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Abstract
Interlineation offunctions oftwo or more variables is approximation ofthefunctions by their traces or traces

ofsome differential operators on thefixed system oflines. The given paper presents the analysis ofthe building
methods of interlineation operators, that preserve the differentiability class and have the same traces as the
approximatedfunction
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Introduction

The paper provides a review of the main results obtained for the construction of operator’s
interlineation for functions of two or three variables [1-9]. These operators preserve the properties of
the approximated function. Usually the properties of the approximated function are known due to
experimental data. Used operators for the approximation of differentiable functions have the

following properties:
1 If the approximated function f is continuous together with its partial derivatives up to

order r , then building interlineation operators Of have the same differential properties with the
approximated function in interlineation lines, thatis: f e Cr(D) » Ofe Cr(D)

2. If the function f (x,y)is given by its traces and traces of its partial derivatives with
respect to y on system of non-intersecting curves, then its interlineation operator Of has, together

with partial derivatives the same traces on these lines.
3. linterlineation operators for functions of three variables have similar properties with
preservation of the geometric properties.

1. Generalized D'Alembert formula that preserves class of the differentiability with the traces of
the approximated function and its derivatives on one line

Letus assume f (x,y)eCr(r2),r>1 f Q)(x,y)=— s™), y(x*)e Cr(R) .

Taylor operator for one variable function f (X,y)e Cr(r 2)

N ~r(x)Ja ; X
INF (x V) :;'off (g'é))@g’,y@())tgz_g!;(_))i'fA@gf(x,r (Xal):f dis )
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has the following properties:

8qﬂ:f(x,y) S8 0 g
' ORI O

f eCr(R2Qf@09eCrs(r2),0<s<N<rn

TNfe C-N(R2)QTNf £C (R2).

Hence, this operator does not preserve the differentiablity class C (r 2) of the function

f(xy).
Let us introduce the operator which is the generalization of D'Alembert formula for the case
N>2.

ONf (x Y)="LKJ X+Ay(y-r(X)),r X))+

NN o s'r f(o,s;tr t (x+Ps,i&:- x)- O
+ LAY I N (T £ ) ) -dty
288 Ty GErlay 3
In where Xs£,s =0,N,£=0,N for each value s e [0,N] are found by menas of solving the system of
linear algebraic equations
g__ls,t (Ps,t)) =Sp,s,0<P <N.

These systems have single solution for each s and As£” Asu ,£” ££ since their determinants

r i
detl\rBE N 0,s=0,N

are Vandermonde determinants.
Theorem 1. Operator ONf (X,y) has the following properties

feC (r2)nf 09)(x,r(x))eCr-s(R),s=0N ~ ONf(x,y)eCr(R2),
BONT(xY) 8¢ (XY) o o\ e
&q 8yq

Y1) y=K)
Let us introduce operator DNf (X,y), being the integral generalization for the operator

ONf (Xy):
DNf (x,y)=JGO(P)f (x+p(y-r(x)),r(x))dp+

N 1 x4y () (x+p(y-r(x))-v
+23G(P) I f (tr(n))  PV(s_w),) t dup,
-1

where Gs(P) e Cr[-1,1],s =0,N are given functions.
Theorem 2. Operator DNf (X,y) has the following properties:
f eCr(R2nreCr(R) DNf(x,y)eCr(R2),
8"DNf (x y) _8af(x.y) 0<gq<N N <,

8 8
YA = Y4 y=e
if auxiliary functions satisfy the following condition:

JGs(p)ppdp =5s,p,0<s,p <N .
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So operators ONf (x,y) and DNf (x,y), unlike Taylor operator, TNf (Xx,y) have
differentiablity class and traces of function, f (x,y) and its derivatives up to N -th order.

2. Hermite interlineation of two-variable function on the given system of skew lines preserving
the Cr(R2) class.

An important generalization of the Taylor formula for the several points case is called Hermit
interpolation polynomial and belongs, as any other polynomial, to the class C- (Rn). In order to

construct Hermite interlineation operators the approximated function traces and its partial derivatives
up to given order N >1 onthe given system of parrallel straight lines are used. Operators

EMNE (x )—E"LNf(Es)(x k) hks( )(y'yk)
Y)= esso yrIKs(y sl
/< (x,yk) = 9 ;hkp (yi) =sk,isp0,p =0 N -s;
Sy
9pEN f .
P (xy) =f Op(x,yi),k,i=1,M ;p,s=0,N,
9yp .
y
are the interpolation operators for functions of one variable. They have the differentiation order, being
completely determined by differential properties of auxiliary functions
O —¥K)S = omm e o , , , ,
hks (y) =---- +— k=1M;s=0,N (algebraic, trigonometric, generalized polynomials, spline

functions, etc.) and differential properties of the indicated traces Therefore, if
f 09 (x,yh)eCrs(R),s=0N,r>N >1k=1M ,
then
EMNf(x,y) e CrN(r2)» EMNf(x,y)0Cr(R2).

Let us introduce operator
M N

0mN (XY) = AMKO(XY)L W (x+P (y =k (x))y (X)) +

ﬂtlgfgrth,ngx,yggﬁs,i*%’i\é I(X)}AO,S)&’Ykgttﬁ_(x+Ps,i({S_—Y_tTI§S!X))—t)i1 3

where Psi e [-b,b],s =0,N,i=0,N are given different numbers (real or complex), unknown

parameters Xsl,s =0,N,i=0,N for each value of s=0,N are found by means of solving the

N
system of linear algebraic equations Lftsi (Psi) =&s,0<p <N  provided condition

—bh<PsO<Psl<ewe<Psn<b s=0,nN;:1<b<” .
Theorem 3. Operators OMNf have the following properties:

feC (R2) (MeCrs{R),0<s<N <r” OMNfeCr(R2),
ILMNF (x y) _ 99 (x,y)

=1 Cq (Y (1),
M e Y g
q=0N,N <rI=1M .

Let us introduce operators
M

dmNf (xy)=LhMkO(x,y)JGkO(p)f (X+P(y—Yk(x)),Yk(X))dP +
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MN b XHDYY-jkyx;; , RO xe oyl
+Z2>mks (x,y ) J Gks (p) J fAVE, Yy K(ED))(X+P(y( ri(xX) ) dtdp .
ks b 0 (s- 1)

Theorem 4. Operators DMNf have the following properties:

f eC (R2n f Lo(x,y, (x))eCrq(R)» Dm#feCr(R2),

1POMNF (X,y) _9af (xy)
I d
R A [
=f 09 (x,y1(x)),0<g<N,N<r;I=Tm,
if the following conditions
JGks(P)ppdp =" ,0<s,p<N;k=1M
b

hold true
Hence, operators OMNf (X,y) and DMNf (X,y), unlike Hermit operators EMNf (X,y),

preserve the diferentiablity class of the functionf (x,y) and its traces and traces of its derivatives up

to N >0 order on the system of skew lines, despite the tracesf %) (x,yk(x)) gCr(R) .

3. Hermit interpolation at the points of the skew lines system in cylindrical coordinates.

3.1. Construction of the interlineation operators
Let the lines system M be given in parametric form

rk:{(r,t,z) :;r=rk{®=f (t,zkW ),z=zk@®),0<$<2"} k=1LM ,
ik (t),zk($)e Cv[0,2"].
The traces of function (generally, unknown) are
r=f (t,z)eCv(D),D ={(t,z): 0<t <22,0<z<H]
and its derivatives up to N order for the variable z on these lines:
I f (t,zk(t)) =fkp(t) ,k=TM ,p=0rN.

Let us introduse the designations gk(t,z,P) =t +P(z- zk(t)) and system of fucntions

hks (t,z),Gs(p).k =TM ;s =0,N . Suppose that these functions have the following properties

tzqhkgrzy = SkAdNes:k 1 =1:M ;g,s =0: N
rk

A _
J Gs(P)pmdp =50m;s,m =0,N
0

Theorem 5. If fks(t) e Cvs[0,2*],s=0,N,N <v ,then Vpe [-T,T]
UkOo(~z,p)=fk0(gk (~z,p))eCVv(D*,D*={(tz,p) :[0,2"]x[O,H IXx[-T,T] =

T (¢t P tzP" k(tz,P)-U)sT~ ~v/
UKSE""PL 9 fKSEUg‘(g---E-/ JURT fec (D).
0 (s
Theorem 6. If the assumption (9)-(T0) in [7] is true, then functions

W0(t,z,P) =JGO(P)fk0(gk (t,z,P))dp eCv(D%*)
-l

| &(tzp) ST
Ws(t,2)=d Gs(P) J fks (u) @KEZPI-U guqp
N 0 (s-T)!
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have the following properties
Vks(fz)e Cv(d*),k=1:M ,s=0: N
dq fk,o (f),q =0
BQGV“'O(fZ);k ,0,1<%<N
0,0<g<s-1
tks(f),qg=s

f i figs _
(f.2) JGs( P ~ fk s(gk(fz,pyap 7O
;

fiq

s<g<N;g,s<N
The Hermit interlineation operator is follows
M 1
OMNf (f z) = I(Z_lhk,O(f z) JlGO(t)f kO(f +t(z- zk (f)))dt+

MN 1 f4p(z-zk (f ) (f+p(z- zk(f))-w)
+Q.Sz:1hk,s (fz)J Gs(P) J fk,s (WP ------- 1, k" > dwdp
S 1 0 (s-

Theorem 7. Operator OMNf (f,z) has the following properties
fks(f)e Cvs[0,2*],k=1M ;s=0,N » OMNf(fz)eC (D)
and to obtain
ANQAN (Fzk(F))=fkp(f),k=1M,p =0N
it is enough to fullfill the conditions (10) [7] and
hks (f,z)eCv(D),k =1M ;s=0,N,
z = Bkj = : =
fizg (f)) =5kjspa,k,I=1m ;p,q=0,N
3.2. Construction of Hermit type operator interpolation on nonregular net of nodes, located on
arbitrary system of non-intersecting lines of the surface preserving Cv (D) class.

These operators have the following form
M

EMNF (f z)=Z hko(f z) JGo(P)sPko(f +P (z- Pk (f)))dP -

M m 1 FHZ spkrw f +P(_-on(f)- wsi
+ZZ hks(fz)IGs(P) J spks(wW) f +P(z w) dwdp
ks -1 0 (s-

where
spksf)e Cv-s[0,2*],

PPks(f)=j  pispk (f)=rkjk=1M:p,s=1N;j =0,0k.
Theorem 8. If theorem 7 statements are true, then operator EMNf (f, z) is defined with help
of the followng relations:

stk,s (f)e C"s[0,2"Lk =1M ;s=0,N”* EMNf (f z)eC (D)
spks(f)=  k=1TM;s=07N;j =17" (rj, 2kj) = g,

k=1M;s=07N;j =1gk
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Conclusions

Methods of construction interlineation operators described in the given paper, can be used in a
variational structure methods for solving boundary value problems in case if derivatives on the
domain border are not equal to zero and do not belong to the required differentiability class (in
particular, this can be in case of Neumann inhomogeneous boundary conditions for Poisson’s
equation or for the Dirichlet boundary value problem for biharmonic equation, etc.).
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