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Abstract. The one—dimensional continuous wavelet transform is a successful tool for signal
and image analysis, with applications in physics and engineering. Standard Clifford analysis
offers an appropriate framework for taking wavelets to higher dimension. In the usual orthog-
onal case Clifford analysis focusses on monogenic functions, i.e. null solutions of the rotation
invariant vector valued Dirac operator 0 = Z;nzl e;jOy;, where (e1,. .., en) is an orthogonal
basis for the quadratic space R™ underlying the construction of the Clifford algebra R ,,,. An
intrinsic feature of this function theory is that it encompasses all dimensions at once, as op-
posed to a tensorial approach with products of one—dimensional phenomena. This has allowed
for a very specific construction of higher dimensional wavelets and the development of the cor-
responding theory, based on generalizations of classical orthogonal polynomials on the real
line, such as the radial Clifford—Hermite polynomials introduced by Sommen. In this paper, we
pass to the Hermitian Clifford setting, i.e. we let the same set of generators produce the complex
Clifford algebra Cs,, with even dimension, and we equip it with a Hermitian conjugation and a
Hermitian inner product. Hermitian Clifford analysis then focusses on the null solutions of two
mutually conjugate Hermitian Dirac operators which are invariant under the action of the uni-
tary group. In this setting we construct new Clifford—Hermite polynomials, starting in a natural
way from a Rodrigues formula which now involves both Dirac operators mentioned. Due to the
specific features of the Hermitian setting, four different types of polynomials are obtained, two
types of even degree and two types of odd degree. These polynomials are used to introduce a
new continuous wavelet transform, after thorough investigation of all necessary properties of
the involved polynomials, the mother wavelet and the associated family of wavelet kernels.
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1 INTRODUCTION

The one—dimensional continuous wavelet transform (CWT) is a successful tool for signal
analysis and feature detection in signals, with numerous applications in mathematics, physics
and engineering (see e.g. [, 12, 3]). Basically, wavelets constitute a family of functions 1/, ,
derived from one single function ¢ called the mother wavelet, by a change of scale a (i.e. by
dilation) and a change of position b (i.e. by translation):

%,b(x):%lb(x;b), a >0, beR.

On the mother wavelet ) some particular conditions are imposed. First, ¢/ is requested to
be an Lo—function, or in other words, a signal of finite energy, which is well localized both in
the time and in the frequency domain. Moreover it has to satisfy the so-called admissibility

condition R
+oo 2
Cy = / M du < +00, (1.1)

o Ul

where 1//1\ = F[¢] denotes the Fourier spectrum of . If ¢ is also an L;—function, the latter
condition implies that 1) should have ”zero momentum?”, i.e.
“+oo

Y(z)de =0

which can only be fulfilled if ¢/ is an oscillating function, explaining the terminology “wavelet”.

For the applications additional conditions are imposed, in particular a number of vanishing
moments, viz
“+o00o
/ " P(x) dr =0, n=20,1,...,N.
—0o0

This means that the corresponding CWT defined as

P = o d) == [ 7 () s

will filter out polynomial behaviour of the signal f up to degree /N, making it adequate at
detecting singularities. Furthermore, the CWT is usually requested to be an isometry mapping
Ly(R) into an Lo—space on (a € R, ) x (b € R) with a well-chosen weighted inner product
involving the admissibility constant C'y, (I.1)), viz

1 +o0 +oo
(F.G) = L / / F(a,b) Cla,b) % ab
CI/) —00 0

a2
Standard Clifford analysis offers an appropriate framework for developing a higher dimen-
sional CWT-theory. In its most simple yet still useful setting, flat m-dimensional Euclidean

space, Clifford analysis focusses on monogenic functions, i.e. null solutions of the rotation
invariant vector valued Dirac operator

Q = i ejaxj
j=1

2



where (eq, ..., e,) forms an orthogonal basis for the quadratic space R™ underlying the con-
struction of the Clifford algebra Ry ,,. An intrinsic feature of this function theory is that it
encompasses all dimensions at once, as opposed to a tensorial approach with products of one—
dimensional phenomena. This has allowed for a very specific construction of higher dimen-
sional wavelets and the development of the corresponding theory, see e.g. [4} 15,16, [7, [8]. These
wavelets are based on Clifford generalizations of classical orthogonal polynomials on the real
line. In this context we explicitly mention the radial Clifford—Hermite polynomials, introduced
in [9] and applied to wavelet analysis in the orthogonal Clifford setting in [&]].

2 HERMITIAN CLIFFORD ANALYSIS

When allowing for complex constants, the same set of generators as above (eq, ..., ep),
satisfying the defining relations

ejer + exe; = —20k, j=1....m

may in fact also generate the complex Clifford algebra C,,,, where moreover the dimension m
is taken to be even, say m = 2n (since the odd case is easily seen to reduce to the even one in
a direct decomposition). As C,, is the complexification of the real Clifford algebra Ry ,, i.e.
Can = Ro2n @ 1Ry 2y, any complex Clifford number A € C,, may be written as A = a + b,
a,b € Ry, leading to the definition of the Hermitian conjugation

M= (a+ib) =a—ib

where ~ denotes the usual conjugation in Ry oy, i.e. the main anti—involution for which €; =

—e;, 7 = 1,...,2n. This Hermitian conjugation leads to a Hermitian inner product and its
associated norm on C,,, given by
A\ w) = [ulo, (A= VAT

The above framework will be referred to as the Hermitian Clifford setting, as opposed to the
traditional orthogonal Clifford setting.

Hermitian Clifford analysis (see e.g. [10],[11]) focusses on the null-solutions of two Her-
mitian Dirac operators 0, and 8; These are introduced by means of the so—called Witt basis for
the complex Clifford algebra Co,

1 ) .

fi = §(ej_len+j)7 j=1...,n
1 . .

f; = _5(6j+7'en+j)7 ] = 1,...,”

satisfying the Grassmann identities

fife + 0l =TI =0, Gk=1...n
and the duality identities

ik I = O fl =0 dk=1.n

The Grassmann algebras generated by (f;)7_; and ( f;);‘zl, respectively, are denoted by CA,,
and CAT.



Using this Witt basis, the vector (X1, ..., X)) = (T1, ..., Tn, Y1, - - -, Yn) in R*" is identified
with the Clifford vector

n n n
.I.
X = Z(ej% + enyjYs) = Zfﬂj - ijzac'
j=1 j=1 j=1
where the complex variables z; = x; + iy; and their complex conjugates 2§ = x; — iy;,
J =1,...,n have been introduced. Defining the Hermitian vector variable

n
2= fz
j=1

and its Hermitian conjugate
n

2= 5%

j=1
the Clifford vector X clearly takes the form

X=z-2

This also gives rise to the decomposition of the traditional Dirac operator

n

aé = Z (ejﬁxj + en+j8y].) = 22 (f]az; - f;[az]> = 2(82 - a&)
j=1

Jj=1

in terms of the Hermitian Dirac operators

8, = Z il o,
j=1

and

a; = (8§)T = Zf] az;
j=1

involving the classical Cauchy—Riemann operators and their complex conjugates in the complex
z; planes, i.e. 0., = £(9,, — i0,,) and 0yc = 3(0,, +10,,), j =1,...,n. In fact, also a second
Clifford vector must be considered, viz

n n

1
X| =) (ejy; — enpszy) = H D (zfi + 1)

j=1 j=1

which is orthogonal to X and takes the form
1 t
X|=-(z+2])

To this Clifford vector variable X | a Dirac operator is associated as well, given by

n

o= 5o )= 5510 ) - 200

j=1 j=1
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We then call a continuously differentiable function g on R™ with values in C,,, a Hermitian
monogenic function if and only if it satisfies the system
Oxg =0=0xg9
or equivalently

@g:O:({);g

The Hermitian Dirac operators 9, and 0] are invariant under the action of a realisation of the
unitary group in terms of the Clifford algebra, see [10],[11]. This group U(n) C Spin(2n) is
given by B ’

U(n) = {s € Spin(2n) | 30 > 0 : 51 = 9} (2.1)

its definition involving the primitive idempotent I, which is introduced as follows. Put
+ 1 . .
Ijzfjszﬁ(l—lejenﬂ)? j=1...n
then I; are mutually commuting idempotents for which moreover I J = I;. Now, let

I=T1 ... L =fiftfafy. . fufl

then obviously /2 = [ and IT = 1.

The invariance of the operators 0, and 8; under the action of ﬁ(n) 1s then expressed as
[0, L(s)] = 0= [0, L(s)], s € U(n)

where [+, -] denotes the commutator of two operators and L(s) is the so—called [-representation
of an arbitrary spin element s, see e.g. [12]].

3 THE HERMITIAN CLIFFORD-HERMITE POLYNOMIALS

Our aim is the construction of new Clifford—Hermite polynomials in the Hermitian setting,
as a preparatory step for the introduction of a Hermitian CWT; this is established in a rather
canonical way, starting from a Rodrigues formula, as has been done for the radial Clifford—
Hermite polynomials in the orthogonal case in [9]].

However, instead of the single operator 0 we now have the Hermitian Dirac operators 0, and
8; which leads to a natural and suitable adaptation of the original Rodrigues formula, viz

E Ey

D, (9, 9Y) {GXP( 5 )} = Hy(z,2") exp( 5 > 3.1)

in order to define the Hermitian Clifford-Hermite polynomials H,, of degree p. Here D, (0., 8;)
is a differential operator of order p, being a product of p factors 0, and 8; As, on account of
the isotropy of the Witt basis elements, one has that



and moreover, as the Laplace operator A, allows for the decomposition
A, =4 (8é 8; + 8;@)

the proposed form of D, results into four essentially different types of differential operators,
viz two mutually adjoint types of odd order, given by

8; AP and 0, AP
as well as two self—adjoint types of even order, given by
(02 5; ) AP and (8; d.) A,

Starting from (3.1)) and invoking these explicit forms of D,,, we are lead to four types of Her-
mitian Clifford—Hermite polynomials, which moreover may be expressed in terms of the La-
guerre polynomials on the real line as

1
Hﬁ,ﬁll(z,zf) = (-1 trtplz Ly (§!§|2)

1
Hae) = (e o (5P

and
(3) T p—1o9p—1 n 1 2 1 t n+1 1 2
Hypio(2,2') = ()P 27 | BLY(G 1) — 52" 2 L (5 12))
(4) i p=19p=1 nedy g2 Lo iner L2
Hypin(2,2") = (1) 2770 pl (0 = B) Ly (52)) — 522" L7 (512])

where moreover 3 denotes the Clifford number 2?21 f f}. Observe that

1 t 2
(Ha(pll(z,z*)> = Hy) (2, 21)

while

i T

3 3 4 4

(Hép)JrQ (ga §T>> = 2(p)+2 (ga gT) and (Hép)JrZ (§7 éf)) = Héplﬂ (Z, gT)
which was to be expected, seen the properties of the generating differential operators.

With respect to the positive Gaussian weight function

1 1 1 1
exp (—§|X|2> = exp (—§’§|2> = exp (—§|§T|2> = exp (—57“2)
all Hermitian Clifford-Hermite polynomials are found to be mutually orthogonal in L,(R?*"),

i.e. for arbitrary degrees £,/ and indices 7, 7 = 1, 2, 3, 4, they satisfy the following orthogonality
relations:

1 , o
/ exp <—§\gl2) (Eﬁ”(&z*)) H(z,2hdv = o, k#1
RQTL

1 i t ; .
[ (-5eR) (#0w) A = o iz
R2n



Being apparently not very surprising, the intriguing character of these relations is actually hid-
den in their proofs. Indeed, all integrals above are eventually found to vanish, however for a
number of essentially different reasons: in some cases (part of) the integrand reduces to zero,
while in others various recurrence relations have to be applied in order to transform the integral
into an equivalent form where either the radial part vanishes, or the angular part turns out to be
zero after explicit calculation. For a detailed account, we refer to [[13]].

4 THE HERMITIAN CLIFFORD-HERMITE WAVELET KERNELS

Following the construction of the four types of Hermitian Clifford—Hermite polynomials in
the previous section, also four different families of wavelet kernels with their respective "mother
wavelets” may be introduced, the latter being given by

1 1
Uh(z.2h) = LA, [exp (—5@2)} = exp (—5\42) Hyli(z2) @)
1 1
0.0, |exp (=312 | = e (<312 Hia2)
W) = @000 [exp (—2122) | = exp (212} HE(z 2
pp2(2,2') = (0:07) Ay, fexp | —5lz = exp | —5 2] opra(2,2')

1 1
Wz = @0y [ew (~51P) | = e (~5P) A2

2
¢§p)+ 1 (za ET)

In order not to overload the paper, we will only study the family stemming from @US,LI in detail,
the necessary properties of the other types being obtained in a similar way. For further use, note
that

Ui (z, 2N = 47 91 (8, 01)" {exp (—%W)} 4.2)

Seeing that 1/’5;11(%7 z") is both integrable and square integrable, the first property to be

checked is that ¢§o)+1 has zero momentum, i.e.

1
[ ar = [ oo (<3P ) A v o

From the form of the generating differential operator 8; AP one infers that

1

Hata ) = (17 (~52) Fulr)

where H. 2p() is a scalar polynomial of degree p in 72 = |z|?. Passing to spherical co-ordinates,
with z = rZ, the desired property then reads

+o0 -
/ r™ exp (—17’2) Hoy,p(r) dr/ =ZdS(Q)=0
0 2 Sm—1

which indeed is fulfilled, as the integral over the unit sphere S™~! vanishes. In fact, seen this
specific reason for the vanishing of the integral, this property also expresses the orthogonality
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in Ly(R?") of the polynomials Hé;lrl(g, 2') and 1 with respect to any radial weight function
ensuring the convergence of the integral’s radial part.

Next, the mother wavelet should also show a number of vanishing moments, in order to
filter out polynomial behaviour. To this end, observe that any polynomial in the variable X is
a polynomial in (z — 27), or still in (22)?, (227)%, 2(272)* and 2(227)*, s = 0,1,2,.... Any
such polynomial may thus be written as a linear combination of Hermitian Clifford-Hermite
polynomials, as one may express

as a combination of Héi), Héi),z, HQ(?,ZL, e

2 (22")*  as a combination of Héill, a7 B,

(2'2)
(zz")*  as a combination of Hé;l), Hé;l)_Z, HZ(;L)_ZL, .
2(2'2)* as a combination of Héill, Hé?_l, Hé?_S, .
)

On account of the orthogonality relations of the Hermitian Clifford—Hermite polynomials ob-
tained in the previous section, it follows that any polynomial F, of degree g, showing the above
form, is orthogonal with respect to the weight function exp (—3|z|?) to any Hermitian Clifford—
Hermite polynomial of degree at least ¢ + 1. In particular, one has

1
/RQ exp <—§\§|2) Pz — 2" Hiy(2,2) dV(X) =0 if g<2p+1

or
/ Pz — 2" wéﬁll(z, ) dV(X) =0 if ¢<2p+1
RZn

This means that

2'z)%, 2t (22

T\t Tyt
/ { ((g S e )e } Uiha(z,2) dV(X) =0 for s <p, t<p
R | 2

the latter expressions revealing the exact meaning of the term “vanishing moments” in this
Hermtitan context.

For the study of the mother wavelet w%)ﬂ in frequency space, we will use the following
definition of the standard Fourier transform in R?":

FUNU) = e [ exm (=i (0.0 () av()
which also takes the form
Flf(w, wh) = (4Z)n /Cn exp (—2i Re (w, 2)) f(z,2") dz A dz!

when passing to Hermitian vector variables, and introducing the notation
dz Ndz' =dzy NdZSN ... Nz, Adze = (—2i)" dV(X)
This Fourier transform shows the basic calculation rules

Flo.f] =+ ut 7]



and

so that, also on account of (4.2),

F [¢éi))+1(§= z*} (w,w') = (1) 5 w |[w* exp (——le2) (4.3)
We now introduce a family of wavelet kernels stemming from @bé;)ﬂ by taking into account
not only scaling and translation, but also rotation in Euclidean space. Starting from the original
Clifford vector X and considering a scaling factor a > 0 and a translation vector B € R?", the
corresponding operations are easily transferred to the Hermitian setting by
X-B z-b -0

a a a

when B = b — b'. For the rotation, we will consider spin elements from the “unitary” subgroup
U(n) of Spin(2n), see (2.1), and in particular, the h-transformation associated to those elements,
viz

h(s): a € Cop, — h(s)ja] =sas' =sa5=sas"
This h-representation of U (n) leaves the k-blades of the Grassmann algebras CA,, and CA]
invariant, such that

| = szs e CA,NCY
h(s)[z'] = s2'3 c CAl N (CSL)
where Cgl) denotes the vectors in C?". The corresponding operator action on functions, given

by
H(s)[g(X)]=s9(5X5s)3s

thus takes the form
H(s) [g(z,2")] = s g(525,52 s)

VY|

We then define the following family of wavelet kernels:

U w2l = s ) (g(é_@s’g@_ws) 5 (4.4)

1 1
D+ P+ a a

where a is a positive real number, b is a vector from the Grassmann algebra CA,, and s is a
spin element belonging to the group U(n). Invoking the basic calculation rules of the Fourier
transform for scaling, translation and rotation, applied to the mother wavelet zﬁg,)ﬂ, ie.

an a
F 08 (2= b, 2" = o)

F [S W (525,520 ) 5| (wul) = sF [wé};l} (Fws,5wis) 3

1 z 2N\
Flao (B5)| wa) = @ F ) o)

(w,w') = exp(—2iRe(w,b)) F [wéill] (w, w')

we arrive at

a,b,s
F [@/}éﬁrl ] =a" exp(—2i Re(w,b)) s F [wéyﬂ] (a5ws,a5w' s) 3



5 THE HERMITIAN CLIFFORD-HERMITE CWT

In this section, we will use the family of functions introduced in (4.4) as kernels for the
definition of a new continuous wavelet transform, or CWT. To this end, take g € Ly(R?*") and
define its Hermitian Clifford—Hermite CWT by

a,0,s8 T
Glabs) = [ (W™ (@ 2h) alazh av(x) (5.1)
R2n
which in frequency space reads
a,b,s T
Glabs) = [ (# [ wah) Flww) vy (5:2)

= o ) F[ (2 [vhh] @5ws.asu’ ) 5 Fgltww)] o)

As usual, we request the obtained CWT to constitute an isometry from the space of signals
g into the space of transforms G, or more precisely from L, (IR?") into a weighted Lo—space on

(a € Ry) x (b€ CA"NCYY)) x (s € U(n)). Thus, equipping both spaces with an appropriate
inner product, i.e. putting

(g1, 92) = AQn(gl(z,zT),gz(z,zT)) dv(X) = /RQ" (91(2,2") g2(2. 2], dV(X)

and

1 +oo d
(Gh,Gy) — _/ / / (Gr(a,b,5), Ga(a, b, 5)) —= (db A db) ds
C' Jomy Jrn=cn Jo a

= l/ / /JHX)[G(abs)TG(abs)} 9 b A dpy ds
= C’ ﬁ(n) P A 1\4, Y, 2\, Y, 0 a2n+1 A% v

where (-, -) denotes the Hermitian inner product (see §2), we need to determine the constant C'
such that a Parseval formula holds, viz

(G1,Ga) = (g1, 92)
Now, as 5s = 1, (5.2)) learns that

T
Gl Gy =a™ @m)™ (F |7 [uhl] 57 (]| (-0 ") F |7 v ] 57 (0] (—b. )
where we have omitted some of the arguments for notational brevity. Singling out the integral
over R?", we obtain

/ N R[GI GQ] db A dbt
= " m) (F [F [ulp| 57 ()] F [F [0 ] 57 1aa]])

= a*"(2m)*" (F |:¢2p+1i| sF ], F [1/}5;;)+1i| 5F [ga])

e [ {(f[gl])*sf ] (7 [wgpﬂ})Tzﬂgz]] duw A du'

0

—aenp [ F (] # o] ] e ), awn

0
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so that the inner product in the space of transforms becomes

G17 GQ

S [T [ ) # )] i i

which will lead to the desired Parseval formula, if we can define the “admissibility”” constant C'

to be
— S (1) - _+3\f| da
(2)? 2p+1 (asws,asw s) <.7-" [1/}2”1] (asws, asw s)> —ds

0 @

assuming for a moment that the involved integral is convergent. Indeed, in that case

(G1,Ga) = / [Flo1]"Flgal], dw A dw' = / [giga} dz A dz' = (g1, go)
R2n~Cn R2n~Cn 0
For further computation of the admissibility constant C', we first execute the substitution
= 5 with [{] =1

leading to
2 e (1) 2 dr
C = (2m)2" / / ’]—" [%H] (rzes, r5ets)| L ds
U(n) JO - - r
followed by the subsitution
which turns the integration over U(n) into an integration over the unit sphere 52"~ of R2",
since || = |n'| = 1. We consecutively obtain

Foo dr
C = (2n) /52 1/ ’f ¢2p+1 77,7“77)‘ —dS()

[@Z)éill} (rn, )‘

= (2n)*™ . o dV(X)
w, wt ’
- e ‘f[%pdgi‘ L

Invoking (4.3)) we finally arrive at

1 2p)!
C = (27T)2n/ Z|w|4p—2n—‘,—2 exp (_|w|2) dV = (271_)271( g) o
RQn

which not only shows that the considered integral converges and hence that the mother wavelet
ng?)ﬂ satisfies a suitably adapted admissibility condition, but also explicitly determines the
admissibility constant C'. Here a,,, denotes the area of the unit sphere 52"~ 1.
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6 CONCLUDING REMARKS

We have shown that the Hermitian Clifford—Hermite wavelet functions do constitute ”good”
kernel functions for a continuous wavelet transform. However, the Hermitian setting of the
Clifford analysis framework necessitated two major adaptations as compared to the Clifford—
Hermite wavelet kernels established in the orthogonal setting of Clifford analysis. First, the
notion of ’vanishing moments” had to be redefined in terms of powers of the Hermitian vector
variables z and z'. Secondly, the Parseval formula, which expresses the norm—preserving char-
acter of the continuous wavelet transform, one of the fundamental properties in wavelet theory,
had to be reformulated in terms of suitably adapted scalar inner products on the respective Lo—
spaces involved. Nevertheless, these first examples of Hermitian wavelet kernels presented in
this paper, pave the way for the study of the continuous wavelet transform in the new framework
of Hermitian Clifford analysis.
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