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Kosterlitz-Thouless transition in helium films
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The superAuid response of helium Alms with transition temperatures ranging from 70 mK to 0.5
K has been studied using a torsional oscillator technique. A detailed analysis of the background in-
dicates that the initial nonsuperAuid layer has an unexpected temperature-dependent period shift
and dissipation. The superfluid response obeys a general scaling law which can be derived from the
Kosterlitz-Thouless theory. Comparisons with the dynamic theory reveal nonuniversal behavior as
a function of coverage.

INTRODUCTION

The superAuid phase transition in thin He films on
planar surfaces is generally acknowledged to be a realiza-
tion of a Kosterlitz-Thouless' (KT) two-dimensional (2D)
phase transition. Unlike three-dimensional (3D) or bulk
helium, the "ordered" or low-temperature phase does not
exhibit true long-range order, but instead exhibits a
power-law decay of the order-parameter correlation
length. Even with only quasi-long-range order these films
can still exhibit superAuidity as indicated by macroscopic
persistent currents. In the Kosterlitz-Thouless theory,
the disappearance of super fluidity is mediated by
thermally excited vortices. At low temperatures, only a
few vortices are present and these bind into vortex-
antivortex pairs which can be treated as a weakly in-
teracting gas. As the density of vortex pairs increases
with temperature, the interaction between members of
those vortex pairs with large separations is screened by
the presence of smaller vortex pairs. Eventually at some
high temperature, the interaction becomes suSciently
weak that the large vortex pairs unbind. Once unbound
vortices are present in the film, the correlation length ex-
hibits only short-range order characteristic of a disor-
dered state and the film no longer can support superfluid
How. Corresponding to this vortex unbinding transition,
the superAuid areal density vanishes.

In order to interpret physical measurements, it is
necessary to include the effects of a time-dependent Aow
velocity normally present in the experiments. Theoreti-
cal work by Ambegaokar, Halperin, Nelson, and Siggia
(AHNS) (Ref. 2) and Huberman et al. have incorporat-
ed the effects of externally applied velocity fields on the
dynamics of the vortex system. Their predictions have
been confirmed in numerous experimental measurements
employing a variety of techniques including torsional os-
cillators, " quartz microbalance, third sound, and
thermal transport. '

Most studies have concentrated on helium films with
superAuid transition temperatures in excess of 1 K and
with coverages greater than two atomic layers. In

thermal transport measurements, it is the gas in contact
with the film that conducts the heat through the system.
This technique consequently becomes ineffective at low
temperatures where the vapor pressure in equilibrium
with the film is small. Third sound experiments can ac-
curately measure the superOuid density, but it is not pos-
sible to follow the third-sound signal through the
superAuid transition because of the large damping near
T, . In addition there are technical problems in coupling
to third sound at very low temperatures and in very thin
films. The advantage of the torsional oscillator technique
is that it can measure the superAuid density from the
lowest temperatures up through the superAuid transition
with a sensitivity sufhcient to examine helium films with
superAuid coverages less than one monolayer.

In this paper we present torsional oscillator data taken
on He films with super Quid transition temperatures
below 1 K. In Sec. I, we review some of the theoretical
ideas necessary for the analysis of our data and we intro-
duce the concept of scaling which is clearly evident from
the data. In Sec. II we describe the experimental ap-
paratus and procedures. Section III contains our data
and analysis. In the Summary we summarize our results
and discuss their implications for future experiments.
The model used to calculate coverages in this paper is
discussed in detail in the Appendix.

I. THEORETICAL BACKGROUND

Our approach relies on physical arguments similar to
the treatment by Young. For a more detailed discussion
of the Kosterlitz-Thouless theory and its application to
helium films, the reader is referred to a number of excel-
lent review articles. '

A. Static Kosterlitz-Thouless theory

Although the vortex excitations in helium films are re-
sponsible for the disappearance of superAuidity, other
thermal excitations such as phonons and rotons also
inhuence the superAuid areal density. In particular, the
initial decrease of the superfluid areal density from its
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=n ~Koln(R/ro)+E, (T), (1.2)

where R is the size of the system and Ko =p, o( T)(A'/m) .
In the above expression the core radius ro serves to cut
off the divergence of the flow fields at small distances.

For macroscopic systems at low temperatures, a single
isolated vortex would not be energetically favorable be-
cause its energy diverges with the size of the system. On
the other hand, from entropy considerations one would
expect high-temperature configurations to contain a large
number of vortices. To estimate the crossover tempera-
ture for these two types of behavior, consider the change
in the free energy due to the addition of one vortex to the
film. Since the added vortex can be placed anywhere
within the area of the system the change in entropy is
bS=kiiln(R Iro). Restricting our discussion to singly
charged vortices (n=1), the change in the free energy
is given by hF =b,E —T b,S or AF =(mKo
—2k+ T)ln(R /ro). Therefore for T & T*=mKOI2kii the
energy term dominates and free vortices are excluded
from the system. Above T*, the free energy for adding
one vortex is negative and free vortices populate the sys-
tem destroying correlations on long length scales.

To correctly treat the interactions of the vortex system
one must include the Bernoulli or Magnus forces on a
vortex induced by the low field of the other vortices. For
oppositely charged vortices, this interaction is attractive

T=O value is solely due to these nonvortex excitations.
It will be convenient for our discussions to define a back-
ground superfiuid areal density p, o(T) which includes all
the effects of the nonvortex excitations. " As we shall see

p, o( T) can be treated as a temperature-dependent cou-
pling strength for the vortex interactions.

The vortex excitations consist of a quantized circula-
tion fiow field around a nonsuperfiuid core. The size of
this normal core is comparable to the coherence or heal-
ing length which defines the length scale over which the
superAuid density can change from zero to its mean
value. In bulk helium, the core radius is typically on the
order of atomic dimensions ( =A) for temperatures far
away from the superfluid transition. The spatial depen-
dence of the fiow field can be obtained from the quantiza-
tion condition of the circulation. In order for the order
parameter to be single valued, the Aow must satisfy the
condition

J v, dl=2mn(4'/m),
I

where I is any closed contour and n is an integer which
specifies the amount of vorticity within the contour. Ap-
plying Eq. (1.1) to a single vortex, we find that the
superfluid velocity around the vortex falls off as the in-
verse of the distance from the center; that is
v, =+n (A'Im)(1/r), where in this context n can be
thought of as the "charge" or strength of the vortex.

The energy of the vortex has two principal contribu-
tions; one comes from the kinetic energy of the Aow field
and the second comes from a temperature-dependent en-
ergy associated with the core E, ( T),

E= ,' J d—rp,ov, +E,(T)
f'0

and provides the binding energy of the vortex pair. Since
the combined velocity field of two oppositely charged
vortices decays at large distances more rapidly than
(1/r), the kinetic energy of the total fiow field no longer
diverges with the size of the system but instead remains
finite. To first order, the energy of the bound pair de-
pends logarithmically on the separation r between the
vortices,

E,;, =2mn Koln(r/ro)+2E, (T) . (1.3)

Given a finite self-energy, bound vortex pairs can exist in
the film even at low temperatures. In the limit of a small
number of pairs so that interactions between pairs can be
ignored, the equilibrium density of pairs with a given sep-
aration r can be described by a Boltzmann distribution.
Assuming individual vortex cores do not overlap, the
number of possible sites for the first vortex is just the area
of the system divided by the area of the core: R /ro.
Similarly the number of possible sites for the second vor-
tex of the pair within an annular region a distance r from
the first is 2mr dr jro. Using the expression for the energy
of a pair, the areal density for vortex pairs with separa-
tion r can therefore be approximated by

n ( r ) = ( 2nr Ir o )exp( E„,/k' T)—

=(2rrr/ro)yoexp[ —V(r}/k' T], (1.4)

e(r) =1+4m.y(r),
y(r)= J dr'a(r')n(r'),

ro

(1.5}

where y(r) is the susceptibility of all pairs with separa-
tion less than r. Modifying our previous expression for
n (r) we obtain

where yo=exp[ E,(T)lki—iT] serves as the fugacity of
the vortices and V(r)=2@Koln(r/ro) is the interaction
potential described previously.

As the density of vortex pairs becomes larger at higher
temperatures, Eq. (1.4) must be modified to include the
interactions between the pairs. The interaction between
members of a pair with separation r is screened by inter-
mediate pairs with smaller separations r ( r situated be-
tween them. This is analogous to the reduction in the
force between two oppositely charged particles placed
within a dielectric medium. As the electric field of the
exterior charges aligns the electric dipoles in the dielec-
tric, the field from the aligned dipoles reduces the initial
electric field and thereby decreases the interaction be-
tween the original charges. The same process occurs in
the vortex system, only now it is the flow fields of the
large pairs which polarize the smaller pairs.

Starting with the equilibrium Boltzmann distribution
of pairs one can show that the polarizability of vortex
pairs with separation r, is given by a(r) =err Ko /2kii T in
the weak-field limit (rfip, ov, /m «kiiT). From this po-
larizability one defines a length-dependent dielectric func-
tion e(r) which relates the renormalized force between
vortices separated by a distance r to its unscreened value
[i.e., 2mKO/r becomes —2~KO /re(r)], —
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n (r) =(2rrr/ro )yoexp[ —V'(r)/kz T],
where (1.6)

C ( T)=2n. y 0
—(2/vr )k~ TK 0

'

+1n(k~ TKO ' /vr), (1.13)

Equations (1.5) and (1.6) define a self-consistent means by
which the effective dielectric constant can be evaluated in
the thermodynamic limit r ~ oo.

For convenience, the following length-dependent pa-
rameters can be defined as

K '(l) =e(r)k~ TKO ',
y(l) =yo(rlro) exp[ —V'(r) /2 kz T],
l =1n(r/ro) .

(1.7)

or, equivalently, in differential form,

dE '(l)/dl=4vr y ,(l),
dy (l)/dl =y (l)[2—nK(l)],

(1.9)

with initial conditions K (l) =Ko /kz T and y ( l) =yo at
l=O. These equations form the recursion relations first
applied to the problem of 20 superAuidity of Kosterlitz
and Thouless. '

K(l) represents the interaction between vortices
separated by a distance roe' once the screening effects
from vortex pairs with separations less than roe' have
been taken into account. This rescaling of the interaction
also refiects a change in the superfiuid density of the film.
The quantity K(l —+ oo ) by definition incorporates the
effects of vortex pairs on all length scales and can be
shown to be proportional to the macroscopic superfiuid
density of the film. Explicitly one has that

With these definitions Eqs. (1.5) and (1.6) can be rewritten
in terms ofy(l) and K(l),

K '(l) =k~ TKO '+4~' f dl'y'(l'),

y(l)=yoexp 2l —
m f dl'K(l')

or expressing C (T) in terms of the core energy E,(T) and
the background superfluid density p,o( T),

k~T
C ( T)=2n. exp[ —2E, ( T) /klan T]—2

vrp, o( T)(A'/m )

k~T
+ln

~p, o( T)(A'/m)

By substituting for y (l) in Eq. (1.9) from Eq. (1.12), we
obtain our final equation for K '(l),

(1.14)

dK '(l)
dt

=4K (l) —2ir 1n[K (l)le]+2~C( T) .

(1.15)

0.06

The family of trajectories in the (K,y) plane defined
by Eq. (1.12) is shown in Fig. 1. Each trajectory corre-
sponds to a different temperature with arrows indicating
the direction of increasing l. The locus of initial condi-
tions corresponding to l=O at different temperatures is
indicated by the dotted line.

Consider the trajectory marked A. As the value of I
increases, we integrate out vortex pairs over larger and
larger length scales until for l = ~ one reaches the y=O
axis corresponding to no vortex pairs with an infinite sep-
aration. Since the trajectory intersects the axis at some
finite value of K ', p, remains nonzero although it is
smaller than its initial value p, o. We interpret trajectories
of this type to describe the ordered state with T (T, .
The behavior of trajectory C is dramatically different. As
I increases, the trajectory initially Bows towards smaller
values of y but eventually changes direction and flows to-
wards increasing values of y and E '. The large values

K '(l~oo)=k~TK0 'e(l~~),
p, (T)=& '(l~~)p, o(T) .

(1.10)
0.05

0.04

The quantity y (l) is related to the areal density of vortex
pairs with separations roe . Large values of y (l) indicate
a high density of vortex pairs, while either a small or zero
value corresponds to only a few or no pairs.

Solving for K '(l) in terms of y(l) from Eq. (1.9) we
obtain

0.03

0.02

00) L = 0

A

dK '(l) 4~ y (l)
dy (l) [2 m.K(l)]—

0.00
0.0 0.5 1.0 1.5

Ii" '(t)-2.0 2.5

which can be integrated to obtain

2m. y (l) (2/~)K '(l)+1n[—K '(l)/m]=C(T), (1.12)

where C ( T) is the temperature-dependent integration
constant determined by the initial conditions at l=O, i.e.,
y (1~0)=yo and K '(l ~0)=k~ TKO ',

FICx. 1. Flow trajectories derived from the Kosterlitz-
Thouless recursion relations plotted in the y(l), E '(l) plane.
Trajectories marked A, 8, and C correspond to T & T„T„andT) T„respectively. The dotted line marked l=O represents
the initial microscopic values of y(l) and K (I), whereas the
dashed line represents their values at a dynamic length scale of
ID =3.5.
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lim K '(l —+ ~ ) ~vr/2,T- T.

defines a universal constant for this system,

(1.16)

of y indicate a high density of vortices and suggests that
the system is now in a disordered state. For this trajecto-
ry K ' diverges and the superAuid density vanishes. The
single trajectory which separates these two regions of be-
havior is labeled 8 and defines the transition temperature
for this system. The temperature corresponding to this
trajectory is the highest temperature for which there ex-
ists a finite intersection on the y=0 axis and therefore a
nonzero p, . Since any higher-temperature trajectories
Aow toward p, ~0 the superAuid density must have a
discontinuity at T, . Nelson and Kosterlitz' have shown
from an analysis of the recursion relations (1.9) that

AHNS and its relation to the oscillator experiments.
In the static theory the polarizability was based on an

equilibrium distribution of the vortex pairs. Now if in-
stead of a steady Aow, the velocity field oscillates with
frequency co, then a vortex pair may not have suAicient
time to completely reorient itself to the Aow field before
the Aow changes direction. Whether this occurs for a
particular pair will depend upon the dynamics of its
motion within the film. For simplicity one can include
these eÃects by multiplying the polarizability a(r) by a
dynamic response function g (r, ro) which will in general
depend upon the size of the vortex pair. With this an-
satz, we can follow our previous formalism and define a
frequency-dependent susceptibility and dielectric func-
tion,

2m k~
lim [p, ( T) /T]~ [p, ( T, ) /T, ]=T~T ~fz

(1.17) e(r, co) = I+4m.X(r, co) .
(1.19)

At the transition temperature only the vortex pairs
with an infinite separation can unbind. Pairs with small-
er separations do not unbind until much higher tempera-
tures. An estimate of the temperature at which the vor-
tex pairs of a given separation unbind can be made from
the behavior of the T )T, trajectories in Fig. 1. The
divergence of y(l) implies a large number of vortices in
the film. The length scale at which y (l) becomes equal to
its initial value at I =0, yo, can be used to define a high-
temperature correlation length g+ beyond which vortices
are no longer correlated with other vortices and are con-
sidered to be unbound. Because g+ will be approximately
equal to the distance between free vortices in the film the
density of free vortices, n&„„can be estimated by

—2n„„,=Fg'+

where the constant F is introduced in the definition be-
cause of the arbitrariness in determining whether a vor-
tex is bound or free. The value of F is expected to be on
the order of unity.

B. Dynamic theory

The Kosterlitz-Thouless theory as described in Sec. I A
assumes that the system of interacting vortices is in
thermal equilibrium and does not apply to systems sub-
jected to externally applied Aow fields. However, the
superAuid density is inherently the dynamic response of
the system to an external velocity field. Third sound in-
volves both nonzero frequency and wave number excita-
tions of the superAuid. Oscillating substrate experiments
also have oscillating velocity fields (nonzero frequency).
Perhaps closest to the static limit are thermally or hy-
drostatically driven Aow and persistent current experi-
ments although the latter do involve time-dependent Aow
fields. In order to make contact between theory and ex-
periment one must include within the framework of the
KT theory the effects of an external field on the motion of
the vortices. In effect one must calculate the superAuid
density p, (T,co, k) as a function of frequency and wave-
length. In this section we shall describe the theory of

As before these equations, together with the equations for
n (r), can be solved to obtain the dielectric function of the
system. Generalizing our definition of p, we obtain,

p, ( T) =p, o( T)/e(co), (1.20)

2&P/p =(P2 —P20)/P2O =( A /M)p, oRe[e (co)] . (1.23)

where e( co ) =lim„e( r, co ) incorporates the dynamic
response of vortices on all length scales. Since some vor-
tices may not be able to respond instantaneously to
changes in the Aow direction, the phase lag between the
velocity fields of the vortices and the external Aow will in
general make e(co), and consequently p, (T), complex.
We interpret the real part of p, to be that fraction of the
film which moves in phase with the driving velocity field
while the imaginary part of p, to be that fraction which
moves 90' out of phase.

To understand the significance of the real and imagi-
nary parts of p, consider the physical situation of an os-
cillating substrate experiment. Viewed as a simple har-
monic oscillator of mass M, spring constant k and an
internal dissipation y, the substrate has an equation of
motion [—co (M+ Ap)+icoy+k]X=O where we have
assumed that the displacement of the oscillator X is har-
monic, i.e., X(t)=Xoe'"' pA is th. e mass of adsorbed
helium and A is the area of the substrate. When the film
becomes superAuid, Ap is replaced by A (p —p, ) since
the superAuid component will not move with the sub-
strate. Writing p, in terms of its real and imaginary
parts,

( —co2I M + A p —A p,oRe[e '(co)]]

+i Iyro+coAp, I O[me(co)]]+k)=0, (1.21)

where in the limit of small damping the resonant period
of the oscillator is given by

P =(2m) IM+ Ap —Ap, oRe[e '(co)]}/k . (1.22)

Denoting Po to be the period of the oscillator with all of
the helium moving with the substrate we can define the
reduced period to be
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Clearly the imaginary part of p, adds to the internal
dissipation of the oscillator and can be written in terms of
the Q or quality factor of the oscillator,

bQ '=Q ' —Qo
' =(2/M)p, olm[e '(tv)], (1.24)

within the integral of e(tv ) by

Re[g (r, cv)] =8(14D/r to—),
Im[g (r, co)] =(rrr/4)6(r V'1—4D/cv),

(1.28)

+C(v„—v, )+v, , (1.26)

where both D and C can, be expressed in terms of B and
B'. Because the normal component in thin helium films
can be assumed to be clamped to the substrate, v„will be
taken to zero. The coefficient D is interpreted as a
diffusion constant and reflects the fact that on long time
scales the vortices behave as diffusive particles. The
second and third terms in Eq. (1.26) carry the vortices in
the direction of v, and therefore do not directly contrib-
ute to changes in v, .

Given that the motion of the vortices is diffusive, one
can make a reasonable guess for the form of g (r, cv). The
mean-square displacement of a diffusing particle
((x ) =2Dr) determines a diffusion length rL, = &2D/co.
Vortex pairs with separations less than r~ can adiabati-
cally follow the applied flow field and contribute to the
polarizability. Pairs with separations large compared to
r& cannot move appreciable distances before the applied
field reverses direction and will therefore contribute little
to the polarizability. The simplest form for g (r, co) which
has these limiting behaviors is

(1.27)

where QO =Mcus/y is the Q of the empty cell. (Note that
in both expressions the approximation M &) 3p, has
been made. )

To proceed further one must determine the explicit
form of g (r, co) from the equations of motion for vortices.
In addition to the Magnus forces induced by external
superfluid flow fields there exists a drag between the core
of the vortex and the normal excitations of the film. Hall
and Vinen' give an explicit form for these drag forces,

Fd„=B(v„—dr/dt)+B'nz X (v„—dr/dt), (1.25)

where B and B' are phenomenological drag coefficients
and n is the charge of the vortex. To obtain an equation
of motion AHNS assume that the vortices achieve a drift
velocity determined by the balance between the Magnus
force and the drag forces. The resulting average velocity
of a vortex is therefore given by

d r /dt = n (D /ks T)(2vrhp, o jm )[z X ( v„—v, ) ]

where the step function 8(x)=0 for x(0 and 8(x)=1
for x) 0. Substituting into our expression for e(co) we
obtain

7 g)Re[e(~)]=1+4rrI dr' a(r')n (r') =e(ln ),
(1.29)

1m[&(~)]=~ «(r)a(r)l, =(m/4)[de(co) jdl]~,

where e(r) is the dielectric function of the static theory
and lL, =In(ri, /ro). We conclude from this last expres-
sion that the observed superfluid density should depend
only on the response of those vortex pairs with separa-
tions less than the dynamic length scale set by the
diffusion constant and that all the dissipation comes from
the motion of vortex pairs at this length scale. As an ex-
ample the locus of points corresponding to l~=3.5 is
shown in Fig. 1.

From Eqs. (1.29) we find that the frequency-dependent
response is completely determined by the static E(r).
This explains why in dynamic measurements the
superfluid density remains finite even above T, . In the
static theory, the disappearance of p, follows from the
divergence of e(r +~ ) above—T, . However, the dynamic
response e(co) is determined by evaluating e(r) at a finite
length scale lz =ln(rii/ro) =

—,'ln(14D/tvro). Since
E '(l) remains finite at this length scale for temperatures
greater than T„ the measured superfluid density will not
vanish. Only for those higher-temperature trajectories in
which K '(l) diverges on length scales comparable to ln
will p, actually vanish.

Not included in the above discussion is the dissipation
caused by the free vortices. Under the action of an ap-
plied velocity field a free vortex will achieve a drift veloci-
ty given by

dr/dt = —(D jk~T)(2mirtp, o jm)zX(v„—v, ) . (1.30)

Once again we have neglected the terms which do not
contribute to the degradation of the velocity. Because
the motion of a vortex perpendicular to a flow field will
decrease the fiow by one unit of circulation (+li jm) the
time rate of change of the velocity due to the motion of
all the free vortices will be

where r(r) is the characteristic time for the relaxation of
vortex pairs with separation r, i.e., r(r) =r /2D. Using a
more rigorous treatment Ambegaokar and Teitel' con-
cluded that this intuitive guess is a good approximation
of the true behavior if r /2D is replaced by r /14D.
[Note that the pairs with cur(r)=1 will dominate the
imaginary part of e(co) and therefore the dissipation. ]

The expression for e(co) can be further simplified by
noting that a(r)n (r) is a slowly varying function com-
pared to g(r, co) and, therefore, g(r, co) can be replaced

dv, /dt = —(2rrk jm)n z X (drjdt)

= —(Djks T)nt„, (2rtfi /m) p,o(v„—v, ), (1.31)

where nt„, is defined in Eq. (1.18). This velocity depen-
dent friction term can be included in the imaginary part
of e(~) by treating it as an additive contribution to y in
Eq. (1.21). Since the relevant force is equal to
Ap, o(dv, /dt) we obtain
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Im[e(co) ]= (ir/4) [d e( 1)/dl]
~ „

+nt„,p, o( T)(2irfilm)
D

coke T

Im[e(oi) ]= (ir/4) [de(1)/dl]
~ „

+(F/14)(2irA'/m) [p,o( T)/kii T]

X exp(2li, —21+ ) .

(1.32)

From Eq. (1.32) we see that for T «T, the dissipation
will be small because nf„, is zero and the density of
bound pairs with r =rD is small. As the temperature in-
creases the number of vortex pairs, and in particular
those with separations equal to rD, will increase causing
an increase in the dissipation. Above T, free vortices will
also start to contribute to the total dissipation. Eventual-
ly at very high temperatures the substantial increase in
the number of free vortices reduces the ability of the film
to move relative to the substrate and the overall dissipa-
tion starts to decrease to zero. As a function of tempera-
ture then the dissipation of the film will be strongly
peaked at a temperature above T, in the region where p,
sharply drops to zero.

=2ir exp [—2E, ( T, ) /ke T, ]—

p, (T, )
+ln

2p, o(T, )

p, (T, )

p, o(T, )

(1.33)

If, in addition, we make the assumption that
p, o( T, ) /k' T, is a universal constant for helium adsorbed
on a particular substrate then, independent of the film
couerage, E,(T, ) will be proportional to p,o(T, ). If this
proportionality remains true for all temperatures below
T, (Ref. 15) [i.e., E, ( T) is proportional to p, o(T)] then it
is easy to show that K '(1) or equivalently e(1)
=K '(l)(film) p,o(T)lk&T will be a function only of
kiiTIp, o(T) and kiiT, /p, o(T, ). More generally from an
analysis' of the equivalent 2D Coulomb-gas model one
can show that the appropriate dimensionless temperature
parameter becomes

C. Scaling properties

As is evident from Eq. (1.15) the dependence of K '(1)
on temperature and film parameters is only through the
integration constant C ( T) which is a function of
E,(T)lk&T and p, o(T)lk&T. These two variables, how-
ever, are not completely independent. Because
K '(l~ oo )=sr/2 and y(l~ oo )=0 at T„Eq. (1.12)
simplifies to C( T, ) = —[1+in(2)]. By combining this re-
sult with Eq. (1.14) we can define a unique relationship
between p,o(T, )lkiiT, and E, (T, )lkiiT„

C( T, ) = —[1+in(2)]

of the dynamic theory because the frequency-dependent
dielectric constant e(co) reduces to evaluating the static
dielectric constant and its derivative at the dynamic
length scale lD [see Eqs. (1.29) and (1.32)]. Although
Im[e(co)] does contain contributions from the free vor-
tices, g+ is derived from the flow equations and therefore
will also depend only on the scaled temperature variable
X. The only parameters remaining in the theory are the
dynamic length scale ID and the constant I' in the free
vortex density. If these parameters are either constant
(independent of the temperature and film coverage) or are
themselves functions of X then the physically measurable
quantities can be reduced to a universal scaling form,

26P /P =7, [X,lD, Fp,o(T, )/T, ],
Pso T

—1

=9'2[X, lD, F,p, o(T, )IT, J,
Pso T

(1.35)

where for simplicity we have assumed ID and I' to be con-
stants. '

D. Nonvortex, excitations

1 p~ 3 dn

4 Q2
(1.36)

where n = I/[e px( /ek Tii) 1] is the Bos—e distribution
function and e denotes the excitation energy, which is a
function of the momentum p. As we shall see in Sec.
III B, the observed scaling of p,o(T) will constrain our
choice for the nonvortex excitation spectrum.

K. Calculation procedure

1. Static theory

The superAuid density of the static theory can be ob-
tained by Eq. (1.12) by noting that in the limit of 1~ oo

for T &T„y(1)=0 and K(l~)=(fi/m) p, (T)lkiiT.
Substituting in Eq. (1.12) we obtain,

The background superfluid density p, o( T) which deter-
mines the strength of the vortex interaction has a temper-
ature dependence given by the nonvortex excitations of
the system. In bulk liquid helium, the principal nonvor-
tex excitations are phonons and rotons. In films, howev-
er, additional excitations are possible because of the free
surface of the film and the presence of the adsorbing sub-
strate. ' For example, Rutledge et al. ' analyze the tem-
perature dependence of the third sound velocity with an
excitation spectrum which includes surface density waves
and surface rotons.

Once an excitation spectrum is chosen based on the
data then to obtain the normal density p„o( T) one follows
the usual Landau prescription,

p„o(T)=p,o(T =0)—p,o(T)

p,o(T, )
X =(TIT, )

p,o(T)
(1.34) C(T)= —2

k, T
+ln

irp, ( T)(A/m )

k~T

irp, ( T)(film )

These arguments can equally be applied to the results
I

(1.37)
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Tp, (T, ) Tp, (T, )
+ln

T,p, o( T) 2T,p, o( T)
(1.38)

where we have used the scaling relation for the core ener-

gy

E,(T) E,(T, ) T,p, (oT)

k~T k~T, T p o( T)
(1.39)

which can be solved for p, (T) given C( T). C( T), in turn,
can be evaluated from Eq. (1.14), i.e.,

E,(T, )
C(T)=2m exp —2

k, T,X

p, (T)=p, (T, )[1 (b/—4)t' ], (1.40)

where t is the reduced temperature (T —T, )/T, . By ex-
panding both C(T) and p, (T) near T, one can express
the constant b in terms of the constants E,(T, )lk~T,
and p,c( T, ) /k~ T„

Only p, o(T, )/T, is a free parameter since the value of
E, ( T, ) Ik& T, can be obtained from p, o( T, )IT, from Eq.
(1.33). p,c( T) is calculated from the nonvortex excitation
spectrum using Eq. (1.36).

Previous treatments often introduce a constant, denot-
ed b, to describe the temperature dependence of p, (T)
near T„ i.e.,

b~=32T, [5C(T)I5T]iT

OI (1.41)

p, (T, )
b~=

I 1 —[T /p 0( 7 )][Qp 0( T)IQT]l T I + 128vr'[E, ( T, )/k~ T, ]exp[ —2E, ( T, )Ik~ T, ] 64 — +32
C so c

2. Dynamic theory II. EXPERIMENTAL DETAILS

The theoretical curves presented are based on numeri-
cal integrations of Eq. (1.15) for K '(1). The oscillator
response is obtained by evaluating Eqs. (1.23) and (1.24)
using the expressions for Re[@(co)] and Im[e(co)] [see
Eqs. (1.29) and (1.32)]. For temperatures below the static
T„nt„, is set to zero and X '(1) is integrated from 1=0
to 1=1D to obtain values for E(lD) and de(lD)/dl. Above
T„we again numerically integrate K '(1) from 1=0 to
1 =lD to determined e(lD) and de(lD)ldl but then the
numerical integration is continued to larger values of I
until y (1)=y (1=0). As previously discussed, we take this
condition to define I+ which is then used to calculate
nf„, . When at some higher temperature T+, the length
scale for free vortices becomes comparable to the dynam-
ic length scale (1+ =lD) the contribution to Im[e(co)]
from the bound pairs is set to zero and Re[e(co)] is kept
at its value at T+. Although this assignment is some-
what arbitrary one can argue that this substitution will
only have a small effect on the total response since the
dissipation is already dominated by the free vortices.
To reproduce the residual dissipation observed at low
temperatures, a background dissipation can be included
in the definition of Im[e(co)]. In the region of T, this ad-
ditive background dissipation will be negligible compared
to the contributions from the bound pairs and free vor-
tices.

In these calculations both ID and I' are assumed to be
independent of the temperature and film coverage. ' The
only other parameter is p,o(T, )/k~T, . [Once the data
are scaled p,o(T=O) becomes an irrelevant parameter. ]
C( T) is calculated as in the static theory.

A. Apparatus

The torsional oscillator technique originates with the
work of Andronikashvili ' on the normal component of
superAuid He below the A.-transition temperature. His
experimental apparatus consisted of a stack of circular
disks separated by small gaps. This assembly was then
placed into an aluminum cylinder and suspended from a
long torsion fiber made of phosphor bronze. Because the
separation between the plates was smaller than the
viscous penetration depth of liquid helium at the torsion-
al frequency (0.04 Hz), the period of the oscillator includ-
ed contributions from the moment of inertia of the heli-
um dragged along with the cell. By measuring changes in
the period as a function of temperature, Andronikashvili
was able to determine the temperature dependence of p„.

The present torsional oscillator works on much the
same general principles. By replacing the torsion fiber
with a stiff beryllium copper (BeCu) rod we obtain a
much higher natural frequency (1275 Hz) which facili-
tates signal detection and greatly improves the noise re-
jection. Another significant difference is the much larger
Q of our oscillator which makes it relatively simple to
stabilize the oscillator period to better than a few parts in
10 . In addition any small dissipation within the sample
can be measured by monitoring changes in the oscillator
amplitude.

Figure 2 shows a schematic view of the experimental
ce11. An annular shell of magnesium containing a roll of
Mylar is attached to the BeCu torsion rod with a thin
layer of Stycast 1266 epoxy. The large diameter plat-
form at the end of the torsion rod serves to anchor the
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FIG. 2. Cross section of the torsional oscillator. The elec-
trode structure is shown separated from the body of the oscilla-
tor.

magnesium shell over the largest surface area possible
consistent with the constraint of a low moment of inertia.
A small hole was drilled along the BeCu torsion rod and
magnesium base for adding helium to the cell. A groove
along the inner surface of the magnesium shell provides a
path for the gas to Aow between the Mylar layers.

Most of the structural pieces were mechanically at-
tached with Stycast 1266 epoxy. Because of the rapid ox-
idation of magnesium in air a more involved procedure
was required to obtain superAuid leak tight joints. Each
seam was first cleaned with toluene and fine sandpaper.
Stycast 2850 GT epoxy was then rubbed vigorously into
the seam to break the oxide coating.

The Mylar strip, 25 pm thick and 1.28 cm wide, was
wrapped onto the central spool using a coil wiriding
machine. From adsorption studies we determine a van
der Waals constant of 52 K/L (where I. denotes layer)
(see the Appendix for more details). Small bubbles and
imperfections can easily be seen on the surface with an
optical microscope. The smallest bubbles, typically less
than 2.5 pm in diameter, are very numerous having an
average separation of 12 IMm while larger bubbles (=8
IMm) have typical separations of 150 pm. One can also
find large fiakes of Mylar (typically 50—100 pm in diame-
ter) on the surface.

To help aftix the. Mylar to the magnesium body, both
the inner shell and side walls were lightly coated with a
thin layer of N grease. The importance of having some
means of stabilizing the Mylar layers relative to the oscil-
lator body cannot be overemphasized. In a typical exper-
iment the moment of inertia of the Mylar might exceed

&E,ll.„,le' "
2

co Vb;„Cp
(2.1)

where A is the area of the pickup electrode, C its capaci-

that of the helium by a factor of 10 . Therefore the
period shifts caused by even microscopic motion of the
Mylar layers can produce period shifts exceeding the en-
tire period shift of the adsorbed helium film.

Subsequent layers of Mylar were added with little or no
tension. To help maintain a constant average separation
between the Mylar layers, a mixture of methanol and 0.3
pm alumina powder was sprayed onto each section before
wrapping. The methanol eliminated much of the static
cling making it easier to handle the Mylar and reduced
the tendency of the layers to stick to one another on the
roll. The total amount of alumina powder in the cell is
estimated to have a surface area of 340 cm .

A thin coat of N grease was applied to the outer sur-
face of the roll and to portions of the exposed edges to
mechanicaHy stabilize the Mylar. The second inner shell
was inserted with N grease between it and the first inner
shell. To seal the outer shell in place, all joints were first
cleaned with toluene and then epoxied with 2850 GT in
the manner previously described.

The total length of the Mylar strip is 78.9 m, giving a
geometric surface area of 1.95 m . This can be compared
to a surface area of 2.09 m determined from an analysis
of a He isotherm made at 1.2 K. The Mylar roll
comprises 72% of the total moment of inertia which is
4.4 gcm . The open volume of the cell, measured at
room temperature, is 0.613 cm which is consistent with
the known geometry. From the size of the annular region
and the total number of layers, one calculates an average
spacing of 4300 A between the layers.

The torsional motion is driven and detected by means
of two capacitor electrodes at the top of the cell. A mas-
sive brass block ( =2 kg) bolted to the same copper base
plate as the cell supports the external electrode structure.
The gap between the external and bias electrodes was set
at 3—4 mil to achieve a capacitance of 1.5 —2.0 pF.

The electronic feedback circuit which drives the oscil-
lator on resonance is shown in Fig. 3. Included in the di-
agram are nominal values for the parameters of the feed-
back loop. The signal from the oscillator is first amplified
by the current preamplifier of the PAR-124 lock-in
amplifier (LIA). The bandpass filter of the LIA is set to
a small Q value ( =20) to avoid additional phase shifts in
the feedback loop as the frequency of the oscillator
changes. The amplified signal is phase shifted and then
connected to the zero-crossing detector (ZCD) of the LIA
reference channel. A constant amplitude sine wave signal
locked to the frequency of the oscillator is then available
from the reference output to drive both the oscillator and
the frequency counter. Occasionally a second ZCD was
inserted between the counter and the reference channel to
isolate the rest of the circuit from the gating pulses of the
counter. The amplitude of the oscillator is measured by
recording the dc output of the LIA.

The oscillating component 6e'"' of the distance be-
tween the electrodes is given by
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FIG. 3. Electronic feedback circuit which drives the torsional oscillator on resonance. Nominal values of the parameters of the
feedback loop are shown.

tance, and Vb;„ is the dc bias voltage. ~I,„,~
is the magni-

tude of the current appearing at the input of the
preamplifier. The overall phase of the feedback loop is
such that the drive voltage should approximately be in
phase with the detected signal on resonance.

Since the oscillator was operated at constant drive, the
amplitude and consequently the velocity of the substrate
varies with the Q of the oscillator. This variation in ve-
locity was small even in the region of the dissipation
peaks where it was about 7% of the total velocity. For
the data presented the substrate velocity was approxi-
mately 0.87 mm/sec.

Nominal values for the increase (upon cooling) of the
oscillator frequency from its room temperature value are
3.6% at liquid-nitrogen (LN2) temperature and 4.2% at
liquid-helium temperature. Starting with a room-
temperature value of 2000, the Q typically increased to
2 X 10 at LNz temperature, eventually reaching 2 X 10
at 42 K.

The torsional oscillator together with a vapor pressure
gauge were mounted on a copper platform. The entire
assembly was hung from the mixing chamber of a Leyden
refrigerator by a vibration isolator consisting of a tor-
sion rod and spider. A 3.6-m long, 4-mil-i. d. capillary
runs from the experimental cell to the 4 K Aange where it
is thermally anchored. No other heat sinks were installed
in order to reduce the reAuxing of helium between the
torsional cell and the fill line. At the 4-K Range the fill
line connects to a 10-mil-i. d. capillary which then runs up
through the exchange-gas pumping line to room tempera-
ture. By judicious choices of fountain pump heater
power and He-pot temperature, the stage temperature
can be regulated from the lowest temperature ( =35 mK)
to above 2 K. The thermometry was based on a Speer
220-0 resistor calibrated against a He melting-curve
thermometer. A PDI (proportional-differential-inte-
gral) regulator controls an electrical heater noninduc-
tively wrapped on the copper platform. The short-term
temperature stability was found to be approximately 3pK
at 100 mK and 20 pK at 1 K.

With the temperature of the copper platform stabi-

lized, the oscillator period requires only about 4 min to
come into equilibrium, whereas, because of the large Q,
10—15 min were required for the amplitude. By averag-
ing the period over 100 sec the short-term stability of the
period was found to be +2 psec (hP/P =+3 X 10 ).
The long-term drift was less than 2 psec/h. The ampli-
tude had a short-term stability of 6 A /3 =+2 X 10
but could drift at rates as large as 3X10 /h.

With certain sections of data it was necessary to verti-
cally oft'set portions of the data because of small shifts in
the period or Q

' caused either by the long thermal
drifts in the apparatus or by the general shaking of the
cryostat during helium transfers.

B. Background analysis

The measurement procedure in these experiments is
conceptually quite simple. A small amount of helium gas
is first added to the torsional oscillator. After annealing
the sample to insure that the helium uniformly covers the
Mylar substrate, the period and amplitude are measured
as a function of temperature. From changes in the period
of the oscillator one obtains the superQuid mass. The
change in the oscillator amplitude (or Q) is a measure of
the superAuid dissipation. In these low-coverage studies,
the total relative change of the period P and the Q are
quite small; b,P/P = 5 X 10 and AQ/Q =2 X 10
Since the temperature dependence of the oscillator itself
is comparable to changes caused by the helium, it is im-
portant that the background of the oscillator be well
characterized.

Previous studies ' assumed the background of the os-
cillator period and amplitude to depend linearly on the
temperature. Closer examination of the low-temperature
behavior indicate a marked departure from linearity
below 300 mK as indicated in Fig. 4. Below 300 mK the
period drops below the linear behavior established at
higher temperatures. Near 40 mK the period has a
minimum and then increases steadily down to the lowest
temperatures examined ( =5 mK). The behavior of the
Q

' is even more striking. At high temperatures the
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Q
' depends linearly on the temperature down to about

500 mK but then levels off. At 200 mK the Q
' starts to

decrease very rapidly; changing by a factor of two from
200 to 5 mK. Although the mechanism for this striking
behavior is unknown it does appear to be an intrinsic
property of the BeCu torsion rod. The low-temperature
behavior of a number of different BeCu oscillators all
show the same characteristic decrease in the dissipation
and a minimum in the period at approximately the same
temperature. A coin silver oscillator also exhibits these
features but at a much lower temperature ( T = 5 mK).

The empty-cell background curves for the present os-
cillator are shown in Fig. 5 with an enlargement of the
low-temperature portion of the period curve given in Fig.
6. Although we can barely define the minimum in the
period with our minimum temperature, the structure in
the Q

' is clearly observable. Above 500 mK the period
and Q

' have slopes of 2 80 nsec E ' [or
(dP/dT)/P =3.57X10 K '] and 3.15 X 10 K ', re-
spectively. Comparisons with test oscillators made en-
tirely of BeCu suggest that much of the temperature
dependence in this linear region is due to the Mylar film.

In analyzing our data, we found that the background
of the oscillator had changed after helium had been add-
ed to the cell. For each coverage the temperature depen-
dence of both the period and Q

' in the region above the
superAuid transition clearly deviates from that of the
original background. This change in the background is
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FIG. 5. Period (~ ) and Q
' (o) of the empty cell. The

characteristic behavior of bery11ium copper torsional elements is
evident at our lowest temperatures.

common to each subsequent coverage and can be clearly
seen when the data of different coverages are overlapped.
A composite of this new background can be made by
joining the nonsuperAuid regions for each coverage. The
composite for the Q

' is plotted in Fig. 7 where the
empty-cell background is also shown for comparison.
The two curves agree at high temperatures (T=1.5 K)
but the composite background shows an enhanced dissi-
pation which increases with decreasing temperature. At
200 mK this increase is about 6%. Figure 8 shows a
similar comparison between the corresponding period
curves which are arbitrarily matched at high tempera-
tures. Since the composite curve represents the effective
background with helium in the cell and therefore is offset
from the empty cell background by a large period shift, it
is not possible to determine whether the difference at the
lowest temperatures is a true mass deficit. For reference,
the difference between the empty cell and composite
backgrounds is plotted in Fig. 9.

Because the addition of helium beyond the minimum
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FIG. 6. Period of the empty cell for temperatures below 0.4
K. The dashed line is an extrapolation of the linear tempera-
ture dependence observed at higher temperatures.
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required for a superfiuid transition does not strongly
affect the temperature dependence of the new back-
ground, it is plausible that the shift in the background is
due to the inert layer of helium adsorbed on the Mylar.
In modeling the structure of a helium film, the first layers
are often taken to be strongly localized by the imperfec-
tions in the substrate and the strong van der Waals at-
traction. Sometimes these layers are referred to as solid
since the efFective pressure near the substrate exceeds the
solidification pressure of the bulk liquid. Subsequent lay-
ers above the inert layer are mobile and it is in these lay-
ers that superAuidity is observed.

The period shift between the two background curves at
the lowest temperature corresponds to about 1.28 pM/m
of helium or about 4.6% of the total mass in the inert lay-
er. To explain the excess dissipation, a simple relaxation

0
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T (rnK)

FIG. 9. The difI'erence between the empty-cell and composite
backgrounds for the period shift (~ ) and Q

' (o) vs the tein-
perature. Because the origin of the period in the composite
background is arbitrary, only relative period shifts are meaning-
ful.

model would suggest characteristic relaxation times of
order 10 sec, but the weak temperature dependence of
the additional dissipation would argue for a broad energy
distribution instead of single thermally activated process.
Although studies of dislocation motion at large strain
amplitudes in solid He found similar behavior in the dis-
sipation, their mechanism cannot adequately explain the
period shift observed in these experiments.

For the rest of our analysis we shall assume that this
anomalous background can be treated as a property of
the inert layer and therefore should be subtracted from
the data with the empty cell background. To make the
subtraction the composite backgrounds are fitted to poly-
nomial functions of the temperature. The difference be-
tween the fitted curves and the data is comparable to the
uncertainty in the original data (AP/P =+3X10 and
b,g '/Q ' =+5 X 10 ).
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FIG. 8. Comparison between the empty-cell period shift
{AP) and the period shift of the composite background. The
composite background has been shifted vertically to match the
empty cell background at high temperatures.

Another important aspect of the analysis is the mass
sensitivity of the oscillator. In principle this can be cal-
culated from the moment of inertia of the cell but this
method only gives results that are good to about 10%. In
practice it must be measured by recording the period
shift as helium is added to the cell. Two such calibration
runs, made at different temperatures, will be described
since each has its own advantages and systematic errors.

The first calibration was done at 1.3 K (Fig. 10). Small
amounts of helium are added to the cell and allowed to
equilibrate. At these high temperatures there is a sizable
gas pressure and it is not necessary (except for perhaps
the first dose) to anneal the sample at higher tempera-
tures. As helium is added the period increases until the
film is su%ciently thick to become superAuid. In this nor-
mal region the slope of the period curve (dP/dn) & versus
the coverage n (measured in IMM/m ) is a measure of the
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hP =(dP/dn) &[hn —An (1—y)(p, /p)], (2.2)

where bn is the amount of helium added. Ignoring the
behavior near the onset coverage and comparing only the
limiting slopes we obtain the following relationship:

mass sensitivity of the oscillator. Once the film becomes
superAuid the period drops, rejecting the decoupling of
the superAuid from the motion of the substrate. As more
helium is added, the period again increases but with a
smaller slope. This nonzero slope indicates that a frac-
tion of the added helium is unable to decouple from the
substrate.

Macroscopic imperfections can prevent the helium
from decoupling from the motion of the substrate. If the
Mylar sheets were not wrapped perfectly round or were
pinched together in places then the helium would move
with the substrate whether or not it were superfluid. The
reduction in the observable p, could also be caused by
thermal excitations or by the heterogeneity of the sub-
strate. Defining a phenomenological parameter y such
that (1—y) is the fraction of the superfluid which is free
to decouple we can express the period shift about the
superAuid coverage by

only interested in the helium within the film. In this re-
gion we must subtract from the total coverage the total
amount of helium in the gas. In addition the contribu-
tions of the gas to the total period must also be removed.
The period shift due to the gas can be calculated from the
coefficient (dP/dn) & and the amount of gas within the
cell. The size of these corrections is shown in Fig. 10.

From the slopes of the corrected data we determine
the mass sensitivity to be (dP/dn) & =5.50X10 @sec/
(pM/m ) and the coupling term to be (1—y)(p, /p)
=0.806. At these coverages the films are relatively thick
(ranging from 3 to 9 atomic layers) so that p, /p can be
approximated by its corresponding value in the bulk
liquid at the measuring temperature (p, /p=0. 943). Sub-
stituting into the above expression we obtain y=0.145.

The low temperature calibration is somewhat more
tedious since each addition of helium must be annealed at
higher temperatures. However, we did find that once the
film became superAuid it was no longer necessary to an-
nea1 subsequent coverages. Apparently the superfluid
mobility is sufficiently high to uniformly distribute the
helium throughout the system. Figure 11 shows the data
in the superAuid region. The open circles are the period
measured at 40 mK for each coverage. The solid circles
were obtained by extrapolating the high temperature
(normal) background to 40 mK using the composite
background. These points correspond to the total period
of the cell if the film had not become superAuid. The
slope of the solid circles is (dP/dn) & =4. 18 X 10
@sec/(pM/m ). This value differs from that of the high-
temperature calibration because of modifications made in
the body of the oscillator between these two measure-
ments. Taking the period shift into account the two
coe%cients agree to within 1.8%.

It is interesting to note that if the fit were forced to go
through the empty cell period then the value obtained for

O

CO

l.O-
C)
IX
UJ
CL

(dP/dn)& =(dP/dn) &[1—(1—g)(p, /p)] . (2.3) OO»

In order to apply Eq. (2.3) to the data in Fig. 10 we
must first remove the contributions of the vapor above
the film. Below the onset coverage we need only adjust
the coverage for the amount of helium not physically in
the cell. The gas within the cell is clamped by viscosity
to the substrate owing to the small separation between
the Mylar layers and therefore contributes its entire mass
to the period. Above the onset coverage, however, we are

N(~M/m )

4Q

FIG. 11. Low-temperature calibration curve. The open cir-
cles indicate the oscillator period measured at 40 mK for each
coverage. The solid circles indicate the value that the oscillator
period would have if the helium had not become superAuid.
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(dP/dn) & would be smaller. This might suggest that ini-
tial helium doses contribute less than their full mass to
the oscillator. This deficit in mass is in fact comparable
in size to the mass difference between the empty cell and
composite backgrounds (see Fig. 9).

From an analysis of the low temperature superAuid
data, we determine (1—y)(p, /p) =0.856. If we take

p, /p equal to one, we find y to be 0.144 in agreement
with the value obtained at high temperatures. The fact
that the film thicknesses in the two calibrations are very
different (greater than four layers in the high-temperature
calibration compared to the 0.10 to 0.40 active superAuid
layers in the low-temperature calibration) strongly sug-
gests that the hindrance factor must be predominantly
caused by the geometry of the Mylar roH.

To obtain the coeKcient 2/M introduced in Eqs.
(1.23) and (1.24) we normalize the mass sensitivity by the
total period; i.e., 3 /M = (2/m )[(1/P)(dP/dn ) & ] where
m is the molar mass of He. Substituting (dP /dn ) & from
above we obtain A /M=0. 266 m /g.
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D. Nonlinear behavior

In previous measurements as the drive level or sub-
strate velocity was increased the dissipation peaks be-
came broader and were shifted to lower temperatures.
To quantify these effects at lower coverages, we have
made a series of temperature sweeps at different drive lev-
els using a film coverage of 33.1 pM/m (T„„k=379
mK).

The procedure for taking data was slightly different
from the one previously described. Instead of regulating
the experimental stage at each temperature, we imposed a
slow temperature drift by introducing a ramping voltage
to the signal input of the temperature regulator. The
drift rate was suKciently slow to avoid systematic errors
due to the relaxation time (or ringdown time) of the oscil-
lator. Although a temperature hysteresis of a few mK
was observed, the widths of the dissipation peaks match
those measured in previous runs. A typical drift rate was
about 50 pK/sec.

The sequence of data is shown in Fig. 12. Each curve
is marked with the substrate velocity (in units of mm/sec)
calculated using Eq. (2.1). The Q

' data are presented
with no background subtracted since in this temperature
region the background Q

' is only weakly temperature
dependent compared to the dissipation in the film.

As is evident by the vertical displacement between the
curves, the background dissipation increases with the os-
cillator amplitude. The background dissipation also
showed hysteresis. Upon returning to the nominal drive
level (0.087 cm/sec) the background dissipation had in-
creased approximately 25~o over its original value. This
excess dissipation eventually decayed away with a time
constant of a few weeks.

The data can be divided into two distinct velocity re-
gions. Below 1 cm/sec, the dissipation pehks share the
same characteristic shape but increase in size and
broaden with increasing drive level. The dissipation
"peaks" for velocities greater than 1 cm/sec have a more
gentle temperature dependence on both sides of the peak.

FIG. 12. Velocity dependence of the dissipation peak for
coverage no. 5. The nominal substrate velocities (in units of
mm/sec) are indicated for each trace.

The dissipation maxima are also shifted to much lower
temperatures. Although the peaks continue to broaden
with increasing drive, the height of the peaks decreases.

In Fig. 13, we plot the width of each peak measured at
half the maximum dissipation as a function of the veloci-
ty. Although this measure is somewhat inappropriate for
the higher drive traces it does provide a guide to the
overall behavior. We find that the velocity scale for non-
linear behavior is comparable to that observed in thicker
films. In our previous studies of a film with T „k= 1.3 K,
the width of the dissipation peak increased only by 10%
at a substrate velocity of 0.5 cm/sec. In addition the dis-
sipation maximum did not change appreciably over the
range examined; 0.015 to 0.5 cm/sec. We conclude from
these measurements that the linear region extends to
much higher velocities than initially reported by Bishop
and that these nonlinear effects become more pronounced
at lower coverages.

As is indicated by Fig. 13 our nominal substrate veloci-
ty of 0.87 mm/sec does not put the data strictly in the
linear region. This causes the transition region and in
particular the dissipation peaks to be broader. For-
tunately this broadening is predominantly on the low-
temperature side of the peak and therefore one can still
make useful comparisons with the theoretical predictions
by stressing the high-temperature side of the peaks. As
we shall see later this will be an important correction to
the analysis.

An estimate of the substrate velocity required for non-
linear effects to become important can be made by exam-
ining the effect of an external Aow field on the stability of
a bound pair. In the presence of an external Aow the in-
teraction energy of a bound pair [Eq. (1.3)] is reduced by
a term proportional to the velocity,
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FIG. 13. Width of the dissipation peaks of Fig. 12 plotted against the substrate velocity.

E'„,=2vrn Koe '(r)ln(r/ro)+2E, (T)
—[(h/m)p, o(T)]v, r, (2.4)

where the factor of e(r) is inserted to include the eÃects
of the smaller vortex pairs. For fixed u„Eq. (2.4) indi-
cates that there exists a critical separation r, beyond
which the pair is no longer energetically bound. Solving
for r, we obtain

pairs. From these modified equations for y ( l ) and
K '( l ), Adams and Glaberson' have calculated the
theoretical dissipation for their torsional oscillator over a
range of substrate velocities. Their results exhibit many
of the same general features as our data. A more detailed
comparison with our data is in progress.

III. ANALYSIS
(A'/m )

E(rc )u~
(2.5) A. General observations

Clearly even vortex pairs with separations less than r, are
only metastable. AHNS estimate the steady-state density
of free vortices induced by the presence of the velocity
field in the small velocity limit to be

n free [2 K —1(l )]1/2 ~ cy(l, )

r
(2.6)

where l, =ln(r, /ro). The induced n&„, is therefore pro-
portional to the density of vortex pairs with a separation
equal to the critical value r, . Although vortex pairs of
other separations also contribute to nf„„ the pairs at this
critical separation dominate the dissociation rate.

In our experiment the velocity field is oscillatory and
therefore r, will alternately move in from infinity (u, =0)
to its minimum value when v, is at a maximum. When v,
is sufficiently large for r, to become comparable to ra we
should expect to see nonlinear effects developing. From
our data we estimate the critical value of v, to be greater
than 0.01 cm/sec which would correspond to a diffusion
length la less than 13.

In a more detailed analysis of the nonlinear behavior,
hillis et al. have included the efFects of an external ve-
locity field within the recursion equations of the vortex

In searching for systematic behavior in the data it is
often convenient to use the temperature of the dissipation
peak, T „k, since it is an unambiguous signature of the
transition. In Fig. 14 we plot T „],versus coverage for
the data tabulated in Table I. Films with higher transi-
tion temperatures have been included to place the low
coverage data in perspective. For temperatures above 1.1
K the coverage has been corrected for the helium in the
vapor. Two distinct regions are readily apparent from
the data. From 0.9 to 1.4 K, T „k can be locally approx-
imated by a straight line with a slope of 42.8
mK/(pM/m ). Below 0.8 K, T „k first decreases much
more rapidly with decreasing coverage but then decreases
more gradually as T=O is approached. By extrapolating
the data to T=O, we estimate the nonsuperAuid layer to
be 27.85 pM/m . Taking the density of this layer to be
that of the bulk solid (p„„d=0.191 g/cm ), this coverage
corresponds to a thickness of 5.8 A or about 1.6 atomic
layers (one atomic layer is arbitrarily taken to be 3.6 A).
The conversion of coverage into layers in Fig. 14 assumes
that subsequent layers of helium have a density given by
the bulk liquid (pi;q=0. 145 g/cm ). (A more detailed
description of the film thickness determination can be
found in the Appendix. )
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FIG. 14. Variation of Tp„k with film coverage. The line is drawn to emphasize the coverage dependence of the lower coverage
data. The higher coverages have been corrected for depletion by the gas. The nominal thickness in atomic layers is shown.

TABLE I. Helium film coverage and T„„kdata.

(pM/m )

28.97
29.03
29.32
29.85
30.30
30.91
32.00
33.09
34.92
37.25
40.88
42.49
44.55
49.43
51.85
52.56
50.41
52.61
55.43
59.68
65.35

+corrected
(pM/m')

28.97
29.03
29.32
29.85
30.30
30.91
32.00
33.09
34.92
37.25
40.88
42.49
44.55
48.15
49.74
50.16
47.31
48.15
49.07
50.24
51.56

Tpeak

(mK)

63.5
67.0
82.8

114.3
146.2
192.4
281.8
379.3
539.2
710.0
914.1

999.0
1086.8
1242.0
1297.2
1312.5
1201.8
1240.0
1281.0
1329.7
1380.9

This break in the coverage dependence of T „k may in-
dicate a modification in the normal density of the helium
film. In our experiment, this change occurs approximate-
ly at one atomic layer above the nonsuperAuid layer. We
conjecture that as the superAuid layer exceeds one layer,
new degrees of freedoms or modes are possible for the
system. %'ith the appearance of these low energy excita-

tions the transition temperature occurs at a lower tem-
perature than would have been expected based on the
trend established by lower coverages.

To avoid possible complications inherent in the thicker
films, we examine in detail only those films with cover-
ages less than one active superAuid layer. Table II lists
the parameters for these data. We have defined the active
layer coverage %„„„to be that coverage in excess of the
nonsuperfiuid layer as determined from the extrapolation
described above. The average separation between atoms
is calculated assuming a closed-packed structure.

The period and amplitude data for these coverages are
shown in Figs. 15 and 16. The period data for each cov-
erage have been shifted vertically to emphasize the com-
posite background described in Sec. IIB. As is evident
from the relative size of the background compared to the
superAuid signals, the background determination is a
significant source of the systematic error.

The normalized data with the background subtracted
are plotted in Figs. 17 and 18. For historical reasons a
factor of 5 is included in the presentation of the AQ
data to facilitate a common scale between the reduced
period and the AQ

The qualitative features of the reduced data resemble
those obtained for much thicker films (T, & 1 K). The re-
duced period or superAuid mass rapidly decreases to zero
in the temperature region of the dissipation peak. Below
the region of the transition, the superAuid mass has a
more gradual temperature dependence and approaches its
T=O value with zero slope. (This is particularly evident
in the data of the two highest coverages. ) The anomalous
curvature in the reduced period and dissipation below 75
mK is an artifact of the composite background. Since no
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TABLE II. Film parameters of low coverage data. The transition temperatures listed were estimat-
ed from the value ofp, o( T, ) /T, and p,o( T) for each coverage (see the text).

1

2
3
4
5

Coverage
(pM/m )

29.03
29.85
30.91
32.00
33.09

+active
(pM/m )

1.17
2.00
3.06
4.15
5.24

Area/atom
(A )

14j.6
83.0
54.3
40.0
31.7

Average
separation

(A)

12.8
9.8
7.9
6.8
6.1

Tpeak
(mK)

67.1

114.3
192.4
281.8
379.3

T.
(mK)

65.1

107.7
183.8
272.5
370.7

data were available with transition temperatures less than
75 mK, the composite background had to be extrapolated
to lower temperatures by using the empty cell back-
ground. This procedure can lead to sizable errors since
both the period and Q

' are strongly temperature depen-
dent below 50 mK.

The Nelson and Kosterlitz' prediction for p, (T, )

[Eq. (1.17)], indicated by the line marked y=0 in Fig. 17,
represents the maximum observable superAuid density for
a given transition temperature. In practice this value is
reduced by the geometrical hindrance of the Mylar roll.
The value of p, (T, ) appropriate for our experimental
cell is indicated by the line g=0.145. Surprisingly the
y=0 line appears to be in better agreement with the data
since it passes through the knee of each period curve.
However, one must remember that, in the dynamic
response theory, the rapid decrease in the period is shift-
ed to a higher temperature than the static T, . In addi-
tion the position of the knee in the period curve will
overestimate the value of p, (T, ). This illustrates how
misleading qua1itative comparisons can be. Only detailed
comparisons with calculations based on the dynamic
theory are reliable.

The coverage dependence of the dissipation peaks in
Fig. 18 exhibits an interesting nonsystematic behavior.
The dissipation peak of the lowest coverage (average

0
atomic separation =13 A) is relatively broad with an
asymmetric tail extending to lower temperatures. At this
low coverage, the helium film is probably very sensitive to
the imperfections in the Mylar substrate and is therefore
spatially inhomogeneous. Increasing the coverage slight-
ly (coverage no. 2) dramatically sharpens the dissipation
peak consistent with our expectations that higher cover-
ages would be less sensitive to imperfections in the sub-
strate. The behavior of the next three coverages, howev-
er, contradict this simple explanation as they all exhibit
small and broad peaks. Because these peaks are much
more symmetric about T „k we believe that this broaden-
ing has a different origin than the broadening observed
for the lowest coverage. Overall, these dissipation peaks,
including that of coverage no. 2, are significantly broader
when compared with the dissipation peaks of films with
T „k) 1 K. For example the relative width of the dissi-
pation peak of coverage no. 5 is 5T/T „k=0.04,
whereas for a much thicker film hT/T~„k is less than
0.003.

Another interesting feature of the data is the residual
dissipation found below T„„k. This dissipation is also ob-
served in higher coverage data but is not explained by the
AHNS theory. Within the accuracy of our measure-
ments the residual dissipation is the same for each cover-
age, Although this dissipation is temperature dependent
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FIG. 15. Period data for five different coverages. Each
period curve has been shifted vertically to illustrate the compos-
ite background. The temperature dependence in the normal re-
gions above the superAuid transitions is found to be coverage in-
dependent.
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' data for five diFerent coverages. As in the

period datg, the normal regions of the different coverages over-
lap each other.
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But in order for the dissipation to be coverage indepen-
dent this free vortex density times the vortex diffusivity
would have to vary inversely with the superfluid density.
In addition, this model does not explain the observed
linear dependence of the dissipation on the temperature.

B. Comparisons with dynamic theory
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FIG. 17. Reduced period data. 26P/P, which is proportion-
al to the superAuid density p, ( T), is obtained by subtracting the
composite background from the original data and normalizing
by the total period. The solid lines represent the Kosterlitz-
Nelson prediction for p, (T ) assuming two dift'erent values of

C
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FIG. 18. Reduced Q
' data. The broad peak near 150 mK

belongs to the data of coverage no. 5 and is thought to be a
third sound resonance. The dissipation below each dissipation
peak appears to follow a universal curve independent of the cov-
erage.

it appears to be independent of the superAuid coverage of
the film.

To explain this residual dissipation Browne and Don-
tach postulate a finite population of unpaired free vor-
tices pinned to surface imperfections in the film. These
vortices can be depinned by thermal Auctuations or exter-
nal Aow fields and thereby act as a reservoir of free vor-
tices even below T, . Once depinned, these vortices
diffuse throughout the film until they encounter another
pinning site. Just like the thermally excited free vortices,
these vortices destroy superAuid Aow and consequently
contribute to the overall dissipation. An estimate based
on Eq. (1.32) indicates that only 400 free vortices per cm
would be needed to produce the observed dissipation.

2b,P /P =P]IX lD F p p(T )/T
Pso T

gg —I

T =»I»lD Fl,o(T, ) /T, I
Pso T

(3.1)

where the parameters lD, F, and p, o(T, )/T, are expected
to be substrate dependent but are assumed not be cover-
age dependent.

%'hen applying the above scaling relations we can
avoid the necessity of determining p, p( T) by replacing

p,p(T) with its value at T, to obtain a scaling relation
that will be valid only near T, . In addition since the stat-
ic T, does not correspond to any identifiable feature in
the data it is convenient to replace T, by the temperature
of an unambiguous feature of the data which scales ap-
propriately with T, . The obvious choice is T „„.This
substitution can be justified because the ratio Tp k /T is
uniquely determined by the universal scaling functions
Eq. (3.1) for fixed values of the parameters. Similarly one
can replace p, p(T, ) by T~„k on the left-hand side of the
equation since p, p(T, )/T, is assumed to be a constant.
With these modifications the scaling relations become

ZAP/P =&/I T/Tp k ID F p p(T )/T
Tpeak

gg —1

=~~IT/T„.k lD F p.o(T, ) /T. I .
Tpeak

(3.2)

In Fig. 19 we show the scaled data 26P/PT„„k and
b, g '/T~„„plotted versus T/T„„k for each coverage.
To emphasize the scaling behavior, the data for each cov-
erage are superimposed in Fig. 20. The data in the transi-
tion region are shown with an expanded scale. (For clari-
ty the data of coverage no. 1 are omitted. )

Except for the data of coverage no. 2 the period and
dissipation data appear to follow universal curves in the
region of the transition. The universal behavior in the
period shift, however, appears to extend to much lower
temperatures than one would have predicted. In fact, the
minor deviations which are observed between the
diFerent coverages can be attributed to systematic errors
inherent in the background subtraction and to the cou-
pling of the oscillator resonance to third sound modes.
[A clear example of a third sound resonance can be seen
(Fig. 19) in the dissipation data of coverage no. 5 near
T/T „„=0.5.]

To facilitate comparisons between data of difFerent
coverages we can take advantage of the predicted scaling
behavior. As discussed previously in Sec. IC, 26P/P
and b,g ', when scaled by p, p( T), should exhibit univer-
sal behavior when expressed as functions of the reduced
temperature variable X =(T/T, )[p,p( T, )/p, p( T) ], i.e.,
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This low temperature scaling is interesting because it
cannot be a consequence of the vortices. At low tempera-
tures, the density of vortex pairs should be exponentially
small since the minimum energy to create a vortex pair is

C

twice the core energy, 2FC(T). The relative importance
of the vortex contribution to p, (T) is illustrated in Fig.
21.

The data points plotted in Fig. 21 were obtained by
first averaging the scaled period curves presented in Fig.
20 and then rescaling the result with T „i,=0.8 K. This
curve represents the effective superfluid density of a heli-
um film with a zero temperature superfiuid density of
43.2 p,g/m .

The dashed curve represents the temperature depen-
dence of p, (T) assuming only vortex excitations. This
curve is calculated from the full dynamic theory with

p, o( T) assumed to be temperature independent with a
value given by p, ( T=0). The parameter p, o( T, ) /T, is
chosen to produce the rapid decrease of p, (T) in the
correct temperature region. As one can see the resulting
curve is essentially temperature independent below
T=0.5, in agreement with our expectations for the ex-
ponential nature of the vortex pair density. From this we
conclude that the low temperature scaling behavior must
be a property of p,o( T) or equivalently the nonvortex ex-
citations.

To model this scaling behavior we have chosen a sim-

ple energy spectrum for the non-vortex excitations which
correctly reproduces the temperature dependence of
p, o(T). Although a 2D phonon spectrum [e(p)=cp]
could in principle reproduce the scaling behavior, the re-
sulting T dependence of the normal density would be in-
consistent with the more gradual temperature depen-
dence of our data. To proceed beyond a simple phonon
spectrum, we have taken a result from the analysis of the
interacting Bose gas. Within the Bogoliubov approxima-
tion, ' the excitation spectrum is characterized by a pho-
nonlike branch with an upward dispersion at short wave-
lengths due to particlelike excitations,

e(p)=[(cp) +(p /2m) ]' (3.3)

The long-wavelength sound velocity c can be expressed as
the Fourier transform V(k) of the helium interparticle
interaction potential, i.e.,

V(0)no
(3.4)

0
~44444

where no is the condensate density. To reproduce the
observed scaling it is su%cient to define the sound veloci-
ty as

10
~444 ~ ~ ~ ~ ~ 4 44 4 4 ~ 4 ~

C— V(0)p, o( T =0)
P7l

(3.5)

29.0 pM/ms
0.067 K

4

44 ' 44444444 ' ~ 4
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4
4
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with V(0) assumed to be coverage independent. Ciiven
the above excitation spectrum together with our
definition for the sound velocity, p,o(T)/p, o(T=O) can be
shown to be a function of T/T*, where k& T*

(V)p0, ( oT0)/m. Combining this result with our ini-
tial expression, Eq. (3.1), we obtain

FIG. 19. Scaled period shift 26P/PT~„„axxd bQ '/T~„k
for di6'erent coverages. The value of T~„k is shown below the
nominal coverage for each film. The transition region, as indi-
cated by the dissipation peak, is narrower for coverage no. 2
than for the other coverages.

2b,P /P =~1I T/Tp-k ~D +P.o(T. )/T. »(0)I
peak

gg —i

=gqI T/T „k,lD, F,p, o(T, )/T„V(0)I,
peak

(3.6)
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FIG. 20. Scaled data of different coverages overlapped to illustrate universal behavior. The temperature scale has been expanded
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where we have again used our previous arguments to re-
place T* with T„„k. The significance of these scaling re-
lations is that they are valid over the entire range of the
data.

In fitting our data we find the inclusion of a surface ro-
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FIG. 21. Calculated superAuid density p, (T) for different
normal densities. The points were obtained by first averaging
the scaled period data (25P/PTp„k vs T/Tp„k ) of coverages
no. 2, no. 3, no. 4, and no. 5 and then multiplying by T~„z=0.8
K to obtain an effective superAuid density curve. The dashed
line was calculated assuming only vortex excitations and is
therefore only weakly temperature dependent at low tempera-
tures. The solid curve represents the full dynamic theory in

which the nonvortex excitations are described by a 20 Bogo-
liubov spectrum. (For comparison the dash-dot curve was cal-
culated with the Bogoliubov spectrum replaced by a simple pho-
non spectrum with the same long-wavelength sound velocity. )

ton branch not to be justified. We point out that both
neutron scattering results and theoretical calculations
indicate 20 roton energy gaps which are typically greater
than 5 K. If these values are correct then the resulting
roton contribution to p,o(T) would be insignificant at the
temperatures of our data. We also suggest that the roton
signature observed in the third sound data of Rutledge
et al. ' may in fact be due to vortex pairs since the nor-
mal density from both rotons and the vortex pairs is ex-
ponential at low temperatures (exp[ —2 E(T) /kTiij and
exp( —b, /ks T) ).

In proposing the above excitation spectrum we at-
tached no significance beyond that of a parametrization
which reproduces the essential features of p, o(T) In.
practice V(0) was independently determined by fitting
the low-temperature —period data (corresponding to
T/T „„(0.6) for each coverage. By fitting p, o(T) with
only two parameters, p,o(T=O) and c, we determine that
c is indeed proportional to p, o(T=O) with V(0)/k~
=19.4 A .

With p, o(T) specified we can continue with the analysis
of the data in the transj. tion region. As we pointed out
before, even after scaling, coverage no. 2 still exhibits a
narrower transition region and a larger dissipation peak.
Because the data of coverages no. 3, no. 4, and no. 5 (and
perhaps coverage no. 1) as a group exhibit universal be-
havior, one might suspect that coverage no. 2 is somehow
anomalous. However, in comparing the data to the
theoretical calculation, we find the exact opposite. It is
the broad transitions which are not adequately described
by the present theory.
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As outlined in Sec. I E the theoretical fits require only
three additional parameters p, o( T, ) /T„ lD, and F
[p,o(T=O) becomes irrelevant once the data are scaled by
T~„k]. p, o(T, )IT, determines the curvature of p, (T)
near T, and to a large extent the value of p, ( T
=0)/T „„.The temperature dependence of the dissipa-
tion peak and its corresponding period shift are deter-
mined by the parameters ID and F. In particular the
value of F correlates strongly with the height of the dissi-
pation peak while lz correlates strongly with its width.
Consistent with the overall scaling of the period shift (ex-
cept in the limited region of the dissipation peaks) we are
able to fit all coverages with a single value of
p, ( T, )/T, =4.6+0. 1 X 10 g m K '. Corresponding
to this value of p, (T, )IT, we determine E,(T, )/k&T,
=3.2 which is consistent with the small vortex con-
tribution to p„at low temperatures. The ratio
(m Iiit) E,(T, ) Ip, o(T, ) =3.8 which is set by the
Kosterlitz- Thouless recursion relations [Eq. (1.9)] is
larger than the values obtained from a rigid rotating-core
model (m/4) or an interacting excitation model ( = 1.2).
Similar values for this ratio have been obtained for films
adsorbed on packed powders.

From this value of p, o( T, ) /T, and our analysis of
p, o(T) we can estimate the T, for each coverage. These
T, values are listed in Table II. The relative shift be-
tween T „k and T, is only a few percent.

When analyzing the individual data for each coverage
one quickly discovers that the small and broad peaks
characteristic of coverages no. 3, no. 4, and no. 5 cannot
be fitted with any choice of l~ and F. In particular, the
overall height of the dissipation peak relative to the
period shift is too small to be explained by the dynamic
theory. Surprisingly the seemingly anomalous data of
coverage no. 2 is well fitted by the theory as illustrated in

Fig. 22. Parameters for the fit are shown in the inset.
The procedure for determining lD from the coverage

no. 2 dissipation peak was complicated by the finite ve-
locity effects discussed in Sec. II D. Fortunately the prin-
cipal effect of the finite velocities is to broaden the dissi-
pation peak. principally on its low-temperature side. We
therefore choose a value for lD which gives the best fit to
the high-temperature side of the peak. Choosing a small-
er value for la would produce an overall broader peak
but the broadening would be symmetric about T „k and
therefore the resulting dissipation peak would fail to
reproduce the observed sharp decrease on the high-
temperature side of the peak. In a separate run we have
taken data at approximately the same coverage but at a
much lower substrate velocity. The lower-velocity dissi-
pation peak is only 35% as wide as the peak of coverage
no. 2 and agrees very well with the theoretical dissipation
peak calculated from the parameters shown. For com-
parison the data taken at a smaller substrate velocity are
plotted in Fig. 22 using squares. We believe that this
value for ID represents the true low-velocity behavior of
the helium film.

Our fitted value of ID =5.75 corresponds to a dynamic
length scale of rD /re=314. The effective diffusion rate
D/re=5. 6X10 sec ' is much smaller than values ob-
tained for coverages with T „k & 1 K. Thermal transport
measurements ' "' ' and torsional oscillator experi-
ments ' ' give values that range from 10' to 10" sec
Adams and Glaberson' using a torsional oscillator tech-
nique measure the vortex diffusivity D directly by inject-
ing a known density of free vortices into the helium film

by means of a rotating cryostat. They obtain D=0.5 to
1.5 (A'/m) for helium films with T „„=2.0 to 1.3 K, re-
spectively. If we assume the vortex core diameter to be
approximately 1.5 A, their e6'ective diffusion rate be-

20

12

I

8

p,o(T,)/Ta = 45.5 p,gram m 3 K '

1n= 575 F = 005
0.144

D/ro~ = 5.64 x 10 sec
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I
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FICs. 22. The reduced period and Q
' data of coverage no. 2 compared to calculations based on the dynamic theory of AHNS.

p,o( T, )/T, was chosen to fit the average reduced period shift, while ID and F were chosen to agree with data taken at a lower sub-

strate velocity (indicated by the square symbols).
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FIG. 23. Calculated superAuid response assuming spatial inhomogeneities. Only a narrow distribution of T„„k values (corre-
sponding to a standard deviation of only 2.S%) is required to obtain the observed broadening.

comes D/ro =1.4 to 4.2X 10' sec
From the general scaling arguments presented, we

would expect that the parameters given in Fig. 22 to ap-
ply equally well to all coverages. But, as we have previ-
ously mentioned, the data with the broader peaks cannot
be explained by the present theory. A possible clue to un-
derstanding this behavior can be found in the area of
each of the dissipation peaks. Although the dissipation
peaks have different shapes, the area of each peak ap-
proximately scales with T~„z. This strongly suggests
that in the higher coverages the transitions are broadened
by an external mechanism which preserves the overall
scaling behavior with coverage. One possible candidate
would be macroscopic inhomogeneities of the areal densi-
ty.

To simulate the effect of such inhomogeneities we have
taken the scaled data corresponding to coverage no. 2
and have generated the effective superAuid response of an
inhomogeneous film. Dividing our total surface area into
25 different regions, we assign each region a different
T~„k assuming a Gaussian distribution. The contribu-
tion from each region is calculated by rescaling the data
of coverage no. 2 by the value of T „k for that region.
The total dissipation is compared with the data in Fig.
23. As expected, the low-temperature response is hardly
affected by this process whereas the dissipation peak is
significantly broadened. Only a deviation of 2.5% in the
T „„distribution is required to obtain the indicated
broadening. Although the fit is not perfect and certainly
could be improved by adjusting the T„„k distribution, we
believe that spatial inhomogeneities clearly can account
for the principal features of the data. Unfortunately this
does not explain why coverage no. 2 is not similarly
affected by these spatial inhomogeneities.

SUMMARY

We have made measurements of the super Auid
response in thin helium films adsorbed on a Mylar sub-

strate. SuperAuid coverages corresponding to 1.2, 2.0,
3.1, 4.1, and 5.2 pM/m were examined. Since the transi-
tion temperatures of these films were less than 0.5 K, no
corrections for gas desorption were necessary.

Our Mylar substrate comprises part of the moment of
inertia of a high-Q torsional oscillator. Consequently,
changes in the superAuid mass or dissipation of the ad-
sorbed helium film produce changes in the oscillator
period and amplitude. As has been reported in other ex-
periments, we find that a finite coverage of helium must
be adsorbed before superfiuidity is observed. (This initial
coverage is 27.85 pM/m in our experiments. ) We find
that the temperature dependence of the period and arnpli-
tude background above the superAuid transition for each
coverage is significantly different from that of the empty
cell background but is independent of the coverage. This
suggests that this anomalous contribution is an interfacial
effect originating in the initially adsorbed helium which
does not exhjbit superAuidity. In determining the
superfIuid response, we have assumed that this contribu-
tion is unaffected by the superAuid transition and there-
fore should be incorporated as a part of the empty cell
background.

At low temperatures the superAuid density, p, (T), for
each coverage decreases slowly with increasing tempera-
ture Eventu. ally p, (T) decreases more rapidly at a tem-
perature which roughly scales with the superfiuid cover-
age in agreement with the predictions of the Kosterlitz-
Thouless theory. By including the dynamics of the vor-
tex pairs and free vortices, AHNS are able to explain the
gradual decrease of p, (T) as well as the narrow peak in
the film dissipation.

Comparing the period and dissipation data for different
coverages, we observe a definite scaling of the data with
coverage. By rescaling the data by T „k, the tempera-
ture of the dissipation peak, we find that to a large extent
both the period and dissipation data are universal func-
tions of T/T„„„, independent of the coverage. Univer-



39 KOSTERLITZ- THOULESS TRANSITION IN. . . 8955

ity in the region of the superAuid transition was expected,
as it is a direct consequence of the vortex nature of the
transition. However, the universality observed for tem-
peratures well below the transition region was unexpect-
ed and indicates that the non-vortex excitations also obey
some form of scaling relation.

Using as a guide the results from the analysis of an in-
teracting Bose gas we have developed a phenomenologi-
cal model for the energy spectrum of these nonvortex ex-
citations. The energy spectrum is linear in the momen-
tum at long wavelengths but has an upward dispersion
characteristic of a free particle at short wavelengths. To
reproduce the scaling of the low-temperature period data
with coverage, it is sufficient to choose the long-
wavelength sound velocity to be proportional to the
square root of the superAuid areal density at T=0.
Given this ansatz, the low-temperature data from
different coverages can be fitted with a single parameter.

By incorporating our analysis of the nonvortex excita-
tions with the dynamic theory of AHNS, we obtain a
complete description of the superAuid response over the
entire temperature region of interest'. The calculated
scaled response only depends on three new parameters:
p, 0( T, ) /T„ the effective interaction strength between
vortices at T, ; F, the proportionality between the high-
temperature correlation length and the free vortex densi-
ty; and lz, the dynamical length scale set by the vortex
diffusivity.

From our analysis we find that each coverage is well
described by a single value of p,, 0( T, ) /T, =45.5 pg m
K '. Since our measured dissipation peaks are much
broader than those measured in thicker films (T „k) 1

K), the fits to the data require a much smaller value for
than has been previously reported. In terms of a

diffusion rate we require D /r 0
=5.6 X 10 sec ', where r0

is the vortex core radius [taking r0 —-1.5 A, we obtain a
vortex diffusivity of only 2 X 10 (A'/m)].

These values represent a dramatic reduction from the
values found in thicker films ( =10" sec '). This reduc-
tion could be ascribed to either a change in the vortex
diffusivity or a change in the vortex core radius. For ex-
ample, if at low coverages, vortex pinning by substrate
imperfections were dramatically enhanced, the overall
vortex diffusivity would decrease. Similarly an increase
in the vortex core radius could produce the decrease in
the diffusion rate. In analyzing third sound measure-
ments on thin helium films adsorbed on porous media,
Kotsubo and Williams find core radii as large as 50 A.
Haldane and Wu point. out that due to the atomic na-
ture of helium films the vortex core cannot be localized
within an area smaller than the mean area per particle.
Thus one should expect the core radius to roughly scale
with [p,0(T =0)] ' . If we take the diffusivity D to be
on the order of (fi/m), then our measured diffusion rate
~ould imply a core radius of ra=168 A which is much
larger than the interparticle spacing estimated from the
superfiuid coverage (=9.8 A). Our oscillator technique
unfortunately cannot distinguish between these two
different interpretations. Clearly a direct measurement of
D of the type made by Adams and Glaberson' would be
valuable in understanding these anomalously small values

of D/ra.
In addition to the very small vortex diffusion rates we

observe additional broadening for certain coverages. We
have interpreted this departure from the scaling behavior
to indicate the presence of macroscopic spatial inhomo-
geneities in the film. By assuming a narrow distribution
of areal densities of only 2.5%%uo we can produce an addi-
tional broadening comparable to the observed values.
The coverage dependence of this additional broadening,
however, is still a mystery. Although macroscopic im-
perfections or energetic inhomogeneities could easily pro-
duce such distributions in the areal density, it is difficult
to understand in our experiment why a thinner film
should be less affected. In fact, more recent data indi-
cate that the additional broadening in the dissipation
peaks extends over a much wider range of coverages and
appears to vary periodically with coverage.

From the data it is not possible to determine whether
this additional broadening is intrinsic to the helium film
or whether it is induced by the substrate. Extending
these studies to other substrates may help to decide this
question. In particular, these measurements need to be
made on well characterized substrates (such as graphite)
so that the coverage dependence can be correlated with
known properties of the surface. Preplating with other
gases such as krypton to reduce surface inhomogeneities
would also be informative. These studies would also test
whether the scaling behavior of the nonvortex excitations
is universal.

In conclusion, we have presented data on the
superAuid response of thin helium films. We have shown
that our data can be described over the entire range of
temperature by a scaling function that is independent of
the coverage. From this analysis we conclude that the
broad transitions observed at certain coverages is caused
by an external mechanism which preserves the overall
scaling with coverage.
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APPENDIX: VAPOR-PRESSURE CALIBRATION

In general the total film coverage (the number of heli-
um atoms adsorbed on the substrate) is not a fixed quanti-
ty but can vary with temperature because of desorption
into the gas. At low coverages and temperatures (both T
and T, below 1 K) these variations of the film coverage
can be safely ignored and the coverage can be determined
solely from the total amount of helium admitted to the
cell. At higher temperatures, corrections must be made
to the coverage. This is particularly true when the open
volume of the experimental cell is large compared to the
surface area of the system.

To model the temperature dependence of the pressure
of a relatively thick film, we shall assume the gas pressure
in equilibrium with the film to be given by,

where N„,„„is given by the pressure and the ideal gas
law; i.e., N„, „=PV/RT. Since the attractive potential
exerts on the film an effective pressure which increases
with decreasing distance from the substrate, the density
of the film will vary with the distance from the substrate.
We shall approximate this change in density by dividing
the total thickness d into an initial layer of thickness d,
with an assigned density equal to that of the solid (0.191
g/cm ) and an outer layer of thickness d, with an as-
signed density equal to that of the liquid (0.145 g/cm ).
%"e arbitrarily equate the high-density layer to the
nonsuperAuid layer found by extrapolating the T„„k
versus coverage curve to T=O. Substituting the value for
the inert layer obtained in Sec. III A we find that
p, &;d=27.85 pM/m .

Our expression for NT becomes

P(T) =Po(T)exp[ V(d)/kz T], (A 1) XT=Sp„i;dd, +Spi; d, +PV /R T,

NT =
Nfilm +Nvapor (A2)

where P is the pressure of the gas at temperature T and
Po(T) is the saturated vapor pressure at that tempera-
ture. V(d) is the attractive substrate potential evaluated
at the surface of the film with thickness d. For V(d)
we shall use the van der Waals potential which for small
distances from the substrate falls off as d; i.e.,
V(d)= —ak~/d .

The total helium Nz- in the cell is either in the vapor or
in the adsorbed film,

or in terms of the total thickness d =d &+a„

ÃT =S(p„„d—
pi q)d, +Sp„d +PV/R T, (A4)

where S is the surface area and V is the volume of the
cell.

Substituting for d from the expression for the pressure
(Al) we obtain

t02.65

lO

I
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FICx. 24. Analysis of the gas pressure in equilibrium with the helium film. The total helium within the cell is indicated for each
data set. From the straight-line fits we determine the van der %'aal's constant of the substrate and the internal volume of the cell.
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(A5)

[T ln(Po/P) ]
' = (a' Spi;„)XT

+ ig3 (PIT)V
Ra' Spi;

where XT —~T S(psolid piiq)ds

By plotting [Tln(PO/P)] '~ against (P/T) we deter-
mine both the van der %'aals constant, a, and the volume
of the system V. In Fig. 24, we show this analysis for

three di6'erent values of XT. All three curves give con-
sistent values for the parameters: a=52.05 K/L (where
L denotes layer) and V=0.843 cm . The value of a is
somewhat larger than one would expect in comparison
with other dielectric materials but does fall within the
range quoted by Bienfait et aI. The volume is con-
sistent with the measured volume of the cell ( V„ii =0.613
cm ) and pressure gauge (Vs,„s,=0.10 cm ) and esti-
mates of the capillary volume.
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