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❞♦♠♥❡)) ✐) ❛♥❛❧②)❡❞ ❢,♦♠ %❤✐) ♣♦✐♥% ♦❢ ✈✐❡✇✳

❆ )%❛♥❞❛,❞ ❞❡✜♥✐%✐♦♥ ♦❢ ♣)❡✉❞♦,❛♥❞♦♠♥❡)) ✐) ❜❛)❡❞ ♦♥ %❤❡ ✉)❡ ♦❢ %❤❡ %♦♦❧) ♦❢
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%❤✉) ,❡❝❡♥%❧② ▼❛✉❞✉✐% ❛♥❞ ❙?,❦A③② ❬✶✸❪ ✐♥✐%✐❛%❡❞ ❛♥♦%❤❡,✱ ♠♦,❡ ❝♦♥)%,✉❝%✐✈❡ ❛♣♣✲

,♦❛❝❤✳ ❚❤❡② ✐♥%,♦❞✉❝❡❞ )❡✈❡,❛❧ ♠❡❛)✉,❡) ♦❢ ♣)❡✉❞♦,❛♥❞♦♠♥❡))✱ ❛♠♦♥❣ %❤❡♠ %❤❡

❢♦❧❧♦✇✐♥❣ %✇♦ ❞❡✜♥✐%✐♦♥) ❛,❡ %❤❡ ♠♦)% ✐♠♣♦,%❛♥% ♦♥❡)✿

✶✳ ❉❡✜♥✐'✐♦♥✳ ❚❤❡ ✇❡❧❧✲❞✐&'(✐❜✉'✐♦♥ ♠❡❛&✉(❡ ♦❢ ❛ ❣✐✈❡♥ EN = (e1, ..., eN) ∈

{−1,+1}N ❜✐♥❛+② -❡.✉❡♥❝❡ ✐- ❞❡✜♥❡❞ ❛-

W (EN) = max
a,b,t

|U(EN , t, a, b)| = max
a,b,t

∣

∣

∣

∣

∣

t
∑

j=1

ea+jb

∣

∣

∣

∣

∣

,

✇❤❡+❡ 4❤❡ ♠❛①✐♠✉♠ ✐- 4❛❦❡♥ ♦✈❡+ ❛❧❧ a, b, t ✇✐4❤ a ∈ Z, b, t ∈ N ❛♥❞ 1 ≤ a + b ≤

a+ tb ≤ N ✳

✷✳ ❉❡✜♥✐'✐♦♥✳ ❚❤❡ ❝♦((❡❧❛'✐♦♥ ♠❡❛&✉(❡ ♦❢ ♦(❞❡( k ♦❢ ❛ ❣✐✈❡♥ EN = (e1, ..., eN) ∈

{−1,+1}N ❜✐♥❛+② -❡.✉❡♥❝❡ ✐- ❞❡✜♥❡❞ ❛-

Ck(EN) = max
M,D

|V (EN ,M,D)| = max
M,D

∣

∣

∣

∣

∣

M−1
∑

n=0

en+d1en+d2 ...en+dk

∣

∣

∣

∣

∣

,

✇❤❡+❡ 4❤❡ ♠❛①✐♠✉♠ ✐- 4❛❦❡♥ ♦✈❡+ ❛❧❧ D = (d1, ..., dk) ✭d1 < ... < dk ❛+❡ ♥♦♥✲♥❡❣❛4✐✈❡

✐♥4❡❣❡+-✮ ❛♥❞ M ∈ N ✇✐4❤ M + dk ≤ N ✳

❚❤❡♥ EN ✐) ❝♦♥)✐❞❡,❡❞ ❛) ❛ ✧❣♦♦❞✧ ♣)❡✉❞♦,❛♥❞♦♠ )❡I✉❡♥❝❡ ✐❢ ❜♦%❤ W (EN) ❛♥❞

Ck(EN) ✭❛% ❧❡❛)% ❢♦, ✧)♠❛❧❧✧ k✮ ❛,❡ ✧)♠❛❧❧✧ ✐♥ %❡,♠) ♦❢ N ✳ ■♥❞❡❡❞✱ ❧❛%❡,✱ ❈❛))❛✐❣♥❡✱

▼❛✉❞✉✐% ❛♥❞ ❙?,❦A③② )❤♦✇❡❞ %❤❛% %❤✐) %❡,♠✐♥♦❧♦❣② ✐) ❥✉)%✐✜❡❞ )✐♥❝❡ ❢♦, ❛❧♠♦)% ❛❧❧

EN ∈ {−1, 1}N ✱ ❜♦%❤ W (EN) ❛♥❞ Ck(EN) ❛,❡ ❧❡)) %❤❛♥ N1/2(logN)c✳ ▲❛%❡, ❆❧♦♥✱

❑♦❤❛②♦❦❛✇❛✱ ▼❛✉❞✉✐%✱ ▼♦,❡✐,❛ ❛♥❞ ❘A❞❧ ❣❛✈❡ %❤❡ ❡①❛❝% ✈❛❧✉❡ ♦❢ %❤❡ ❝♦♥)%❛♥% c✳
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❛❧❧ %❤❡ ❜✐♥❛,② )❡I✉❡♥❝❡) ♦❢ ❛ ❣✐✈❡♥ ❧❡♥❣%❤ ♠✉❝❤ ❧❡)) %❤❛♥ N✮✱ ❛♥❞ %♦ ❡❛❝❤ s ∈ S ✇❡

❛))✐❣♥ ❛ ✉♥✐I✉❡ ❜✐♥❛,② )❡I✉❡♥❝❡
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EN = EN(s) = (e1, ..., eN) ∈ {−1,+1}N ,

❛♥❞ ❧❡% F = F(S) ❞❡♥♦%❡ %❤❡ ❢❛♠✐❧② ♦❢ %❤❡ ❜✐♥❛-② .❡/✉❡♥❝❡. ♦❜%❛✐♥❡❞ ✐♥ %❤✐. ✇❛②✿

F = F(S) = {EN(s) : s ∈ S}. ✭✶✮

■♥ ♦-❞❡- %♦ ❝❤❛-❛❝%❡-✐③❡ %❤❡ ♣.❡✉❞♦-❛♥❞♦♠ /✉❛❧✐%② ♦❢ ❢❛♠✐❧✐❡. ♦❢ ❜✐♥❛-② .❡/✉❡♥❝❡.

❆❤❧.✇❡❞❡✱ ❑❤❛❝❤❛%-✐❛♥✱ ▼❛✉❞✉✐% ❛♥❞ ❙?-❦A③② ✐♥ ❬✶❪ ✐♥%-♦❞✉❝❡❞ %❤❡ ♥♦%❛%✐♦♥ ♦❢ ❢❛✲

♠✐❧② ❝♦♠♣❧❡①✐%②✳ ❍♦✇❡✈❡-✱ %❤❡ ❢❛♠✐❧② ❝♦♠♣❧❡①✐%② ♠❡❛.✉-❡. ♦♥❧② ♦♥❡ ♣.❡✉❞♦-❛♥❞♦♠

♣-♦♣❡-%② ♦❢ ❢❛♠✐❧✐❡. ♦❢ ❜✐♥❛-② .❡/✉❡♥❝❡.✱ ❛♥❞ %❤❡-❡ ❛❧.♦ ♦%❤❡- ♣.❡✉❞♦-❛♥❞♦♠ ♣-♦♣❡-✲

%✐❡. ❛♣♣❡❛-✐♥❣ ✐♥ %❤❡ ❧✐%❡-❛%✉-❡✳ ■♥ ❡❛-❧✐❡- ♣❛♣❡-. ❬✶✼❪✱ ❬✶✽❪ ■ .%✉❞✐❡❞ %❤❡ ❢♦❧❧♦✇✐♥❣

♣.❡✉❞♦-❛♥❞♦♠ ♣-♦♣❡-%✐❡. ♦❢ ❢❛♠✐❧✐❡. ♦❢ ❜✐♥❛-② .❡/✉❡♥❝❡.✳

✸✳ ❉❡✜♥✐'✐♦♥✳ ■❢ s ∈ S, s′ ∈ S, s 6= s′ ❛♥❞

EN(s) = EN(s
′), ✭✷✮

%❤❡♥ ✭✷✮ ✐, ,❛✐❞ %♦ ❜❡ ❛ ❝♦❧❧✐$✐♦♥ ✐♥ F = F(S)✳ ■❢ %❤❡0❡ ✐, ♥♦ ❝♦❧❧✐,✐♦♥ ✐♥ F = F(S)✱

%❤❡♥ F ✐, ,❛✐❞ %♦ ❜❡ ❝♦❧❧✐$✐♦♥ ❢'❡❡✳

■♥ ♦%❤❡- ✇♦-❞.✱ F = F(S) ✐. ❝♦❧❧✐.✐♦♥ ❢-❡❡ ✐❢ ✇❡ ❤❛✈❡ |F| = |S|✳ ❆♥ ✐❞❡❛❧❧② ❣♦♦❞

❢❛♠✐❧② ♦❢ ♣.❡✉❞♦-❛♥❞♦♠ ❜✐♥❛-② .❡/✉❡♥❝❡. ✐. ❝♦❧❧✐.✐♦♥ ❢-❡❡✳ ■❢ F ✐. ♥♦% ❝♦❧❧✐.✐♦♥ ❢-❡❡

❜✉% %❤❡ ♥✉♠❜❡- ♦❢ ❝♦❧❧✐.✐♦♥. ✐. ❧✐♠✐%❡❞✱ %❤❡② ❞♦ ♥♦% ❝❛✉.❡ ♠❛♥② ♣-♦❜❧❡♠.✳ ❆ ❣♦♦❞

♠❡❛.✉-❡ ♦❢ %❤❡ ♥✉♠❜❡- ♦❢ ❝♦❧❧✐.✐♦♥. ✐. %❤❡ ❢♦❧❧♦✇✐♥❣✿

✹✳ ❉❡✜♥✐'✐♦♥✳ ❚❤❡ ❝♦❧❧✐$✐♦♥ ♠❛①✐♠✉♠ M = M(F ,S) ✐, ❞❡✜♥❡❞ ❜②

M = M(F ,S) = max
EN∈F

|{s : s ∈ S, EN(s) = EN}|

✭✐✳❡✳✱ M ✐, %❤❡ ♠❛①✐♠❛❧ ♥✉♠❜❡0 ♦❢ ❡❧❡♠❡♥%, ♦❢ S 0❡♣0❡,❡♥%✐♥❣ %❤❡ ,❛♠❡ ❜✐♥❛0② ,❡✲

=✉❡♥❝❡ EN✮✳

❚❤❡-❡ ✐. ❛♥♦%❤❡- -❡❧❛%❡❞ ♥♦%✐♦♥ ❛♣♣❡❛-✐♥❣ ✐♥ %❤❡ ❧✐%❡-❛%✉-❡✱ ♥❛♠❡❧②✱ %❤❡ ♥♦%✐♦♥

♦❢ ❛✈❛❧❛♥❝❤❡ ❡✛❡❝% ✭.❡❡✱ ❡✳❣✳ ❬✺❪✱ ❬✽❪✱ ❛♥❞ ❬✶✶❪✮✳ ■♥ ❬✶✼❪ ■ ✐♥%-♦❞✉❝❡❞ %❤❡ ❢♦❧❧♦✇✐♥❣

-❡❧❛%❡❞ ❞❡✜♥✐%✐♦♥.✿

✺✳ ❉❡✜♥✐'✐♦♥✳ ■❢ ✐♥ ✭✶✮ ✇❡ ❤❛✈❡ S = {−1,+1}l✱ ❛♥❞ ❢♦0 ❛♥② s ∈ S✱ ❝❤❛♥❣✐♥❣ ❛♥②

❡❧❡♠❡♥% ♦❢ s ❝❤❛♥❣❡, ✧♠❛♥②✧ ❡❧❡♠❡♥%, ♦❢ EN(s) ✭✐✳❡✳✱ ❢♦0 s 6= s′ ♠❛♥② ❡❧❡♠❡♥%,

♦❢ %❤❡ ,❡=✉❡♥❝❡, EN(s) ❛♥❞ EN(s
′) ❛0❡ ❞✐✛❡0❡♥%✮✱ %❤❡♥ ✇❡ ,♣❡❛❦ ❛❜♦✉% ❛✈❛❧❛♥❝❤❡

❡✛❡❝0✱ ❛♥❞ ✇❡ ,❛② %❤❛% F = F(S) ♣♦,,❡,,❡, %❤❡ ❛✈❛❧❛♥❝❤❡ ♣'♦♣❡'0②✳ ■❢ ❢♦0 ❛♥②

s ∈ S, s′ ∈ S, s 6= s′ ❛% ❧❡❛,% (1
2
− o(1))N ❡❧❡♠❡♥%, ♦❢ EN(s) ❛♥❞ EN(s

′) ❛0❡ ❞✐✛❡0❡♥%

%❤❡♥ F ✐, ,❛✐❞ %♦ ♣♦,,❡,, $0'✐❝0 ❛✈❛❧❛♥❝❤❡ ♣'♦♣❡'0②✳

✸



❚♦ "#✉❞② #❤❡ ❛✈❛❧❛♥❝❤❡ ♣/♦♣❡/#②✱ ■ ✐♥#/♦❞✉❝❡❞ #❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡❛"✉/❡✿

✻✳ ❉❡✜♥✐'✐♦♥✳ ■❢ N ∈ N, EN = (e1, ..., eN) ∈ {−1, 1}N ❛♥❞ E ′
N = (e′1, ..., e

′
N) ∈

{−1, 1}N ✱ &❤❡♥ &❤❡ ❞✐"#❛♥❝❡ d(EN , E
′
N) ❜❡&✇❡❡♥ EN ❛♥❞ E ′

N ✐, ❞❡✜♥❡❞ ❜②

d(EN , E
′
N) = |{n : 1 ≤ n ≤ N, en 6= e′n}|

✭❛ ✈❛1✐❛♥& ♦❢ &❤✐, ♥♦&✐♦♥ ✐, ✐♥&1♦❞✉❝❡❞ ✐♥ ❬✺❪❀ &❤✐, ✐, &❤❡ ❍❛♠♠✐♥❣ ❞✐,&❛♥❝❡✮✳ ▼♦✲

1❡♦✈❡1✱ ✐❢ F ✐, ❛ ❢❛♠✐❧② ♦❢ ❢♦1♠ ✭✶✮✱ &❤❡♥ &❤❡ ❞✐"#❛♥❝❡ ♠✐♥✐♠✉♠ m(F) ♦❢ F ✐,

❞❡✜♥❡❞ ❜②

m(F) = min
s,s′∈S
s 6=s′

d(EN(s), EN(s
′)).

❆♣♣❧②✐♥❣ #❤✐" ♥♦#✐♦♥ ✇❡ ♠❛② "❛② #❤❛# #❤❡ ❢❛♠✐❧② F ✐♥ ✭✶✮ ✐" ❝♦❧❧✐"✐♦♥ ❢/❡❡ ✐❢ ❛♥❞

♦♥❧② ✐❢ m(F) > 0✱ ❛♥❞ F ♣♦""❡""❡" #❤❡ "#/✐❝# ❛✈❛❧❛♥❝❤❡ ♣/♦♣❡/#② ✐❢

m(F) ≥

(

1

2
− o(1)

)

N.

■ #❡"#❡❞ #✇♦ ♦❢ #❤❡ ♠♦"# ✐♠♣♦/#❛♥# ❝♦♥"#/✉❝#✐♦♥"✱ "❡❡ ❬✶✼❪ ❛♥❞ ❬✶✽❪✳ ❖♥❡ ♦❢ #❤❡♠

✐" #❤❡ ❡①#❡♥❞❡❞ ▲❡❣❡♥❞/❡ "②♠❜♦❧ ❝♦♥"#/✉❝#✐♦♥✱ ♣/♦♣♦"❡❞ ❜② ●♦✉❜✐♥✱ ▼❛✉❞✉✐# ❛♥❞

❙H/❦J③② ✐♥ ❬✾❪ ❛♥❞ #❤❡ ♦#❤❡/ ♦♥❡ ✐" ♣/♦♣♦"❡❞ ❜② ▼❛✉❞✉✐#✱ ❘✐✈❛# ❛♥❞ ❙H/❦J③② ✐♥ ❬✶✷❪✳

▼② /❡"✉❧#" ❛/❡ ♣/❡"❡♥#❡❞ ✐♥ #❤❡ ♥❡①# ❝❤❛♣#❡/"✳

✸✳ ❆ ❝♦♥&'(✉❝'✐♦♥ ✉&✐♥❣ '❤❡ ▲❡❣❡♥❞(❡ &②♠❜♦❧

❆ ❣♦♦❞ ❝❛♥❞✐❞❛#❡ ❢♦/ #❡"#✐♥❣ #❤❡"❡ ♥❡✇ ♣"❡✉❞♦/❛♥❞♦♠ ♠❡❛"✉/❡" ✐" #❤❡ ▲❡❣❡♥❞/❡

"②♠❜♦❧ ✇❤♦"❡ /❛♥❞♦♠ #②♣❡ ❜❡❤❛✈✐♦✉/ ❤❛" ❜❡❡♥ ❦♥♦✇♥ ❢♦/ ❛# ❧❡❛"# ❛ ❝❡♥#✉/② ❛" #❤❡

♣❛♣❡/" ♦❢ ❏❛❝♦❜"#❛❤❧ ❬✶✵❪✱ ❉❛✈❡♥♣♦/# ❬✼❪✱ ❇❛❝❤ ❬✹❪✱ T❡/❛❧#❛ ❬✶✺❪ ❛♥❞ ❉❛♠❣❛/❞ ❬✻❪ ❛♥❞

❙H/❦J③②✬" ❜♦♦❦ ❬✶✻❪ "❤♦✇✳

▼❛✉❞✉✐# ❛♥❞ ❙H/❦J③② ✐♥ ❬✶✸❪ ♣/♦✈❡❞ #❤❡ ❢♦❧❧♦✇✐♥❣ /❡"✉❧#"✿

✼✳ ❚❤❡♦,❡♠ ✭▼❛✉❞✉✐' 34 ❙6,❦8③②✱ ✶✾✾✼✮✳ ❚❤❡1❡ ✐, ❛ ♥✉♠❜❡1 p0 ,✉❝❤ &❤❛& ✐❢

p > p0 ✐, ❛ ♣1✐♠❡ ♥✉♠❜❡1✱k ∈ N✱ k < p ❛♥❞ &❤❡ ,❡D✉❡♥❝❡ Ep−1 = (e1, ..., ep−1) ✐,

❞❡✜♥❡❞ ❜②

en =

(

n

p

)

(n = 1, 2, ..., p− 1) ✭✸✮

✇❤❡1❡

(

n
p

)

❞❡♥♦&❡, &❤❡ ▲❡❣❡♥❞1❡ ,②♠❜♦❧✱ &❤❡♥ ✇❡ ❣❡&

W (Ep−1) ≤ 9p1/2 log p, ❛♥❞

Ck(Ep−1) ≤ 9kp1/2 log p.

✹



■♥ ❬✾❪ ●♦✉❜✐♥✱ ▼❛✉❞✉✐. ❛♥❞ ❙01❦3③② ❡①.❡♥❞❡❞ .❤❡ ✭✸✮ ▲❡❣❡♥❞1❡ >②♠❜♦❧ ❝♦♥>.1✉❝.✐♦♥

✐♥ .❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

❢♦1 f(x) ∈ Fp[x] ❧❡.

en =







(

f(n)
p

)

, ❤❛ (f(n), p) = 1

+1, ❤❛ p|f(n).
✭✹✮

❚❤❡② ♣1♦✈❡❞ .❤❛. ✉♥❞❡1 ♥♦. ✈❡1② >.1♦♥❣ ❝♦♥❞✐.✐♦♥> ♦♥ f(x) ❜♦.❤ .❤❡ ✇❡❧❧✲

❞✐>.1✐❜✉.✐♦♥ ♠❡❛>✉1❡ ❛♥❞ .❤❡ ❝♦11❡❧❛.✐♦♥ ♠❡❛>✉1❡ ♦❢ >♠❛❧❧ ♦1❞❡1 ❛1❡ >♠❛❧❧✳

◆♦✇ ■ ✇✐❧❧ ♣1❡>❡♥. ♠② 1❡>✉❧.> ❝♦♥♥❡❝.❡❞ .♦ .❤✐> ✭✹✮ ❝♦♥>.1✉❝.✐♦♥✳ ◆❛♠❡❧②✱ ■

♣1♦✈❡ .❤❛. ✐. ❤❛> ❛ ❢✉1.❤❡1 >.1♦♥❣ ♣>❡✉❞♦1❛♥❞♦♠ ♣1♦♣❡1.②✿ ❛ ✈❛1✐❛♥. ♦❢ .❤❡ ❢❛♠✐❧②

❞❡>❝1✐❜❡❞ ✐♥ .❤❡ ❚❤❡♦1❡♠ ❛❜♦✈❡ ✐> ❝♦❧❧✐>✐♦♥ ❢1❡❡✱ ❡✈❡♥ ✐. ♣♦>>❡>>❡> ❛ >.1♦♥❣ ❢♦1♠ ♦❢

.❤❡ ❛✈❛❧❛♥❝❤❡ ♣1♦♣❡1.②✳

❚❤❡>❡ 1❡>✉❧.> ✇❡1❡ ♣✉❜❧✐>❤❡❞ ✐♥ ❬✶✼❪✳

✽✳ ❚❤❡♦&❡♠✳ ▲❡" S ❜❡ "❤❡ %❡" ♦❢ ♣♦❧②♥♦♠✐❛❧% f(x) ∈ Fp[X] ♦❢ ❞❡❣1❡❡ D ≥ 2 ✇❤✐❝❤

❞♦ ♥♦" ❤❛✈❡ ♠✉❧"✐♣❧❡ ③❡1♦%✳ ❉❡✜♥❡ Ep = Ep(f) = (e1, ..., ep) ❜② ✭✹✮ ❛♥❞ F = F(S)

❜② ✭✶✮✳ ❚❤❡♥ ✇❡ ❤❛✈❡

m(F) ≥
1

2

(

p− (2D − 1)p1/2 − 2D
)

.

◆♦.❡ .❤❛. ✐❢ D < p1/2

2
✱ .❤❡♥ ✐. ❢♦❧❧♦✇> ❢1♦♠ ❚❤❡♦1❡♠ ✽ .❤❛.

m(F) ≥
1

2
(p− (2D − 1)p1/2 − p1/2) =

1

2
(p− 2Dp1/2) > 0,

❛♥❞ .❤✉> F ✐> ❝♦❧❧✐>✐♦♥ ❢1❡❡✳ ❚❤✐> ♣1♦✈❡> .❤❡ ❢♦❧❧♦✇✐♥❣ 1❡>✉❧.✿

✾✳ ❈♦&♦❧❧❛&②✳ ■❢ S✱ F ❛1❡ ❞❡✜♥❡❞ ❛% ✐♥ ❚❤❡♦1❡♠ ✽ ❛♥❞ ✇❡ ❛❧%♦ ❤❛✈❡ D < p1/2

2
✱ "❤❡♥

F ✐% ❝♦❧❧✐%✐♦♥ ❢1❡❡✳

▼♦1❡♦✈❡1✱ ✐❢ p → +∞ ❛♥❞ D = o(p1/2) .❤❡♥ ❚❤❡♦1❡♠ ✽ ❣✐✈❡>

m(F) ≥

(

1

2
− o(1)

)

· p,

✇❤✐❝❤ ♣1♦✈❡>

✶✵✳ ❈♦&♦❧❧❛&②✳ ■❢ S✱ F ❛1❡ ❞❡✜♥❡❞ ❛% ✐♥ ❚❤❡♦1❡♠ ✽ ❛♥❞ ✇❡ ❤❛✈❡ p → +∞✱ D =

o(p1/2) "❤❡♥ F ♣♦%%❡%%❡% "❤❡ %"1♦♥❣ ❛✈❛❧❛♥❝❤❡ ♣1♦♣❡1"②✳

✺



✹✳ ❆ ❝♦♥&'(✉❝'✐♦♥ ✉&✐♥❣ ❛❞❞✐'✐✈❡ ❝❤❛(❛❝'❡(&

■♥ ❬✶✷❪ ▼❛✉❞✉✐+✱ ❘✐✈❛+ ❛♥❞ ❙01❦3③② ♣1❡8❡♥+❡❞ +❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥8+1✉❝+✐♦♥✿

▲❡+ p ❜❡ ❛♥ ♦❞❞ ♣1✐♠❡ ♥✉♠❜❡1✱ f(X) ∈ Fp[X]✱ ❛♥❞ ❞❡✜♥❡ Ep = (e1, ..., ep) ❜②

en =







+1, ❤❛ 0 ≤ rp(f(n)) < p/2

−1, ❤❛ p/2 ≤ rp(f(n)) < p,
✭✺✮

✇❤❡1❡ rp(n) ❞❡♥♦+❡8 +❤❡ ✉♥✐H✉❡ r ∈ {0, ..., p− 1} 8✉❝❤ +❤❛+ n ≡ r(mod p)✳

✭❚❤❡ ❛❞❥❡❝+✐✈❡ ✧❛❞❞✐+✐✈❡✧ ❛♣♣❡❛18 ✐♥ +❤❡ +✐+❧❡ ♦❢ +❤✐8 8❡❝+✐♦♥ 8✐♥❝❡ +❤❡ ♣1♦✈❡ ♦❢

+❤❡ +❤❡♦1❡♠ ✇❤✐❝❤ ❞❡8❝1✐❜❡8 +❤❡ ❣♦♦❞ ♣1♦♣❡1+✐❡8 ♦❢ +❤✐8 ❝♦♥8+1✉❝+✐♦♥ ✉8❡8 ❛❞❞✐+✐✈❡

❝❤❛1❛❝+❡18✳✮

❚❤❡② ♣1♦✈❡❞✿

✶✶✳ ❚❤❡♦&❡♠ ✭▼❛✉❞✉✐.✱ ❘✐✈❛. ❛♥❞ ❙4&❦6③②✱ ✷✵✵✹✮✳ ■❢ f ∈ Fp[X] ✐# ♦❢ ❞❡❣(❡❡

d ≥ 2 ❛♥❞ Ep = (e1, ..., ep) ✐# ❞❡✜♥❡❞ ❛# ❛❜♦✈❡✱ ✇❡ ❤❛✈❡

W (Ep) ≪ dp1/2(log p)2,

❛♥❞ ✐❢ 2 ≤ l ≤ d− 1✿

Cl(Ep) ≪ dp1/2(log p)l+2.

❚❤✐8 ✐8 +❤❡ ❢❛8+❡8+ ❝♦♥8+1✉❝+✐♦♥ ❜✉+ ✐+ ❤❛8 +❤❡ ✇❡❛❦♥❡88 +❤❛+ +❤❡ ❝♦11❡❧❛+✐♦♥ ♦❢

❤✐❣❤ ♦1❞❡1 ❝❛♥ ❜❡ ❧❛1❣❡✿

✶✷✳ ❚❤❡♦&❡♠ ✭▼❛✉❞✉✐.✱ ❘✐✈❛. ❛♥❞ ❙4&❦6③②✱ ✷✵✵✹✮✳ ❋♦( ❛♥② k = 2t 4❤❡(❡ ❡①✐#4#

❛ ❝♦♥#4❛♥4 c = c(k) > 0 #✉❝❤ 4❤❛4 ✐❢ p ✐# ❛ ♣(✐♠❡ ♥✉♠❜❡( ❧❛(❣❡ ❡♥♦✉❣❤✱ f ∈ Fp[X] ✐#

♦❢ ❞❡❣(❡❡ k ❛♥❞ Ep = (e1, ..., ep) ✐# ❞❡✜♥❡❞ ❛# ❛❜♦✈❡✱ 4❤❡♥

max
T,M

1≤T<T+M≤p

∣

∣

∣

∣

∣

T+M
∑

n=T

enen+1...en+k−1

∣

∣

∣

∣

∣

> cp.

◆♦✇ ■ ✇✐❧❧ 8❤♦✇ +❤❛+ +❤❡ ❢❛♠✐❧② ❝♦♥8+1✉❝+❡❞ ❛❜♦✈❡ ❤❛8 ❛ ❢✉1+❤❡1 ✇❡❛❦ ♣8❡✉❞♦✲

1❛♥❞♦♠ ♣1♦♣❡1+②✿ +❤❡1❡ ❛1❡ ✧♠❛♥②✧ ❝♦❧❧✐8✐♦♥8 ✐♥ ✐+✳

❋✐18+ ■ 1❡♠❛1❦ +❤❛+ ✐❢ |S| > 2N ✱ +❤❡♥ ✐+ ✐8 +1✐✈✐❛❧ +❤❛+ +❤❡1❡ ❛1❡ ❝♦❧❧✐8✐♦♥8 ✐♥ F

❛♥❞✱ ✐♥❞❡❡❞✱ ✇❡ ❤❛✈❡

✶✸✳ ❚❤❡♦&❡♠✳ ❋♦( ❛♥② ❢❛♠✐❧② F = F(S) ♦❢ 4②♣❡ ✭✺✮ 4❤❡ ❝♦❧❧✐#✐♦♥ ♠❛①✐♠✉♠ M =

M(F ,S) #❛4✐#✜❡#

M ≥
|S|

2N
. ✭✻✮

✻



◆♦✇ ✜① ❛ ♣'✐♠❡ p✱ ❛♥❞ ❢♦' k ∈ N ✇'✐/❡

Sk = {f(x) : f(x) ∈ Fp[x], degf(x) = k} ❛♥❞

Fk = {Ep(f) = (e1, ...ep) : f ∈ Sk} ✇❤❡'❡

Ep = Ep(f) = (e1, ...ep) ✐1 ❞❡✜♥❡❞ ❜② ✭✺✮✳

❚❤❡♥ ✐/ ✐1 ❡❛1② /♦ 1❡❡ /❤❛/

|Sk| > pk.

❚❤✉1 ✐/ ❢♦❧❧♦✇1 ❢'♦♠ ❚❤❡♦'❡♠ ✶✸✳ /❤❛/ ✐❢

|Sk|

2p
>

pk

2p
= exp(k log p− p log 2) → ∞,

✐❢

k

p(log p)−1
→ ∞. ✭✼✮

❚❤❡♥ ✇❡ ❤❛✈❡

M(Fk,Sk) → ∞,

1♦ /❤❛/ ❢♦' k 1❛/✐1❢②✐♥❣ ✭✼✮ /❤❡'❡ ❛'❡ ♠❛♥② ❝♦❧❧✐1✐♦♥1 ✐♥ Fk✳

■/ ✐1 ♠✉❝❤ ✐♥/❡'❡1/✐♥❣ /❤❛/ /❤❡'❡ ❛'❡ ♠❛♥② ❝♦❧❧✐1✐♦♥1 ✐♥ Fk ❛❧1♦ ❢♦' 1♠❛❧❧ k✱ ❡✈❡♥

❢♦' k = 2 ✭✇❤✐❝❤✱ ❜❡1✐❞❡1 /❤❡ ♣'♦♣❡'/② ❞❡1❝'✐❜❡❞ ✐♥ ❚❤❡♦'❡♠ ✶✷✱ ✐1 ❛ ❢✉'/❤❡' ✇❡❛❦♥❡11

♦❢ /❤✐1 ❝♦♥1/'✉❝/✐♦♥✮✳ ⌊x⌋ ✇✐❧❧ ❜❡ ♥♦/❡ /❤❡ ✐♥/❡❣❡' ♣❛'/ ♦❢ x✳

✶✹✳ ❚❤❡♦'❡♠✳ ■❢ p ✐# ❛ ✜①❡❞ ♣*✐♠❡ ❛♥❞ F2✱ S2 ❛*❡ ❞❡✜♥❡❞ ❛# ❛❜♦✈❡ 1❤❡♥ ✇❡ ❤❛✈❡

M(F2,S2) ≥ ⌊1
6
log p⌋✳

❙✉♠♠❛'✐③✐♥❣ /❤❡1❡ '❡1✉❧/1✿

▼❛✉❞✉✐/✱ ❘✐✈❛/ ❛♥❞ ❙I'❦J③② ♣'♦✈❡❞ ✐♥ ❬✶✷❪ ✐❢ f ∈ F ✱ /❤❛♥ /❤❡ ✇❡❧❧✲❞✐1/'✐❜✉/✐♦♥

♠❡❛1✉'❡ ❛♥❞ /❤❡ ❝♦''❡❧❛/✐♦♥ ♠❡❛1✉'❡ ♦❢ ❧♦✇ ♦'❞❡' ❛'❡ 1♠❛❧❧ ✭✐♥ /❤❡ /❡'♠ ♦❢ D✮✳ ❖♥

/❤❡ ♦/❤❡' ❤❛♥❞✱ ■ ♣'♦✈❡❞ ✐♥ ❬✶✼❪ /❤❛/ /❤❡'❡ ❛'❡ ✧♠❛♥②✧ ❝♦❧❧✐1✐♦♥1 ✐♥ S2 ❛♥❞ 1♦ ✐♥ S

❛1 ✇❡❧❧✳

❇❛1❡❞ ♦♥ /❤✐1 ♥❡❣❛/✐✈❡ '❡1✉❧/✱ ♦♥❡ ♠❛② /❤✐♥❦ /❤❛/ ❝♦♥1/'✉❝/✐♦♥ ✭✺✮ ✐1 ♠✉❝❤ ✇❡❛❦❡'

/❤❛♥ ✭✹✮✳ ❍❡'❡ ♦✉' ❣♦❛❧ ✐1 /♦ 1❤♦✇ /❤❛/ /❤✐1 ✐1 ♥♦/ ❝♦♠♣❧❡/❡❧② 1♦ ❛♥❞✱ ✐♥❞❡❡❞✱ ✐♥

❝❛1❡ ♦❢ ❝♦♥1/'✉❝/✐♦♥ ✭✺✮ /❤❡ 1✐/✉❛/✐♦♥ ❝❛♥ ❜❡ 1❛✈❡❞ ❜② '❡♣❧❛❝✐♥❣ F = F(S) ❜② ❛

1✉❜❢❛♠✐❧② ♦❢ ✐/ ✇❤✐❝❤ ✐1 ❥✉1/ 1❧✐❣❤/❧② 1♠❛❧❧❡' /❤❛♥ F ✱ ❤♦✇❡✈❡'✱ ✐/ ✐1 ❝♦❧❧✐1✐♦♥ ❢'❡❡✱

❡✈❡♥ ✐/ ♣♦11❡11❡1 /❤❡ 1/'✐❝/ ❛✈❛❧❛♥❝❤❡ ♣'♦♣❡'/② ✭❛♥❞ ✐/ ❝❛♥ ❜❡ ❣❡♥❡'❛/❡❞ ❛1 ❡❛1✐❧② ❛1

/❤❡ ♦'✐❣✐♥❛❧ ❢❛♠✐❧② F✮✳

◆♦✇ ■ ♣'❡1❡♥/ /❤❡ ❝♦❧❧✐1✐♦♥✲❢'❡❡ ✈❛'✐❛♥/ ♦❢ /❤✐1 ❝♦♥1/'✉❝/✐♦♥✳
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❙✐♥❝❡ ♥♦✇ ❧❡( ep ❞❡♥♦(❡ (❤❡ ❛❞❞✐(✐✈❡ ❝❤❛-❛❝(❡-✿

ep(n) := e2iπn/p,

❛♥❞ ✐♥ (❤❡ ❜✐♥❛-② 1❡2✉❡♥❝❡ ❝♦♥1(-✉❝(❡❞ ❜② ✭✺✮✱ ❣❡♥❡-❛(❡❞ ❜② (❤❡ ♣♦❧②♥♦♠✐❛❧ f(x)✱

❧❡( (❤❡ n(❤ ❡❧❡♠❡♥( ❞❡♥♦(❡❞ ❜② ẽ(f(n))✳

❙♦ ✇❡ ❤❛✈❡ Ep = (ẽ(f(1)), ẽ(f(2)), . . . , ẽ(f(p)))✳

❙♦✱ ✇✐(❤ (❤✐1 ♥❡✇ ♥♦(✐♦♥ ✇❡ ✇✐❧❧ ❢♦❝✉1 ♦♥ (❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥1(-✉❝(✐♦♥✿

ẽ(f(n)) =







+1, ❤❛ 0 ≤ rp(f(n)) < p/2

−1, ❤❛ p/2 ≤ rp(f(n)) < p.
✭✽✮

▲❡( Pd ❜❡ (❤❡ 1❡( ♦❢ ♠♦♥✐❝ ♣♦❧②♥♦♠✐❛❧1 ♦❢ ❞❡❣-❡❡ d ✇❤♦1❡ ❝♦♥1(❛♥( (❡-♠ ✐1 0✿

Pd = {f(x) ∈ Fp[x] : f(x) =
d

∑

i=0

aix
i
✱❛❤♦❧ a0 = 0, ad = 1}

✶✺✳ ❚❤❡♦'❡♠✳ ■❢ f(x) ∈ Pd ❛♥❞ d <
√
p

16 log2 p
✱ &❤❡♥ &❤❡ ❢❛♠✐❧② ♦❢ ❜✐♥❛/② 0❡1✉❡♥❝❡0

❝♦♥0&/✉❝&❡❞ ❜② ✭✽✮ ✐0 ❝♦❧❧✐0✐♦♥ ❢/❡❡✳

✶✻✳ ❚❤❡♦'❡♠✳ ■❢ f(x) ∈ Pd ❛♥❞ d <
√
p

16 log2 p
✱ &❤❡♥ &❤❡ ❢❛♠✐❧② ♦❢ ❜✐♥❛/② 0❡1✉❡♥❝❡0

♦❜&❛✐♥❡❞ ❜② ✭✽✮ ♣♦00❡00❡0 &❤❡ 0&/✐❝& ❛✈❛❧❛♥❝❤❡ ♣/♦♣❡/&②✳

❲❡ -❡♠❛-❦ (❤❛( (❤❡ ❢❛♠✐❧② ✐1 ❛❧1♦ ❝♦❧❧✐1✐♦♥ ❢-❡❡ ❛♥❞ ♣♦11❡11❡1 (❤❡ 1(-✐❝( ❛✈❛❧❛♥❝❤❡

♣-♦♣❡-(② ✐❢ (❤❡ ❞❡❣-❡❡1 ♦❢ (❤❡ ♣♦❧②♥♦♠✐❛❧1 ❛-❡ ♥♦( (❤❡ 1❛♠❡ ❜✉( (❤❡✐- ❝♦♥1(❛♥( (❡-♠1

❛-❡ ③❡-♦✳ ❙♦ (❤❡ -❡1✉❧(1 ❝❛♥ ❜❡ ❡①(❡♥❞❡❞ (♦ (❤❡ 1❡( U = ∪D
d=2Ud ✐♥ (❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

✶✼✳ ❚❤❡♦'❡♠✳ ■❢ f(x) ∈ P✱ ✇❤❡/❡ D <
√
p

16 log2 p
✱ &❤❡♥ &❤❡ ❢❛♠✐❧② ♦❢ ❜✐♥❛/② 0❡1✉❡♥❝❡0

❝♦♥0&/✉❝&❡❞ ❜② ✭✽✮ ✐0 ❝♦❧❧✐0✐♦♥ ❢/❡❡✳

✶✽✳ ❚❤❡♦'❡♠✳ ■❢ f(x) ∈ P✱ ✇❤❡/❡ D <
√
p

16 log2 p
✱ &❤❡♥ &❤❡ ❢❛♠✐❧② ♦❢ ❜✐♥❛/② 0❡1✉❡♥❝❡0

♦❜&❛✐♥❡❞ ❜② ✭✽✮ ♣♦00❡00❡0 &❤❡ 0&/✐❝& ❛✈❛❧❛♥❝❤❡ ♣/♦♣❡/&②✳

❈♦♥❝❧✉1✐♦♥✿ ■❢ ❛ ❧❛-❣❡ ❢❛♠✐❧② ♦❢ ❜✐♥❛-② 1❡2✉❡♥❝❡1 ✇✐(❤ 1(-♦♥❣ ♣1❡✉❞♦-❛♥❞♦♠

♣-♦♣❡-(✐❡1 ✐1 ❣✐✈❡♥✱ ❛♥❞ ✐( (✉-♥1 ♦✉( (❤❛( (❤❡-❡ ❛-❡ ♠❛♥② ❝♦❧❧✐1✐♦♥1 ✐♥ ✐(✱ (❤❡♥ (❤✐1

♥❡❣❛(✐✈❡ ❢❛❝( ❞♦❡1 ♥♦( ♠❡❛♥ (❤❛( (❤❡ ❝♦♥1(-✉❝(✐♦♥ ♠✉1( ❜❡ ❞✐1❝❛-❞❡❞ ✐♠♠❡❞✐❛(❡❧②✳

❆1 (❤❡ ❝♦♥1(-✉❝(✐♦♥ 1(✉❞✐❡❞ ✐♥ (❤✐1 ♣❛♣❡- 1❤♦✇1✱ ✐( ♠❛② ♦❝❝✉- (❤❛( (❤❡ 1✐(✉❛(✐♦♥ ❝❛♥

❜❡ 1❛✈❡❞ ❜② -❡♣❧❛❝✐♥❣ (❤❡ ❣✐✈❡♥ ❢❛♠✐❧② ❜② ❛ 1✉❜❢❛♠✐❧② ♦❢ ✐( ✇❤✐❝❤ ✐1 ❥✉1( 1❧✐❣❤(❧②

1♠❛❧❧❡-✱ ✐( ❝❛♥ ❜❡ ❣❡♥❡-❛(❡❞ ❡❛1✐❧②✱ ✐( ✐1 ❝♦❧❧✐1✐♦♥ ❢-❡❡ ❛♥❞ ✐❞❡❛❧❧② ✐( ♣♦11❡11❡1 ❡✈❡♥

(❤❡ 1(-✐❝( ❛✈❛❧❛♥❝❤❡ ♣-♦♣❡-(②✳

✽



✺✳ ❚❤❡ ❝❛'❡ ♦❢ k '②♠❜♦❧'

▼❛✉❞✉✐% ❛♥❞ ❙()❦+③② ✐♥ ❬✶✹❪ ❡①%❡♥❞❡❞ %❤❡ 5%✉❞② ♦❢ ❜✐♥❛)② 5❡9✉❡♥❝❡5 %♦ 5❡9✉❡♥❝❡5

♦❢ k 5②♠❜♦❧5 ✐♥ %❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

▲❡% k ∈ N, k ≥ 2✱ ❛♥❞ ❧❡% A = a1, ..., ak ❜❡ ❛ ✜♥✐%❡ 5❡% ✭✧❛❧♣❤❛❜❡%✧✮ ♦❢ k 5②♠❜♦❧5

✭✧❧❡%%❡)5✧✮✱ ❛♥❞ ❝♦♥5✐❞❡) ❛ 5❡9✉❡♥❝❡ EN = (e1, ..., eN) ∈ AN
♦❢ %❤❡5❡ 5②♠❜♦❧5✳

❚❤❡② ✐♥%)♦❞✉❝❡❞ %❤❡ ❛♥❛❧♦❣✉❡ ♦❢ %❤❡ ❜✐♥❛)② ✇❡❧❧✲❞✐5%)✐❜✉%✐♦♥ ♠❡❛5✉)❡ ❛♥❞ ❝♦)✲

)❡❧❛%✐♦♥ ♠❡❛5✉)❡ %♦ %❤❡ k✲❛)② ❝❛5❡✱ %❤❡♥ %❤❡② ❛❧5♦ ❣❡♥❡)❛❧✐③❡❞ %❤❡ ▲❡❣❡♥❞)❡ 5②♠❜♦❧

❝♦♥5%)✉❝%✐♦♥ %♦ %❤❡ ❝❛5❡ ♦❢ k ≥ 2 5②♠❜♦❧5✿

▲❡% p ❜❡ ❛ ♣)✐♠❡ ✇✐%❤ p ≡ 1 ✭♠♦❞ k✮❀ ❜② ❉✐)✐❝❤❧❡%✬5 %❤❡♦)❡♠ %❤❡)❡ ❛)❡ ✐♥✜♥✐%❡❧②

♠❛♥② ♣)✐♠❡5 ✇✐%❤ %❤✐5 ♣)♦♣❡)%②✳ ❲)✐%❡ N = p− 1✱ ❛♥❞ ❧❡% A ❞❡♥♦%❡ %❤❡ 5❡% ♦❢ %❤❡

k✲%❤ )♦♦%5 ♦❢ ✉♥✐%②✿

A =

{

e

(

j

k

)

: j = 0, 1, ..., k − 1

}

✭✇❤❡)❡ e(α) ✐5 %❤❡ 5%❛♥❞❛)❞ ♥♦%❛%✐♦♥ e(α) = e2πiα✮✳ ▲❡% g ❜❡ ❛ ♣)✐♠✐%✐✈❡ )♦♦% ♠♦❞✉❧♦

p✱ ❛♥❞ ❝♦♥5✐❞❡) %❤❡ ✭♠✉❧%✐♣❧✐❝❛%✐✈❡✮ ❝❤❛)❛❝%❡) χ1 ♠♦❞✉❧♦ p ✇✐%❤

χ1(g) = e

(

1

k

)

. ✭✾✮

❈❧❡❛)❧②✱ ✭✾✮ ❞❡%❡)♠✐♥❡5 %❤✐5 ❝❤❛)❛❝%❡) χ1 ✉♥✐9✉❡❧②✳ ▼♦)❡♦✈❡)✱ χ1 ✐5 ♦❢ ♦)❞❡) k ✭5♦

%❤❛% χ1 6= χ0 ❜② k ≥ 2)✱ ❛♥❞ ❢♦) ❛❧❧ 1 ≤ n ≤ N = p− 1 ✇❡ ❤❛✈❡

χ1(n) ∈

{

e

(

j

k

)

: j = 0, 1, ..., k − 1

}

= A.

◆♦✇ ❞❡✜♥❡ EN = (e1, ..., eN) ❜②

en = χ1(n) ❀ n = 1, 2, ..., N. ✭✶✵✮

■% %✉)♥❡❞ ♦✉% %❤❛% %❤✐5 5❡9✉❡♥❝❡ ✐5 ❛ ✧❣♦♦❞✧ ♣5❡✉❞♦)❛♥❞♦♠ 5❡9✉❡♥❝❡✱ ✐✳❡✳ ❜♦%❤

δ(EN) ❛♥❞ γl(EN) ❛)❡ ✧5♠❛❧❧✧✿

❚❤❡ ❞❡✜♥✐%✐♦♥5 ♦❢ ❝♦❧❧✐$✐♦♥✱ ❝♦❧❧✐$✐♦♥ ♠❛①✐♠✉♠ ❛♥❞ ❛✈❛❧❛♥❝❤❡ ❡✛❡❝. ✐♥%)♦❞✉❝❡❞

❢♦) ❢❛♠✐❧❡5 ♦❢ ❜✐♥❛)② 5❡9✉❡♥❝❡5 ❝❛♥ ❜❡ ❛❞❛♣%❡❞ %♦ %❤❡ k✲❛)② ❝❛5❡ ✇✐%❤♦✉% ❛♥② ❝❤❛♥❣❡✳

❚❤❡ ♥♦%✐♦♥ ♦❢ ❞✐$.❛♥❝❡ ❛♥❞ ❞✐$.❛♥❝❡ ♠❛①✐♠✉♠ ❝❛♥ )❡♠❛✐♥ ❛❧5♦ %❤❡ 5❛♠❡ ❛5 ✐♥ %❤❡

❜✐♥❛)② ❝❛5❡ ✭5❡❡ ✐♥ ❬✶✾❪ ✮✳ ❚❤❡)❡ ✐5 ❛ ❝❤❛♥❣❡ ✐♥ %❤❡ ❞❡✜♥✐%✐♦♥ ♦❢ 5%)✐❝% ❛✈❛❧❛♥❝❤❡

❡✛❡❝%✿

✶✾✳ ❉❡✜♥✐(✐♦♥✳ ■❢ ❢♦2 ❛♥② s ∈ S, s′ ∈ S, s 6= s′ ❛. ❧❡❛$. (k−1
k

− o(1)) · N ❡❧❡✲

♠❡♥.$ ♦❢ EN(s) ❛♥❞ EN(s
′) ❛2❡ ❞✐✛❡2❡♥. .❤❡♥ F ✐$ $❛✐❞ .♦ ♣♦$$❡$$  !"✐❝! ❛✈❛❧❛♥❝❤❡

♣"♦♣❡"!②✳

✾



■♥ ❬✶✹❪ ▼❛✉❞✉✐+ ❛♥❞ ❙-.❦0③② ❝♦♥5+.✉❝+❡❞ ♦♥❧② ✧❛ ❢❡✇✧ k✲❛.② 5❡<✉❡♥❝❡5 ✇✐+❤

5+.♦♥❣ ♣5❡✉❞♦.❛♥❞♦♠ ♣.♦♣❡.+✐❡5✳ ▲❛+❡. ❆❤❧5✇❡❞❡✱ ▼❛✉❞✉✐+ ❛♥❞ ❙-.❦0③② ✐♥ ❬✷❪ ❡①✲

+❡♥❞❡❞ +❤❡✐. ❝♦♥5+.✉❝+✐♦♥ +♦ ❛ ❧❛.❣❡ ❢❛♠✐❧② ♦❢ 5❡<✉❡♥❝❡5 ♦❢ k 5②♠❜♦❧5 ✐♥5❡.+✐♥❣ ❛

♣♦❧②♥♦♠✐❛❧ f(x) ✐♥ ❝♦♥5+.✉❝+✐♦♥ ✭✶✵✮✿

❉❡✜♥❡ EN = (e1, ..., ep) ❜②

en =

{

χ1(f(n)), ❤❛ (f(n), p) = 1

+1 ❤❛ p|f(n),
✭✶✶✮

n = 1, ..., p✱ ✇❤❡.❡ χ1 ✐5 ❛ ♠✉❧+✐♣❧✐❝❛+✐✈❡ ❝❤❛.❛❝+❡. ♠♦❞✉❧♦ p ♦❢ ♦.❞❡. k✳

❚❤❡② 5❤♦✇❡❞ ✐♥ ❬✷❪ +❤❛+ +❤✐5 ❢❛♠✐❧② ♦❢ 5❡<✉❡♥❝❡5 ♣♦55❡55❡5 5+.♦♥❣ ♣5❡✉❞♦.❛♥❞♦♠

♣.♦♣❡.+✐❡5✳

❚❤❡♥ ■ 5+✉❞✐❡❞ +❤❡ ❝❛5❡ ♦❢ ❝♦❧❧✐5✐♦♥5 ✐♥ +❤✐5 ❢❛♠✐❧②✳ ■♥❬✶✾❪ ■ ❛❞❛♣+❡❞ +❤❡ ❡①+❡♥5✐♦♥

♦❢ +❤❡ ♠❡+❤♦❞ ✉5❡❞ ✐♥ ❬✶✼❪✱ ❜✉+ +❤❡ ❢❛❝+ +❤❛+ ♥♦✇ k > 2 ❧❡❞ ❝❡.+❛✐♥ ♠✐♥♦. ❞✐✣❝✉❧+✐❡5✳

❍♦✇❡✈❡.✱ ✐+ +✉.♥❡❞ ♦✉+ +❤❛+ +❤❡5❡ ❞✐✣❝✉❧+✐❡5 ❝❛♥ ❜❡ ❝♦♥+.♦❧❧❡❞✳ ❚❤❡♥ ■ ♣.♦✈❡❞ +❤❛+

+❤✐5 ❢❛♠✐❧② F ✐5 ❝♦❧❧✐5✐♦♥ ❢.❡❡ ❛♥❞ ✐+ ♣♦55❡55❡5 +❤❡ 5+.♦♥❣ ❛✈❛❧❛♥❝❤❡ ❡✛❡❝+ ✉♥❞❡.

❝❡.+❛✐♥ ❛55✉♠♣+✐♦♥5✳

▼② .❡5✉❧+5 ❛.❡ ♣.❡5❡♥+❡❞ ❜❡❧♦✇✳

▲❡+ HD ❜❡ +❤❡ 5❡+ ♦❢ ♠♦♥✐❝ ♣♦❧②♥♦♠✐❛❧5 f(x) ∈ Fp[x] ♦❢ ❞❡❣.❡❡ D✱ ✇❤✐❝❤ ❞♦ ♥♦+

❤❛✈❡ ♠✉❧+✐♣❧❡ ③❡.♦❡5✳

✷✵✳ ❚❤❡♦'❡♠✳ ■❢ f(x) ∈ HD✱ #❤❡♥ ✐♥ #❤❡ ❢❛♠✐❧② ♦❢ k✲❛.② /❡0✉❡♥❝❡/ ❝♦♥/#.✉❝#❡❞

❛❜♦✈❡ ❜② ✭✶✶✮✱ ✇❡ ❤❛✈❡✿

m(F) ≥
k − 1

k
· (p− (2D − 1) · p1/2)− 2D.

✷✶✳ ❈♦'♦❧❧❛'②✳ ■❢ HD ❛♥❞ F ❛.❡ ❞❡✜♥❡❞ ❛/ ❛❜♦✈❡ ❛♥❞ ✇❡ ❛❧/♦ ❤❛✈❡ k > p ❛♥❞

16D2 < p✱ #❤❡♥ F ✐/ ❝♦❧❧✐/✐♦♥ ❢.❡❡✳

✷✷✳ ❈♦'♦❧❧❛'②✳ ■❢ HD ❛♥❞ F ❛.❡ ❞❡✜♥❡❞ ❛/ ❛❜♦✈❡ ❛♥❞ ✇❡ ❤❛✈❡ p → ∞ ❛♥❞ D =

o(p1/2)✱ #❤❡♥ F ♣♦//❡//❡/ #❤❡ /#.♦♥❣ ❛✈❛❧❛♥❝❤❡ ♣.♦♣❡.#②✳

✶✵



❘❡❢❡#❡♥❝❡&

❬✶❪ ❘✳ ❆❤❧(✇❡❞❡✱ ▲✳ ❍✳ ❑❤❛❝❤❛23✐❛♥✱ ❈✳ ▼❛✉❞✉✐2 ❛♥❞ ❆✳ ❙:3❦<③② ❆ ❝♦♠♣❧❡①✐)②

♠❡❛,✉.❡ ❢♦. ❢❛♠✐❧✐❡, ♦❢ ❜✐♥❛.② ,❡2✉❡♥❝❡,✱ ?❡3✐♦❞✳ ▼❛2❤✳ ❍✉♥❣❛3✳ ✹✻ ✭✷✵✵✸✮✱

✶✵✼✕✶✶✽✳

❬✷❪ ❘✳ ❆❤❧(✇❡❞❡✱ ❈✳ ▼❛✉❞✉✐2✱ ❆✳ ❙:3❦<③②✱ ▲❛.❣❡ ❢❛♠✐❧✐❡, ♦❢ ♣,❡✉❞♦.❛♥❞♦♠ ,❡✲

2✉❡♥❝❡, ♦❢ ❦ ,②♠❜♦❧, ❛♥❞ )❤❡✐. ❝♦♠♣❧❡①✐)② ✲ 9❛.) ■✳✱ ❇♦♦❦ ❚✐2❧❡✿ ●❡♥❡3❛❧ ❚❤❡✲

♦3② ♦❢ ■♥❢♦3♠❛2✐♦♥ ❚3❛♥(❢❡3 ❛♥❞ ❈♦♠❜✐♥❛2♦3✐❝(✱ ❙❡3✐❡( ❚✐2❧❡✿ ▲❡❝2✉3❡ ◆♦2❡( ✐♥

❈♦♠♣✉2❡3 ❙❝✐❡♥❝❡✱ ❙❡3✐❡( ❱♦❧✉♠❡ ✹✶✷✸ ✭✷✵✵✻✮✱ ✸✵✽✕✸✷✺✳

❬✸❪ ◆✳ ❆❧♦♥✱ ❨✳ ❑♦❤❛②❛❦❛✇❛✱ ❈✳ ▼❛✉❞✉✐2✱ ❈✳ ●✳ ▼♦3❡✐3❛✱ ❱✳ ❘<❞❧✱ ▼❡❛,✉.❡, ♦❢

♣,❡✉❞♦.❛♥❞♦♠♥❡,, ❢♦. ✜♥✐)❡ ,❡2✉❡♥❝❡,✿ ♠✐♥✐♠❛❧ ✈❛❧✉❡, ✱ ❈♦♠❜✐♥✳ ?3♦❜✳ ❈♦♠✲

♣✉2✳ ✶✺ ✭✷✵✵✺✮✱ ✶✕✷✾✳

❬✹❪ ❊✳ ❇❛❝❤✱ ❘❡❛❧✐,)✐❝ ❛♥❛❧②,✐, ♦❢ ,♦♠❡ .❛♥❞♦♠✐③❡❞ ❛❧❣♦.✐)❤♠,✱ ✶✾2❤ ❆❈▼ ❙②♠♣♦(✳

♦♥ ❚❤❡♦3② ♦❢ ❈♦♠♣✉2✐♥❣ ✭✶✾✽✼✮

❬✺❪ ❆✳ ❇\3❝③❡(✱ ❏✳ ❑<❞♠<♥✱ ❆✳ ?❡2❤➤✱ ❆ ♦♥❡✲✇❛② ❢✉♥❝)✐♦♥ ❜❛,❡❞ ♦♥ ♥♦.♠ ❢♦.♠

❡2✉❛)✐♦♥,✱ ?❡3✐♦❞✳ ▼❛2❤✳ ❍✉♥❣❛3✳ ✹✾ ✭✷✵✵✹✮✱ ✶✕✶✸✳

❬✻❪ ■✳ ❉❛♠❣❛3❞✱ ❖♥ )❤❡ .❛♥❞♦♠♥❡,, ▲❡❣❡♥❞.❡ ❛♥❞ ❏❛❝♦❜✐ ,❡2✉❡♥❝❡,✱ ▲❡❝2✳ ◆♦2❡( ✐♥

❈♦♠♣✳ ❙❝✐✳ ✹✵✸✱ ❙♣3✐♥❣❡3✲❱❡3❧❛❣✱ ❇❡3❧✐♥ ✭✶✾✾✵✮✱ ✶✻✸✕✶✼✷✳

❬✼❪ ❍✳ ❉❛✈❡♥♣♦32✱ ❖♥ )❤❡ ❞✐,).✐❜✉)✐♦♥ ♦❢ 2✉❛❞.❛)✐❝ .❡,✐❞✉❡, ✭♠♦❞ p✮✱ ❏✳ ▲♦♥❞♦♥

▼❛2❤✳ ❙♦❝✳ ✻ ✭✶✾✸✶✮✱ ✹✾✕✺✹✳

❬✽❪ ❍✳ ❋❡✐(2❡❧✱ ❲✳ ❆✳ ◆♦2③✱ ❏✳ ▲✳ ❙♠✐2❤✱ ❙♦♠❡ ❝.②♣)♦❣.❛♣❤✐❝ )❡❝❤♥✐2✉❡, ❢♦. ♠❛❝❤✐♥❡✲

)♦✲♠❛❝❤✐♥❡ ❞❛)❛ ❝♦♠♠✉♥✐❝❛)✐♦♥,✱ ?3♦❝❡❡❞✐♥❣( ♦❢ 2❤❡ ■❊❊❊✱ ✻✸ ✭✶✾✼✺✮✱ ✶✺✹✺✕

✶✺✺✹✳

❬✾❪ ▲✳ ●♦✉❜✐♥✱ ❈✳ ▼❛✉❞✉✐2✱ ❆✳ ❙:3❦<③②✱ ❈♦♥,).✉❝)✐♦♥ ♦❢ ❧❛.❣❡ ❢❛♠✐❧✐❡, ♦❢ ♣,❡✉❞♦✲

.❛♥❞♦♠ ❜✐♥❛.② ,❡2✉❡♥❝❡,✱ ❏✳ ◆✉♠❜❡3 ❚❤❡♦3② ✶✵✻ ✭✷✵✵✹✮✱ ✺✻✕✻✾✳

❬✶✵❪ ❊✳ ❏❛❝♦❜(2❛❤❧✱ ❆♥✇❡♥❞✉♥❣❡♥ ❡✐♥❡. ❋♦.♠❡❧ ❛✉, ❞❡. ❚❤❡♦.✐❡ ❞❡. 2✉❛❞.❛)✐,❝❤❡♥

❘❡,)❡✱ ❉✐((❡32❛2✐♦♥✱ ❇❡3❧✐♥ ✭✶✾✵✻✮✱ ✷✻✕✸✷✳

❬✶✶❪ ❏✳ ❑❛♠✱ ●✳ ❉❛✈✐❞❛✱ ❙).✉❝)✉.❡❞ ❞❡,✐❣♥ ♦❢ ,✉❜,)✐)✉)✐♦♥✲♣❡.♠✉)❛)✐♦♥ ❡♥❝.②♣)✐♦♥

♥❡)✇♦.❦,✱ ■❊❊❊ ❚3❛♥(❛❝2✐♦♥( ♦♥ ❈♦♠♣✉2❡3(✱ ✷✽ ✭✶✾✼✾✮✱ ✼✹✼✕✼✺✸✳

❬✶✷❪ ❈✳ ▼❛✉❞✉✐2✱ ❏✳ ❘✐✈❛2✱ ❆✳ ❙:3❦<③②✱ ❈♦♥,).✉❝)✐♦♥ ♦❢ ♣,❡✉❞♦.❛♥❞♦♠ ❜✐♥❛.② ,❡✲

2✉❡♥❝❡, ✉,✐♥❣ ❛❞❞✐)✐✈❡ ❝❤❛.❛❝)❡.,✱ ▼♦♥❛2(❤❡❢2❡ ▼❛2❤✳ ✶✹✶ ✭✷✵✵✹✮✱ ✶✾✼✕✷✵✽✳

✶✶



❬✶✸❪ ❈✳ ▼❛✉❞✉✐+✱ ❆✳ ❙/0❦2③②✱ ❖♥ ✜♥✐$❡ ♣'❡✉❞♦+❛♥❞♦♠ ❜✐♥❛+② '❡0✉❡♥❝❡' ■✿ ❚❤❡ ♠❡❛✲

'✉+❡' ♦❢ ♣'❡✉❞♦+❛♥❞♦♠♥❡''✱ $❤❡ ▲❡❣❡♥❞+❡ '②♠❜♦❧✱ ❆❝+❛ ❆0✐+❤✳ ✽✷ ✭✶✾✾✼✮ ✸✻✺✕

✸✼✼✳

❬✶✹❪ ❈✳ ▼❛✉❞✉✐+✱ ❆✳ ❙/0❦2③②✱ ❖♥ ✜♥✐$❡ ♣'❡✉❞♦+❛♥❞♦♠ '❡0✉❡♥❝❡' ♦❢ k '②♠❜♦❧'✱ ■♥❞❛❣✳

▼❛+❤✳ ✶✸ ✭✷✵✵✷✮ ✽✾✕✶✵✶✳

❬✶✺❪ ❘✳ F❡0❛❧+❛✱ ❖♥ $❤❡ ❞✐'$+✐❜✉$✐♦♥ ♦❢ 0✉❛❞+❛$✐❝ +❡'✐❞✉❡' ❛♥❞ ♥♦♥+❡'✐❞✉❡' ♠♦❞✉❧♦ ❛
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