Lz h2 L 2+ n2 G- 3/26-1/2,
so that Aé /)2 indeed has the form of singular vectors at level 3/2 given in (2.11) for a =
+3%1/2h. Moreover, for the remaining value o = 0 in (5.33), //&:(3)2 essentially reduces to
the singular vector at level 1/2, see (5.28). We also obtain
2
A 2 o
Ayjp =05 — ﬁL 27 9 G 37200, (5.38)
and from (5.9) we finally find the super—quantum curve equation
T = e 2 207 ~
A3/2Xa(x,0) = 0, 3/2 = 6 69 G 3/2 — 0 ax h2 L72 s (539)

for special values of « in (5.33).

5.4 Super-quantum curve at level 2

To identify super-quantum curves at level 2 we consider the constraint

9<(C1TE> (2,0) + 20/ 0 5P 9)) XSz, 9)> —0, (5.40)
where
) (a+QR/AVB 0 B & o
07 (2, 6) ; ;(x_za)2+2a§1($_za)(gj_2b)+
B & 09,0, OVB o 2V (2) + Via(2)Yq
3 agzzl (x—za)(x — )2 2h ; T — 2zg * (5.41)
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and

N N
(1/2) g 3/2 (a + Qh 09 19;,
00y, (2)S Z; ~ Za 7T ; (7 — 2a)(x — 2)2
“ 42
) i ()0, +0E(x)§: 9, (5.42)
h ablaz—za (x — 2) azlx—za'

The constraint (5.40) can be expressed in terms of #92x!"(z, 0) given in (B.3) if the coef-
ficients ¢; and ¢y are fixed as

20 B12a(202 + Qha — h?)
c1 = o Cy = — 73 , (5.43)
and momenta take form
1/2 1/2 Qh 51/2—571/2
a=0, p / h, —p~ / hy ——=——"—h. (5.44)

2 2
We recognize that values @ = 0 and a = +8%Y/2h correspond respectively to singular
vectors at levels 1/2 and 3/2, while &« = —Qh/2 arises for p = ¢ = 2 in (5.2) and corresponds

to the singular vector at level 2, as we show in what follows. For all values of « in (5.44),
using (B.2), the equation (5.40) can be rewritten as

632 - SLvi@n+ %VB< 00; = {570+ 5 2 R0 ) xal )+

N N f
—%BVF(QU)<(Z (@ — 20)2 Z x—i?i—zz))>xgls<x79)> B

a=1

(5.45)

~

Furthermore, adding to the equation (5.45) the following constraint and fixing the value

of C3
0VB (3/2) ins _ 2«
- WVF(gc)<C3S+ (z,0)x ™ (z, e)> T (5.46)
for the momenta in (5.44) we obtain a differential equation
—~ 2
(08— 5LV )00~ 5 Fla)+ LV ()0t )+ 2L Vi (@)D, 00+
h? o' h\f h? (5.47)

T VB( VVr(2)0p + h4VF( )ﬁ(w))xa(a:,ﬁ) =0,

which now can be expressed in terms of super-Virasoro generators identified in section 4.3.
Including the prefactor in (4.2), and using (A.9), after some algebra we find

G 3200, (5.48)
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for the momenta (5.44). This operator leads to the following operators acting on Xp ()

202 ~ 202 + Qha — h? ~

Kgﬂ) - E%l - ﬁl__z + h2 G,g/gafl/Q -
2 2
~1) , o+ Qha —h7~ ~
= Ayt B G_3/2G_1/2,

I e . (5.49)
Ag ) = G,l/gAg ) = L2,1G71/2 - ?L—2G71/2 - ﬁGfE)/T'_

202 + Qha — B?
+ 2

(2|- 2G_ 1/2—G 3/2'— 1),

A0)

and for o = —@ the operator A;’ takes form of singular vector at level 2 in (2.12).

Furthermore

20 2 202 + Qha — B2

AW = — 9209, + = = L_90p — G 5/2 — 2 (2L—20p + G_3/20:), (5.50)

and finally from (5.9) we obtain the super-quantum curve equation at level 2

A5 Ra(,0) = 0
202 ~ 202 + Qha —

Ta _ 92
2 =07 — ﬁLﬂ - = G 3/209 + 2 2 9G 5/2+ (5.51)
202 + Qho — h? /= ~
@ 22 @ 9(2[/_28.9 + G,3/26x>,

for the momenta (5.44).
Similarly as before we see that these results reduce to results at lower levels, upon

substitution of values of a corresponding to those lower levels (5.33); in particular for

those values of o the operator /A\\éo) , up to a simple factor, coincides with the operator A\:(SI/)Q

n (5.37).

5.5 Super-quantum curves at level 5/2

To construct quantum curves at level 5/2 we consider

<(c SEP (@, 0) + e20(}) S (2,0) + es0l O T (2 9)) X (, 9)> 0, (552

Vp() i
where
05"/ (z,0) = (a+ 2Qh i:: SLL Ba;l - Zae)ﬁzx —
: 5521 (2 — zae)?; — )’ a\f Z il ;}_ ;)VQF( )i 553)
Q%Bivj’g’ x_tavg( 2) %a ),
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al N
(M 5B/ (a + Qh)V/B 09,
98\/ (acS az:l (x — 24)3 h Z:: x—Za)Q(x—zb)+
W OVESh Vi)
+ /Bagl (2 —2a) (2 —2p) (2~ 2¢) Z e )

_ _ 2 —
] (r—zg)(x—2) R — T —Za
and
N N
(1/2) p(2) _3 004 (20 + @)V 094
00y, T3 (@,0) = 5 ; @—zp o E (@ — za)(@ — 2)
8+ 09, OB~ Vh(@)da
i 2azc:_1(w—za)(x—zb)(:c—zc) h agz:l(x—za)(a:—zb)—i_ (5.55)
N N
9 VB )0 0 ~ Vg
2h azl (z — 24 x—zb)_fﬂf(x);m—za‘
We find that only for momenta
a=0, pY2h, —p7Y2p, —%, 28'2n, —2871/2n, (5.56)
the equation (5.52) can be written as
2 ﬂ " o ﬂ Ccy c3 -
e<axae + Vg0~ V0, + 00 + 5 00 1 T ) xale.0)
N N
2¢o 3V, ins
S QZ (220 bzﬁﬂa)(x%)_abzl(ma)(wZb>2>>‘a )
6VB << o~ ate | x~ (et es)da > >
- —V Al 4 sy 9) ) = 0, 5.57
b(x) ;(x_w a;(x_%)(x_%) X (x, 0) (5.57)

where coefficients ¢1, ¢2, ¢3 have been fixed as in earlier examples. The momenta +23%1/2p
n (5.56) arise respectively for (p,q) = (5,1) and (p,q) = (1,5) in (5.2), and represent
singular vectors at level 5/2, while other values of « in (5.56) represent singular vectors at
all lower levels. By adding to the equation (5.57) an additional constraint

VB

(V@) SE (@, 0)+esVie (@) TP (. 0)+e6Vi ()0 ) S/ (. 0) ) i (w,0) ) =0,

(5.58)
and adjusting coefficients ¢y, c5, ¢g, for the momenta (5.56) we obtain a differential equation

C2

e(agag + SVE@)9) — LVA@)D, + 5 0:h(x) + mﬁ(x)ax - ﬁ Fl@)dp+
4 20 @005 + YAV (@20 + YOV ()h(x) — Vi) (5.59)
- YRRy V)0, ~ o V0V )0+ Y2V @) ) v, 0)=0
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Including the prefactor in (4.2) this differential equation takes form

2a(a? + Qha — h?) a(2a? + Qha + R?) A

A0 — 52 L_20 — ,
52 = "t —aa mom Ft% T T m@atagn) 0t 5.00)
n a?(2a3 + 3Qha? + (Q? — 5)h%a — 3QR3) & ‘
h (30 + 2Qh) —5/2

for the momenta (5.56). Acting on the bosonic component this operator is represented as

(@® + Qha — h?)(2a + Q)

A0)
h?(3a + 2Qh)

5/2

R a2~ - N ~ A
— AL <h2c_5/2 +2G_ 3L 1 — 4L_2G_1/z>, (5.61)

and, as expected, for @ = £28%Y/2} it indeed has the same form as a singular vector at
level 5/2 in (2.13). Finally, determining A% and then using (5.9) we finally obtain the

5/2
super-quantum curve at level 5/2

o~

A2y Xa(,60) =0,

o o 20(a? + Qha — h?) ~ B a(2a? 4+ Qha + h?)
2= 0t e agr) T T T RBatagr) OOt
o?(202 + 3Qha? 4 (Q2 — 5)h%a — 3QK?) 5 202~ (5.62)
- I
* P (3 + 2Qh) Gosjz =0 (890 pr L-20ut
a(a?+Qha—h?) 4 202 (203 +3Qha? +(Q* —5)h2a—3Qh3) ~
2 G520+ 7 L),
h2(3a + 2Qh) hA (3 + 2Qh)

for the momenta (5.56).
Similarly as before, for the momenta (5.44) at level 2 the operator A

)

(0)
5/2

in (5.49), and encodes singular vectors up to level 2.

reduces, up to

a simple factor, to the operator Kgl

6 Double quantum structure and special limits

In this section we analyze various limits of super-quantum curves. These limits are inter-
esting, as they are related to two quantum structures, which are encoded in super-quantum
curves. First, super-quantum curves are quantum in the 't Hooft sense, and their classical
limit can be identified as the large N limit (3.27). As we discuss below, for § = 1 the
super-quantum spectral curve at level 3/2 reduces to the (classical) spectral curve of the
super-eigenvalue model.

The second interesting limit can be interpreted as the Nekrasov-Shatashvili limit [45],
or equivalently as the classical limit in super-Liouville theory [56]. In terms of parame-
ters (3.4) this limit arises when €; — 0 with ez fixed. The dependence of 3 is therefore
crucial in this limit. As we will show below, in this limit super-quantum curves reduce to
differential equations for certain fields in classical super-Liouville theory.

To avoid singularities in matrix model expectation values that arise in the above limits,
one should consider the normalized partition function (4.5) and the corresponding super-
quantum curves (5.10).
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6.1 Classical limit

We consider first the classical 't Hooft limit. Note that derivatives of the normalized
wave-function U, (z,0) introduced in (4.5) with respect to 6 and = take form

<¢( Je R H@)+ ()0 >
(9:(x) + Ot (a)0)FAOIH RV

hog¥ o (z,0) =

RGeS

N\@
/\NQ

Therefore in the classical limit (3.27) with 5 =1

N—oo, f—1 «
—

_ﬁyF(x)\Pa(:C? 9)7

By W (z,0) " ! %(

where yp(x) and yp(x) are defined in (3.29) and (3.34).
In particular, consider the super-quantum curve at level 3/2 in (5.39)

hdg¥ o (xa 9)

yp(7) +yp(2)0) Ta(z,0),

— ﬁQ /2 = h28x8.9 + 042673/2 + hzeaa% - 200[22—27 (63)

with momenta o = £8%¥Y2}. In the limit (6.2) this quantum curve reduces to the super-
spectral curve, which defines the solution space C in (3.38)

~ N—oo, B—1
A5/ ¥a(z,0) =0 T2 Ap(e,yslyr) = 0A(e yslyr), (6.4)
where
= — lim 7%G L(z) = — lim h*L_,. :
G(z) ﬁ;h G_3/2, () %lé?)h Lo (6.5)

In this sense the super-quantum curve at level 3/2 can be regarded as a quantization of
the super-spectral curve. We will present how higher level super-quantum curves behave
in the classical limit in section 6.3, after discussing Nekrasov-Shatashvili limit.

6.2 Nekrasov-Shatashvili — classical super-Liouville limit

Let us discuss the limit, which in terms of parameters (3.4) arises for €, — 0 with e; fixed,
and which can be identified with the Nekrasov-Shatashvili limit, or a classical limit in the
super-Liouville theory. We will consider normalized wave-functions V,, ., (z,0) for the
momenta

o = Q2p41,1 = —PEl, (6-6)

which in the above limit factorize as

NS (2,0) = lim U, (z,0) = (\I/ljfl (:U,Q))p. (6.7)

—pe e1—0

The corresponding super-quantum curves arise at level p + 1/2; and it is convenient to
rescale them as follows

n €
AN NS (@,0) =0, AN, =" elllgloA i (6.8)
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and express in terms of operators

ANS : 5
g = lim €1€62G_ =
—n+1/2 50 1€2Y —n+1/2

_ 1 n—2 / n—1 n—2 (0)
- E (0272 (VA (@)Vi(@)) + 2027 Vin() + 052 F (1, e2) )
Ej%: lim elegf,n = (6.9)
61%0
=L Corw@) o V@) V@) + L edr V@) +002FO (2, &)
(n—2)1\2"* 27 2 v T B AR
where
) 1 (o) (0 __ o po
FY (2, e) o @ , FO(e9)] FY (2, ) - [F(2), FO(e)],  (6.10)
are defined in terms of the deformed prepotential
FO(ey) = — 6lliLno €1€2log Z. (6.11)

Note that G© GNS and £ S are simply fermionic and bosonic functions of = that satisfy

n-+1/2
omGNS, =nIGNS o OnLNS = a1l . (6.12)

Using the above notation, the super-quantum curve equation (5.39) at level 3/2 in the
limit €; — 0 takes form

AN NS (2,0) = (e%@x(% — G5, + 06302 + 20£NS> NS (2,0) =0, (6.13)

—€1 —€1

and can be written equivalently as

0 (egaxag NS /2) NS (2,0) =0 (egag + G500 + 225@) U (2,0)=0.  (6.14)

—€1

The Nekrasov-Shatashvili limit of super-quantum curves at higher levels, corresponding
to momenta (6.6), can be determined recursively and written in the form

AN WS (2,0) = (5L + 0F2E 0 + 6011 ) W5, (,6) = 0, (6.15)
or equivalently
0fVHONS, (2,0) = 00011 WNS (2,0) = 0. (6.16)

Here the operators fp 1 and B2 »+1 are determined by the following sequence for fp 1 and
ngrl, q=0,...,p+ 1:

g+1 = 0 Ain+1 = 628@, ngrl = 1, /Ep+1 = 62835,
fpill = €20, J?erl +2(¢-Dp—a+ 1)£stp+1 —(p—q+ 1)gN3/2bp+ia (6.17)

q
W) = €20:bh ™ + qey 'G5 fT + 2q(p — g + 1LNSHY L

q+1
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Using the factorization (6.7) and the super-quantum curve equation at level 3/2 in (6.14),
by induction we find

OFPEINS (2.0)=p(p—1)--- (p—q)0 (ONS (2,0)" " (6289\IJNS (z,0)) (20, U2 (2,0)7,

q+1 = —per —€1 —€1
1 +1
oL (2,0)=p(p— 1)+ (p— )0 (¥~ (2,0))"" (20,93 (2,0))"",

and therefore the quantum curve equation (6.16) is derived.

Super-quantum curves at several lowest levels obtained from (6.17) take form
./45/2 = 628280 -+ 2€2£ 289 - 3€2g 3/28 - 2€2g 5/2+
+ 0303 — €250 + 8e2L£350, + 46 £33,
AN, = €305 + 8¢ Eljgaxag +4e3 L0505 — 66367502 — 8e3GNS 1,0 — 6e3GNS 0+
— 186N, LN + a(ega;g — 46308 50,05 — ASGNS 509 + 203 LN50%+

+ 2063£E‘§a + 12628 - 90G%5,GN, + 36(£Y5)%),

Ay = 50309 + 2063LY50205 + 2063 LN50,0p + 1263LN505 — 1063GN; ,03+ (6.18)
— 20€2gN5/26 3062g 7/2 246%9 9/2 — €2g 3/2g 5/286+
+ 362 (LN5) 09 — 11062G™5 1, LY50, — 566205 o LN — 726,685, L5+

+ e(ezag — 1065GN5 1,020 — 2065G™5 10,09 — 1862gN9 1200 + 4063 Y507+
+ 606%2\1:1%8:%4'726%21:128;54-486%2 3462QN5/2 289—2629 5/2L 889—1—
= 5662055078 0, — 566265 1,085, + 25665 (£33)°0, + 25662 L3525 ),
where we have used the relations (6.12). As expected, the above operators coincide with

operators that implement classical equations of motion for certain fields in the classical
super-Liouville theory [57].

6.3 Classical limit of higher level super-quantum curves

Having determined the form of super-quantum curves in the Nekrasov-Shatashvili limit at
higher levels, we can simply write down super-spectral curves in the 't Hooft classical limit
.Ap +1/2 by considering €2 — 0 limit

'Ap+l/2 = 6121m0.'4.p_,’_1/2 (619)

As in (6.2), in the classical limit e — 0 of \I'Npq(x, 6) we find

2005, (1,0) = —pyr (@)UY (2,0), (6.20)

€20, U5, (,0) T p(yp(@) + yip(2)0) WX, (2,0).

“pe (T
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For example, taking advantage of the results in (6.18) and denoting G(z) = lim, o @jg/z

and L(z) = lim,, 0 Ejg as in (6.5), we find higher-level classical curves

o~

Ay = 2(3yp(2) Ar (@, yslyr) + 2yr(2) Ap(e,yslyr) ) +
+ 26 (32/}?(@14}«“(% yslyr) + 0z Ar (2, yplyr)yr(z) + 8yp(x)Ap(z, yB|yF)),
Ay = =18((3yp(@)* + L(@)) Ar(w,yslyr) + 3yr(@)ys (@) Ap(a, yplyr) ) +
+90 (2(993(56)2 +3yp(2)yr(x) + 2L(x)) Ap (2, yBlyr)+
+ (15yp(2)ys(2) + 3yr(2)yp(z) + 40:G(x)) Ap(z, yplyr)+
+ 3G($)axAF($ayB|yF))-

(6.21)

7 Examples: super-gaussian and super-multi-Penner models

In this section we illustrate how our general considerations specialize when the matrix model
potential is fixed to some particular form. We consider the gaussian model with quadratic
bosonic potential Vp(x), as well as a supersymmetric version of the multi-Penner model.
These models are of particular interest: the gaussian is the simplest model and its analysis
nicely illustrates various general features that we discussed in earlier sections, and the
multi-Penner model turns out to encode many features familiar in super-Liouville theory.
We discuss both super-quantum curves in those models, as well as their planar solutions.

7.1 Super-gaussian model

As the first example we discuss a supersymmetric version of the gaussian model. To start
with, we consider a potential with a fixed quadratic bosonic term, and with bosonic and
fermionic linear terms depending on bosonic and fermionic times, ¢t and & respectively
1

Vi(z,0) = Vei(z) + Vr(2)0, Vei(z) =t + 5:62, Vi(x) = &x. (7.1)
Below we determine a super-quantum curve for this model. We show that it does not
involve derivatives with respect to the bosonic time ¢ (so that one eliminate dependence
on t e.g. by setting ¢ = 1), however it involves a derivative with respect to the fermionic
time £. We also analyze its planar solution and show that it agrees with the classical limit
of the super-quantum curve.

Super-quantum curves. For the super-gaussian model with the deformed poten-
tial (7.1) we find that super-quantum curve equations (5.39) at level 3/2 take form

Ag)pRas (1,0) =0, Agppy = 0,09 — BE'G_g)p — e(ag _ 25ﬂi_2), (7.2)
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where ay = +4%F1/2h. Here @_3/2 and L_, in (4.32), as operators acting on X,(x,#), are
expressed as

WG gy = &(z + t)w+ QhE — Eu+ a6 +0) — /B h<2ﬂa>z:§s >/xa<x 0),

(7.3)
27 1 2 1
h*L_o = §(x+t) —|—§Qh—u+a,
where this time we denote
08 (z, 0) = er (W@ FV@)0) (7.4)
Furthermore, from the constraints (4.21) and (4.23) we obtain
(3212 — €0%1) Ral,0) =0, (75)

@il/z—fﬁil = 0g+0:—(0-¢) <am—;;2t) t—t<219 s (2, 0) >/>2a(:n,9). (7.6)

It follows that G_s /2 in (7.3) can be expressed as a differential operator

~ 2
WGy /5Xa(w,0) = (f(w+t)x+62h£—2§(u—a) —ht(ag+ae+<§—e>az)>>?a<x,e>, (7.7)

which can be used to write down super-quantum curve equations (7.2). Since the poten-
tial (7.1) has only one fermionic parameter &, it follows that 0¢Z = 0, and so in the classical
limit (6.2) the above super-quantum curve equations reproduce the super-spectral curve
for &, = £6,,1, derived independently in (7.16) from the analysis of the planar limit.

Planar one-cut solution. Let us consider now the planar one-cut solution in the gaus-
sian model without a linear bosonic term, however with general fermionic potential

V(x,0) = Vp(x) + Vp(x)0, Vp(z) = %xQ, Ve(z) = Zﬁn:v”, (7.8)

where &, are fermionic parameters. In this model the first term in the bosonic resol-
vent (D.38) yields the well known resolvent for the standard bosonic gaussian model

D)= L= V oo b _, o, 79

c2mix—z\l (z—q)(z — q2)

where the branch points ¢; have been determined by the asymptotic condition (D.20). We
also obtain the fermionic resolvent (D.39)

wF(:c) = f ﬁVF(Z) 2% — 24 + a2 — VF(CU) _ E(:E) — Ky (710)

c2mix—z\ 22 =2u /22 -2, N2
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where we have defined a fermionic moment function

K
E(x)zz&f dz \1-2pz2

=0 2mi 2" T2(1 — x2) (7.11)

= 61(a — )+ Eola® — ) + (20t~ 2pa® — 1)

(1)

with the values Z(¢;) = 2,7 and Z'(¢;) = EZ(Q) at the branch points. If all even fermionic

parameters are turned off

=& ==...=0, (7.12)
we see that Z(z) = Z(—x) and Egl) = Egl). In this case, by assuming the solution (D.37)
we obtain 5
np=Z(V20) =G+ S’ + . (7.13)
and
E(x) —pp = (2* —2u) (&1 + & +p) +...). (7.14)

We then obtain the bosonic resolvent wg(x) = wj(g)( ) by 2(¢;) — s = 0 and the fermionic
resolvent (7.10). By (D.2) we find

yp(z) = V22— 24, yr(z) = Va2 =2u(& + & + 1) + ... ), (7.15)

and the super-spectral curve takes form

ypyr = (2% — 2p) (&1 + &2 + ) + ...,
yg + yp(@)yr(z) = (2% = 2p)(1 = 26 &2 + .. ).
For &, = £0,,,1 this spectral curve agrees with the classical limit of the super-quantum curve
derived in (7.2).
To complete the planar analysis we note, that the solution (7.13) can be confirmed in

(7.16)

yet another way. Recall that the matrix model partition function with a general potential
satisfies super-Virasoro constraints (3.25) and (3.26). These constraints include

9—1/2Z = £_1Z = 0, (717)

which for the gaussian model with the potential (7.1) take form

go1js = —t<219 >+85+§at,
04 ——tﬁ+8t 5<Zz9>

These generators can also be obtained as a = 0 limit of (7.5). Since the potential (7.1) has

(7.18)

only one fermionic parameter §, and so 9:Z = 0, the constraint (g_; /o —{l-1)Z = 0 yields

Mé<§ﬁa> = ¢p, (7.19)
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so that the left hand side does not depend on the deformation parameter ¢ and does not
have quantum corrections. It follows that (D.12) takes form

py = E&p, (7.20)

which is consistent with the solution (7.13) and therefore with (7.15) for &, = &0y 1.

7.2 Super-multi-Penner model and super-Liouville theory

Let us discuss now the super-multi-Penner super-eigenvalue model with the potential

M
V(z,0) = Z ajlog(z — x; 4+ 0;0) = Vp(x) + Vi ()0,

=1 (7.21)
M Moo

Vie(x) :Zailog(x—xi), Ve (x) :in;
i=1 i=1 ¢

In this model it is convenient to rescale the wave-function in (4.1) and introduce the
following normalization

Xa(2,0) = Ra(@,0) [ [(zi — z; — 0,0;) =7 . (7.22)
i#]

Note that in this super-multi-Penner model the potential term

6_% Z(]zvzl V(zaYa) (7‘23)

takes an analogous form as M insertions of x\"(x,) in (4.3). We already showed that,

ins

in the context of conformal field theory, an insertion of x}

(z,0) can be interpreted as
an insertion of a primary field (4.1), with degenerate momentum o = 4. Therefore
the wave-function (7.22) represents a correlation function in the super-Liouville theory,
which involves (M + 2) Neveu-Schwarz primary fields inserted on P*: M of those fields are
encoded in the potential, one field is represented by the insertion of xI(z, ) itself, and
one additional field is inserted at x = co € P! and has the momentum ., given in (7.27).
Note that if the condition as, = 0 is imposed, the primary field at x = oo is removed and
the model with the above potential describes super-Liouville theory with (M + 1) primary
fields. It follows that various objects familiar in super-Liouville theory arise upon the
specialization of our formalism to the super-multi-Penner potential. In particular super-
quantum curve equations can be identified as supersymmetric BPZ equations for correlation
functions of several primary fields, Nekrasov-Shatashvili limit of quantum curves coincides
with certain classical equations of motion in super-Liouville theory, etc. We discuss these

relations in more detail below.

0sp(1|2) invariance of the wave-function. Recall that a subset of super-Virasoro
generators determined in section 4.2 forms the o0sp(1]2) subalgebra and imposes con-
straints (4.25). Specializing the potential to the super-multi-Penner model case (7.21) we
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find that generators (4.26) and (4.27), as acting on the normalized wave-function X, (z, )
n (7.22), take form

M
9% )5(@,0) = =D — ZDz, (7.24)
M N
99(2,0) = —2D — sz ; — 2A «9—2ZA%9 < 9+Za“ \/thz%),
a=1
and
B M
621(337 0) - _890 - Za’v“
i=1
B 0 M 0, M
(5 (w,0) = —20, — 509 ; <xiari + Qagl) — Ay — ;Aai + Ao,
B v v (7.25)
(¢ (x,0) = —220, — x00p — Z(l‘?@xl + :/Ui@i@ai) — 20,1 — 2 Z Ay, i
i=1 i=1
o M N
_ hQ(aa: + ;aixi — \/Bh;,za>,
where
D; = =0y, + 0,04, (7.26)
ozoo:u—f—Qh—a—Zozi. (7.27)

When ay # 0, a primary field with momentum a., has to be located at x = oo and
we can use generators EO (z,0), Z (x,0) and g9 /2 (z,0) only under the super-matrix integral,
while the eigenvalue-independent representation exists only for two remaining generators,
which can be used to impose constraints on the (integrated) wave-function (7.22)

9% 1)2(@,0)Xal(z,0) = 1% o(2,0)Xa(z,0) = 0. (7.28)

We can use these constraints to remove two bosonic derivatives and one fermionic derivative
from operators (7.33) and (7.34) introduced below, and then from the super-quantum curve
equation.

On the other hand, once the condition as, = 0 is imposed, all generators in (7.24)
and (7.25) do not depend on super-eigenvalues z, and 9J,, and they can be used to fix the
full 0sp(1|2) invariance of the wave-function (7.22)

9%1/2(%,0)Xal(x,0) = 14 o(x,0)Xa(z,0) = 0. (7.29)

Using these constraints we can eliminate three bosonic derivatives and two fermionic deriva-
tives from operators (7.33) and (7.34) introduced below, and then from the super-quantum
curve equation.
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In particular for the super-multi-Penner model (7.21) with M = 2 and for as, = 0 the
constraints (7.29) respectively take form

((wl — xQ)Dl + (.73 - $2)D + QAOﬂ + 2Aa1(91 + 2Aa292)5(/a($7 9) = O,

7.30
((.%2 — xl)Dg + (.1‘ — ZCl)D + 2A,0 + 2Aa191 + 2Aa292)>?a(x, 9) =0, ( )

and

(2(z1—22) 0, +2(2—22) 0y +009+010p, +020p, + 2004204, +204,) Xa(z,0) =0,

7.31
(2(x2_$1)ax2 +2(1’—J}1)8x+009+91891 +02892 +2Aa+2Aa1 +2Aa2)5€a (1'7 9) = Oa ( )

and they can be used to remove all time derivatives from operators (7.33) and (7.34), and
so from super-quantum curves in consequence.

Super-quantum curves. We construct now super-quantum curves for the super-multi-
Penner model with the potential (7.21). First, the fermionic operator h(x) in (A.1) and

o~

the bosonic operator f(z) in (A.5) take form

N Moy
h(z) =10 D;,
=1

— T — I

Flz) = h? - L 5 by
i=1

where D; = —0p, + 0;0,,. Second, we introduce the super-Virasoro generators represented
on the wave-function X, (z,0) in (7.22); taking advantage of (4.32), for n > 2 they take

(7.32)

form
Gonirj2 = (H(fvz — x5 = 9i9j)o;;j> Gniy2 < [T == - 9i9j)_2iﬁzj> =
Mlsﬁj i#] (7.33)
- 2(n — 1)Aai6i B 1 D
=N (@ —a)n 1)
and
N—n = (H(xz — T — 91‘9]) 21h2]>i—n<H(xi —ZIj = 910])0;2’:2]> =
7 7 (7.34)

M
_y (= DAe (n—1)0;
B Z ( (l’z — x)” (l'z _ $)n—1ami + 2(1'1' — x)”601> .

Super-quantum curves for the super-multi-Penner model can now be constructed using
the above representation of super-Virasoro generators in expressions for super-Virasoro
singular vectors. For example, super-quantum curve equations (5.39) at level 3/2 take form

Ao igiron(@,6) =0, Agjy = —0,05 — B'G g5 — a(ag _ 25ﬂZ_2). (7.35)
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Furthermore, we can use constraints discussed in section 7.2 to remove time-dependence
from operators é—n—i—l /2 and L, In particular, considering the super-multi-Penner model
with M = 2 and fixing as = 0, we can completely remove time derivatives from these
operators, so that their action on Y, (z,0) takes for example the following form

~ - 1 2A,,.0; ALO+ A, 0 A0
G—s/zxa(%@):[—z I e “}xmm

im12 0 T im12 P T ;)? (x — 1) (z — 22)
(7.36)
and
0;D+2A,. 009g+2A,+20,, +2A,
L « 9 = L — L 2 7.37
ol [ 1:1290 x’ 121:2 2(a—;)? 2(x — 1) (z — 32) - (7.37)
1 Aoﬁi@ $—$1Aa —I—nga 992 ~
N DA LR ES LA
(x —x1)(x — 22) LT (x — x1)%(z — z2)

It follows that super-quantum curve equations in this case are time-independent, and take
form of ordinary super-differential equations. These equations are directly related to the
ordinary differential equation of the type considered by Dotsenko and Fateev [58, 59]. It
was analysed in [60] and some properties of its solutions, which can be expressed in term
of certain two-fold contour integrals, were discussed in [61].

For completeness, let us also consider the classical limit (6.2) in the above example. We
find that the super-quantum curves at level 3/2 reduces in this limit to a system of equations

Oz?gl 05%91 + a%eg
yp()yr(z) = iZI:Q (x — :L“i)2 B (x —x1)(x —22)’
2 2
ai + a3
() + yp(z 2;2 TR il e (7.38)

((z — z1)af — (z — 22)03) 60162
(x — 21)%(z — 22)?

This agrees with the classical super-spectral curve, determined from the analysis of the
planar solution of super-multi-Penner model in (7.60).

Planar one-cut solution. For completeness, let us also consider a one-cut solution of
the super-multi-Penner with the potential (7.21). Under the one-cut ansatz

o(z) = (z — q)(* — ¢2), (7.39)

the first term in the bosonic resolvent (D.38) is given by

a; (z) M aiv/o(x)
wg) (z) = 2m T —z Z z —Z:EZ z) = V(o) - Z l ) (7.40)

= (v —zi)\/o(x;

The branch points ¢; and ¢y are determined by the asymptotic condition (D.20)

—0, Z O‘““ — —a, (7.41)
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where we have defined "
Qoo = 1= v, (7.42)
i=1

which describes the momentum of the primary field at * = co. From (D.37) we obtain

M M
1 ab; o' (z) (1) =\ _ Cp(x;)
27€*2W2;z—$1 U(z)+C(Q1’QQ)< —2 ) _;alez 1= ’

o(xi)
(7.43)

where

1
Cp(z) = 50/(35) + (g1 — ¢2)c(qr, ¢2), c(q1,q2) = —c(g2: 1), (7.44)
is an undetermined function. Here the fermionic and bosonic moments (D.28) and (D.31)

are also obtained as

M .
Egl) —pf = Zaiei < U(wi? + o (%))) =Z(qr), (7.45)

a;bir/o(z;)
2 Z iV i 5

M
M =Y S = M(g), (7.47)

where we have introduced fermionic and bosonic moment functions as

E(x)zz (V (z:) | Crlo ) (7.48)
2;1

T — T o(x;)
M(z) = “ 7.49
() 2 (= a oo (7.49)
Then the bosonic resolvent (D.38) is obtained as
p(e) = Vi(e) =MV -5 3 o
and the fermionic resolvent (D.39) takes form
wp(@) = Vel(z) — 5(52) (7.51)
By (D.2) we equivalently have
= (2)E(x 1 = ' (2)E(z
yp(@) = M(@)Vole) = 2M((x))a(§c)l/2 NG ER:@ M( é(,)z)((x)— 5 792
yr(z) = =) (7.53)

— 492 —



Let us consider the case of M = 2 and explicitly express the super-spectral curve. In
this case the bosonic moment function (7.49) is given by

(075

M(x)=— , 7.54
(z) (x —x1)(x — 22) (7.:54)
where we have used the asymptotic condition (7.41), which furthermore implies
2 _ 2 2 2
a7 —« 1T2 — 7]
@+ g =114 32— ——52(21 — 22), Q2 = 1129 — ———5—2— (21 — 33), (7.55)
(6 X

so that we determine the branch points

ado (w1 +22) = (af —a3) (z1—22) £ (21 —»”62)\/(0%0—(041 +a2)?) (0, — (a1 —a2)?)

q1,2= 5
2005,

(7.56)
The super-spectral curve is then expressed as

yp(@)yr(r) = M(z)=(2),

vs(@)* +ylp(@)yr(z) = M(@)o(x) + 3 Res M{()='(2)=(2 (7.57)

where the second term on the right hand side in the second equation can be written as

M(.%')E/(z) (z) B 04000102 ( l)lCP(-fz)
2 R e - o)~ e 2, <_ )(w—m.

(1]

i=1,2 o (i)
(7.58)
In particular in the limit ao — 0, assuming
o2 Cp(z;) — 0, (7.59)
we find the super-spectral curve
o :El - 332 Z 29
yp(x)yr(z) = (x —x1)(x — z2) Z T — T
1=1,2
2 / o 331 - 1‘2
yB(x)” + yp(x)yr(z) = (@ —a1) (@ —2) 121:2 pr— (7.60)
9192
+(a:—x1 x—a;22121:2 w—:rz)

This curve coincides with the classical limit of the super-quantum curve at level 3/2 found
n (7.38).
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A Operators /f;(:l,‘) and f(:c)

In this appendix we introduce and discuss properties of operators h( ) and f ( ), which are
used in various computations in the paper. The fermionic operator h( ) takes form

E( ) = h(x >+Eg< ),

_712296 Z 172001

n=0 k=n-+1 (Al)
= hQZx Z ktka&k n—3/27
n=0 k=n-+2
and we denote
O h(z) = [ax,ag—lh(x)} . (A.2)

From the identification (3.15) we find that the action ofﬁ(y) on the wave-function y(z, 6),
defined in (4.2), can be rewritten as the expectation value involving the function h(y)

1(y)xa(z,0) = (h(y)xi5(z,0)), h(y) = h(y) + he(y),

__thVF Vr(2a )7

— Za (A?))

——fhz (VB(W) ~ V(z))Pa.

_Za

In the large N limit (3.27) the expectation value of h(z) reproduces h(9) (z) in (3.32)

lim — (h(z)) = hO(x). (A.4)

Similarly we introduce a bosonic operator f () defined by
f@) = Ji(@) + fe(a),
z) = h? Zx" Z Etpoy, . .,

n=0 k=n+2 (A5)

> . s n+1
x)Ehzzx Z < >£k+1/28§kn3/27

n=0 k=n+2

and we denote

0y f ()

[al,, g1 A(m)} . (A.6)
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o~

From identifications (3.15), the action of f(y) on the wave-function x,(z,6) in (4.2) can
be rewritten as the expectation value involving the function f(y)

F@)Xa(z,0) = (F)x2(=,0)),  fy) = fily) + fe(y),
N 1 V(s
fuw) = —VBRY Vi (y) — Vi( a),
a=1

Y — Za

N 2
_ (Vi) = VEGa)Va Vi (Y, 20)Va
fe(y) = \/Bh;( =) oy >

where Vlg)(y, 2q) 1s defined in (3.22). In the large N limit (3.27) the expectation value of
f(z) reproduces f©(z) introduced in (3.33)

lim — (f(z)) = fO(2). (A7)

Operators E(a:) in (A.1) and f(az) in (A.5) satisfy certain commutation relations, which
we take advantage of in various computations. These commutation relations follow from

the formula

k
p+n—2) (k+n—1)!
2 p(p—l)! T (A8)

and take form

1

ﬁ(x),ang(x)} = WO V().
[R@).00Ve(@)} = [Fl). opvip()] = nil#ag”vB(x), (A.9)
[Fw)02vi(o)] = g 1P Vi),

and

(i), o)} = s r0n+ o),

@), 27 @)] = 5 . f&; PO ), (A.10)
@) 087@)] = (g O @),

Differentiating the above relations with respect to x, we inductively obtain

~ m!n!
N —~ min!
{orhGe),opvie(e) | = |07 F), 08V ()] = (S PO (), (A)
e n m+2n+3)mln! o .
o0 Fla. xvi(o)] = Uy IR g 2y (o),
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and

{8;”};(.7;),82/};($)} = m 28m+n+1f( )

mp n T _(n—2m—1)mn e
[ax ). 0 (36)] T 2(m+n+2) RO (@), (A.12)
o Fla), o 7w)] = mnzam+n+2 7o),

B Derivatives of x*(x, 0)

In this appendix we summarize derivatives with respect to # and x of

™ (z, 0) ( Z xo‘fia) H r— zg) "0 (B.1)

a=1

defined in (4.3). First order derivatives are equal

ins Oéf aXa '1" 0 Oéf CLXa LE 0)
Do Xa (959 Z T — Zg - Z T — Zg

(B.2)

. af X (,0)  av/BO S it (z,0)
a.ZXO(S(‘T 9 Z T — Za h Z (x _ Za)2 )
a=1

and second order derivatives take form

a aGXmS(x 0 a\FZ a;(a_ xz, 9 Oé 5 Z aXa € 9) +

Za ( — z4) (@ — 2p)

_l’_

042,89 ﬁaﬁbxio?s(xv 0)
h? azbz:l (x — zq)(x — 2)%’
a\/B N ins( 0125 Z lIlb l’ 9)

h azl(az—za h? (x — 24)(x — 2p)

(B.3)

Dixa(x,0) =

a,b=1

N 201/B0 Z Daxa(x,0) N 20260 < 3 ( Daxi(x,0)

h (x — 24)3 h? T —24)%(x — 2)

a=1 a,b=1

Note that in effect the right hand side of 9,0yx"*(z,6) does not depend on 6.

C Loop insertion operators

We define fermionic and bosonic loop insertion operators as follows

(1/2
8 Z l.n+1 §n+1/2’

()
W=~ 2 O
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We also consider their higher order generalizations

k-1
ple-1/2) _ (=1) [0, [0, [00, 02 1],

k—1
(C.2)
® _ (=1)F! "
O = Gt Lo B, 0] 1)
k—1

These operators act on the partition function Z or the wave-function y,(z,0) as

N
() =(G e )

i 1 (C.3)
3@<x><"'>:<;w“'>'

The commutation relations

{a(k*1/2>,VF(z)} 1

o Vet ()
® oyl = Lot Vb K
|:8VB($)’ VB(Z):| - {8\/}:(1) 7VF(Z)} - _\/B (LC — Z)k-f—l’
lead to
(k=1/2) S 1
Oyt Syl ) =Y
Ve(z) P+ Yi T, - k(n )
{ F (@) } = (2 — 2a)"(y — za)
N
(k) N kvq
[BVB(QC), S+(y7 x, 6)_ - Zl ($ — Za)k+1(y — Za)’
o ] N o N ) (C.5)
M) Ty, 0)| = i + : :
[ Vp(z) + ) azzl (z — 2a)*(y — za) ; 2(z — za)"(y — 2a)?
(k) 1% k
|:8VB(33)’ T—l—(y, Z, 0)_ = aZ:1 (x — Za)kJFl (y — Za) .
D Planar analysis
In this appendix we discuss planar solutions in the super-eigenvalue model.
D.1 Planar free energy
Let us introduce bosonic and fermionic planar resolvents
N N
oop 1 1 ! Ja
=1 —— =1 —— 1
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where = +/BAN is the 't Hooft parameter, and (---) denotes the unnormalized expecta-
tion value (3.5). Note that the spectral functions yp(z), yr(x) defined in (3.29), (3.34) are
written in terms of these resolvents as

yp(z) = Vp(z) —wp(z),  yr(z) =Vr(z) —wr(). (D.-2)

In the super-eigenvalue model (3.1) at 5 = 1, let us consider the effective potential

N
1
‘/eff = ﬁ ; V(Za, 19(1) — Z log |Za — Zp — ﬁa§b|- (D'3)

1<a<b<N

Using (3.8) we then obtain equations of motion for eigenvalues

Uy
Vh(za) = p— Vr(za) =h) P (D.4)
b#a #a
The eigenvalue distribution is described by bosonic and fermionic density operators
1 & 1 &
= Y 6(z—z),  prlz) = N D a6z = za), (D.5)
a=1 a=1

and the eigenvalue densities at large N can be expressed in terms of the planar resol-
vents (D.1) as

pp(z) = Jim %(AB(z» 27?11# lim (wp(z —i€) — wp(z + ie)),

Y (D.6)
pr(z) = A}gnoo §<pF( z)) = Smin 15% (wp(z —i€) — wp(z + ie)).

B=1

From (D.3) in the large N limit, we then find that the planar free energy can be written
in terms of these eigenvalue densities

2
Setlpuspe) == [ depn(Va(e) + 15 [ dedpu(2ipn(z)log |z~ |+
D DxD

2
2 /
+,u/ dzpp(2)Vr(z) — ,u/ dzdz'w, (D.7)
D 2 Jpxp z—2
where D is the support of pp(z) and pr(z), and we have used
D0
log(zq — 25 — Uq0p) = log(zaq — 2p) — B l; ) (D.8)
a — ~b

D.2 Planar resolvents

To compute the resolvents (D.1) one can use planar equations (3.35) that, using (D.2), can
be written as

dz Vp(z) dz Vi(z) B
wp(z)wp(z) — 740 D ZwB(z) - j{ () = 0, (D.9)
1 1 dz Vj(2)
§WB( ) +2wF f 271'290—2 B(2)+
dz Vp(2) 1 [ dz Ve(e -
_j{ 27rz:z—z %027” (r — 2) swr(2) =0, (D.10)
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where C' is the contour around the support D. Around z = oo the resolvents behave
asymptotically as

wp(z) =

SHRS

L0, we(z) = % O, (D.11)
where

oy = N;gnoo<zﬁ> i [ dsor() = § ol (D.12)

As shown in [32-34], the resolvents have at most second-order fermionic couplings of &, 1/

wp(z) = wsao) (x) + wg) (x), wrp(x) = wg)(x), (D.13)

where additional superscripts denote orders of fermionic couplings. Therefore equa-
tions (D.9) and (D.10) are filtered by the orders of fermionic couplings, as in [34]

order 0 : %wg)) (z)? = %C ;rzi‘%wg)(z), (D.14)
order 1 : Vi rw(z) = — f{ j;f_@wgm), (D.15)
order2: Vprulda) = ?(x)ax (”( ) - fc L Vel o)

order 3 : Az VF(Z)%(;)(Z) - wg><x)w§3><x> o, (D.17)

c2mir— 2

where we have defined a linear operator 91/9 acting on a function f(x) of x by

Dy () zf B V53 fy o) f(a). (D.18)

c 2T x — 2

Assuming the s-cut ansatz [62-64], from the equation (D.14) at order 0 we find a
solution

L(z) [o(x 25
WP () :7{ A2 Vp(2) Jol@) oy =1 - a). (D.19)

9y
c2mix—2z\ o(z) Pl

where by the asymptotic condition (D.11) for wg(x) one finds the following conditions for ¢;:

ky/!
7{ A2 2VEE) s k=018 (D.20)
o 2mi o(z)

These conditions imply that the kernel of the operator ]733 is given by

zk

ker(ﬂg)D{ , k=0,1,... s

gi’s satisfy the conditions (D.QO)}. (D.21)

~—

o(x
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Using the solution (D.19) we then consider the equation (D.15) at order 1, and find a

solution
N, \ dz Vp(z (2) O(x)
wp'(x) = 27” po— , / @) + @) (D.22)

s—1
k s—
=Sl WY =gy (D.23)

where

(k)

is an undetermined function with first-order fermionic couplings e Actually, by an
exchange of contours

% le % dZQ VB Z2 % dz1 % dZQ VB 21 VF(ZQ) 0(22)

o 27i Oy 2m (x — 2z1)(21 — 22) o 27i Cy 27r7, (x —29)(20 — 21) \| o(21)’
(D.24)

we see that the first term of (D.22) satisfies the equation (D.15) (the notation § dz1 §, de2

above means that the contour C contains the contour Cs; the contribution coming from

the pole at z; = z vanishes by the exchange of contours). The second term is in the
kernel (D.21) of the operator 171’9, and it is provided by the asymptotic condition (D.11)
for wp(x).

By plugging the solution (D.22) into the right hand side of the equation (D.16) at
order 2 we obtain

Vi s wi) (z) =

. f dzlf dZQ VF Z1 VF ZQ \/ O 21 ZQ _% dzlf d22 VF 21 VF(ZQ) 0(22)
Cl CQ Cl C12

2miJo 2w (v — 21)(x — 22)%0 211,270 (2 —21)2(21 — 22) /0 (21)

O(x) %VF z1)\/o(z1) (z @VF(zl) o(z1)
20(z) jé 2w (7 — 1) + 3 20(z) fi SR ——

L[ da Vr()0(n)  ©@)0'(z) [ dz Ve(z) o),
2 jél 270 (z — 21)23/o(21) 20(x) ﬁv 2mi x —z (), (D-25)

which can be rewritten using the Cauchy’s integral formula as
91/3 * w(Z)(
f j{ dz j{ dzy Vi( 21 VF(ZQ) o(z1)o(22)
27 Jo, 27i Cs 27 (z — 2)(2 — 21) (2 — 22)%0(2)
7{ 7{ dzlf dzy Vi (21)Vi(22) (2’2)
C Iy’ ol 21 271'7,(x—2;)(2;—21)2 2;1—22 ,/
% d:&’% % @( )VF(Zl j{ % dz1 @/ VF(Z1) 0(21)
o 2mi Jo, 2mi (x — 2)(z — 21)? 271 Jo, 2mi (x — 2)(z — 21)0(2)

ﬁ % VF(zl)Q(Zl) l’ dz VF( )w( ) ;
7%27”'?2 T (x—2)(2—21)2 (zl) 20( ) 722%@ z—z F (). (D26)

iL'

+
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In this expression, by exchanging the contour C' with contours C1 and Cs, the second, the
fifth and the last term cancel out and we obtain

2s
V@ () = —% ; (x_ql)g,(q) (20 - o) (22 - o'a). (D.27)

where we have introduced fermionic moments

== f & Ve(®) o
= _7%2772' VO] (D.28)

By taking into account the kernel (D.21) of the operator 171’9 and the asymptotic condi-
tion (D.11) for wp(x), we find a solution of (D.27) in the form

gy - Ly G @(q»)( ~O'(w) | T()

w D.29
B 24 Mo (¢:)(x — q)\/o(x) o(x) ( )
where )
k
= Z ,u,;f):):k (D.30)
k=0

(k)

is an undetermined function with second-order fermionic couplings o and M, are the

1
M; = 7{ dz V(2 . (D.31)
21 2 — q; (z)

first bosonic momenta

Let us finally consider the last equation (D.17) at order 3, which gives constraints for
undetermined functions ©(x) in (D.23) and Y(z) in (D.30). Using the Cauchy’s integral
formula the equation (D.17) is written as

dz Ve(2) 0, _% 4z 1 0@y —o. (D.32)

c2mx—z c2mir — 2

Plugging the solutions (D.22) and (D.29) into this equation, we see that the first term is
canceled out by a term coming from the exchange of contours in the second summand. We
then obtain

i M {_ 1 i 1 (:(1) — 9 .)) (:(2) — 0/ .)> + 7 ( .)] =0
S (@—a)o'a) | 25 (g —ap)Mol(qy) \ 7~ ) \T TR A
(D.33)
The residues at x = ¢;,i = 1,...,2s, give 2s constraints for O(z) and Y (x)
(1) S 1 1) )
—(1 —(1 —(2 /
="~ 6(w) | - ="~ 6(0)) (=7 - 0'@) + Y(a)] =0
( ) 2 ; (Qi _Qj)MjU,(Qj) ( J J ) ( J J )
(D.34)

These equations give constrains for s indeterminates /J,Sck) in ©(x) and s — 1 indeterminates

ugf}) in Y(z). In particular in the 1-cut (s = 1) case Y (z) = 0, so that these constraints give

(=Y = ny) (B = ns) =0, (D.35)
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and one finds that one solution can be written as [34]

=1, =) p
~ B +E 1 7{ dz Vi(z)o'(z)
T 2 T 2lomi Jo(a) =(z— — q2). D.
e 2 2 Jo 2mi o(z) o(2) = (2 = q)(z — ¢2) (D.36)
In fact this solution has an ambiguity
Hny = ﬁf + C(Qth) (Egl) — Egl)) s (D37)

where ¢(q1,q2) = —c(g2,q1) is a bosonic function of ¢; and g¢o; if Egl) = Egl), the

equation (D.35) is trivially satisfied and does not determine .
Summarizing the above results, the s-cut solution of the planar resolvents is given by

i) = 4 32 VE() Jo@) =" )) E®—e(q) T
B( ) - jg QM x — 2 o'(z) Zz; {L‘ - Qz \/7) + m, (D38)
wp(z) = dz Vp(z) [o(z) O(x) D39)

o 2mix— 2\ o(x) Vo(z)

with the constraint equations (D.34), where C' is the contour around all the branch cuts
of \/o(z). This formula is the multi-cut version of the one-cut solution derived in [34].
By (D.2) we then also obtain the spectral functions yp(z) and yr(z). To determine the
branch points ¢; one can use the s + 1 constraint equations (D.20). For s > 2, as in the
usual bosonic model, in addition to this asymptotic condition we also need to consider s —1
constraint equations representing stability conditions among cuts, or the filling fractions
along each cut (see e.g. [64, 65]).

We consider examples of planar one-cut solutions in the super-gaussian and the super-
multi-Penner models in sections 7.1 and 7.2.
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