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We propose a scheme for the entanglement generation of two cavity modes using a four-level Raman-driven
quantum-beat laser �QBL�. The atomic coherence is generated by a Raman-type two-photon process. Two
different sufficient conditions for entanglement generation have been investigated. The effect of cavity losses
and strength of the driving fields on entanglement generation is studied for different initial states of the
resonant cavity modes. The results are in agreement with the earlier scheme for the entanglement generation
using a directly driven quantum-beat laser. We observe entanglement generation even for high cavity losses and
with low strength of the driving fields. Further, there is no dipole-forbidden transition in the Raman-driven
QBL system. Thus the proposed scheme for the entanglement generation is experimentally more viable as
compared to the previous directly driven QBL system.
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I. INTRODUCTION

Atomic coherence in a two-mode laser can generate fields
that remained entangled for a certain period of interaction
time. This has been investigated in a series of proposals for
the generation of two-mode entangled radiation. Recently,
two-photon correlated emission laser �CEL� has emerged as
the most probable source of entangled radiation with a large
number of photons in each mode �1�. The analysis has fur-
ther been extended to observe continuous-variable entangle-
ment �2�, single atom as a macroscopic source of radiation
entanglement �3�, and to study the influence of pump-phase
fluctuations on the entanglement generation �4�. In a parallel
attempt, the quantum-beat laser �QBL� �5� has also been ob-
served as a source of entangled radiation using two-level �6�
and three-level �7� atomic systems.

Earlier, Polzik and co-workers demonstrated that quantum
state transfer from nonclassical light to atom can be used for
the realization of macroscopic entangled atomic ensemble
�8�. Besides, several other proposals have been presented for
the generation of entangled states of photons. These include
the generation of two-mode quadrature squeezed light from a
narrow-band nondegenerate optical parametric amplifier, po-
larization entangled radiation from parametric down conver-
sion driven by intense pump field inside a cavity, and many
others �9–15�.

In the three-level CEL-based system the generation of en-
tangled radiation depends on the coherent superposition of
the upper and the lower atomic levels and the photons are
emitted in cascade transitions, whereas in the three-level
QBL-based system upper two atomic levels are prepared in a
coherent superposition state and the photons are emitted in V
transitions. However, in both the systems one faces a com-
mon problem of dipole-forbidden transition. To avoid such a

dipole-forbidden transition in a CEL-based system, we have
proposed a scheme where upper and lower atomic levels are
prepared in a coherent superposition state using a fourth Ra-
man level �16�. We call this entanglement generation system
as entanglement amplifier via Raman-driven coherence.

In this paper, we consider the entanglement generation of
two cavity mode photons in a quantum-beat laser via Raman-
driven coherence. That is, the two upper atomic levels are
prepared in a coherent superposition of states using an aux-
iliary level. Here, the system consists of four-level atoms
interacting with two modes of the cavity field in a doubly
resonant cavity. The atoms are initially pumped incoherently
to the auxiliary level and the coherent superposition state of
the two excited levels is prepared using two strong driving
fields via Raman-type two-photon process. The motivation
comes from an earlier work by Rathe and Scully �17� where
the role of phase coherence and decoherence has been inves-
tigated in the quantum-beat laser and in which the coherence
has been generated via Raman-type two-photon process. Us-
ing this four-level system the experimental difficulties due to
the presence of dipole-forbidden transition can be circum-
vented in the entanglement generation of the two cavity
modes using a quantum-beat laser.

II. ENTANGLEMENT CRITERIA

We know that a system is entangled if it is not separable,
i.e., the density matrix � cannot be expressed as a convex
combination of product states

� = �
j

pj� j
�1�

� � j
�2�, �1�

with pj �0 and � jpj =1. In this paper, we use the recently
proposed Hillery-Zubairy �HZ� criterion �18� and Simon–
Duan-Giedke-Cirac-Zoller �DGCZ� criterion �19� to estimate
the entanglement generation of the two modes of the cavity
fields via a Raman-driven quantum-beat laser. These criteria
provide a class of inequalities whose violation shows the
presence of entanglement in a two-mode system. For general
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states, these are the sufficient conditions; however, for two-
mode continuous-variable Gaussian states the latter criterion
becomes sufficient and necessary condition �2�. We consider
different initial states of the two-mode fields and discuss the
temporal evolution of the fields, which depends on the am-
plitudes of the Rabi frequencies associated with the two driv-
ing fields and the cavity decays.

The Hillery-Zubairy criterion states that

�N1N2� − ��a1a2
†��2 � 0, �2�

where N1=a1
†a1 and N2=a2

†a2 are the photon number opera-
tors in modes 1 and 2, respectively, whereas the Simon–
DGCZ criterion states that the system is known to be en-
tangled if the quantum fluctuations of the two Einstein-
Podolsky-Rosen-like operators, û and v̂, of the two modes
satisfy the following inequality:

��û�2 + ��v̂�2 � 2. �3�

Here,

û = x̂1 + x̂2,

v̂ = p̂1 − p̂2, �4�

and xj = �aj +aj
†� /	2 and pj = �aj −aj

†� /	2i �with j=1,2� are
the quadratures for the two modes of the cavity field. These
can be measured in an experiment by using the technique of
balanced homodyne detection �20�. On substituting the defi-
nition of û and v̂ in Eq. �3�, we obtain

��û�2 + ��v̂�2 = �a1
†,a1� + �a1,a1

†� + �a2
†,a2� + �a2,a2

†�

+ 2��a1,a2� + �a1
†,a2

†�� , �5�

where we use the notation �a ,b�= �ab�− �a��b�. In order to
study the entanglement, we calculate the time evolution of
various moments involved in the inequalities in Eqs. �2� and
�3� using the equations of motion given in Appendix A.

III. MODEL

We consider a four-level Raman-driven quantum-beat la-
ser system as shown in Fig. 1. The atoms which are pumped
in the auxiliary state �c� at a rate rc interact with two modes
�1 and �2 of the field inside the doubly resonant cavity. The
corresponding transitions are �b1�↔ �a� and �b2�↔ �a�. The
coherence between levels �b1� and �b2� is generated using two
strong classical driving fields via a fourth level �c� in a
Raman-type two-photon process. The corresponding Rabi
frequencies are �1 and �2. We also consider that all atomic
levels decay at the same rate � to some other atomic levels
outside the system. Such a system has been discussed within
the context of phase coherence and decoherence in the
quantum-beat laser by Rathe and Scully �17�. The interaction
picture Hamiltonian for this system is given by

V = �g�a1ei�1t�b1��a� + a2ei�2t�b2��a�� −
��1

2
�c��b1� −

��2

2
�c�

	�b2� + H.a. �6�

Here, the detuning �1 ��2� is defined as �1=
b1a−�1��2

=
b2a−�2�, a1 �a1
†� and a2 �a2

†� are the annihilation �creation�
operators of the cavity fields, whereas g is the coupling con-
stant associated with �b1� and �b2� to �a� transitions.

The equation of motion for the field density matrix is
given by

�̇ f = − 1/2��11
� a1a1

†� f + �11� fa1a1
† − ��11 + �11

� �a1
†� fa1�

− 1/2��22
� a2a2

†� f + �22� fa2a2
† − ��22 + �22

� �a2
†� fa2�

− 1/2��21
� a1

†a2� f + �12� fa1
†a2 − ��12 + �21

� �a1
†� fa2�ei�

− 1/2��12
� a1a2

†� f + �21� fa1a2
† − ��21 + �12

� �a2
†� fa1�e−i�

− 1�a1
†a1� f − 2a1� fa1

† + � fa1
†a1� − 2�a2

†a2� f − 2a2� fa2
†

+ � fa2
†a2� , �7�

where we include the cavity damping terms in the usual way,
assuming that the two cavity modes are coupled to two in-
dependent vacuum reservoirs with 1 and 2 being the cavity
decay rates of modes 1 and 2, respectively. Here, �11 and �22
are the linear gain coefficients, whereas �12 and �21 are the
phase-sensitive cross-coupling coefficients that are generated
due to the atomic coherence produced between the levels �b1�
and �b2� via the two-photon Raman process using two strong
driving fields. Explicit expressions for the coefficients �11,
�12, �21, and �22 in Eq. �7� are given in Appendix B. The
phase angle � appearing in Eq. �7� equals �=�+ ��1−�2
−
b1b2

�t with � being the phase associated with the driving
fields.

IV. DISCUSSION

We know that the transverse decay decreases the degree
of coherence irrespective of the strength of the driving fields;
therefore, in our scheme these decays are considered to be
zero. In this situation the ideal CEL action occurs without
assumptions about the strength of the driving fields �17�.
However, the threshold limits still prevail for the entangle-
ment generation in the system and for different choices of the

FIG. 1. �Color online� Energy-level diagram of a four-level
Raman-driven quantum-beat laser. The transition between levels
�b1�− �a� and �b2�− �a� at frequencies �1 and �2 are resonant with the
cavity. Two strong driving fields are applied between levels
�c�↔ �b1� and �c�↔ �b2�. The corresponding Rabi frequencies are �1

and �2, respectively.
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Rabi frequencies of the driving fields and cavity decay rates,
we expect an increase or a decrease in the entanglement gen-
eration.

For simplicity’s sake, we consider �=�1=�2 and �1
=�2=�. Therefore, all the gain and the cross-coupling co-
efficients defined in Appendix B become equal and can be
written as

� =
2rcg

2

D

�2��2 + 2�2��3� + 2i��

��2 − 2�2 + 2�2 + 4i���� , �8�

where �=�11=�22=�12=�21 and

D = ��4�4 + 10�2�2 + 4�4� . �9�

In recent studies, we have discussed the generation of
entanglement in a parametric converter �15� and quantum-
beat laser �7� using the Simon–DGCZ and the Hillery-
Zubairy criteria and obtained the conditions on the input
modes that ensure that the output modes are entangled. We
know from these studies that the entanglement generation via
a quantum-beat laser strongly depends on the strength of the
driving fields and the cavity decay rates. In this proposal we
investigate the entanglement generation via a Raman-driven
quantum-beat laser and study the influence of cavity decay
rates and strength of the driving fields on it. We note from
the linear gain and cross-coupling coefficients that there is no
parametric limit exists where the Raman-driven quantum-
beat laser becomes a parametric converter �7,15�. This is the
same situation observed in earlier studies of the CEL-based
entanglement generation and phase-sensitive amplifier using
Raman-driven coherence �16,21�. Therefore, there exists
minimum and maximum threshold values for the driving
field Rabi frequencies for which the entanglement between
two cavity modes is generated.

We would also like to mention that exact analytical results
in this proposal are rather complicated, and therefore in the
following we shall only present the numerical results and
analysis. The system we discuss here can be realized by plac-
ing the gain medium inside a doubly resonant cavity. We
choose the parameter values which correspond to the micro-
maser experiment �27�. The second alternative experimental
approach may be a system in which atoms with long-lived
states pass through the doubly resonant cavity such that only
one atom is inside the cavity at a time which corresponds to
the micromaser experiment carried out by several groups
�27,28�. In the following analysis, we consider exact reso-
nance ��=�1=�2=0� under the condition �=0.

We start our analysis with the initial coherent state having
�=10 in mode 1 and squeezed vacuum state in mode 2. The
squeezed vacuum state can be represented as S�r��0� with the
squeezing operator S�r�=exp��r /2��a2−a†2

�� defined in
terms of the creation and the annihilation operators a and a†

with squeezing parameter r=0.1 and photon number n=0.
Figure 2 shows the time evolution of the HZ criterion F1
= �N1N2�− ��a1a2

†��2 versus the dimensionless interaction time
�t. The parameter � is defined as �=2g2rc /�2 and other
corresponding parameters are given in the figure caption. For
simplicity in analysis we consider �1=�2=� and 1=2
=. We observe that F1 becomes negative as time evolves,

which shows that the two cavity modes, which are initially in
the product state, evolve into entangled state. The two modes
are remained entangled for a certain duration of interaction
time �t and we observe that the entanglement strongly de-
pends on the strength of the driving fields and the cavity
losses.

The time evolution of F1 in Fig. 2 exhibits the influence
of the driving field strengths on the entanglement generation.
Three different values of the corresponding Rabi frequencies
are considered, i.e., � is equal to �a� 10, �b� 15, and �c� 20
kHz. The quantity F1 becomes negative after a small inter-
action time �t, which implies that the two cavity modes at
that particular interaction time evolve into an entangled state.
The quantity F1 remained negative for a certain interval of
time, and therefore the entanglement is sustained for that
duration. Here, we note the strong dependence of entangle-
ment on the strength of the driving fields. That is, for three
different choices of the Rabi frequencies corresponding to
the driving fields, we get three different time intervals for the
entanglement between the two cavity modes. We observe
that the time interval for the entanglement increases with an
increase in the Rabi frequencies of the driving fields. This is
due to the increase in coherence between the two levels �b1�
and �b2� via level �c�. These results are in agreement with our
earlier study of entanglement generation in the quantum-beat
laser �7� except that in the present case we do not observe
oscillations in F1. The oscillations in F1 in the directly driven
quantum-beat laser system for the entanglement generation
also vanish when relatively high strength of the driving field
is considered �see Fig. 2 in Ref. �7��.

To see the mean photon number behavior in the two cav-
ity modes during the time of entanglement, we plot the time
evolution of �N1� and �N2� versus �t in Fig. 3. We consider
the same values of the corresponding parameters given in the
case of Fig. 2. The main plot reflects the time evolution of
the mean photon number in mode 1 and the inset gives the
mean photon number evolution in mode 2. We observe that
the mean number of photons in mode 1 �N1�, which is 100
photons at time �t=0, decreases almost exponentially. The
inset of Fig. 3 shows the time evolution of �N2� where ini-
tially the mean number of photons is zero. It increases to

FIG. 2. �Color online� Influence of the Rabi frequencies on the
entanglement generation; time evolution of F1= �N1N2�− ��a1a2

†��2
against the normalized interaction time �t for initial squeezed
vacuum state in mode 1 with r=0.1 and initial coherent state in
mode 2 with �=10. Other parameters are �=20 kHz, 1=2

=5 kHz, g=16 kHz, and rc=10 kHz. The strength of the driving
fields corresponds to �1=�2=� equals �a� 10, �b� 15, and �c� 20
kHz.
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some maximum value and than decreases with time �t to a
steady-state value. We note that the behavior of �N1� remains
almost unaffected by the strength of the driving fields. How-
ever, the inset in Fig. 3 shows that the mean photon number
in mode 2 depends on the strength of the driving fields. We
also notice that the mean photon number �N1� does not show
an oscillatory behavior as has been observed in the earlier
studies �7�. This conforms with our initial observation of no
oscillatory behavior in the quantity F1 �see Fig. 2�.

To see the effect of cavity losses on the entanglement
generation, we plot F1 versus �t for three different values of
the cavity decay rates �see Fig. 4�. We observe that as the
cavity decay rates decrease the quantity F1 becomes more
negative and the time during which the entanglement is
generated increases considerably. This is according to the
physical behavior of the entanglement generation system,
i.e., cavity losses disturb the threshold conditions for the en-
tanglement generation and consequently the entanglement
vanishes for high enough cavity decay rates. These results
are also in agreement with earlier studies of entanglement
generation via the parametric converter �15�. From Figs. 2
and 4, we further note that in this Raman-driven QBL
scheme the entanglement between two cavity modes is gen-
erated even for high cavity losses and low strength of the
driving fields.

Next, we change the initial states of the two cavity modes
and consider that mode 1 is initially in the vacuum state and
mode 2 is in the photon number state with ten photons, i.e.,
n=10. The quantity F1 becomes negative in this case as well

which shows that the entangled radiation of the two cavity
modes is generated. Here, we again observe the strong de-
pendence of the entanglement generation on the strength of
the driving fields. Therefore, the entanglement between two
modes increases with an increase in the Rabi frequencies of
the driving fields �see the behavior of F1 in Fig. 5�. This
shows that the entanglement in the Raman-driven QBL can
be generated with different initial states of the cavity modes.
The influence of the cavity losses on the entanglement gen-
eration is again studied in Fig. 6, which reflects a similar
behavior observed in Fig. 4.

As a second choice, we consider the Simon–DGCZ crite-
rion to study the entanglement generation in the proposed
system. We plot F2= ��û�2+ ��v̂�2 versus �t, which is shown
in Fig. 7. We consider three different Rabi frequencies, i.e.,
� equals �a� 6000, �b� 5000, and 4500 kHz. The dependence
of the entanglement generation on the Rabi frequencies again
shows that the duration of entanglement increases with an
increase in the strength of the driving fields, which is again
in accordance with the earlier studies �7,16�.

In Fig. 8, we plot the Simon–DGCZ criterion versus �t
for three different values of the cavity decay rates, i.e., 
equals �a� 1.5, �b� 3.0, and �c� 6.0 kHz. It is obvious from the
figure that the Simon–DGCZ criterion also establishes strong
dependence of the entanglement generation on the cavity
losses. As the cavity decay rates increases, the duration of

FIG. 3. �Color online� Photon number evolution during en-
tanglement; time evolution of �N1� �main plot� and �N2� �inset�
against the normalized interaction time �t for three different driving
fields. The parameters are the same as in Fig. 2.

FIG. 4. �Color online� Influence of the cavity losses on the en-
tanglement generation; time evolution of F1 versus �t for �1=�2

=�=20 kHz and the cavity decay rates 1=2= are �a� 5, �b� 10,
and �c� 15 kHz. The other parameters are the same as in Fig. 2.

FIG. 5. �Color online� Influence of the Rabi frequencies on the
entanglement generation; time evolution of F1 versus �t for initial
vacuum state in mode 1 and photon number state in mode 2 with
n=10. The cavity losses correspond to 1=2=3 kHz and Rabi
frequencies are �a� 12, �b� 13, and �c� 15 kHz. Other parameters are
the same as in Fig. 2.

FIG. 6. �Color online� Influence of the cavity losses on the en-
tanglement generation; time evolution of F1 versus �t for �1=�2

=15 kHz and cavity decay rates 1=2= are �a� 3, �b� 3.25, and
�c� 3.5 kHz. The other parameters are the same as in Fig. 5.
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entanglement decreases and eventually for higher cavity
losses entanglement vanishes completely.

We would like to mention here that we have considered
much higher values of the Rabi frequencies for the Simon–
DGCZ criterion as compared to the HZ criterion. In both
cases the time evolution exhibits entangled radiation when-
ever the threshold condition for the entanglement is reached.
This reflects that both criteria are the sufficient and not nec-
essary conditions for the entanglement generation. However,
it is also possible to observe the entanglement between the
two cavity modes using both criteria for the same choices of
parameters. Therefore, in the last plot �Fig. 9�, we show the
time evolutions of the Simon–DGCZ and the HZ criteria
when �=4500 kHz while keeping the rest of the parameters
as in Fig. 8. This gives a comparison of the entanglement
generation via the HZ criterion �main plot� and the Simon–
DGCZ criterion �inset�. We find that the two criteria give
different time intervals for the entanglement generation of
the two modes for the same values of the parameters. This
satisfies the earlier studies that both criteria give only suffi-
cient condition for the entanglement generation of the two
modes.

V. CONCLUSION

We have investigated the entanglement generation of the
two cavity modes using a Raman-driven quantum-beat laser.

The coherence in the upper two levels of the QBL is gener-
ated via two-photon Raman process using an auxiliary level
which avoids the use of dipole-forbidden transition and
an ideal CEL action is possible without the need for strong
driving fields �17�. Two different entanglement criteria, i.e.,
Hillery-Zubairy and Simon–DGCZ criteria, are used to study
the entangled radiation for different initial states of the cavity
modes and different sets of parameters. We also considered
that the transverse decay �due to the collisions between las-
ing atoms� is zero. This may lead to an ideal CEL action
without assumptions about the strength of the driving fields.

The time evolution of the HZ criterion exhibits that the
Raman-driven QBL becomes a source of entangled radiation
even for low strength of the driving fields and high cavity
losses. However, the duration of the entanglement generation
changes with the strength of the driving fields and cavity
losses. The time evolution of the photon statistics is also
plotted and we observed no oscillation in the mean number
photon behavior of the two cavity modes. We have noticed
that the Raman-driven QBL system becomes a source of en-
tangled radiation for different initial states of the cavity
modes; however, the threshold values for the entangled ra-
diation are different for different sets of parameters.

The time evolution of the Simon–DGCZ criterion is also
plotted for different strengths of the driving fields and cavity
losses. We observed that the duration of the entanglement
generation again depends on the strength of the driving fields
and cavity losses. However, in this case we have considered
much higher values of the driving filed Rabi frequencies.
Here, we would like to mention that the two criteria �HZ and
Simon–DGCZ� are only sufficient conditions for the en-
tanglement generation. For a comparison we plotted the time
evolutions of the two entanglement criteria for the same
choice of parameters. We observed different initial times and
intervals for the entanglement generation, which emphasizes
the fact that both HZ and Simon–DGCZ criteria are the suf-
ficient but not the necessary conditions for the entanglement.
The mean number of photons in both cavity modes are also
plotted to see some insight of the photon statistics. We also
noticed from the linear gain and cross-coupling coefficients
that the Raman-driven QBL system does not become a para-
metric converter under the parametric limits.

As concluding remarks we would like to mention that
entanglement is essential in quantum-information processes
such as quantum teleportation �22�, quantum dense coding

FIG. 7. �Color online� Time evolution of F2= ��û�2+ ��v̂�2 ver-
sus �t; influence of Rabi frequencies on the entanglement. We con-
sider initial squeezed vacuum state with r=0.1 in mode 1 and co-
herent state in mode 2 with �=200, whereas g=43 kHz and 1

=2=1.5 kHz. Three choices of the Rabi frequencies are �a� 6000,
�b� 5000, and 4500 kHz.

FIG. 8. �Color online� Time evolution of F2 versus �t; influence
of cavity losses on the entanglement. We consider �1=�2

=6000 kHz and the cavity decay rates are �a� 1.5, �b� 3.0, and �c�
6.0 kHz.

FIG. 9. �Color online� Time evolution of F1 �main plot� and F2

�inset� versus �t for �=4500 kHz. The other parameters are the
same as in Fig. 7.
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�23�, quantum cryptography �24�, and quantum computing
�25�. In any quantum-information process, it is important
to know whether a state is entangled or not before any
application. It may be pointed out that continuous-variable
entanglement can offer an advantage in some situations in
quantum-information theory �26�. Our proposed Raman-
driven quantum-beat laser system seems to be a good choice
of the entanglement generation source as this is experimen-
tally a more viable system �17,27,28�.
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APPENDIX A

The equations of motion for various moments required to
study the generation of entanglement using a Raman-driven
quantum-beat laser can easily be obtained from Eq. �7�. For
a suitable choice of the phase �=0 associated with the clas-
sical driving fields, the following sets of coupled equations
for various moments are obtained:

d

dt
�a1� =

1

2
��11 − 21��a1� +

1

2
�12�a2� , �A1�

d

dt
�a2� =

1

2
��22 − 22��a2� +

1

2
�21�a1� , �A2�

d

dt
�a1a1� = ��11 − 21��a1a1� + �12�a1a2� , �A3�

d

dt
�a2a2� = ��22 − 22��a2a2� + �21�a1a2� , �A4�

d

dt
�a1a2� = �1

2
��11 + �22� − �1 + 2��a1a2� +

1

2
�12�a2a2�

+
1

2
�21�a1a1� , �A5�

d

dt
�a1a2

†� =
1

2
���11 + �22

� � − �1 + 2���a1a2
†� +

1

2
��21

� �a1
†a1�

+ �12�a2
†a2�� +

1

2
��21

� + �12� , �A6�

d

dt
�a1

†a2� =
1

2
���11

� + �22� − �1 + 2���a1
†a2� +

1

2
��21�a1

†a1�

+ �12
� �a2

†a2�� +
1

2
��21 + �12

� � , �A7�

d

dt
�N1� =

1

2
���11 + �11

� � − 21��N1� +
1

2
��12�a1

†a2�

+ �12
� �a1a2

†�� +
1

2
��11 + �11

� � , �A8�

d

dt
�N2� =

1

2
���22 + �22

� � − 22��N2� +
1

2
��21

� �a1
†a2�

+ �21�a1a2
†�� +

1

2
��22 + �22

� � , �A9�

d

dt
�N1N2� = �1

2
��11 + �11

� + �22 + �22
� � − 2�1 + 2��N1N2�

+
1

2
��22 + �22

� ��N1� +
1

2
��11 + �11

� ��N2�

+
1

2
��21�N1a1a2

†� + �21
� �N1a1

†a2��

+
1

2
��12

� �a1a2
†N2� + �12�a1

†a2N2�� +
1

2
��12

� + �21�

	�a1a2
†� , �A10�

d

dt
�N1a1

†a2� = �1

2
�2�11

� + �11 + �22� − �31 + 2��N1a1
†a2�

+ �1

2
��11 + �11

� � + 21�a1
†a2� +

1

2
�12�a1

†2a2
2�

+ ��12
� �N1N2� +

1

2
�21�N1

2� +
1

2
��12

� + �21��N1�

+
1

2
�12

� �N2� +
1

2
��12

� + �21� , �A11�

d

dt
�N1a1a2

†� = �1

2
��11

� + 2�11 + �22
� � − �31 + 2��N1a1a2

†�

+ ��11 + �11
� ��a1a2

†� +
1

2
�12

� �a1
2a2

†2�

− ��12�N1N2� +
1

2
�21

� �N1
2� +

1

2
�2�12 + �21

� �

	�N1� , �A12�

d

dt
�a1a2

†N2� = �1

2
��11 + 2�22

� + �22� − �1 + 32��a1a2
†N2�

+ ��22 + �22
� ��a1a2

†� +
1

2
�21�a1

2a2
†2�

+ ��21
� �N1N2� +

1

2
�12�N2

2� +
1

2
�2�21

� + �12�

	�N2� , �A13�
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d

dt
�a1

†a2N2� = �1

2
��11

� + �22
� + 2�22� − �1 + 32��a1

†a2N2�

+ �1

2
��22 + �22

� � + 22�a1
†a2� +

1

2
�21

� �a1
†2a2

2�

+ ��21�N1N2� +
1

2
�12

� �Na2

2 � + ��12
� + �21��N2�

+
1

2
�21�N1� +

1

2
��12

� + �21� , �A14�

d

dt
�a1

†2a2
2� = ���11

� + �22� − 2�1 + 2���a1
†2a2

2� + ��12
� �a1

†a2N2�

+ �21�N1a1
†a2� + ��12

� + �21��a1
†a2�� , �A15�

d

dt
�a1

2a2
†2� = ���11 + �22

� � − 2�1 + 2���a1
2a2

†2� + ��21
� �N1a1a2

†�

+ �12�a1a2
†N2� + 2��21

� + �12��a1a2
†�� , �A16�

d

dt
�N1

2� = ���11 + �11
� � − 41��N1

2� + �3

2
��11 + �11

� � + 21
	�N1� +

1

2
��11 + �11

� � +
1

2
�12�2�N1a1

†a2� − �a1
†a2��

+
1

2
�12

� �2�N1a1a2
†� + �a1a2

†�� , �A17�

d

dt
�N2

2� = ���22 + �22
� � − 42��N2

2� + �3

2
��22 + �22

� � + 22
	�N2� +

1

2
��22 + �22

� � +
1

2
�21

� �2�a1
†a2N2� − �a1

†a2��

+
1

2
�21�2�a1a2

†N2� + �a1a2
†�� , �A18�

where the coefficients �11, �22, �12, and �21 are listed in
Appendix B.

APPENDIX B

Considering that all atomic levels decay at the same rate �
and taking �1=�2=�, the coefficients �11, �12, �21, and �22
in Eq. �7� are given by the following:

�11 =
g2r

DD�

 1

�
G21�1

2�2�� + 2Zd�Zd + �2
2� − �1

2�2
2�D� ,

�B1�

�22 = �11�1↔2, �B2�

�12 =
g2r

DD�

 1

�
G12�1�2�2�Zd − �2

2� + �4ZD
2

+ �2
2��1�2�D� , �B3�

�21 = �12�1↔2, �B4�

with

G12 = 2��2�2 + �1
2� + ���2

2 − �1
2� , �B5�

G21 = G12�1↔2, �B6�

�D = 4�2 + �1
2 + �2

2, �B7�

D = 4�5 + �2�� + 4����1
2 + �2

2� + ���1
4 − �1

2�2
2 + �2

4�

+ 3��1
2�2

2, �B8�

D� = ZD�4ZD
2 + �1

2 + �2
2� , �B9�

ZD = � + i� . �B10�
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