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Abstract. [n this paper we devise a new multi-dimensional integral transform within the Clifford
analysis setting, the so-called Fourier-Bessel transform. It appears that in the two-dimensional
case, it coincides with the Clifford-Fourier and cylindrical Fourier transforms introduced ear-
lier. We show that this new integral transform satisfies operational formulae which are similar
to those of the classical tensorial Fourier transform. Moreover the Lo-basis elements consis-
ting of generalized Clifford-Hermite functions appear to be eigenfunctions of the Fourier-Bessel
transform.



1 INTRODUCTION

The Fourier transform is by far the most important integral transform. In m-dimensional
Euclidean space R™ it is given by

1 .
FUNO = oy [, exp (=i < £2>) S@) V@)
where dV'(z) stands for the Lebesgue measure on R™, { for (&1, ..., &), x for (21,...,2,,) and

< &,z > for the traditional scalar product in Euclidean space: < §,2 >= Z;n:l §jx;. Since
its introduction by Fourier in the early 1800s, it has remained an indispensable and stimulating
mathematical concept that is at the core of the highly evolved branch of mathematics called
Fourier analysis. It has found use in innumerable applications and has become a fundamental
tool in engineering sciences, thanks to the generalizations extending the class of Fourier trans-
formable functions and to the development of efficient algorithms for computing the discrete
version of it.

The second player in this paper is Clifford analysis. It is a function theory for functions de-

fined in Euclidean space R and taking values in the real Clifford algebra R ,,,, constructed over
R™. A Clifford algebra is an associative but non-commutative algebra with zero divisors, which
combines the algebraic properties of the reals, the complex numbers and the quaternions with
the geometric properties of a Grassmann algebra.
During the past 50 years, Clifford analysis has gradually developed into a comprehensive the-
ory offering a direct, elegant and powerful generalization to higher dimension of the theory of
holomorphic functions in the complex plane. In its most simple but still useful setting, flat
m-dimensional Euclidean space, Clifford analysis focuses on monogenic functions, i.e. null so-
lutions of the Clifford vector-valued Dirac operator 0, = Z;”Zl ¢;0y,;, where (ey, ..., ey,) forms
an orthogonal basis for the quadratic space R%™ underlying the construction of the real Clif-
ford algebra R ,,. Monogenic functions have a special relationship with harmonic functions
of several variables in that they are refining their properties. The reason is that, as does the
Cauchy-Riemann operator in the complex plane, the rotation-invariant Dirac operator factorizes
the m-dimensional Laplace operator. At the same time, Clifford analysis offers the possibility of
generalizing one-dimensional mathematical analysis to higher dimension in a rather natural way
by encompassing all dimensions at once, in contrast to the traditional approach, where tensor
products of one-dimensional phenomena are taken.

It is precisely this last qualification of Clifford analysis which has been exploited in [2] and
[3] to construct a genuine multi-dimensional Fourier transform within the context of Clifford
analysis. This so-called Clifford-Fourier transform is given in terms of an operator exponential
or, alternatively, by a series representation.

Particular attention is directed to the two-dimensional case, since then the Clifford-Fourier kernel
can be written in a closed form. Indeed, the two-dimensional Clifford-Fourier transform may be
expressed as

Felf©) = 5= [ oo (2(€nD) fl) aVi)



with exp (EAz) = D077 (§Af)r and £ A z the so-called outer or wedge product (see Section 2)

of the Clifford vector variables £ = 5161 + &e9 and © = w167 + 2965, Note that we have not
succeeded yet in obtaining such a closed form in arbitrary dimension.

In recent research (see [4]], [S] and [6]) we devised a so-called cylindrical Fourier transform
within the Clifford analysis setting, by taking as a new integral kernel the multi-dimensional
generalization of the two-dimensional Clifford-Fourier kernel:

1

o2 /Rm exp(zA§) fz)dV(z) .

fcyl[f](é) = (271')

For a fixed vector £ in the image space, its phase is constant on co-axial cylinders w.r.t. that fixed
vector, explaining the name cylindrical” for this Fourier transform.

Although the cylindrical Fourier transform has a ’simple” integral kernel, it satisfies calculation
formulae which are substantially more complicated than those of the Clifford-Fourier transform.
A similar conclusion holds for the spectrum of an L,-basis consisting of generalized Clifford-
Hermite functions: in case of the Clifford-Fourier transform these basis functions are simply
eigenfunctions, while their cylindrical Fourier spectrum is expressed as a sum of generalized
hypergeometric series.

In this paper we introduce another promising multi-dimensional integral transform within the
language of Clifford analysis, the so-called Fourier-Bessel transform (see Section 3). It appears
that in the two-dimensional case, it coincides with the above mentioned Clifford-Fourier and
cylindrical Fourier transforms. In Section 4 we will also show that the Fourier-Bessel trans-
form satisfies operational formulae which are similar to those of the classical multi-dimensional
Fourier transform. Moreover, the L,-basis elements consisting of generalized Clifford-Hermite
functions appear to be eigenfunctions of the Fourier-Bessel transform (see Section 5). To make
the paper self-contained a section on definitions and basic properties of Clifford algebra and Clif-
ford analysis is included (Section 2).

In a forthcoming paper [7] we will in the even dimensional case express the Clifford-Fourier
transform in terms of the Fourier-Bessel transform, which leads to a closed form of the Clifford-
Fourier integral kernel.

2 THE CLIFFORD ANALYSIS TOOLKIT

Clifford analysis (see e.g. [ 1,18, 19, [11]]) offers a function theory which is a higher dimensional
analogue of the theory of the holomorphic functions of one complex variable.
The functions considered are defined in R™ (m > 1) and take their values in the Clifford

algebra Ry ,, or its complexification C,, = Ry, ® C. If (ey, ..., €,,) is an orthonormal basis of
R™, then a basis for the Clifford algebra R, ,,, or C,, is given by all possible products of basis
vectors (e4 : A C {1,...,m}) where ¢y = 1 is the identity element. The non-commutative
multiplication in the Clifford algebra is governed by the rules: e;e, + ere; = —260;5 (j,k =
1,...,m).

Conjugation is defined as the anti-involution for whiche; = —¢; (j = 1,...,m). In case

of C,,, the Hermitean conjugate of an element A = Y, Aaea (A4 € C) is defined by AT =
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> 4 A% €a, where X4 denotes the complex conjugate of A4. This Hermitean conjugation leads
to a Hermitean inner product and its associated norm on C,,, given respectively by

(M) =Nplo  and AP =DNo =) Al
A

where [\]y denotes the scalar part of the Clifford element .

The Euclidean space R™ is embedded in the Clifford algebras R, ,, and C,, by identifying
the point (21, ..., z,,) with the vector variable z given by z = " | e;z;. The product of two
vectors splits up into a scalar part (the inner product up to a minus sign) and a so-called bivector
part (the wedge product):

zYy=2.Yy +xNy,

where

g.g:—<z,_>=—zm:fl?jyj and Q/\Q:Zm:
i=1 =

Note that the square of a vector variable z is scalar-valued and equals the norm squared up to a
minus sign: 2% = — < x,x > = —|z|°.
Moreover, one can verify (see [4]) that for all z, ¢ € R™ the following formula holds:

m

€i€j(3?i?/j - xjyi) .
+1

(At =—lz At = (<at>)—|z]t] . (1)

The spin group Sping(m) of the Clifford algebra consists of all products of an even number
of unit vectors

SpinR(m):{S:gl...g%;c_quSm_l,jzl,...,%,feN} ,

with S™~! the unit sphere in R™. The spin group doubly covers the rotation group SOg(m):
for T € SOgr(m), there exists s € Sping(m) such that 7'(x) = szs. But then also T'(z) =
(—s)z(—3), explaining the double character of this covering. Note that each spin-element s
satisfies: s5 =55 = 1.

The central notion in Clifford analysis is the notion of monogenicity, a notion which is
the multi-dimensional counterpart to that of holomorphy in the complex plane. A function
F(z1,...,x,,) defined and continuously differentiable in an open region of R™ and taking val-
ues in Ry, or C,,, is called left monogenic in that region if 0,[F] = 0. Here 0, is the Dirac
operator in R™ : 0, = Z;n:l e;0z,, an elliptic, rotation-invariant, vector differential operator of
the first order, which may be looked upon as the ”square root” of the Laplace operator in R™:
A, = —0?. This factorization of the Laplace operator establishes a special relationship between
Clifford analysis and harmonic analysis in that monogenic functions refine the properties of har-
monic functions. The notion of right monogenicity is defined in a similar manner by letting act
the Dirac operator from the right.

In the sequel the monogenic homogeneous polynomials will play an important role. A left
monogenic homogeneous polynomial Py of degree k£ (k > 0) in R™ is called a left solid inner
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spherical monogenic of order k. The set of all left solid inner spherical monogenics of order &
will be denoted by M, (k). The dimension of M," (k) is given by

' N B m+k—2 _(m+k—2)!
dlm(Mﬁ(k:))—< m— 9 )—m

The set

2 H,,(vV2z) PV (V2z) exp (_ﬂ) )

Dsj(L) = (o) 5

s,k € N, j < dim(M, (k)) , constitutes an orthonormal basis for the space Ly(R™) of square

integrable functions. Here { P\ (z); j < dim(M; (k))} denotes an orthonormal basis of
M/ (k) and s, a real constant depending on the parity of s. The polynomials H(z) are
the so-called generalized Clifford-Hermite polynomials introduced by Sommen in [[14]; they are
a multi-dimensional generalization to Clifford analysis of the classical Hermite polynomials on
the real line. Note that H, ;(x) is a polynomial of degree s in the variable = with real coefficients
depending on k. More precisely, Ho, ;(x) only contains even powers of x and hence is scalar-
valued, while Hos 1 x(z) only contains odd ones and thus is vector-valued. Furthermore, these
polynomials can be expressed in terms of the generalized Laguerre polynomials Lj on the real
line:

2 2
Hopp(z) = 2 p! L;n/ﬂkil (%) and Hopiy p(z) = 2P pl Lm/ﬁk (%) z,

confirming that Hy, j, is scalar-valued, while Hy, 1 is vector-valued.
A result which will be frequently used in Section 5 is the following generalization of the
classical Funk-Hecke theorem (see [12]).

Theorem 1 [Funk-Hecke theorem in space] Let Sy be a spherical harmonic of degree k and
1 a fixed point on the unit sphere S™=1 in R™. Denoting < w,n > = cos (Q,\Q) = 1, for
w € 8" Y By (t) the Legendre polynomial of degree k in m-dimensional Euclidean space and

(m—1)/2 . _9 . _
Apm1 = % the surface area of the unit sphere S™ 2 in R™1, one has
2

[ o) 6 Sue) v

= A, (/O+OO (r) 7™~ 1dr) (/ f(t) 2 m=3/2 P (1) dt) Sk(n)

As the Legendre polynomials P ,,,(t) are even or odd according to the parity of k, we can also
state the following corollary.

Corollary 1 Let S, be a spherical harmonic of degree k and 1 a fixed point on the unit sphere
S™1. Denoting < w,1n > = t, for w € S™', the 3D-integral

[ o) e sue) v

is zero whenever either f is an odd function and k is even, or f is an even function and k is odd.



3 DEFINITION OF THE FOURIER-BESSEL TRANSFORM

Starting point is the axial exponential function, also called Clifford-Bessel function, given by
(see [14]):
E(xg, z) = exp (xg) E(2)

with

m Xz
elw) =220 () Jaf = (sl +

L dualla))

where J, denotes the Bessel function of the first kind:

v e (B
J”<z)_<§> ;K!F(u+€+1) ®)

and z stands for an extra real variable.

It is left monogenic in R™ i.e. (0., + 9;)[E(x0,z)] = 0.

Now replacing formally zo by < z,§ >, 2z by 2 A { and m by m — 1 with z = >
=211 &jej, we get

m

=1 Z;€; and

-1
E(<z,{>aNE) =exp(<z,§>) 9(m=3)/2 (mT) 2z A £|Gm)/2

(J<m—3>/2(!£/\§|) +

This so-called "Bessel-exponential” function is left monogenic in z and right monogenic in ¢ :
OulE(< 2.6 > 2N = [E(< 26> 2N =0 . @
The left monogenicity in z for example, is proved as follows. First, we have that
Oz NE] = Oplzé+ <z, >] = -mE+E=(1—m)f . (5)
Furthermore, in view of (1) we also find that

LlzAEP] = Rl — (<2, €>)] = 22| —2<a,E>¢
= 2zt <z,E>) = 20(ENz) = 26 (2 N§) .

Combining the above result with

we obtain

X
Oullznell === . (©)



Taking into account (3)) and (6)), we arrive at

Or [exp (<z,6>) (@ NS T gy p(z AED + (@A E) [z A g™/
Tl n€) )| = exp(< 2.6 2) € (l2 A GO Fucaallan €l +ng

|z A2 Ty |z A €D + ( ) 2 AE[TM2 (@ A E) Tngy (T AE])

+ |$/\f| (=m)/2 ‘](m 3)/2 (lz A &) x/\f |l/\§|(3_m)/2 J(/m—l)/2(|1/\§|)

(1 — m) ‘E/\§|(lfm)/2 J(m—l)/2<‘£/\§|>> )

T

Using the recurrence relations (see for e.g. [[13]])

J(2)=—=J,(2) + gJ,,(z) and  2J(2) = z2J,_1(2) — v, (2) ,

v

indeed yields:

0, {exp (<z,&>) (EAéI“”‘"‘”Q Jm-3)2(1z N EJ) + (2 AE)

A Jallz A €D )] <0
In a similar way, we can also show that
[E(<z,E>2NE)0 =28(<z, > 2NE)E

and
Ole(<z, € >z N =22 E(<z, > zNE) . ™)

It has been used recently by Sommen to introduce Clifford generalizations of the classical
Fourier-Borel transform (see [[13]).

The Fourier-Bessel kernel is now defined by leaving out the exponential factor exp (< z, £ >)
from the Bessel-exponential function. -

Definition 1 The Fourier-Bessel kernel takes the form

J(zNE) = o(m=3)/2 p (mT_l) @/\§|(3—m)/2 (J(m_g)/g(@/\g) + | 23 J(m_1)/2(|£/\§|)> )

I8
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The corresponding Fourier-Bessel transform is given by

Foul(16) = Gy [ T2 fla) dVia)



4 PROPERTIES

4.1 The Fourier-Bessel kernel

We now collect some properties of the Fourier-Bessel kernel.

Property 1 The Fourier-Bessel kernel J(x N §) has the following series representation:

J(“@:F(mT_l)iarE_T}z:e) <|£2§|>% (H%) - ®

=0

Proof. This result follows from the series expansion (3] of the Bessel function. [

Property 2 Similar to the cylindrical Fourier kernel exp (z N &) = cos (|lz A&|) + (z A §)
sinc(|z A €|), the Fourier-Bessel kernel takes the form K| + (z A €) Ky with K and K, scalar-
valued functions of the variable \z A E|%. It hence takes the form of a so-called parabivector; i.e.
a scalar plus a bivector. -

Property 3 The Fourier-Bessel kernel J(z N §) satisfies the Helmholtz equations
Ay + )Tz Al =0 and (A¢+ |z[*)[J(zAg] =0 .
Proof. Starting from (4]) we have consecutively

Oplexp (< z,§>) J(NE]=0

§exp(<z,E>) J(aAg) +exp(<z,§>)dulJ(zAE)] =0
€+ )TN =0

(E+0)*[J(zAE] =0

(€ =2 <0, > =A)[J(z N E] =0

(A + €PN (A& =0,

1ereey

since
<§0;, >[N =0 and <§,8£>[|£/\§|2}:O.

The other equation is proved similarly. [

Remark 1

1. The traditional tensorial Fourier kernel exp (—i < x,& >) also satisfies the Helmholtz
equation:
(A + [€]%)[exp (=i < 2,£ >)] =0,

the cylindrical Fourier kernel exp (z N §) however not.



2. The kernel J(z A §) also satisfies the refined equation: (—(§ A 8,) + |§] ) (zAE)] =
Indeed, from the foregoing proof we know that (§ + 0,.)[J(z N §)] = 0. Let us now decom—
pose z into components parallel with and orthogonal to §:

=2y

Similarly we can put

< 0y, § > Ox NE
|

8£:8£//+8£L - BE §_

As Oy J(z N §)] = 0, we thus obtain that
(- restenan) Uenol -

or

(1€ = (€N 0)) [T (@A ] =0 .

Property 4 The Hermitean conjugate of the Fourier-Bessel kernel takes the form

(@) = JEne) = Iz (=) .
Proof. This property follows from (z A )T = Az, O
Property 5 For x parallel to § one has J(x N §) = 1.

Proof. If z is parallel to &, then z A § = 0. Taking into account the series representation (8)) the
result follows. [

4.2 The Fourier-Bessel transform

First of all, it is observed that in the special case of dimension two, the Clifford-Fourier trans-
form and the cylindrical Fourier transform coincide with the newly introduced Fourier-Bessel
transform.

Proposition 1 In the special case where m = 2, one has

Foes[ F1(6) = Feulf1(€) = Fr-[F1(&) = Fre+ [f1(=€) -
Proof. Taking into account that (see e.g. [[13]])

™

Jij2(2) = (52’) o sin (z) and J_1y9(2) = (—z) o cos (z) ,



we find that form = 2 :

Jang) — f g ( allz Al + “% J1/z(|£/\§|))
X

= A E
NE
= cos(lzN§|)+ ZAE] sin (|z A €])
= exp(zA§) , B
which proves the statement. g

Let us now take a look at the operational formulae satisfied by the Fourier-Bessel transform.

Proposition 2 The Fourier-Bessel transform satisfies
(i) the linearity property

fbes[f)\—i_g:u] :fbes[f])\—i_fbes[g],u ) )\,,UE(Cm

(ii) the reflection property
Foes[f(=2)](§) = Fres[f(2)](=£)

(iii) Hermitean conjugation

(Al 2)(©)' = G [ F1@) TEAD) V()

(iv) the change of scale property

Q [l

Fulf(©) = o Fulf@] (2] forack,

(v) the differentiation rule

Fres [0l f (@)]](€) = =€ Foes[f (2)](—6)

(vi) the multiplication rule

-,’tbes [&f(&)](é) = _85 [‘}tbes [f(&)](_é)}

(vii) the transfer formula

(viii) the rotation rule

Foes[f (s25)](€)

I
|
n
8
w

with s € Sping(m).
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Proof.
(1)-(iv) Straightforward.
(v) First, by means of the Clifford-Stokes theorem (see e.g. [1]) we obtain

im/Q/R J(z )] dV ()
1
)

J(z dx
27Tm/2/8 ?

~ G [, @A 1, f2) av(a)
_ W/m[ (2 A0 f(z) dV (z) .

Fres [ag[f@)“ (ﬁ) = (2

Furthermore inserting in the above equation the following formula

[J@n)0r = J(xAEE=EJ(ENZ) =E TN (=F))

we find

Fued 0L N)(©) = ~€ s [ (4 (-0) Flo) V(e) = =€ FralF@](-E) -
(vi) From (7) we derive
which yields
Fula @O = G | T@n 2 /@) dViz)

% [( W;mﬂ J(z A (=€) flz) dV(z)
- _ag[Fbes[f( H 5

(vii) Using property (iii) and changing the order of integration, we obtain

| (@) o0 av

©
= oo ([ @ rern v @ avie
iz

1

)
o 0@ ([ aern s avi) v
- [ 5@ Al Ve
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(viii) By means of the substitution u = sx’s for which it holds that dV' (u) = dV'(x) and x = Sus,
we obtain

Fudl 20O = s [ I@A€) Fls2) V()

— - /m J(Sus N §) f(u) dV(u)

= Gy / J (5(u A sE3)s) flu) dV(u) .

Moreover, as (3(z A t)s)! = 5(z A t)s for £ € N, we arrive at

Fulf6a9)©) = 5 s || TAses) s flw) dViw
= 5 Fls F@)(565)

Note that we also have the more symmetric form

Fudlla9©) = 3 i [ Jwns) s fw) 5dV(w) s
= 5 Fpes[sf(2)5](s€5) s . O

S FOURIER-BESSEL SPECTRUM OF THE L,-BASIS CONSISTING OF GENERA-
LIZED CLIFFORD-HERMITE FUNCTIONS

Now we will calculate the Fourier-Bessel spectrum of the L,-basis (2)) consisting of genera-
lized Clifford-Hermite functions. The calculation method is based on the Funk-Hecke theorem
in space (see Theorem |I)).

5.1 The Fourier-Bessel spectrum of ¢, ;.

Let us first calculate the Fourier-Bessel transform of a general basis element ¢y, . ; which is
given, up to constants, by

Hyp 1 (V2z) Pi(z) exp (—%) .

From Corollary(1]it is clear that we have to make a distinction between k even and k& odd.

5.1.1 £k even

Expressing the generalized Clifford-Hermite polynomial of even degree in terms of the clas-
sical Laguerre polynomial on the real line, introducing spherical co-ordinates

e=rw, E=pm, r=lg, p=l¢l , wpeS",
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using formula @) and denoting ¢, =< w,n >, we find consecutively

Eily

Fie [ng,k(ﬁ@ Pu(z) exp (—i—)} (©)

2

2§l e | L0 e (-5 ) P (©

v pl 20m=3)/2 (m_—l) .
(2r) : / A €J° )/2<J(m—3>/2(|£A§|) +

2

T
Tonvyallz A€ ) 2524707 exp (=5 ) Pue) v
2P pl 2(m=3)/2 T (m_)

2 (3—m)/2
m/24+k—1/. 2 TNk 42

CORE {/m L, (%) exp( 2) r (rp1 /1 tﬁ>
J(m—3)/2 (7’/)\/1 - 1%) Pi(w) dV(z)

. r2 (1-m)/2
'O/Rm Lr /2HE=1(2) oy (_§> Fr+ (7“,0 1_ t;) t,
Jim-1)/2 (TP\/ 1 - ti) Py(w) dV (z)

2

m/2+k—1(, 2 r k+1 (1=m)/2
§/RmLp/ t(r®) exp (—3) it (rpml—t%)
Jm—1)/2 (7"[)\/1 - ti) w P(w) dV(E)} : ©)

Furthermore, as k is even, Corollary [T] implies that both the second and third integral vanish.
Moreover, applying the Funk-Hecke theorem in space and expressing the Legendre polynomial
in terms of the Gegenbauer polynomial

. k! (m - 3)' (m—2)/2
Prm(t) = h+m—3) Cy (t)

Y

we obtain

Fi {ng,km@ Pi(z) exp (—

2 op pl 9(m=3)/2 1 (m=1
@)] ) = p ("7)

2 (2m)m/?

kL (m — 3)! oo 2
G Anan) ([ e e (<) ot ar)
0

( / (rpV/T =)0 J gy o (rpV/1 = £2) (1= )92 271 dt) . (10)
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By means of the substitution ¢ = cos (), the second integral is turned into

1
/ (rpV/T = 2)Bm72 Jo oo (rpV/T = £2) (1 — £2)m=3/2 022 (4) gy

1

= 02 [y alrpsin 2) O cos ) sin )" dir
0

Taking into account the integral formula (see [10], p. 832, 7.333, formula 1 with 6 = ):

/07T (sin (x))y+1 Cu2(cos () J, (asin (z)) da

27T 1/2
= (B) G0 dpnle) . n=02.4

equation (TT]) becomes

1
/ (rpV/T—2)B72 Jo oo (rpV/T = £2) (1 — $2)m=3/2 0224y g
—1

_ o1\ 1/ m—
— (rp)(3 m)/2 (_1)k/2 (_) O’g 2)/2(()) J(m_z)/2+k(7“p)

rp
Vor T (m=2tk -
B P(E:E)g(z%)w (rp) =™ Jan-2 244 (r0)
2 2

where we have also used the fact that (see e.g. [[13]])

C(0) = (-1)"

for n even.
Hence, the Fourier-Bessel spectrum (10)) becomes

2PN (o) — gp py FLm =3 T(5)
Fres {H2p7k(\/§£) Py(z) exp <—7)} (&) =2"p! (k+m—3) T (22) T (% +1)

—m — e m m — r
P2 B(e) / PR L) exp (‘5)
0

<

Substituting r? for y in the integral formula (see e.g. [13]], p. 244)

+o0 T
/ exp (=5) v/ L (y) Jul/) dy = 2 (<1)" 2% exp (3 ) L)
0

yields
E T R " 4ol exp (=2 @
exp Y T Ly (T)Ja(r\/g) dr=(-1)"z exXp (_§> Ly (@)
0

14
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(12)

(m—2)/2+k(Tp) dr .

(13)



Using the above result, we finally arrive at

Fres | Hopr(V22) Pr(z) exp (—|£—|>] (&)
L, Kl (m—3)! I (m=2tk)
2P (k4+m—=3)! I (=2) I(5+1
1y k! (m — 3)! FQ("‘
(—D)*2y/m T (27)

p i
- T (e ) A RO ow (=)

where in the last line we have used the formulae (see e.g. [[13]]):

1 1 1
[(22) =7 Y225 10(2) T (5 + z) and T (5 + z) r (5 — z) S

cos (mz)

m—24+2k)/2 2
)L; 202 (¢ )

51.2 kodd

In case where k is odd, the first integral in (9)) vanishes.
By means of the Funk-Hecke theorem in space we obtain

2
Fbes |:H2p,k(\/§£) Pk(&) exp (_%)1 (§)
op pl 9(m=3)/2 (m=L +00 2
_ p (27T)m/2( 2 ) A, ,OPk;(Q) (/0 Lzm/z+k—1(rz) phtm exp (_%) dr)

(/1 (rov1 = 2)0™2 Jo 1y o (rpV/'1 = 12) (1= 12) 372 (B g (8) = tPm()) dt) :

Next, taking into account the Gegenbauer recurrence relation (see e.g. [13])
(k+2X) tC(t) — (k+1) Coy(t) = 21 (1 = %) CRE (1)

we have that b ( )
''(m —2)! "
Pir1m(t) = tPem(t) = “htm—2) (1) CPe)

which in its turn yields

jzf? 2v pl 20m IR T () Kl (m - 2)!
Fes |:H2p,k(\/§§) Pk(&) exp <_T)1 (§) = — p <27T)m/2 (k +m— 2)!

“+o0 2
Ayt p pk(ﬂ) (/ L;ﬂ/2+k—1(r2) hm exp (_%) dr)
0

1
( / (rpV/T = £2)3772 T s (rpV/T = £2) (1 — $2)m=072 a2 () dt) .

1
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In a similar way as before, by applying the integral formulae (I2) and (13]), we find the following
Fourier-Bessel image in case of £ odd:

Foes | Hapo(V2z) Pe(z) exp <—@)} ©)

C(epevyEp (el o (17
Ty Y HaeV0 e () @

5.2 The Fourier-Bessel spectrum of ¢, ; 1 ;

Seen the calculations of the Fourier-Bessel spectrum of the basis function ¢, 1 ; given, up
to constants, by

Hopy1,1(V22) Pi(z) exp <_%)

are very similar to the ones of the previous subsection, we restrict ourselves to giving the results.

5.2.1 £k even

Fove | Hapor o (v22) Pr(a) exp (14 )] ©)
—1k2 /1 m—1 2
— ( 13 VT T ( B ) (—1)? H2p+17k(\/§§) exp (—%) Pi(§) -

5.2.2 kodd

IJ\"r

Fies | Hapy11(V2z) Pr(z) exp (_%)]

()BT

) £J°
F(59)T (557)

(—1)1’ Hopi1:(V2€) exp <__T) P.(€) .

6 CONCLUSION

In this paper we introduced a new multi-dimensional integral transform within the Clifford
analysis framework, the so-called Fourier-Bessel transform. We have shown that in the two-
dimensional case it coincides with the Clifford-Fourier and cylindrical Fourier transforms intro-
duced earlier and that it satisfies similar operational formulae to those of the classical tensorial
Fourier transform. Moreover, in the last section we have proved that the L,-basis elements
consisting of generalized Clifford-Hermite functions are eigenfunctions of the Fourier-Bessel
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transform, which is also the case for the Clifford-Fourier transform. The fact that these L,-basis
elements are simultaneous eigenfunctions of the Clifford-Fourier and Fourier-Bessel transform,
will allow us in [[7] to express in the even dimensional case the Clifford-Fourier transform in
terms of the Fourier-Bessel transform. The latter will then lead to a closed form of the Clifford-
Fourier kernel in case of even dimension. Note that, apart from the special two-dimensional case,
we had not succeeded yet in obtaining such a closed form.
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