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ABSTRACT

This dissertation involves three problems that are all related by the use
of the singular value decomposition (SVD) or generalized singular value de-
composition (GSVD). The specific problems are (i) derivation of a generalized
singular value expansion (GSVE), (ii) analysis of the properties of the x?
method for regularization parameter selection in the case of nonnormal data
and (iii) formulation of a partial canonical correlation concept for continuous
time stochastic processes.

The finite dimensional SVD has an infinite dimensional generalization to
compact operators. However, the form of the finite dimensional GSVD devel-
oped in, e.g., Van Loan [40] does not extend directly to infinite dimensions as
a result of a key step in the proof that is specific to the matrix case. Thus,
the first problem of interest is to find an infinite dimensional version of the
GSVD. One such GSVE for compact operators on separable Hilbert spaces is
developed.

The second problem concerns regularization parameter estimation. The x?
method for nonnormal data is considered. A form of the optimized regulariza-
tion criterion that pertains to measured data or signals with nonnormal noise
is derived. Large sample theory for ¢-mixing processes is used to derive a
central limit theorem for the x? criterion that holds under certain conditions.
Departures from normality are seen to manifest in the need for a possibly
different scale factor in normalization rather than what would be used under
the assumption of normality. The consequences of our large sample work are
illustrated by empirical experiments.

For the third problem, a new approach is examined for studying the re-
lationships between a collection of functional random variables. The idea is

based on the work of Sunder [36] that provides mappings to connect the ele-
i



ments of algebraic and orthogonal direct sums of subspaces in a Hilbert space.
When combined with a key isometry associated with a particular Hilbert space
indexed stochastic process, this leads to a useful formulation for situations that
involve the study of several second order processes. In particular, using our
approach with two processes provides an independent derivation of the func-
tional canonical correlation analysis (CCA) results of Eubank and Hsing [13].
For more than two processes, a rigorous derivation of the functional partial
canonical correlation analysis (PCCA) concept that applies to both finite and

infinite dimensional settings is obtained.
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CHAPTER 1
OVERVIEW

1.1 Introduction

The singular value decomposition (SVD) of a matrix is one of the most im-
portant tools in mathematics. It has a long history dating back to the work of
Sylvester [37], Autonne [2], Eckart and Young [10] and many others. There are
now a number of extensions of the SVD involving factorization of more than
one matrix, that are collectively termed generalized singular value decompo-
sitions: i.e., GSVDs. Of particular interest for the work in this dissertation is
the one developed by Van Loan [40] and Paige and Saunders [29]; we will refer
to it as the generalized singular value decomposition (GSVD). Other exten-
sions include the cosine sine decomposition of a partitioned unitary matrix by
Stewart [35], the product SVD proposed by Fernando and Hammarling [14]
and the restricted SVD of three matrices introduced by Zha [42] and further
developed by De Moor and Golub [9].

The SVD and GSVD have diverse applications involving areas such as sig-
nal processing, numerical computation, and statistics. In particular, canonical
correlation analysis (CCA) in statistics is closely related to the SVD. The SVD
and GSVD can also be applied to analyze and to solve least-squares problems
in numerical analysis.

Strictly speaking, the SVD and GSVD refer to decompositions of finite
dimensional matrices. Our interest is in similar decompositions for infinite
dimensional compact operators. In that setting, we will refer to them as
the singular value expansion (SVE) and generalized singular value expansion
(GSVE), respectively. The SVE is an important theoretical tool with practical

application in, e.g., the solution of integral equations.

1



This dissertation provides solutions for three distinct problems from math-
ematics and statistics. These problems are related through the principal tool

that is used for their solution and their analysis: i.e., a SVD/ SVE or a GSVD.

1.2 The SVE, SVD and GSVD

Given the importance of the SVD/ SVE and GSVD for what follows, it will
be worthwhile to first give explicit derivations of these decompositions. This
is the subject of the current section. The derivation of a GSVE is the topic of

the next chapter.

1.2.1 The SVE and SVD

Let us initially focus our attention on the SVD/ SVE. We will first derive the
SVE of a compact linear operator in a Hilbert space. This will then allow us
to derive the matrix version as a special case for a finite dimensional operator.
Let #H; and #Hs be separable Hilbert spaces with inner products (-, )3,
and norms || - ||3,, ¢ = 1,2. The set of bounded operators from #; to Hy will

be denoted by B(H1, Hz).

Definition 1.2.1. For an operator A € B(H1,Hs), the adjoint A* of A is the
element of B(Ha,H1) that satisfies (Ag, fl3, = (9, A*f)n, for any g € H,
and f € Ho.

Definition 1.2.2. An operator A € B(H,H) is self-adjoint if A = A*.
Definition 1.2.3. An operator A € B(H,H) is unitary if A*A = AA* = 1.

Definition 1.2.4. A : Hy — Ho is compact if, for any bounded sequence

{gn} € H1, the sequence {Ag,} € Ha contains a convergent subsequence.



Our interest will be directed toward the case where A is compact. In that
event, A*A is compact, nonnegative definite and self-adjoint. As such, it has
a pure point spectrum with nonzero eigenvalues )\? that provide eigenvalue-
eigenfunction pairs (A3, g;), j = 1,2,..., where A} > A3 > --- > 0 and the g;’s
are orthonormal [11].

Now, AA* is also compact, nonnegative definite and selfadjoint with

Thus, by letting f; = Ag;/\;, we obtain the pairs ()\JQ», fi), i =12,..., that
form the eigenvalue-eigenfunction system for AA*. This follows from observing

that

(fos Fidne = (Agi/ X, Agi/Xi)re = (1/(Nid))(gs, A" Agj)n,
= (N9, 9j)m = 0y,
where 6;; = 0 for ¢ # j and 6;; = 1 for 7 = j.
Let Im(A) = {Ag € Ha : g € Hy} and Ker(A) = {g € H, : Ag = 0}

be the range and kernel of A, respectively. Since Im(AA*) = Im(A), for any
g € Im(A*)

Ag = AD (9,995 = Y (9,9 Ag;

j=1 j=1
= > Mg g i =Y il ® )9,
p =1

where the tensor product notation (f ® g)h is defined by

(f ®@g)h = {h,g)nf. (1.1)

We have just proved the following result.
3



Theorem 1.2.1. [11] Let Hy and Hy be Hilbert spaces and let A be a compact

operator from Hy into Ho. Then,

A= "N (fi®g) (1.2)

Jj=1

with
(i) {\3} the non-zero eigenvalues of A*A and AA*,
(i1) {g;} orthonormal eigenfunctions of A*A and
(iii) {f;} orthonormal eigenfunctions of AA* satisfying Ag; = \; f;.

The representation of A in (1.2) is the SVE of the operator. The triples
(Njs fi,95), = 1,2,... are sometimes called a singular system for A [11]. The
{\;} are termed singular values while the {f;} and {g;} are the left and right
singular functions, respectively.

The SVE plays a fundamental role in the analysis and solution of least
squares problems through its connection to an operator’s generalized inverse.

A Moore-Penrose generalized inverse A~ of a linear operator A satisfies
AATA=AATAA” = A" (AA7)" = AA” and (A" A)" = A A.

Definition 1.2.5. [11] Let A= Alker(ayr-  The Moore-Penrose generalized

inverse of a linear operator A is the unique linear extension of A=t to

D(A-) := Im(A) & Im(A)*.

A characterization of A~ using the SVE of A is provided by the Theorem
1.2.2.



Theorem 1.2.2. [11] Let (\;, f;,g5) be a singular system for the compact

linear operator A : H1 — Ho. Then,

(i) f € D(A7) if and only if the Picard condition Z [, ];3%’ < 00 1S
satisfied. -
(i1) for f € D(A™),
ap=y by, (1.3
j=1 J

Proof. For (i) first suppose f € D(A™) and that P is the orthogonal projector
onto Im(A). Then, Pf € Im(A) and there exists g € H; such that Ag = Pf.
For g € Ker(A)*,

Pf=> (f iyt =Ag=>_ Nl 95 ki (1.4)
=1 =1

so that (f, fj)us = Aj(9,9;)n,- Since (g,g;)n, are the generalized Fourier

coefficients for g under the {g;} basis for Im(A), {(f, fi)n,/\;} € [, the

Hilbert space of square summable sequences. Consequently, the Picard condi-

tion holds.
, L L e
To go in the other direction, write g = Z IV g; € H, to see that
=t Y
Ag =) (f f)wafj = Pf € Im(A)
j=1

and f € D(A™). Finally, for part (i7) use (1.4) to obtain
g=A"Pf=A"f= Z ff]"“Qj.
Ol

The matrix SVD is a special case of the operator SVE. We state this
formally as the next corollary. We use V¥ to denote the complex-conjugate

transpose of any matrix V.



Corollary 1.2.1. If A € C™" has rank k < min(m,n) < oo, there ezist

unitary matrices
U =[uy,...,u,| € Cmm™
and
V =lvy,...,v,| € C"
such that
k
A= UAVH = Z )\ju]‘VJH,
j=1

where A = diag(Aq,..., M\, 0,...) € R™" is a diagonal matriz for which

ALy ooy Mg Satisfy Ay > Ao > -+ > X\ > 0.

Proof. Since A is of finite rank, it is necessarily compact. Thus, by Theorem
k

1.2.1, A = Z)\j (u; ® v;) with u; € C™ and v; € C". The tensor-product
j=1

operator ® in this case is just the vector outer product: i.e., u; ® v; = ujvfl.

]

Actually, an adjoint of an operator between finite-dimensional spaces is
related with the complex conjugate transpose in the following way. Let an
operator A € B(C",C™) with standard basis for C" and C™ and M (A) be the

matrix representation of A. Then, M(A*) = M(A)".

1.2.2  An lllustration of the SVE

The SVE is an important tool that arises in, e.g., the solution of Fredholm

integral equations of the first kind: i.e.,

/1 K(s,)g(t)dt = f(s),0 < s <1, (1.5)
6



where real valued f,g € L?[0,1], the Hilbert space of square integrable func-

tions on [0,1]. The L?[0,1] inner product is

(f.9) = / F(Hg()dt

and the corresponding norms for g € L?[0,1] and K € L*([0,1] x [0, 1]) are

1 1
gl = (9, 9), | |2 = / / (K (s, 1) [2dtds.

The SVE gives
K(s,t) =Y X fi(s)g(t).
j=1

Then, by Theorem 1.2.2, under the Picard condition, we have

o0

g0 =3" %gﬁ). (16)

i=1
For computational purposes, (1.5) is typically approximated using a finite
discrete approximation in place of the integral equation. For example, if we

use a quadrature approximation for (1.5), this produces the linear equations
n
ijK<Sutj)g(tj) = f(‘%))z = 1a cee,Mm,
j=1

with {w;} the quadrature weights. Equivalently, this can be written in the
form Ax = b, where A € R™*" with elements a;; = w; K(s;,t;), x € R" with
elements x; = g(t;) and b € R™ with elements b; = f(s;) for i =1,...,m and
73 =1,...,n. Then, the SVD of A can be employed to solve or analyze the
linear system.

Hansen [16] discusses the relationship between the SVD and SVE for (1.5)
when K is square integrable. He shows how to use the SVD to compute an

approximation to the SVE by a universal expansion method. Specifically, let
7



{f?,..., [2} be orthonormal functions in L?[0, 1] and let the matrix A € R™*"

have elements
__ /40 o\ - .
aij_<iaKfj>7@7j_17”'an' (17)

If the SVD of A gives the singular system (S\j,uj,vj) for = 1,...,n, then

the singular system (), f;, g;) for K is approximated by

(S\ﬁZuljfzo(s)vzvljfzo(t))vj =1,...,n.

As an example, consider the first kind Fredholm integral equation

/0 ﬁg(t)dt — f(s),0<s<a. (1.8)

Here, the kernel function is K(s,t) = (1 + s*t*)~. If a = oo, we have that

e K(s,t)*dsdt = oo, (1.9)
/)

in which case K(s,t) is not square integrable and hence there exists no SVE.
However, if we take a = 5 for instance, K (s,t) is square integrable restricted
to [0,5] x [0,5] and then we can use the SVD to compute the approximation
to the SVE of the integral operator corresponding to K(s,t).

Now, let the interval [0,5] be divided into n subintervals with the same

length h = 5/n. The orthonormal functions {f{} are chosen to be

hY2 xe ((i —1Dh,ih),i=1,...,n,

0, otherwise.

Thus, (1.7) can be written as

ih ih
ay; = h—l/ / K(s,t)dsdt,i,j=1,...,n, (1.10)
(i—1)h J(j—1)h

8



and we can apply Simpson’s rule to approximate the double integral in (1.10)
to produce a matrix A for use by the SVD. We have listed some computed
singular values 5\]- for different choices of n in Table 1.1. For comparison, we
also list some computed singular values with increasing a at n = 128 in Table
1.2. The effect of (1.9) is seen here in the lack of convergence for the singular

values. We do not expect convergence since the SVE does not exist as a — co.

n )\1 )\2 )\3 )\4
16 1.6352 0.7046 0.2323 0.0649
32 1.6408 0.7253 0.2591 0.0877
64 1.6421 0.7300 0.2643 0.0916
128 1.6424 0.7311 0.2656 0.0926

Table 1.1: Computed singular values for a = 5 with increasing n

a )\1 )\2 )\3 )\4

5) 1.6424 0.7311 0.2656 0.0926
10 1.7768 0.9827 0.4575 0.2026
20 1.8579 1.1408 0.5772 0.2598
40 1.8696 1.1134 0.4814 0.1567

Table 1.2: Computed singular values for n = 128 with increasing a for example
(1.8)

If we consider another first kind Fredholm integral equation

/ 6—32+0.58t—t2g(t)dt _ f(S),O <s< a, (111)
0

2 _ 42 . . 3
s7+0-5s=7 - Since this K (s, 1) is square

where the kernel function is K(s,t) = e
integrable even at a = oo, then the SVE exists. Table 1.3 shows some com-
puted singular values with increasing a at n = 128 and convergence is indi-

cated.



a )\1 )\2 )\3 )\4

5 0.6851 0.0364 0.0018 0.0001
10 0.6849 0.0363 0.0018 0.0001
20 0.6840 0.0359 0.0018 0.0001
40 0.6805 0.0342 0.0015 0.0001

Table 1.3: Computed singular values for n = 128 with increasing a for example
(1.11)

1.2.3 The GSVD

The GSVD was first established by Van Loan [40] and is sometimes referred
to as the B-singular value decomposition. It arises in the problem of finding
¢ > 0 for which det(ATA — (?B*B) = 0, where A € C™*" and B € C™*".
The result and proof of the GSVD for the finite dimensional case follows the
developments in Paige and Saunders [30]. Here, and subsequently, we use I,

to denote an n-dimensional identity matrix.

Theorem 1.2.3. [30/For matrices A € C™" and B € CP*", let CH =
(A" BH) with C having rank k. Let Dc € R¥* be a diagonal matriz with
the nonzero singular values of C as its diagonal elements. Then, there exist
unitary matrices Uy € C™™, Ug € CP*?, V € C™" and Q € C** such

that
UYAV = SA(Q"Dg,0), UEBV = S(Q"”Dc¢,0),

where

OA [kfrfs

10



for integers r and s satisfying 0 < r,s < k, Oa and O matrices of all zeros
and D s and Dg diagonal matrices with diagonal elements As (r41), - - -, AA,(r+s)

and AB (r11y, - - - s AB,(r+s), TeSpectively, satisfying
I>Aa,041) 2= - 2 Aa4s) > 0, 0 <A g1y < oo S AB (r4s) < 1, (1.12)
and
M+ g =Lli=r+1...,r+s. (1.13)
Proof. The SVD of C allows us to write

A De O
C= =U c vH

B 0 0

with U and V unitary matrices and D¢ a diagonal matrix with the nonzero

singular values of C as its diagonal elements. Now, we can partition U as

U— Uai Uas

Ug: Us2

Let the SVD of Uyx; be
Uar = UaSaQ”
and write
Ugs: = Us1QQ" = UsLQ",
where Ug;Q = UgL with Ug unitary and L lower triangular. Then,

U U 0 S
Al _ A A QH, (1.14)
Usg: 0 Usg L

11



which has orthonormal columns since U is unitary. Thus,

U
(Ug UH) =1 (1.15)
1 B1

Ug:

Combining (1.15) with (1.14) gives

u? o Ua O Sa
Q(sg LH) Q" = I.
0 Ul 0 Ug L
From this we obtain S¥S, + L7L = I}; i.e., LYL = [, — SES, = SESg and,

hence, L = Sg. n

1.3 Regularization

In this section, we give a directed introduction to the use of regularization
for the solution of ill-posed inverse problems. Such problems arise in many
application areas such as medical imaging. For example, regularization is
essential when attempting to reconstruct a sharp image from an observed
blurred image.

In a general sense, inverse problems concern recovery of the interior infor-
mation (input/source) from the observed information (output/data) through
some connecting system. Taking (1.5) for instance, if K(s,t) and f(s) are
given as the connecting system and output, finding ¢(¢) becomes an inverse
problem. Most inverse problems are ill-posed which forces us to use techniques
that return stable, approximate solutions. A problem is defined to be ill-posed
if it is not well-posed. The latter concept is defined by Hadamard [11] as fol-

lows.
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Definition 1.3.1. A linear problem is well-posed if

(1) for all admissible data, a solution exists,

(11) for all admissible data, the solution is unique and
(i1i) the solution depends continuously on the data.

If any one of the three properties is violated, we call the problem ill-posed.
In this dissertation, we consider the discrete linear inverse problem which

can be expressed as
Ax =D (1.16)

for A € R™" x € R", b € R™ and m > n. The known right hand side of

(1.16) consists of unknown true data by, € R™ and noise € € R™; i.e.,
b = btrue +e. (117)

The matrix A in (1.16) derives from the underlying connective system and
is assumed to be known. The vector x is the solution we want to obtain given
the noisy data and the system A. Ideally, the solution should be close to the

true solution X, that satisfies
AXtrue = btrue' (118)

In practice, all we are given is the noisy data instead of the true data. In
that case, it is possible that (i) no solution exists for (1.16), (ii) the solution
of (1.16) is not unique or (iii) small perturbations of the data lead to a large
perturbations in the solution. Problem (iii) is often reflected in a large condi-
tion number for A. In all three cases, it is necessary to use regularization to

find a best (approximate) solution.
13



1.3.1 Regularization Methods

There is a large literature on regularization techniques, e.g., [11], [17] and [41].
Here we illustrate the impact of regularization through the truncated SVD

and the Tikhonov approach.

1.3.1.1 Truncated SVD

k
Writing the SVD (from Corollary 1.2.1) of A in (1.16) as A = Z)\jujV]T

j=1
with k& being the numerical rank of A, then,
k T k T k T
u; b u; birue u; e
O ke’ A
j=1 " j=t "/ j=1 7

From (1.19), it becomes obvious that the solution is contaminated by the
second term of the last expression, especially when A; is much less than u;frs.

Recall the Picard condition in Theorem 1.2.2 for the existence of the solu-

tion:
=, [ulb?
> = <o (1.20)
j=1  "J

This leads to the introduction of the discrete Picard condition for discrete

linear inverse problems, which is often given us.

Definition 1.3.2. [17] Let T denote the level at which the computed singular
values \; level off due to rounding errors. Then the discrete Picard condition is
satisfied if, for all singular values greater than T, the corresponding coefficients

|uJTb|, on average, decay faster than the ;.

So the idea behind the truncated SVD [19] is to remove those components

in (1.19) that are dominated by the noise, or that violate the discrete Picard

14



condition. Thus, the approximate solution is

" u]Tb

Aj

Xy = V. (1.21)

j=1
The integer parameter ~ in (1.21), called a regularization parameter, needs to
be chosen so that the noise-dominated terms in (1.19) are discarded to keep
them from unduly perturbing the true solution.

To illustrate using the truncated SVD we work through a Shaw test prob-
lem. The Shaw matrix arises from discretization of the Fredholm integral

equation of the first kind on [—7/2,7/2] with

K(s,t) = (cos(s) + cos(t))? (Si“(“))g,

u

u = m(sin(s) + sin(t))
and
g(t) _ 26—6(t—0.8)2 +672(t+0.5)2'

After producing A and Xue, biue i found by multiplying A and Xue. A,
Xirue and by, are output using the regularization toolbox [18] from Matlab.
Now we use the Shaw matrix for A € R*%0 with x,ue and byye shown in
Figure 1.1.

The right-hand side of (1.16) is obtained by by + € where the noise
vector € ~ Nyo(0,107%7) as shown in Figure 1.2. Here, € ~ Nyo(0,107°7)
denotes that € follows 40-variate normal distribution with mean 0 and covari-
ance 10757, Even for such low noise levels, the ill-posedness is reflected in the
solutions.

Figure 1.3 gives the approximate solutions x,, produced by the truncated

SVD for different values of x along with the true solution. Figure 1.4 gives the
15
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Figure 1.2: € and b

corresponding b, = Ax, as compared with b,.. From the two figures, we
can see that b, is still a good approximation of b, even when x, is a poor
approximation to X¢.... This phenomenon is indicative of the ill-posedness of
the problem and demonstrates that it is important to make a good choice for
the regularization parameter x. In Figure 1.3, a good approximate solution is
achieved at kK = 9 and the impact of noise on the solution is clearly detectable
for kK = 10, 11, 12 where these approximate solutions oscillate far from the true

solution.
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Figure 1.4: Ax, compared with byye
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For further illustration of the discrete Picard condition, we use the discrete
Picard plot shown in Figure 1.5 that displays the A;, [u] b|* and |[u] b[*/);.
It indicates that [u] b| decays faster than A; when j < 9. For j > 10, [u] b|
decays much slower than );, thereby producing large values of the |u] b|/};
that are dominated by the noise and violating the discrete Picard condition.

Hence, choosing k = 9 in (1.21) agrees with our visual perception from Figure

1.3.
10" ‘ ‘ — 5
OoOoOOOOOooooooO o
10
10° o
o
o ° Y
10° | OOO x  |ulDb|
00? [ulb|/A
O u; i
10° 95900000, o
*xx.
_5 X>‘<>fx><><x ><Xx><X><Xxx><XX><><><><><><><’<X><><><
10 X
10—107
£
10—20 L
0 5 10 15 20 25 30 35 40

Figure 1.5: Discrete Picard plot of a test problem

1.3.1.2 Tikhonov Regularization

As we have seen, the truncated SVD method relies on computing the singular
values and singular vectors of the matrix A. The resulting computational
task can be heavy or not feasible for large-scale problems. In contrast, the

Tikhonov regularization method [39] does not require the calculation of the
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SVD. Instead, we solve the problem
min {||Ax — bl|3 + *||x|[3 } (1.22)

for x, where k > 0 is a parameter that governs the weight of the regularization

or penalty term in (1.22). That is,
x, = arg min {||Ax — b|[5 + &*|[x][3} . (1.23)

The first term of the right hand side of (1.22), i.e., the fidelity term, mea-
sures the fit of the solution to the noisy data and the second term controls the
norm of the solution as a means of governing the noise distortion. There is a
trade off between these two aspects of the criterion and we want to attain a
suitable balance through adjusting the parameter .

To obtain a more explicit form for (1.23), we can write it as

2

A b
X, = arg min X —

x kI 0
2

which is now just an ordinary least-squares problem with the consequence that

T -1 T
A A A b
X, =
kI kI wl 0
= (ATA+x*1)'ATb. (1.24)

Somewhat more generally, a Tikhonov criterion can be written as
[|Ax — bl [fy;, + [|L(x — xo)|[iy, - (1.25)

Here the weighted norm is ||y||%, = y? Wy, for a vector y and non-negative

definite weighting matrix W, L € RP*" is, e.g., an approximate derivative
20



operator and x, € R” represents a priori information about the unknown
“signal” vector x. Now the regularization parameter is the weighting matrix
Wy (or W) when Wy, (or Wy,) is given. The least squares solution x for (1.25)

is seen to be
%X = (ATW,A + LTWLL) "ATWy (b — Axq) + X0 (1.26)

under the invertibility condition for the matrix (ATWpA + LTWLL), ie.,
Ker(A) N Ker(L) = 0.

1.3.2  Methods for Choosing the Regularization Parameter

A regularization method is not completely specified without a proper choice for
its regularization parameter, e.g., the number of terms in the truncated SVD or
the weight parameter for the Tikhonov criterion (1.22) as described in Section
1.3.1. There are various methods of accomplishing this; see [19], [17] and [41],
for example. Here we emphasize three statistical methods: namely, unbiased
predictive risk estimation (UPRE) ([41]), generalized cross validation (GCV)
([41] and [19]) and the x? method ([28]). The x* method is studied in more

detail in Chapter 3.

1.3.2.1 UPRE

Substituting (1.18) into (1.17) produces the model
b = Axtrue + €. (127)
The predictive error is defined as

PE/{ = AX/@ - AXtrue
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and the predictive risk is the average of the mean squared norm of the predic-

tive error; i.e.,
1 9 1 5
B (IPE) = B (A%, ~ Axuell3)

Both the UPRE and GCV methods are based on estimators of the predictive
risk.

The UPRE method was first developed for model selection in regression
(e.g., [26]) and later used in regularization parameter estimation (see [41] and
references therein). The idea is based on minimization of an unbiased estima-
tor of the predictive risk criterion.

The case of interest is where x,, is a linear estimator for a fixed choice of k.
In that event, we can write the regularized solution in the form x, = R.b for
some regularization matrix R, € R™*™. We then define the influence matrix

as
A, =AR,.

Now we need to introduce the trace lemma wherein we will use tr to denote

the matrix trace.

Lemma 1.3.1. Let h € R" be a deterministic vector, let € € R™ be a random

vector with mean 0 and variance-covariance Cy, and let B € R™*™. Then,

E(h+ Bell3) = [hl3+) > (B"B)y(Cb)y

i=1 j=1

= ||h|)? + tx(BCpBY).
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Proof. We have

E(|[h + Be||2) = |h|j3+2E(h” Be) + E(e” BT Be)

= |Ibf3 +20"BE(e) + ) Y (B"B)yE(ee;)

i=1 j=1

= |3 +> > (B"B);,E(e;)
i=1 j=1
= |[h]3+ tr(BCBT)
with (BT B);; the ijth element of B” B. O

In model (1.27), we assume that E(e) = 0 and Cov(e) = Cp. Since PE, can

be written as
PE, = (Ax — ) AXgue + Ave,

by Lemma 1.3.1, an explicit expression for the predictive risk is seen to be

1 1 tr(A,CpAT)
E( —|PE.|5 ) = —Il(Ax — D) AXpruells + ————22. 1.2
(- IPELIE) = (A = D ARl + T2 (1.28)

Let r, = Ax,, — b be the regularized residual vector
r, = (Ax — I)AXyue + (A — e,
Then, the average of the mean squared sum for the residuals is

1 1
B (alnd2) = (A~ DA}

tr(AHCbAZ) B Qtr(A,{Cb) n tr(Cb)

m m m

+

(1.29)

Combining (1.28) and (1.29) leads to

1 1 2tr(A,.C tr(C
E(LIPELIg) = B (Ljr ) + Z2AC) _ (Ch)

m m
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The UPRE is then defined as

1

UPRE(k) = —||r|2 + 2tr(A,Ch)  tr(Ch)
m 2

m m

(1.30)
and satisfies E (UPRE(k)) = E (1 ||PE,||3). The corresponding choice for  is

"%UPRE = arg min UPRE(/{)

K

In particular, if Cy, = 021, we have the well-known trace lemma [41].

Lemma 1.3.2. Let h € R" be a deterministic vector, let € € R™ be a random

vector with mean 0 and variance-covariance matrixz o>l and let B € R™™,

Then,
E(|h + Bell3) = ||h|j3 + o*tx(B" B).

Applying Lemma 1.3.2 leads to the result that

1 1 207
E( —|PE,3 ) =E( —|r.l3) + =2tr(A,) — op.
(G IPEAIE) =B (i ) + 22er(a,) - o

Then, the UPRE becomes

UPRE _1 2@A—z 1.31
(k) = — a3 + = Ptr(A,) — of (1.31)

and the corresponding choice for k is

Rupre = arg min UPRE(k).

As a specific example, consider Tikhonov regularization. From (1.24), the
regularization matrix is R, = (ATA + k2I)7*AT and the influence matrix is

A, =A(ATA + k*I)7tAT. An application of Corollary 1.2.1 to A produces
A, —1 = AATA+xD)7TAT T
= UAVI(VATUTUAVT + 2VVT)"'VATU — UU”

= U(AATA + L) *AT — 1,,)U". (1.32)
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Then, we have

i=1 7
and
m 2
b= T Mo
(A, — Db E]wm¥+#m. (1.34)

i=1

Thus, by (1.31), (1.33) and (1.34), we obtain
K

1 — Ty.12 2 ? 2 2 - )\12
i=1 v =1 "

From (1.30) and (1.31) we see that the UPRE method relies on the noise

variance C}, or of which will generally not be known exactly in practice.
Thompson et al. [38] provide several ways of estimating o7 that can be used
in the UPRE function. The basic structure is to consider estimators of the
form of b” Kb/tr(K), where K is chosen to be some symmetric, nonnegative-

definite matrix that approximately annihilates AX ye.

1.3.2.2 GCV
The GCV method furnishes an alternative to UPRE which does not need prior
information on (or estimation of) oZ. The GCV functional is defined to be

lrel3

[Ltr(1 - AH)}Q'

GCV (k) = (1.35)

The corresponding choice for & is

Racv = argmin GCV(k).

K

One justification for this estimator is the so-called GCV Theorem ([15], [12])

which can be stated as follows for the case of a symmetric A,.
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Theorem 1.3.1. Let 7;(k) = (1/m)tr(AZ), j = 1,2, and assume that 11 (k) <
1. Then,

[E(GCV (%) — (REPE[3) + 03)]

< g(k),
LE(|PE.|I3)

where g(k) = [211(k) + 11(k)?/72(K)] /(1 — T1(k))%

This theorem implies that when g(x) is small, the distance between E(GCV (k))

and (1/m)E(||PE,||3) + o is also small relative to the predictive risk
(1/m)E(PE, 3.

In this case, GCV(k) can be roughly regarded as an unbiased estimator of

(1/m)E(|[PEL[3) + op.

1.3.2.3  x? Method

Mead and Renaut [28] have proposed a method for selection of regularization
parameters that will be the focus of Chapter 3. For an ill-posed linear system
(1.16), they consider the generalized Tikhonov regularization criterion (1.25)
and assume that m > n > p, Ker(A) N Ker(L) = 0, L has rank p and the
augmented matrix (A;L) has rank n.

The solution is obtained by solving the weighted least-squares problem
X = argmin J(x),
where J(x) can be equivalently written as
J(x) = (b — Ax)"Wy(b — Ax) + (x — x0)T Wi (x — X0), (1.36)

with

W, = LTWL.
26



Mead [27] considered the case L = I and proposed the x? method for
estimating Wy, given Wy or Wy given Wy,. This idea was extended by Mead
and Renaut [28] for the general case of arbitrary L, using the GSVD. The
technique is based on the distribution of the minimum value of J. We use
x ~ N,(xg,Cx) to denote that x follows an n-variate normal distribution
with mean x, and variance-covariance matrix Cx and use b|x to denote b

conditional on x.

Theorem 1.3.2. [28] Let J(x) be defined as in (1.36). Assume that x ~
N, (x0,Cx) where Cx = W with Wy a symmetric nonnegative definite weight-
ing matriz and that bjx ~ N, (Ax,W;"') for a symmetric positive definite
weighting matriz Wy,. Then, the minimum value of J is a random variable

that has a x* distribution with m — n + p degrees of freedom.

The theorem states that, for normally distributed data and known W,
W, the minimized values of the criterion J(x) follows a x? distribution. In
instances where one of the two is unknown, J(X) can be used like a test statistic
and inverted to construct a confidence region for the unknown matrix. As a
byproduct one obtains a suitably regularized final choice for x corresponding

to a matrix that falls inside the confidence region.

If Wy, and W, are known, Theorem 1.3.2 has the consequence that for
large (m —n+p) and 2,2 the 100(1 — a/2) percentile of the standard normal
distribution, the probability that

m—n+p—/2(m—n+p)zan < J(X)<m-—n+p+/2(m—n+p)zy(1.37)

will be approximately 1 — «. Mead [27] proposed choosing W}, (or Wi, when

L = T) so that these bounds are realized. For instance, suppose we want to
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estimate W, which is assumed to be of the form W, ' = 21 given Wj,. Then,

ox can be found by a single-variable root finding Newton method which solves
F(ox) =J(x)—(m —n+p) =0, (1.38)

subject to the tolerance |F(ox)| < tol where tol = \/2(m —n +p)za/2. Ex-

perimental results in [27] indicate that this approach can be more effective

than GCV, for example.

1.3.3 An Example

Here, we apply the UPRE, GCV, and x? methods for Tikhonov regularization
to the same Shaw test problem that was described in Section 1.3.1.1.

Figures 1.6 and 1.7 show the UPRE(x) and GCV(k) functions, respec-
tively. The Tikhonov parameter estimate minimizing the UPRE is obtained at
kupre = 0.0033 while the parameter estimate minimizing GCV is obtained at
Racy = 0.0036. In terms of the y? method, in this instance, m = n = p = 40
for L = I and W}, = 10°I. So, we are looking for o, such that (1.38) is
satisfied with m — n + p = 40. We pick a = 0.95 such that tol = 0.5609.
Figure 1.8 shows F'(0x) and that the Newton method converges in 5 iterations
at ox = 2.0387 and F'(oy) = 0.4900. Since in this case, (1.36) can then be

written as

2
X

10°¢
6 = 10°(11b — Axlf - x - xal).

the corresponding Tikhonov parameter in (1.22) is estimated at

10-6 1073

= = 0.00049.
ol 2.0387 000049

x>
I

Figure 1.9 illustrates the approximate solutions using these three methods

compared with the true solution.
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Figure 1.6: UPRE function: Ayprg = 0.0033. (Logarithmic scales are used for
the x and y axes.)
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Figure 1.7: GCV function: Agcey = 0.0036. (Logarithmic scales are used for
the x and y axes.)
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Figure 1.8: x? method: &, = 2.0387. ( Logarithmic scales are used for the z
and y axes.)
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Figure 1.9: Solutions obtained with the UPRE, GCV and 2 methods.
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1.4 Functional Data Analysis

Functional data can be viewed as collections of sample paths from a stochastic
process that take values in a Hilbert function space. Unlike classic statisti-
cal data, each observation is a function rather than a scalar or vector value.
Data of this type are now relatively common. Many physical processes evolve
smoothly over time and modern computing technology allows for storage of
an extensive digitized record of the outcomes.

Functional data analysis (FDA) is concerned with the development of ex-
tensions of classical multivariate data analysis methods such as principal com-
ponents analysis and canonical correlation analysis (CCA) to the functional
domain. Our emphasis is on functional CCA which concerns investigating the
association between continuous time stochastic processes. A review of clas-
sic finite dimensional multivariate CCA is given first before we discuss the

functional case.

1.4.1 Finite Dimensional CCA

The finite dimensional version of CCA in multivariate analysis stems from
Hotelling [21]. His original CCA development was aimed toward summariz-
ing the relationship between two sets of variables. The basic idea is to find
linear combinations of each set of variables such that these new variables,
called canonical variables, provide a simple representation of the multidimen-
sional correlation structure. The first pair of canonical variables maximizes
the squared correlation between a linear combination of the first set of vari-
ables and that of the second set of variables. The second pair of canonical

variables maximizes the squared correlation between linear combinations of
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each set but are chosen from those that are uncorrelated with the first pair of
variables. This same process is then repeated to construct subsequent pairs of
canonical variables.

To be more explicit, let X € RP and Y € R? be random vectors with zero

means and variance-covariance matrices
Var(X) = Yxx, Var(Y) = Byy, Cov(X,Y) = Sxy = X1 .

Then, the first canonical correlation p; and associated weight vectors a; and

b, are defined as

p?= sup Cov’(a’X,b"Y) = Cov?(al X,b]Y),

a€RP beRY

where a and b are subject to
Var(a” X) = Var(b'Y) = 1. (1.39)

For ¢ > 1, the ¢th canonical correlation p; and the associated weight vectors

a; and b; are defined as

pi = sup Cov’(a"X,b"Y) = Cov®(a] X,bY),

a€RP beRY

where a and b are subject to (1.39) and

Ty T T T

Cov(a” X, a”X) = Cov(b"Y,bTY)
_ Ty 1TV — Ty TV — () i — s
= Cov(a" X,b;Y) = Cov(a; X,b'Y) =0,j <.

Kshirsagar [22] connected CCA with the SVD. He showed that the canoni-

cal correlations p; are the singular values of E)_(l)fZ XYZ;;/ ? and the canonical

variables are obtained from its singular vectors.
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1.4.2  Functional CCA

Several approaches have been developed for functional CCA. The work from
[7] relies on the angles of two subspaces, but it only applies to finite dimen-
sional covariance operators, and in that sense, is covered by Hotelling’s original
treatise.

He et al. [20] consider functional CCA for second order processes in the
sense of Section 4.1. Specifically, let {X;(t) : t € [0,1]}, i = 1,2, be two second
order processes taking values in L?[0,1] with zero means, covariance kernels
Kyi(t,s) = E(X1(t)X1(s)), Kaa(t,s) = E(Xa(t)X2(s)) and cross covariance
function Kis(t, s) = E(X;(¢)Xa(s)) with K;; € L*([0,1] x [0,1]) for 4,5 = 1,2.

He et al. [20] define the integral operator Ry as

Rnu(t)—/o Ky1(t, s)u(s)ds

for u € L?0,1] and define analogous operators Rgy and Rjs. Their version
of canonical correlation involves the singular values of Rfll/ 2R12R;21/ ®. Since
Ry and Ry, are compact, they impose range restrictions to ensure that the
inverses are defined. In general, when these conditions do not hold, this may
produce solutions that are suboptimal.

A typical functional CCA formulation focuses on the study of the induced
random variables (X, f)y, f € H for some separable Hilbert space ‘H with
inner product (-,-)3. Roughly speaking, given two second order processes
X1, X, taking values in Hilbert spaces H; and H,, functional CCA looks for
f# € H,; such that

sup |Corr((X1, f1)a,, (Xa, fo)a )| = |Corr((Xa, fT)a, (X2, f3) )]
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Using an extended version of this framework, Kupresanin et al. [23] obtain
canonical variables and correlations via spectral decomposition of an operator
on the reproducing kernel Hilbert space (RKHS) generated by the process’

covariance kernels. Their work will be discussed in Chapter 4.

1.4.3 PCCA

Roy [33] extended the canonical correlation idea from two sets of random
variables to three sets in the following way. Let X, Y and Z be three random
vectors. Roy defined the partial canonical correlation of Y and Z to be the

ordinary canonical correlation of Y and Z, where
Y=Y —-PxYand Z =2~ PxZ

with Px denoting the projection on the linear space spanned by X. In other
words, for partial canonical correlation analysis (PCCA) we are interested in
the relationship between Y and Z after removing X’s influence on both of
them.

Dauxois and Nkiet [7] have developed an abstract version of PCCA that
generalizes Roy’s approach. However, it is applicable to only finite dimensional
covariance operators and, in that sense, fails to incorporate the instance of

functional data.

1.5 Outline of the Thesis

The remainder of the dissertation is laid out as follows. In the next chapter,
we develop a new version of a GSVE. Chapter 3 gives an analysis of the
x? method for choosing regularization parameters for nonnormal data. Both
large sample and finite dimensional developments suggest the method may

be sensitive to departures from the assumption of normally distributed data.
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Chapter 4 gives a new methodology for analyzing the relationship between
two or more stochastic processes in a functional data setting. The results of
Eubank and Hsing [13] are re-derived using this framework. Then, a general
notion of PCCA is derived that is valid in both the finite dimensional and
functional case. Chapter 5 summarizes our findings and discusses plans for

future research.
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CHAPTER 2
GSVE FOR COMPACT OPERATORS

2.1 Introduction

One question of interest is whether the matrix GSVD described in Chapter 1
has an extension similar to Theorem 1.2.1 that holds for infinite dimensions.
A direct extension of Theorem 1.2.1 does not appear to be feasible for reasons
described subsequently. However, at least one type of generalized singular

value expansion (GSVE) can be derived as demonstrated in the next section.

2.2 A GSVE

Here we present and prove a form of GSVE that can be applied to two compact
operators. For this purpose we need the Hilbert space [? of square-summable
sequences. If [ = (Iy,ly,...) and I" = (I},1},...) are in [?, their inner product

is ([,1") = Z ljl_} with Z the complex conjugate of [}.
j=1

Theorem 2.2.1. Suppose that there are two compact operators A and B on
a separable Hilbert space H, such that A : H — Ha and B : H — Hp for

separable Hilbert spaces Ha and Hpg.

(i) Let {d;a, fja,9;a} and {d;g, fiB,9;8} be the singular systems of A and

B, respectively, and let {d;, f;,g;} be the singular system of

O:
B

(ii) Define D : 1> — I by

Dal = (dyaly, doals, . ..)
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orl=(l1,ly,...), and Dg : 1> = 1*> b
f y

DBZ - (dlBlla dQBlg, . )

Then, there exist unitary operators Q, Qap in B(I?) and unitary operators G,

F4 and Fg such that

FIAG = DAQ",

FiBG = DpQipQ
where we have the following definitions:
(i) G* : H — I? is defined by
G*g = ({9, 91): (9, 92)2, - - ) (2.1)
forgeH,

(ii) Q* : 1> — 1% is defined by

Q= <Z<9i791A>HliaZ(gi792A>Hlia i ) , (2.2)

=1 =1

(iii) Fa : 1> — Ha is defined by
Ful = lefjAa
J
(iii) Fp:1?> — Hp is defined by

Fgl = leij,
j=1
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(w) Q%g:1? — 1% is defined by
Qapl = <Z<gkAang>HlkvZ<gkA792B>Hlka = > - (2.3)
k=1 k=1

Proof. Write the SVE of C as
C =FDG"

with G* : H = >, D : > - > and F : [* — Ha ® Hp defined by (2.1),
Dl = (dyly,dsls,...) and Fl = lefj, respectively. We begin by showing

j=1
that G is unitary.

We have
1,G e = D 19,90 = D Lilgj 9n
j=1 j=1
= <le9j,g> .
j=1 ”
So,
Gl = Z ljgja
j=1
G*Gl=G" (Z ljgj) = (ll, lg, .. ) =1
j=1
and

M

GG'g=G (9, 91)m:---) = > (9.9)n9; =9

1

J

as required for a unitary operator.

Now, the SVE for A gives

A= FaDAQ",.
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Without loss of generality, we assume that {g;} provides a complete orthonor-

mal system (CONS) {g;} for #. Then,

[e.9]

9iA = Z(ngv 9i)uYi
i=1
and, hence,
A= Z djafia ® <Z<ng, gi>7—t9i) = FaDAQ"G"
j=1 i=1

with Q* defined in (2.2).

We claim that () is unitary. To see this, write

(l2, @)z = ij {Z 9i> giA Hlu}
= Z <Z l2j ngagz )Ea

i=1

from which it follows that

= <Z l]<gJA7 gl>7‘l> Z l_7<g_7A7 g2>7‘l7 .. )
j=1 j=1

and
Q= @ (fjlj G5 90 )
(i 91791A>H(le<ngagi>7{)v - ) :
- =1
But, for each k,
i(giagkA>Hilj<ng7gi>’H = ilyi (9i> Gra)n(gja, 9i)n
i=1 j=1 i=
= ilgi (9is 9rA)(Gis Gia) g
- g,ﬁ -



because

e} o0

Z<giagkA>H<giang>H = Z<giang>H<gi>9kA>H

=1 =1
= <gkAang>H = 5kj

by Parseval’s relation. Similarly,

QR = @ <Z<giuglA>'Hli7 - )

=1

= (Z Z(gmng >y li < gja, g0)u, - - )
=1

Jj=1 1
- <Z<ngagl>HZli<giang>Ha---)
j=1 i=1

= [l

At this point we have

A= F,DAQ*G*

and need to show that F4 is unitary. But,

WE

(Fal, fln, = Li(fias Faa

Jj=1

AL fiada, = (G Faf)e

M

1

J

with
Fif = ((f fiadras )
Thus,
FAF,f = il(f, fia)uafia=f
pa

40



and

FhFal = FZlefjAZ(le(fjA,flAMm---)
P =1

- (Zl,lg,...):l.

Finally, the SVE of B gives us
b= Zijij ® (Z<ng»gi>Hgi> :
J=1 i=1
However,

o

Z 9iB; 9i)ngi = ZZ 9iB, 9ra){GraA, 9i)nJi-

i=1 i=1 k=1

Therefore, for any g € H,

Bg = Z djp <97 Z(ngagi>HQi> fiB
j=1 i=1 H
= Z disfip <9, Z<nga JreA)H Z(gkm gz‘>7-[gi>
=1 = H

=1

_ ZdJBfJBZ (geas 98)1 Y (90> gea)ml9, 9i)n
=1

= FBDBQABQ G*-

And we can show that Fg and Q45 are unitary in the same way as for F4 and

0. u

Theorem 2.2.1 provides a relationship between the singular values of the

different operators that can be summarized as follows.

Corollary 2.2.1. Under the assumptions of Theorem 2.2.1, the singular val-
ues of C';, A and B satisfy

D? = Q [D% + QusD3Q's) Q.
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Proof. Since

FaD A Q*G*
o — ADAQ |
FpDpQpQ G*

it follows that
A*A+ B*B = GD*G*
— GQDAQ'G" + GQQasDAQ QG
O

Note that the form of our GSVE for compact operators differs from the
usual matrix GSVD and this fact is reflected in Corollary 2.2.1 as compared
to identities (1.12) —(1.13). The problem arises when one attempts to directly
extend the proof of Theorem 1.2.3. A key step in that argument was parti-
tioning the matrix operator U that plays the role of F' here and arose from the
ordinary SVD of C. Since the resulting sub-operators are finite dimensional,
they will also admit SVDs whose components then appear in subsequent con-
structions.

While it is certainly possible to partition F' in a similar manner to the
Paige and Saunders [30] proof, the fact that F is a projection operator ensures
that neither sub-operator can be compact. This forces the proof to go in a

different direction.

2.3 Applications

The objective of this chapter was to develop a version of a GSVE. In that
sense, Theorem 2.2.1 fulfills our stated goal. In the finite dimensional case,
the GSVD has numerous applications. The utility of our GSVE is, on the

other hand, much less clear. We touch on that topic briefly in this section.
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A simple illustration of the information provided by our GSVE is the fol-

lowing well-known result.
Corollary 2.3.1. Under the assumptions of Theorem 2.2.1, d3 < d? 4 + d3p.
Proof. The inequality is a consequence of Corollary 2.2.1 since
1D%||5a2) < IQDAQ"[|5a2) + 1QQADEQApQ" | 5a2)-
O

In Van Loan’s [40] derivation of the GSVD, he uses it to solve the gener-
alized eigenvalue problem of finding ¢? such that det(ATA — ¢*?BTB) = 0 for
real matrices A and B. A similar development is possible with this GSVE.

Suppose we wish to find ¢2 and a g € H such that
A*Ag = (*B*By.
From Theorem 2.2.1, this becomes
GQDIQ G g = (*GQQADEQ, QG g.
Now let g = Q*G*¢g to obtain
D39 = *QapD3Q% pd- (2.4)
Since

g = Q*<<gagl>’H7 <9792>H7 . )

- (<ga glA)?‘b <ga 92A>’H7 .- ‘)7

take g = g;p and let

li = ({9iB>» G14) 1, (GiB> Goa) Hs - - -)- (2.5)
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Then, [; € [? satisfies Q% zl; = e; with e; € [? consisting of all zeros except for

a one as its ith element. Thus, let § = [; and (2.4) becomes

The last relation provides a characterization of the generalized eigenvalues

that we formally state below.

Corollary 2.3.2. For l; defined as in (2.5), (¢ = Dabloe _ 19, ..

2 )
diB
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CHAPTER 3
THE GSVD AND THE x* METHOD

3.1 Introduction

We begin this chapter by taking another look at regularization parameter
estimation using the y? method discussed in Section 1.3.2.3. By revisiting
the method, we seek to analyze its relevance for data with nonnormal noise
distributions. Recall from Section 1.3.2.3 that the setting is that b|x ~
N (Axg, Wi t) and x ~ N, (x9, W). We observe b and wish to use that
information to estimate x.

It will be convenient to use the GSVD in the form given below.

Corollary 3.1.1. Suppose that m > n > p, Ker(A)NKer(L) =0, L has rank
p and the augmented matriz (A; L) has rank n. Then, for matrices A € R™*™
and L € RP*™ there exist orthogonal matrices U € R™ ™ V € RP*P and a

nonsingular matriz X € R™™ such that

Da OpX(nfp)

A=U| Ou_prp L, X1'L=V[D, O X

pX(n—p)

Om—n)xp  Onx(n—p)
Da = diag(Aa1,---,Aap), DL = diag(Aw1, - - -, Awp)s
and
M+ A, =1i=1,...,p,
with
0< A1 << Aap < L1 2 A 202 2> Ay, > 0.
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This form is a special case of that in Theorem 1.2.3 for L = B, n = k and
X 1=QTD,VT.
A proof of Theorem 1.3.2 can now be obtained in the following fashion.

First, standard least-squares theory gives the minimizer of J(x) as
X = (ATWpA + LTWLL) "ATWyr + xo
with
r =b — Ax,.
The optimized criterion function is therefore

J(x) = ' [, — WLAATW,A + LWL L) AT

= #7[I, — A(ATA + LTL)'AT)¢
with
P =W, A =W?A and L = W;/°L.

An application of Corollary 3.1.1 to A and L produces

Da OpX(n—p)
X -1
A=TU O(n—p)xp I, X

Om-n)xp  O(m—n)x(n—p)

and

Qo -1
L=V Dy (pxp) OPX(nfp) X

46



So

2
ATA = (x| PR O]
i O(n—p)xp Inp
- ) Dy, .
i O(n—p)xp
2
_ (X—l)T Dy, Opx(n-p) x-1
i Otn-pyxp ~ On—p
and
ATA + 1L = (XT)~! Iy Opx (n—p) X!
O(n—p)Xp Inp
since D4 + D% = I,,.
Combining our representations produces
A(ATA 4 [TL)1AT
Dj Opx(n—p) Opx (m—n)
_ T
= U O(n—p) Xp Infp O(n—p)x(m—n) U-.
O(mfn)xp O(mfn)x(nfp) Om—n
Hence,
I, — A(ATA 1 T7T)1AT
D Opxtn-p)  Opx(m-n)

= T
=U O(“*p)xp On—p O(nfp)x(mfn) U
O(m—n)xp O(m—n)x(n—p) y f—

Now, since b|x ~ N,,(Ax, W, ') and x ~ N, (xg, Cy), we have

b ~ N(Ax, W, ' + AC,AT).
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Consequently,

i =W, %[b— Ax| ~ N(0, I,, + ACLAT).
But,
Cy = (L"WL)' = (L'L) ™!
for
2
Prf - x| DF o 9o | g
O(n—p)xp On—p
Thus,
O(n—p)xp Onfp
and
It AO AT _ [p + DAD£2DA OPX(m—P) UT
O(m*p)xp Im—p
From

I,+DaAD’Da = diag(l+ Aoy /M- L+ A%,/AL,)
= dlag((A%A + )\12&1)/)\%17 ] (A%p + )\ip)/)\%p)

= diag(1/Af,, .-, 1/A,),
we can conclude that

o D2 O,
I, +ACAT = U L prlm=p) | T

O(m*p) Xp Im—p
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and

Uuli~ N |o DI_J2 Opx(m—p)

O(m—p)xp In—p

Therefore,

Df Opx (n—p) Opx (m—n)
A~ T~
J&) = (UE)" | Oppynp Onp  O@m—pxm—n) | U T

()Un—n)xp ()On—njx(n—p) ALnfn
Let
D O (m—
z = b e gy (3.2)
O(m—p)xp I
= (215, 2m)t

Then, by (3.1), z1,..., 2, are independent and identically distributed (i.i.d.)

standard normal random variables and

J(X) = sz + > 22 (3.3)

j=n+1
Since z; ~ N(0,1), 232- has a x? distribution with one degree of freedom and

Theorem 1.3.2 follows.

3.2 Nonnormal Data

The assumption of normality is quite restrictive. In this section, we relax the

normality assumption and instead suppose only that
E(b|x) = Ax, Cov(b|x) = W, ', E(x) = %,
and

Cov(x) = Oy = (L'WLL)™,
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or, equivalently, that
Wt = (LOLLT) ™.

Since the arguments in the previous section used only second moment proper-
ties, representation (3.3) continues to hold with zy,..., z, now being uncor-
related random variables that have zero means and unit variances.

To proceed further, we will assume that the sequence of random variables

{zm} is ¢-mixing as defined below.

Definition 3.2.1. A o-field on a set E is a family M of subsets of E such
that:

(i) 0 € M;
(i1) if A€ M, then A° € M;
(1i1) if Ay, Ag, ... € M, then U A € M.
Definition 3.2.2. [5] Let {&}32_ . be a sequence of random variables on a
probability space (), A, P), denote the o-field generated by ..., Ex—1,& as

and take u* to be the o-field generated by &g, Epyr, - .. Then, {&} is ¢-mizing

if there exists a nonnegative function ¢ such that
[P(EL N Ez) — P(EY)P(E2)| < ¢(n)P(Ey)
for any B € uy,, Ey € p**" and

lim ¢(n) = 0.

n—o0

Here, P denotes the probability measure for the probability space correspond-

ing to the {&}.
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Example 3.2.1. The most obvious example of ¢-mixing is independence in

which case p(m) = 0.

Example 3.2.2. [5] Let {yx} be a stationary Markov process with finite state
space. Denote the stationary probability for the Markov process as p,, the 1-
step transition probability as pu, = P(yk+1 = v|yx = u) > 0 and the n-step
transition probability as pm) =PYpir = v|yp = u). Fori,j >0,i# 7, let H;
be a set of (i + 1)-tuples of states and H; be a set of (j + 1)-tuples of states.
Then, for Ey = {(Yk—i,---,yx) € Hi} and Ey = {(Yksn, - - - Ynts) € H;}, we

have

|P(Ey N Ey) — P(E)P(E,Y)|

E (n)
S puopuoul .. 'pui,lui puiuo - pvo |pv0’01 . 'pvjflvj
UQ e ey Ui V05 --+yVj
(n) _
o Pujvo — Pug
- puopuoul c ‘puiflui pvopvov1 .. 'pvjfgvjfl pvjflvj
o= Puy _
0500y UG, V050, V5 —1 Uj
(n)
_ _ DPu;vo Doy
- s T puopUQU1 .. -puiflui p pvoﬂ
UQ,---,Us,00 vo

using the property for a Markov process that Z Pw = 1. Taking p(n) =

pT(L:L?JO - p’vo

P

max
Ui,00

gives

[P(Ey N Ey) — P(E1)P(Ey)| < p(n)P(EY).

If we assume the transition matriz is irreducible and aperiodic, we have pq(ﬁz,o —

Puy When n — 00. Thus, p(n) — 0 and {yx} is ¢p-mizing.

If we can assume the z; in (3.3) are ¢-mixing, the large sample properties
of J(x) for the general case can be established using a functional central limit
theorem from Billingsley [5] (Theorem 21.1 on page 184) that we restate here

for completeness of exposition.
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Theorem 3.2.1. Assume that {&.} is a sequence of mean zero random vari-

ables that is ¢-mizing with

Z o(n)? < co.
n=1

Then,

0% = Var(§;) +2 ) Cov(&, &) (3.4)
k=2

converges absolutely. If o® > 0, then (Z §j> /(v/mo) has a standard normal
j=1
limiting distribution as m goes to infinity.

Subsequently we will use % to indicate convergence in distribution. Now

take §; = zj2 — 1 and apply Theorem 3.2.1 to obtain

m

E 2
Zj m

=1
Vmo

as m — oo. In terms of J(x), we will employ Theorem 3.2.1 in conjunction

4 N(0,1),

with the following result that is sometimes referred to as Slutsky’s Theorem.

Theorem 3.2.2. [25] If a sequence of random variables'Y,, converges in distri-
bution to a random variable Y, and A,, and B,, tend in probability to constants

a and b, respectively, then A, + B,Y, converges in distribution to a + bY .

Our main result concerning the large sample properties of J(x) is given

below.

Corollary 3.2.1. Under the conditions of Theorem 3.2.1 for & = z? — 1 with
z;in (3.3), if (n —p)/v/m — 0 as m — oo, then,

1

Wm?wu(@) —(m—n+p) — N(,1).
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Proof. By Markov’s inequality, for any € > 0,

P(\/%i Z?>€>§Z\;mp-

Jj=p+1

n
By assumption, (n — p)/(ey/m) — 0 so that (1/y/m) Z Z converges to zero

Jj=p+1
in probability. Hence,

1
oym—n-—+p

= \/an_{_p\/lma<ZZ?—m—Zz?Jr(n—p))i)N(O,l)

Jj=1 Jj=p+1

[J(%) = (m —n+p)]

by Theorem 3.2.2. [
Another immediate result is

Corollary 3.2.2. Assume the conditions of Theorem 3.2.1 hold for &; = zjz—l

with z; in (3.8), and that (n —p)/v/m — 0 as m — co. If

Cov(z? 232) = 205, for alli,j,

70

J(&) — (m —n+p)
2(m —n+p)

m

has the same limiting distribution as

" 2(m —n+p)

with V,, distributed as a x* random variable with m —n+p degrees of freedom;

i.e., Ty, Tin both have limiting standard normal distributions.

Corollary 3.2.2 applies to the normal theory case, for example. More gener-
ally, it states that the normal theory formulation for the y? method can be

expected to work effectively in large samples if the squares of the z; in (3.3)
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are uncorrelated. Of course, there is no reason to expect this to be true in
general. When the 232- are correlated, the correct scaling factor in the central
limit theorem is provided by (3.4) rather than the 2 that applies under inde-
pendence. The prediction interval used by the x? method then needs to have

the form

m—n+p=Eoym—n+pzaps. (3.5)

We discuss the consequences of this fact in the next section.

3.3 Implications

In this section we present the results of both analytic and empirical work that
have been used to explore the implications of our findings in the previous
section. Here we focus on the case where b derives from a Poisson distribution
which is often a relevant assumption in the areas of astronomy, microscopy
and medical imaging. (See [41].)

3.3.1 A Simple Example

In this section we examine a toy model where it is possible to obtain an
analytic expression for the variance of J(x). Specifically, assume that the

response vector is
b=Ix+¢

with x ~ N(0,02]) and € = (&1, ...,e,)T is a vector of i.i.d. random variables
from a mean centered Poisson distribution with parameter of that are also

independent of the components of x.
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We need the moments of £, up to order 4 for what follows. These can be

obtained from the moment generating function

M, (t) = E(e™)

From this we obtain

ML (t) = op(e" — )M, (1),
ML (t) = ople’ — )M, (t) + ope’ M, (1),
MZ(t) = ople’ — DML () + 200" ML, (t) + ope’ M, (1),

Ms(f”) (t) = oi(e' — 1)M€"1’(t) + 3af)etME"1 () + 30'12)6tM£1(t) +otet M., (t).

Thus,
E(e1) = M. (t)]li=0 =0, (3.6)
E(gf) = ME”1 (t)]4=0 = a,?,, (3.7)
E(si’) = M!l’(t)\t:o = aﬁ, (3.8)
E(e}) = MU(t)|=o = 301, + op. (3.9)

Under our simple model,

b’b
JE) = 2
(%) ot + o2
Ty 4 9%T T
_ X X+2X s;rs s' (3.10)
Jb + Ox
Since x = (21, ...,Zy,)" has i.id. N(0,02) components, we know that
E(x"x) =) E(z}) = mo} (3.11)
i=1
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and

m

Ex'x)? = ZE(:{;ZQQC?)

ij=1

= 3mol+m(m — 1ot = m?ol + 2mol (3.12)

because the fourth moment of the standard normal distribution is 3. In par-

ticular, we can now verify directly that E(J(x)) = m by (3.10), (3.11) and

(3.7).

To obtain the variance of J(x), we first compute its second moment from

(3.10) as
E(J(%)%)

_ B (xTx)? + 4(xTe)? + (eTe)? + 4xTxxTe + 4xTeeTe + 2xTxele
N (0% +08)° '

This expression can be simplified by application of the relations

E((x'x)(x"e)) = E((x'e)(e’e)) =0, (3.13)
E((x'x)(e'e)) = m?cioi, (3.14)
E((x"e)?) = molop, (3.15)

= (m*+2m)op + moi. (3.16)

This results in

Thus,

Var(J(x)) = E(J(%)?) — (E(J(X)))



Note that Var(J(x)) does not behave like 2m even in an asymptotic sense

as

Var(J(x ot 1
V) L, b, L
m (Ub + Ox) (O’b + ﬁ)2
as m — oo. However, large values of o2, small values of o} relative to o2,
or large values of o2 relative to of will provide cases where a choice of 2m

for the variance of J(x) may be effective. These cases are consistent with

2

2) is small (large) relative to o2 (o}),

what we would expect. When of (o 2

b is dominated by x and will be roughly N(0,027). On the other hand, if
ot is large, b”b is basically a sum of squares of independent, mean centered
Poisson random variables and the central limit theorem provides the normal
approximation for J(x).

With this as an introduction, we now turn to empirical examples with
problems of a more complicated and realistic nature. That is the subject of

the next section.

3.3.2  Empirical Study

We now describe the outcome of some Monte Carlo experiments. These were
carried out using both normal and Poisson data for comparison purposes. For

both instances, we took m = n = p. That is, we generate data from the model
b=Ax+e¢

with x having a N(0,02I) distribution and e either having N(0,02I) or a
mean centered Poisson distribution with variance . The matrix A is chosen

from one of two matrix types that are known to be ill conditioned: namely,

(i) the Phillips [18] matrix. This matrix arises from discretization of the

Fredholm integral equation of the first kind from Section 1.2.2 on [—6, 6].
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The Kernel K is given by

K(s,t) = ¥(s—1t)
with

1+4cos (%), |z] <3,
b(x) = ’
0, |z| > 3.

(ii) the Shaw [18] matrix. This also arises from discretization of the Fredholm

integral equation of the first kind on [—7/2,7/2] with

K(s,t) = (cos(s) + cos(t))? (S“““))Q,

u

u = w(sin(s) + sin(t)).

These matrices are evaluated using the regularization toolbox [18] from Mat-
lab.

The error vector € is generated from a given distribution (either normal or
Poisson) and then added to Ax after generating x from N(0,027). Then, the

simulation scheme is set out in Algorithm 3.3.1.

ALGORITHM 3.3.1
1: Fore=1,...,1
FOI'j:l,...,jO
Calculate J(x);;
Calculate sJ(X);; = (J(X);; —m)/v/m
End j
Use the jo sJ(x);; values to assess the goodness-of-fit for the N (0, 2)
distribution with the Kolmogorov Smirnov statistic. Denote the p-value
of the test by pv;
7: End ¢
8: Test that the ig p-values pv; come from a uniform distribution on [0, 1]

The basic premise is that the s.J(x);; should behave like values from a nor-

mal distribution with variance 2 when both x and € have normal distributions.
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The objective is to see how this changes when € is Poisson. For this purpose,
we keep track of various statistics over the course of the simulation: namely,
the sample mean of the {s.J(x);; ;:0:1,

Jo

> sJ(X)y

the sample mean of the {s.J(X);} |,

10

the simulation variance of the {sJ(x);; ?021,

Var(sJ(%)..) = Y _(sJ(%);; — sJ(X):.)?,

Jj=1

and the sample mean of the {Var(sJ (%))},

_ > Var(sJ(%);.)
Var(sJ(x).) = =2 , :

(]
Similarly, the sample mean and variance of the p-values {pv;}22, of the Kol-
mogorov Smirnov test with N(0,2) are pv. and \//z;(pv.) respectively.
Note that in step (iv), we do tests for the uniform distribution because
under the null hypothesis Hy that J(x) follows a N(0,2) distribution, the p-
values follow a uniform distribution on [0, 1]. This comes from the following

theorem.

Theorem 3.3.1. Under the null hypothesis Hy that a test statistic follows
an assumed continuous distribution, the p-values of the test statistic follow a

uniform distribution on [0, 1].
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Proof. If a random variable X has cumulative distribution function (CDF)
F(X), then P(F(X) <u)=P(X < F'(u)) = F(F~(u)) = u. In particular,
if X is a test statistic, its p-value is 1 — F(xg) = P(X > x¢|Hy is true) with
xo the observed value of X. The result now follows from the symmetry of the

uniform distribution around 0.5. O

To evaluate the data produced by our Monte Carlo experiments we used
the Kolmogorov Smirnov (KS) test [3]. This test is used to assess whether
a sample of data is drawn from some specified distribution by measuring the
distance between the empirical distribution and the one that was specified.
That is, the null hypothesis Hj is that the sample data comes from the given
distribution while the alternative hypothesis H, is that the sample data does
not follow the given distribution.

Suppose F(z) is the given distribution function, and F,,(z) is its empirical

counterpart from the sample data, which is defined as

Fo(2) number of elements in the sample < x
T = .
" sample size m

Then, the KS test statistic is defined as /msup |Fy,(x) — F(z)|, where m is
the sample size [3]. The larger the test statisticf the more evidence there is to
reject Hy. When F(z) is continuous, under Hy, the test statistic converges to
the Kolmogorov distribution. So, we reject Hy when the test statistic is larger
than critical values of the Kolmogorov distribution.

In our particular setting, the distribution will correspond to that of a
N(0,2) distribution (i.e., for the sJ(x) data) or the uniform distribution on
[0, 1] (i.e., for the p-values). We chose m € {20, 40, 80, 100, 200, 400, 800, 1600},
jo = 50 and ig = 1000. To simplify the plots, we indicate the values of m by

{1,2,...,8} instead of {20,40, 80,100,200, 400,800,1600}. For the normal
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case, 02 = 1.22, 02 = 1.5% while for the Poisson case 02 = 1.2, 67 = 1. That
is, we generate a random vector € from the Poi(1)-1 distribution as the noise
and form b = Ax + € for each data set in the study.

Figure 3.1 shows typical data sets for the Poisson case. Here a b and
corresponding Ax for each size of Shaw matrix A illustrate how the Poisson
noise is added. Now consider J(x) as a function of o and denote it by J(X,, ).
Then, Figure 3.2 plots the J(X,,) functions for the data in Figure 3.1. The
true value o, = 1.2 is marked in the plots. The x? method looks for the
function’s root to estimate oy.

Figure 3.3 gives one example of relative histograms of s.J(x) for the normal
and Poisson cases, respectively, that correspond to ¢ = 25 and m = 400 in
Algorithm 3.3.1. The p-values of the KS test with N(0,2) are 0.9709 for the
normal case and 0.0261 for Poisson one, which indicates the normality of the
distribution of sJ(x) in Figure 3.3 (a) and nonnormality of the distribution in
(b).

Summary plots of the statistics provided by our simulation are given in

Figures 3.4-3.8. Figure 3.4 shows sJ(X). and \//5(5(](&)..) as a function of
m. We see that the mean is preserved but that the variance is increased as
anticipated for the Poisson case. Figure 3.5 shows pv. and @(pv.). Figure 3.6
provides the p-values of the KS test for the Unif(0, 1) distribution. From these
plots, we can see that \//a\r(sJ (x)..) is clearly larger than 2 and actually close
to 3 in the Poisson case. Also, compared with the normal case, the KS test
results show that sJ(x) does not fit the N(0,2) distribution for the Poisson
case since the p-values are quite close to 0. For validation of the Poisson case,
Figure 3.7 gives the results on p-values from the KS test with N(0,6?), where

6% = \//aE"(SJ (x)..) and Figure 3.8 shows the p-values of the KS test for the
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Unif(0, 1) distribution. This confirms that at least in this particular instance,

it is necessary to adjust the choice of o2 in (3.5) and use a value other than 2.
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Figure 3.4: Normal/Poisson case: mean of mean of sJ(x) and mean of variance

of sJ(x)

3.4 Parameter Estimation

From the work in the previous section we saw that the variance of sJ(&) was

better approximated by &2 rather than 2 in the case of Poisson errors. The key

question is whether or not this influences the y? method for selection of the
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level of regularization. To investigate this issue, we conducted further experi-
ments under the same basic design as in Section 3.3; i.e., we take m = n = p,
m € {20, 40,80, 100,200, 400,800}, xo = 0, L = I, W = 02 = 1.2%] and
W' =02l = I in (1.36). We chose A to be the Phillips matrix and gener-
ated the same error vectors from the mean centered Poisson distribution as in
Section 3.3. For the variance parameter we use the empirical approximation
62 € {2.4609,2.7054,2.8099, 2.8951,2.9403, 2.9605, 2.9950} with the order of
these values corresponding to the different choices of m. We then estimate
ox by the x? method through finding the root of J(X,,) —m = 0 with two
different tolerances v/2mz, /2 and \/%za /2. In order to have a more accurate
estimation of o, we pick a = 0.95 making a relatively small tolerance.

Algorithm 3.4.1 below describes the experimental procedure.

ALGORITHM 3.4.1
1: Generate x from N(0,1.2%7)
2: For k=1,...,1000
3:  Generate b by adding centered noise € to Ax such that b = Ax + ¢
where
€ is generated from Poi(1) — 1 distribution

4:  For 0% = 2,62

5 Use the x? method to estimate oy
6: End o2

7. End k

The distributions of estimated o, for two cases 02 = 2 and o2 = &2 are

quite right-skewed. Thus, we show the median in Table 3.1 and find that there
are not many differences between the two cases. In fact we are interested in the
circumstance where the estimated o,’s are different using 0? = 2 and o? = 62,
rp in Table 3.1 also indicates that around 5% — 12% out of 1000 estimated

ox are different. Table 3.2 gives the five number summary for those cases

having different estimated oy consisting of the minimum observation (min),
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25th percentile (Q1), median, 75th percentile (Q3) and maximum observation
(max). The range of the estimated oy is smaller for 0? = 62. However, if we
only look at the median, using o? = 62 only works better (closer to the true

value oy = 1.2) when m = 40 and m = 80.

o2 =2 | 0% =62

m median D

20 0.8820 0.8793 4.7%
40 1.3966 1.3858 7.5%
80 1.0273 1.0354 7.5%
100 0.8022 0.8022 8.8%
200 0.6047 0.6047 9.1%
400 0.8407 0.7981 8.4%
800 1.4704 1.6330 11.6%

Table 3.1: The median of all the estimated oy for 02 = 2 and 02 = 62 and

percentage of cases where the estimates of o, differed

m min Q1 median Q3 max
20(0? = 2) 0.473 0.64975 0.92854 2.048 39.522
20 0.46557 0.6314 0.89534 1.8975 35.454
40(0? = 2) 0.80496 0.91003 1.391 1.9101 54.875
40 0.79416 0.89134 1.3455 1.8181 51.165
80 (0% = 2) 0.29563 0.59407 1.7439 3.9716 144.73
80 0.2893 0.57151 1.5645 4.7875 136.26
100 (02 = 2) 0.28054 0.53812 1.4057 13.97 1712
100 0.27391 0.51398 1.4799 16.785 1639.1
200 (0% = 2) 0.18826 0.37472 1.7039 80.524 2055.7
200 0.18096 0.35406 1.9049 100 1943.6
400 (0% = 2) 0.20432 0.42302 1.9156 145.29 12728
400 0.19974 0.40399 3.5391 155.19 12096
800 (02 = 2) 0.18952 0.71713 1.3066 146.39 11775
800 0.18434 0.66212 1.6922 181.97 11127

Table 3.2: Comparison of five number data summary of those different oy’s
using 02 = 2 and 0? = 2 with sample size 10007 p
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However, we find that the iteration times of the Newton method are less
for cases where the estimators differ when we use 02 = 2. This is due to
the fact that the larger tolerance makes for faster convergence. We pick two
examples for illustration. Figure 3.9 and Table 3.3 describe how the algorithm
converges. In this case, m = 80 and k = 35. Figure 3.9 plots the function
J(X,,) —m as a function of 0. Values at each iteration are shown by small
circles with a large circle indicating the final estimator. Table 3.3 lists the
values of oy and (J(X,, ) —m); at each iteration. With a = 0.95, the tolerance
is 0.7932 for 0% = 2 and 0.9402 for 0> = 62. We can see that after iterating
6 steps, J(x) — m reaches -0.8417 which satisfies the tolerance restriction for
0% = 62 and concludes the iteration. Figure 3.10 and Table 3.4 show similar

information for m = 80 and k = 167. Here, the number of iterations is reduced

by two for 02 = 6% as compared to the normal case with o2 = 2.

120 T T 120

100 100

80 80
60

£ 40f

20

(1.1063, 0.11188) (1.2152, -0.84168)

-2 -1 ‘0 ‘1 2 -2 = ‘0 ‘1 2
10 10 10 10 10 10 10 10

Ox Ox

(a) 02 =2 (b) o2 = 52

Figure 3.9: An example for k = 35, m = 80

On the other hand, we are interested in whether the true oy falls in the

confidence interval

{ox 1 =Vo?mzae < J(Xirue o) — M < VO2Mza)} (3.17)
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Figure 3.10: Another example for £k = 167, m = 80

10

o°=2 o2 =67

# of iterations (ox)it | (J(Xoy) —m)it (ox)it | (J(Xop) —m)it
1 1 1.3152 1 1.3152
2 10 -7.342 10 -7.342
3 5.1695 -6.2719 5.1695 -6.2719
4 2.5220 -4.8339 2.5220 -4.8339
5 1.4771 -2.408 1.4771 -2.408
6 1.2152 -0.8417 1.2152 -0.8417
7 1.1063 0.1119

Table 3.3: Values of oy and (J(X,,) — m);; at each iteration for the example

in Figure 3.9

o = o? =62
# of iterations (ox)it | (J(Xoy ) — M)t (ox)it | (J(Xgy ) — M)t
1 1 5.6967 1 5.6967
2 10 -2.3267 10 -2.3267
3 3.3072 -0.8091 3.3072 -0.8091
4 1.745 1.0904
5 2.1328 0.2618

Table 3.4: Values of oy and (J(X,,) —

in Figure 3.10
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for 02 = 2 or 02 = 62 and a = 0.95. Let tol = \/%Za/g then Table 3.5
shows the number of times out of 1000 that the true o4 falls in the confidence
interval (3.17). The use of 02 = 6% as opposed to 02 = 2 results in a closer
approximation of the expected 5%. For m = 200 and m = 400, the propor-
tion of times that the true oy falls in the confidence interval for o2 = 62 is
significantly larger than that for 02 = 2 at the significance level 0.15. Table
3.5 lists the mean and standard deviation of the estimated oy values for those
cases where the true o, = 1.2 is inside the confidence interval. While there
are no significant differences between the means for 02 = 2 and 02 = 62, the
standard deviations, when o2 = &2, are in all but one instance larger than for
0% = 2. This suggests that the two choices for ¢ produce similar o, values
on the average but the estimated oy values exhibit more variation when o2 is

chosen correctly.

If we consider the posterior uncertainty for x, we have

Cov(x|b) = (ATWLA +W,)™*

= (ATA + 0;2[)71

for A = W,;/QA. Applying SVD to A to have A = Udiag(oai,-..,041,0,...,0)VT,

where k is the rank of A, we obtain

1 1
Cov(x|b) = (V) ldia ( e ,02,...,02>V_1.
by = (Ve \ G e e

It suggests that the posterior uncertainty for x is also more variable for o? =

2.
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02 =2 | 0 =67 0% =2 o2 = 52

m # of |J(Xtrue o) — m| < tol mean | std mean | std

20 47 51 1.1863 0.0381 1.1818 0.0447
40 48 53 1.1901 0.0259 1.1900 0.0305
80 30 36 1.1870 0.0609 1.1861 0.0597
100 32 40 1.2456 0.0869 1.2511 0.1855
200 42 53 1.4086 0.6295 1.5073 0.8112
400 45 56 1.2456 0.1372 1.2793 0.2583
800 47 54 1.2654 0.1586 1.3210 0.2534

Table 3.5: Experiment on whether the true oy is covered by interval (3.17)
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CHAPTER 4
FUNCTIONAL CCA AND PCCA

4.1 Introduction

In this chapter we provide a new formulation of the functional CCA and
PCCA concepts that were discussed in Chapter 1. We begin in this section
with a few key definitions and some further literature review. In the next
section, we describe the properties of the H-valued random variables that
arise in Section 4.2. Our main results for functional CCA are then laid out
in Section 4.3. Section 4.4 extends the Section 4.3 work to include functional
PCCA.

We begin with two important definitions.

Definition 4.1.1. A random variable X on a probability space {2, A, P} is
said to be second order if B|X|? = [, |X|?dP < occ.

Definition 4.1.2. A second-order stochastic process is a family of second-

order random variables {X (t),t € T} defined on a common probability space.

Assume now that we have two second order stochastic processes
{X;(t):teT},i=1,2

for some index set T. Then, provided all relevant variances are finite, we can

define the covariance kernels
Ki(t,t’) = Cov(Xi(t),Xi(t’))

for t,t' € T, i = 1,2. Inference is then based on the collection of random

variables in L?Xi, t = 1,2: the completion of the set of random variables of the
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form of Z a; X;(t;) for a; € R, t; € T and n € Z", with the inner product

i Zb X(t ZZalb Kt ).
j=1

j'=1 7=1j'=1

Since covariance kernels are positive definite functions, they generate RKHSs

in the sense defined below

Definition 4.1.3. Let ‘H be a Hilbert space of functions on some set T and
denote by (-, )3 the inner product in H. A bivariate function K on T x T is

said to be a reproducing kernel for H if
(1) for everyt € T, K(-,t) € H and
(it) for everyt € T and f € H, f(t) = (f, K(-,t))n.
When (i)-(ii) hold, H is said to be a RKHS with reproducing kernel K.

Aronszajn [1] shows that functions of the form Z a;K(-,t;) fora; e R, t; €T
i=1
and m =1,2,..., are dense in H. So H is separable.

Now, each function K; and K5 has a corresponding Hilbert function space
H (K1) and H(Ks) for which it is the reproducing kernel. The importance of
this fact derives from the isometries between the L3 and # (k) produced by
the mappings W;(K;(-,t)) = X;(t) as demonstrated in numerous articles by
Parzen (e.g., [32]).

Using these isometries, Eubank and Hsing [13] defined the first canonical

correlation p and associated canonical variables Wy (f1), ¥a(f2) as

P’ = sup Cov?(ay, ay)

2 2
a1 ELXl 7O‘QGLX2

= sup Cov? (U1 (f1), U2(f2))
J1EH (K1), f2eH(K2)
= Cov*(U1(f1), ¥a(f2)),
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where f; and fy are subject to

il = Var(@a(f1) = 1= Var(@a(£2)) = || ol 5y,

Additional canonical variables can then be obtained recursively by restricting
attention to functions that are orthogonal to the previous ones in the sequence.

Observe that

Cov(W1(f1), Wa(fo)) = (f1(x), (Kia(x, ), f2()) o)) mx)

with Kis(t1,t2) = E[X;(t1)Xa(t2)] the X; and X, process cross-covariance
kernel. Thus, the problem is equivalent to finding the singular system of the

operator Ry defined by

(Raafa)(t1) = (Kia(ts, ), fo())rra)s fo € HKR). (4.1)

Since Ry, is compact, we may write
Ry = ij%a @ Y
j=1
with {gpji};il a CONS for H(K;), and 1 > p; > ps > .... The Eubank and
Hsing [13] solution returns the (first) canonical variable pair (¥ (11), Ya(¢12))

with canonical correlation coefficient p = p;. We will give an independent

derivation of this result in Section 4.3.

4.2 “H-valued Random Variables

Let (2, A,P) be a probability space and let H represent a real, separable
Hilbert space with norm and inner product ||-||» and (-, )3, respectively. The
Borel o-field generated by the class of all open subsets of H will be denoted

by B. A B measurable function on (H, B) is then defined as follows.
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Definition 4.2.1. A mapping X : Q — H is called an H-valued random

variable if X is B measurable; that is, for every set E € B
X YE)={w: X(w) € E} € A.

Our attention will be restricted to second order random variables that
satisfy E||X]||3, < oo with expectation being relative to P. Associated with

such a random variable, we can define the Hilbert space indexed process

[X, fu: f €M) (4.2)

Then, from [24] and [4], there exists an element h € H and a covariance

operator S such that for all f, f' € H,

and

EKX - h? f>H<X - h> f/>7-l] = <f, Sf/>7.[. (43)

Here h is the mean of the process and for simplicity we assume that ||h||» = 0.

In that case, ( 4.3) simplifies to

It is known that S is a Hilbert-Schmidt operator: e.g., [24]. In particular, this

means it is compact and admits the eigenvalue-eigenvector decomposition

S= ;i ®p;,

=1

where Ay > Ay > ... > 0.
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4.3 Functional CCA

In this and the subsequent section, our goals are twofold:

(i) to obtain a novel, rigorous derivation of CCA for Hilbert space valued

processes that coincides with the developments in Section 1.4 and

(ii) to extend this CCA notion to include an infinite dimensional analog of

PCCA as defined in Section 1.4.

The setting to be studied can be described as follows. There are two
separable Hilbert spaces H; and H, with norms and inner products || - |[;
and (-,-);, ¢ = 1,2, and a probability space (£, A, P). Then, X; and X, are,
respectively, H; and Ho-valued random variables with associated covariance
operators S; and Sp. From [4] it may be concluded that there are also cross-

covariance operators
S12: He — Hy and Soy 1 Hi — Ho
with, e.g.,
E(X1, fi)1{Xz, f2)2 = (f1, S12/2)1
and
Sie = 55,

The functional CCA problem addressed in the work of [8] and [20] is based

on finding f, € Hq, fo € Ho to maximize

|Corr((X1, fi)1, (Xa2, f2)2)]
7



As stated, a solution does not exist since the maximizers need not to be in
Hq or Ho ([13], [23] and [6]). This problem is ignored in [8] while He et al.
[20] impose additional restrictions to insure that the maximizers f; and fo are
attained within H; and Hs.

Let {)\j;, gpﬂ} for i = 1,2 be the eigenvalue-eigenvector pairs for the .S;.
Then, rather than working with the random variables of the form (4.2), we

deal with the more general formulation of the processes
(fi) = Z fii( X, wji)i, (4.4)
j=1
that are indexed by the Hilbert spaces
Hi(S5:) = {fi =D Nikisis | il sy = D s = ||s;”2fi||%} .(45)
j=1 j=1

- with f; € H;, this reduces to (4.4)

3

In the case of a random variable (X, f;)#

with f;; = (fi, pji)i- The Hilbert space

LQZ = {Zi(fi) : fi € Hai(Si),

HZz'(fz')H%’zZi = Var(Z Z)\ﬂ = |I£il5

} m

To connect the development thus far with the Eubank and Hsing [13] ap-

is clearly congruent (isometric) to H;(S;).

proach in Section 1.4, observe that the Karhunen-Loeve theorem gives a more
direct interpretation of the X; processes when they have meaningful pointwise
values: e.g., when the processes are continuous with probability one. In that

case,

Z Xiy it
7j=1
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for which the covariance kernel is
Ki(t, 1) = Cov(X,(t), Xi(t')) = Z Ajitpji(t)esi(t)
j=1

and the RKHS corresponding to X;(-) is H;(.S;). For our particular formulation
using Hilbert space indexed processes, Parzen [32] called H;(S;) a congruent
RKHS with reproducing kernel K;.

Now we construct a new Hilbert space

Ho = {h=(f1,f2) : i € Hi(S),i = 1,2, ||LI[5 = 1], (s,) + 1ol l3nisn } -

From this we obtain the H, indexed process

Z(h) = Z1(f1) + Z>(f2)

with covariance function

Cov(Z(h), Z(K)) = Cov(Zi(f1), Z1(f1)) + Cov(Za(f2), Za(f3))
+Cov(Z1(f1), Za(f3)) + Cov(Zi(f1), Za(f2))
= (fi, [ racsy) + (2, [2)ma(50)

+Cov(Z1(1), Z2(f2)) + Cov(Z1(f1), Za(f2))- (4.7)

In order to avoid the degenerate setting where perfect prediction is possible,
we make the assumption

Assumption A1 There exist no (f1, fa) € Ho such that
|Corr(Z1(f1), Za(f2))] = 1.
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The cross-covariance terms in (4.7) can be characterized as deriving from

operators between H;(S1) and Ha(S2). To see this, define the functional

Ly, (f1) = Cov(Z1(f1), Za([2))

on H;(S1). Clearly, [y, is linear since covariance is bilinear and, from (4.4),

o0

Zilafi+a'fl) = > lafn+a )X, 00

J=1

= aZi(fi) + ' Zi(f1)

for any scalars «, o and any fi, f] € H1(S1). Also, by the Cauchy-Schwarz

inequality,

1y, (A1)l < /VarZi(fi)VarZs(f2)

= ||f1||7{1(51)||f2||7'12(52)'

Thus, [y, is a bounded linear functional on #;(S) and by the Riesz represen-

tation theorem, there is a bounded operator Cis : Ho(S2) — H1(S1) satisfying

Cov(Z1(f1), Z2(f2)) = (f1, Craf2) 2, (s0)-

Similarly, there is a bounded operator Cy; : H1(S1) — Ha(Ss) with Cy = Cfs,

which satisfies

Cov(Z1(f1), Z2(f2)) = (Corfrs f2)ra(sa)- (4.8)
Proposition 4.3.1. Under Assumption A1, ||Cra|| = ||Ca|| < 1.

Proof. By definition, we have

|Cha| |* = sup 1Ch2 fall31, (1) (4.9)
f26H2(52)7||f2||’H2(52):1
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An application of the Cauchy-Schwarz inequality produces

|Cov(Z1(f1), Zo(f2))| = [{f1, Crafo)ai(sy)l

< /VarZ(f1)VarZs(f»)

= ||f1HH1(51)Hf2HH2(52)

with the strict inequality coming from Assumption Al. Now take f; = Ciofs

to obtain [[Ciafoll3, s,y < 1Cr2falla(sn) | f2llma(5)- o

The operators C5 and Sio are, of course, related as we now explain. For

this purpose, define

H(S:) = {fz =D i 1 filllys,y = D N = 182 fil? < OO} i=1,2.
=1 =1

Then, S; is an isometric mapping from H(S;) onto H(S;); ie., H(S;) =
S;7'H(S;). This leads us to

Lemma 4.3.1. Sy, is an operator from H(S,) into H(S,) with ||Sia|| < 1.
Proof. For any fo € H(Sy) and f; € H(S,)
Cov(Zi(f1), Z2(Sefo)) = Zflif2j<¢1iasl2¢2j>
i
= > fuifoi (81?01, S12 S1260) ) 0s)
i
= > Mifiifoi (b1 Siatoi)ucs)
i

= (f. 512f2>%(51)-

Now use the Cauchy-Schwarz inequality and ||5’2f2||H(SQ) = |’f2||g(52). OJ
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Lemma 4.3.1 provides the means to characterize C5. Specifically, observe

that

Cov(Zi(f1), Zo(S2f2)) = (fr.Siafo)uesy)
= (f1, 51255 S fa)misn)
= (f1,C12S2f2)n(s0)-
In addition, the fact that S, is compact on H along with an argument similar

to that of Lemma 4.3.1 reveals that (' is the limit of a sequence of finite

dimensional operators. We summarize these findings as follows.
Theorem 4.3.1. C15 = S155; " is a compact operator from H(Sy) into H(S)).

Referring once again to the Eubank and Hsing approach of Section 1.4, we
know in that instance that Kis(-,t2) € H1(S1), and Kia(t1, ) € Ha(S2); so,
Rys in (4.1) is a bounded operator from Hz(S2) into H;(S;) with the property

that
Cov(Z1(f1), Za(f2)) = (f1, Razf2)r,(sy)-
Therefore, Ris = Cis.

For h € H,, define

Qh = (f1 + Ciafo, f2 + Car f1) (4.10)
or, equivalently, it will be convenient to use the matrix form

I C
Oh = 12 hi (4.11)
Co I f2

with the convention that we view the resulting vector as an element of H,.

Observe that

Cov(Z(h), Z(H)) = {h, QI')s.
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This leads to the following proposition.
Proposition 4.3.2. Q : Hy — Hg is invertible with inverse defined by
Q7'(h) = (Crlsfi — Cr2Ciyy f2. Oy fo — Con Crils fr), (4.12)
where h = (fi1, f2) € Ho and
Ciin =1 — Cyp.Cri = (I — CpCiy)”
forik=1,2.
Analogous to (4.11), (4.12) will also be expressed as

Ch —C12C054 fi
—CuCrly  COph fo

Q'h =

Proof. The form of the inverse follows directly once we have shown all the
relevant inverses exist. Thus, let us concentrate on the latter task.

We can write Q = I — T with

O C].Q fl
Th=(=Ciufs,=Cnfi) = —
021 O f2
Then,
ITh5 = 1Cw2fall3 sy + 1C2a fil By sy

< Gl Pl 2l (50 + NCa P AR s0)
= NCoul Pl sy + 12l sy

= [|Cw[?[|R]]3

< |Inll5

by Proposition 4.3.1. Theorem 4.40 of [34] now has the consequence that

I — T = (@ is invertible.
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To complete the proof, we need to show that Ci; 5 and Coys 1 are invertible.

This again follows from Theorem 4.40 of [34] because C11.5 = I — C12Cy; with

[|Ca1l| = ||Ci2]| < 1 from Proposition 4.3.1. O
Now define
fi , _
H(Q) =qh:h=Q ; Ji € Hi(Si),1 = 1,2, [|hl[3q) = Q™ 2Al[;
2

We have the following proposition.
Proposition 4.3.3. H(Q) is congruent to
Ly ={2(h) : h e Mo l1Z()12, = Vax(Z(h)) |
under the mapping V(h) = Z(Q'h).
Proof. Clearly, for h € H,, ||Z(h>||%2z = (h,Qh)y = ||Qh||$_t(Q). O

With Proposition 4.3.3 in hand we can now give our formulation of CCA.

Specially, we seek f; € H;(.S;) to maximize |Cov(Z1(f1), Za(f2))|. But,

Cov(Z1(f1), Za(f2)) = Cov(Z(f1,0),Z(0, f2))

0
= <Q o >
0 f
H(Q)

which leads to the conclusion that it is equivalent to find f; € H;(S;) to

0
<Q o >
0 fo
H(Q)

The corresponding canonical variables are then recovered via the congruence

maximize

mapping that links the two spaces.
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The analysis from this point is driven by the results of [36] as described in

Section 4.5. For that purpose, we express H(Q) as

H(Q) = My + M,

with
My = heH(Q) :h=Q J;l = (f1,Cnf1), L €Hi(S) b (4.13)
and
My=<heHQ):h=Q ; = (Craf2, f2), fo € Ha(S2) p . (4.14)
2

Regarding M; and M, we have the following result.

Proposition 4.3.4. H(Q) = M, + My with “+” indicating an algebraic direct

sum.

Proof. Clearly any element of Hy can be written as the sum of elements in M,
and M,. We therefore need only show that M; N My = {0}. Thus, suppose

there exist f; € H1(S1) and fy € Ha(S2) such that

(f1, Cor f1)21(50) = (Chrafas f2)ra(50)-

Then, from (4.7)

Cov(Z1(f1), Za(f2)) = (f1, Craf2)a(51)

Var(Z1(f1)) = (f1, fi)rus) = (fr Crafo)wa s,y

and

Var(Zs(f2)) = (f2, fo)ma(ss) = (f2, Co f1)na(s0) = (Ciafo, f1)r1(s0)-
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But, these relations have the consequence that |Corr(Zi(f1),Z2(f2))] = 1

which contradicts Assumption Al. m

To relate this to Sunder’s scheme in Section 4.5, let L1 = M; and Ly, =

f 0
My M{. Then, for by = Q| " | € My and hy = Q e M, with

0 fa

||hil|20) = 1, @ = 1,2, the first canonical correlation can be characterized as

p = sup [(h1, ha) )l

h1 €My ,ho €My
il (@y=1i=1,2

_ sup |(h1, Bha + ha) ()|
h1€Ly,ho€Ly
l1h1llag (@) =Lillh2+Bhally (@) =1

= sup |(h1, Bha)a )]
h1€Ly,ho€Ly
[lh1lla (@) =1 Ilha+Bhally (g)=1

sup |[P1]12@) || Bhalln(q)
hy€Lj,hg€Ly
181 113¢(@) =1l 1he+Bhall3 gy =1

= sup || Bhalluc)
ho€Lo
[1ho+Bhallg(gy=1

IN

for B = P, (Proan) ' But, by taking hy = Bha/||Bhal|nq), we obtain
(ha, Bl~12>H(Q) = || Bha||#(0). So, the bound is attainable and holds with equal-

ity. Thus, we have shown that

p = sup ||Bha|lq)
ho€Lo

subject to
1 = ||hall3yg) = I1Bha + hall3yq)
= <BiL2 + iLg, BiLz + iL2>H(Q)
= (ha, ha)w(q) + 2(Bha, ha)q) + (Bha, Bha)y(q)
= (ha, ha)u(q) + (Bha, Bha)n(o)

= <il27 I+ B*B);L2>H(Q)>
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since Bilg € L, is orthogonal to 712 € Lo.

The operator I + B*B is self-adjoint and positive. Therefore, it has a self-
adjoint square root (I + B*B)Y2. Moreover, (I + B*B) and (I + B*B)"/? are
invertible meaning that we can equivalently work with b}, = (I + B*B)"/2h,

and maximize
||Bhallsuq) = [|B(I + B*B) k|30

subject to k% € Ly and HiL/QH%(Q) = 1. A consequence of Theorem 4.3.2 below
is that B*B is compact. Hence, the maximizer is the eigenvector for the largest

eigenvalue of the operator
T =(I+B*B)"Y?B*B(I + B*B)~Y/2,

In general, the eigenvalues and eigenvectors for T' are the values a? > 0

and vectors hl, € Ly of unit norm that satisfy
Thi, = &2hl.

Some algebra reveals that this is equivalent to finding a vector hy € Lo that

solves
B*Bhy = ohy, (4.15)
where
o2 — 1 i}2&2 (4.16)
and
123y @) = 1.
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From (4.16) it follows that

(6%
R 4.17
p T (4.17)

Now suppose that hy € Ly is any vector that satisfies (4.17). TIts M,
component is Bilg and its M, component is BiLQ + Bg. These correspond to
the canonical variables \I/(Bilg), \11(ng + BiLg) of the Z; and Z, spaces. As

such, both need to have unit variance. At present, we have
|| Bhall3,g) = (ha, B*Bha)yq) = o,

and
Therefore, the canonical variable for the Z; space is

1 -~

v (—Bh2> , (4.18)

e

and the canonical variable for the Zs space is

v (;(E2 + Bim)) . (4.19)

1+ a?

The correlation between these two random variables is

1 - 1 ~ -
— Cov (U (=Bhy) U ——uu(hy+ B
- on(oEat) o o)
1 - 1 ~ ~
— (“Bhy,———(hy+ Bh
<a 2m(2 2)>H(Q)

1 -
— — — (Bhy. B
T Bl Bhaua

CYQ

av'1+ a?
(@]
- e (420)
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as expected from (4.17).
It remains to characterize B*B. This is accomplished in the following

propositions and corollaries.

Proposition 4.3.5. Ifh = (Caf2, f2) € My, then Pr b = (Chafa, Co1Ci2f2).

Proof. Let hy = (Ciafa, f2) € My and hy = (f1,Co1f1) € My = Ly. Then,
(Priasha, hi)wq) = (he, hi)nuq) (4.21)

for every hy € M,. Writing Pr,ahe = (ff, Ca1 fT) leads to

(Primshe, hiywe) = (15 Carf7), (f1,0))o
= U sy
= ((Crafz f2), M)
= ((Crafa, f2), (f1,0))o

= (Ciafa, f1)mu0s0)
for every f; € H1(S1). So, ff = Ciafo. O
Proposition 4.3.5 has the following immediate corollaries.

Corollary 4.3.1. [fh = (Clgfg,fg) € MQ, then PL2‘M2}L = (I — PL1|M2)h =
(07022.1f2)-

Corollary 4.3.2. If h = (0, f2) € Ly, (Pryan)~'h = (C12C%Y fo, Cony f2).
Corollary 4.3.3. For h = (0, f) € Ly, we have

Bh := Ppjas (Projas) b = (CraColy fo, CorCraCih fo).
Corollary 4.3.4. Let h,h' € Lo, then

(hy WY@y = (0, 2), @10, 2 ))o = (fa, Coa1 o Vaaasa)- (4.22)
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Corollary 4.3.5. B*(f1,Co1f1) = (0,Ca f1).
Proof. For h = (f2,Co1f1) € My = Ly and h = (O,fz) € Lo,

(h, Bh)nwy = {(Q 'h, Bh)g
= {(/1,0), (C12C351 f2, Cn CraC'y f2))o
= (1, CaC3ohy Fa)awasn)
= (CR\Corf1, PoYra(sn)

An application of Corollary 4.3.4 completes the proof. O]

Corollary 4.3.3 and 4.3.5 in combination give us the desired characteriza-

tion as follows.
Theorem 4.3.2. For h = (0, f5) € L,

B*B(0, f2) = B*<012C272%1f27 0210120272%1&)

= (07 C210120272%1J?2)-

The eigenvalue-eigenvector problem for B*B can now be formulated in
various ways; e.g., for a generic u that does not need to be the same on each

line, we can write

(1) 02101202_2?1’& = a2u
& CyCh2u = a?Cog1u
= (1 + a2)021012u = C¥2'LL

& 0y Crou = p?u, or

(i) C91C12C5%4u = a®u

= (022.1 — [)ngllu = OéQU
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s u=au+ CRlu
2y, — -1
< (1 —a)u=Cyyu

& Cypu = ﬁu.
We illustrate special cases through the examples below.

Example 4.3.1. Suppose that S, So and S12 are all full rank, finite-dimensional

matrices. Then,
Clg = S1255 1, Oy = S5187*
and
Cogq = I — 891571512551 = [So — 51571 512) 5571
Thus,

CnCiou = /02“
&[Sy 87151285 Hu = p*u
& SngflSlgu = p*Sou
& Sy 2808, 2828158528y Pu = p* SV u
& 5*Su = pu.
Therefore, our formulation in this instance is equivalent to the SVD of S =

51_1/251252_1/2 which in turn, is equivalent to Hotelling’s classic solution for

the finite dimensional case as established in [22].
Example 4.3.2. For the pointwise FDA setting, we have

(Craf2)(t1) = (Ka2(t1, ), 9(-)) 3a(so) (4.23)
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and the eigenvalue-eigenvector decomposition of Co1Chy = Ci,Cha 1S equiva-
lent to the SVE of Cha. Thus, our solution coincides with the Eubank/Hsing

solution for this case.

44 PCCA

A similar approach to that of the previous section can be used to address the
PCCA setting. There are now three Hilbert spaces H1, Hs and Hs with norms
and inner products || - ||; and (-,-);, ¢ = 1,2,3. Then, the X; are H;-valued
random variables with associated covariance operators S;, i = 1,2,3. As in
Section 4.3, we can also define the cross-covariance operators Sio, Si3, So3 and
their adjoints.

For i = 1,2,3, the Hilbert spaces L}, spanned by the process Z;(f;), fi €
H;, and their congruent Hilbert space #H;(S;) with indexed process Z;(f;) are
defined exactly the same as (4.6) and (4.5). Hence, by the Riesz representation

theorem, there are bounded operators Cj; : H;(S;) — H,(S;) satistying

Cov(Zi(fi), Z;(f3)) = {fis Cii fi)rusn

for i,j =1,2,3 and i # j. Also, we have that Cj; = C7,.

We construct the new Hilbert space

Ho={ h=(/l,fs):
fie Mot =1,2,3,|10[[5 = | fillf sy + 12lliass) + 155050}
The corresponding H, indexed process is obtained as
Z(h) = Zi(f1) + Z2(f2) + Zs(fs)-
For h € H,, define

Qh = (fi + Ciafo + Ci3f3,Cor f1 + fo + Cosfs, Cs1 fr + Csafo + f3)
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which can be written equivalently in the matrix form

I Cy Cis fi
Qh=1|Cy I Cyp fa
Cs1 Cs 1 f3

and
Cov(Z(h), Z(h")) = (h,Qh'),.

Now we want to show that () is invertible. We write () as

I [C Ci3 .

I B

Q=|Cu| I Cou|=1]_ _|>
C D
Cs1 | Csp 1
- ~ Co - I Oy .
where B=| ¢y, Cy5 [, C = and D = . If the inverse
Cs1 Csp [

of Q exists, standard results on the form of the inverse of a block matrix tell

us it should be of the form

[+BE~'C -BE™!

. (4.24)
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where

ol
I
el
|
o)
o

I C'23 C'21

= - [ Ci2 Ci3 }
Csy 1 Cs1

I — Cglclz 023 - 021013
032 - CY316’12 I — 031013

Cyy 0
0 Cyi
7 0 —0272%1/2(023 — 021013)03:;1/2
— O (Cy — C1C1o) O 0
Cy 0
0 Cyi

From Proposition 4.3.2, Css 1 and (33 are invertible. Then, in order to show

the invertibility of @, it suffices to show the norm of

0 — 0 (Cs — O Ci3) O (4.35)

— O3 (s — C1 Cr2) O 0

is less than 1 by Theorem 4.40 of [34]. To see that this is the case, we first

establish
Lemma 4.4.1. The projection of Zy(f2) onto LQZ1 is Z1(Ciafa).

Proof. If Py, Zs(f2) denotes the projection, it must satisfy

Cov(Z1(f1), Pz, Za(f2)) = Cov(Z1(f1), Z2(f2))
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for every fi € H1(S1). Since there is some f; € Hi(S1) such that Py, Z5(fy) =
Z4(J;), then

Cov(Z1(f1), Z2(f2)) = (f1,Crafo)ri(sh)
= Cov(Zi(f1), Z:1(f7))

= (fu. /[T
Therefore, f; = Ciafs. O
Similarly, we have
Lemma 4.4.2. The projection of Zs(fs) onto L7, is Z1(Chsfs).

Besides having Assumption A1l apply to both the pairs Z;, Z5 and 77, Z3,
we also need the following assumption for PCCA.

Assumption A2 There exist no fo € Ha(S2) and f3 € Hs(Ss) such that

|Corr(Za(fa) — Pz Za(f2), Z3(f3) — Pz, Z3(f3))| = 1.
Now we have the following lemma.
Lemma 4.4.3. ||C2_211/2(023 — 021013>C?E'j1/2”7'12(52) < 1
Proof. Observe that
|Cov(Za(f2) — Z1(Crafa), Zs(fs) — Z1(Cisfs))]
= |(f2, Co3f3)#a(5) — (f2, C21C3 f3)345(50)]
< (Var(Zs(fo) — Z1(Chaf2)))*(Var(Zs(f3) — Z1(Chs f3)))"?

= <f27 022.1f2>;.{22(52)<f37 033.1f3>;.[/32(53)

1/2 1/2
= (|C3’ follra(sn | Cas s f3134ass)-
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Letting f, = 0212/21 , and f3 = C;ﬁ f3, we then obtain
F~—1/2 —1/2 7 ; z
(for Cit*(Cas — CunC13)C3{* Fadra(sny < | Fellruaism | Folas ()

Finally, take fQ = 0521{2(023 — 021013)03;;1/2f3 to see that

—1/2 —-1/2 7 s
|Coot?(Cog — C1Cis) Cayd Tallrase) < |1 f3ll2es(55)-

An identical argument shows that
—1/2 —1/2
Lemma 4.4.4. ||C33'1 (032 — 031012)022.1 HH3(53) < 1.

In combination, Lemmas 4.4.3 and 4.4.4 show that the norm of (4.25) is

less than 1. Thus,

/ 0 — O (G — Con Cr3) O

— O3 {2 (Co — C31Ch0) O3 0

is invertible and Q™! exists with the form given in (4.24).

Now define
1
HQ) ={h:h=Q | f, | . fi € Hi(S:).i=1,2,3,||hll30 = 1Q*Rl5}.
/3

The three process version of Proposition 4.3.3 is provided by
Proposition 4.4.1. H(Q) is congruent to
Ly ={Z(h) : h € Ho, || Z(h)||7, = Var(Z(h))}

under the mapping V(h) = Z(Q'h).
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For the PCCA formulation, we wish to find fo € H(S2) and f3 € H3(Ss3)

to maximize

|Cov(Zs(f2) — Z1(Chafa), Z3(fs) — Z1(Cisf3))]-

Since

Cov(Za(f2) — Z1(Chafa), Z3(fs) — Z1(Chsf3))

= Cov(Z(=Ciafa, f2,0), Z(=Ci3f3,0, f3))

_012f2 _Cl3f3
- <Q f2 7@ 0 > )
0 fs

H(Q)

it suffices to find fo € Ha(S2) and f3 € H3(S3) to maximize

_CIZfQ _C13f3
<Q fa ,Q 0 >
0 E H(Q)

The corresponding canonical variables are gained via the congruence mapping
U as in the CCA case.
Again, we apply the results from Sunder [36] described in Section 4.5. We

express H(Q) as
H(Q) = My + My + M

with
J1
My=qheHQ) :h=Q | 0 | :=(f1,Cufi,Csf1)

0
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My=SheH(Q):h=Q | f, | = (Ciafa, f2,Csf2)

and

My=<heH(Q):h=Q | 0 | = (Cisfs,Cosfs, [3)
/3

Regarding My, M, and Mj3, we have the following proposition.

Proposition 4.4.2. H(Q) = M, + My + Mj with “+" indicating an algebraic

direct sum.

Proof. The proof is similar to that of Proposition 4.3.4. We need to show
that My N My N Mz = {0}. Suppose there exist f; € H(S;), i = 1,2,3, such
that (f1, Corfi, Cs1f1) = (Crafo, fo, Cs2fa) = (Ciafs, Cazfs, f3). Then, we can
conclude that

Cov(Za(f2) — Z1(Crafa), Z3(f3) — Z1(Chaf3))

= (i, fO)rms) — (3 F3)macss) = (fro fr)ras) — (fos f2)2a(50)s

Var(Zy(fa) — Z1(Ciaf2)) = (f1, fi)ras) — (f2, f2) #a(52)

and
Var(Z3(f3) — Z1(Cisf3)) = (fr, [i)nacsy) — (f35 f3)ma(59)-
Hence,
Corr(Z2(f2) = Z1(Craf2), Z3(f3) — Z1(Ciafs)) = 1
which contradicts Assumption A2, 0
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If we let Ly = My, Ly = My N ]\41l and L3 = M3N Mj N Mll, then for

—Chafo —Ch3f3
EZZQ f2 GMQ—PLlMgaHdingQ 0 €M3_PL1M3
0 f3

with ||h;|2 = 1, i = 2,3, the first partial canonical correlation can be charac-

terized as

p = sup ‘(ﬁza h3>H(Q)‘

ho€My—Pr, My, h3eMz—Pp, Mg
lhilly(@)=11=2,3

= sup ‘<h2,Bh3 + h3>'H(Q)‘
B ho€Lg,hzeLy
llh2ll3y (@) =11IBha+h3llay (g)=1

= sup ‘<h2,Bh3>H(Q)‘
B ho€Lg,hzeLs
llh2lly(@)=1IIBha+h3lly (g)=1

< sup 1722 |1 Bhslu)
hg,h3
l1h2ll3(@)=1:l1Bh3+h3ll3 gy =1
= sup 1Bhs|lxq)

B3€L3,||BB3+B3HH(Q)=1

for B = Pp, s (Prgas) . The bound is attainable and holds with equality
by taking hy = Bhs/||Bhs|lxq). Thus, we see that
p= sup || Bhs|nq
h3€Ls

subject to
1= |33y = (hs, (I + B*B)hs)q)-
Also, similarly as before, it is equivalently to maximize
1Bhsllu) = | B(I + B*B)~*yluco)
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subject to hy € L and ||izg||§{(Q) = 1. The maximizer is the eigenvector for

the largest eigenvalue of the operator
T =(I+B*B)"Y?B*B(I + B*B)~ Y2

Let &> > 0 and 713 € L3 with unit norm be eigenvalues and eigenvectors
for T, and o2 > 0 and hs € Ls be eigenvalues and eigenvectors of B*B. Then,

it can be seen that

(07

V1+a2

If ng € L3 is any eigenvector of B*B, then its My — Pr, My component is

p:d:

BiLg and its Ms— P, M3 component is BiL3 + Bg. The corresponding canonical
variables are W(Bhs) and W(hs + Bhs) of the Zy — Py, Zy and Zs — Py, Zs
spaces, respectively. Due to the required unit variance, we have that the

partial canonical variable for Z5 space is

] (13E3) :
(0]

and the partial canonical variable for the Z3 space is
¥ ( L (hs+ Bh ))
V1+a? ’ )
Thus, the partial canonical correlation is

1
N

Now we characterize B* B through the following propositions and corollar-

ies.
PI‘OpOSitiOIl 4.4.3. ]fh = (Clng, fg, ngfz) € M, then

Prmh = (Crafa, C21Ci2 fa, C31C12 fa).
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Proof. For hy = (f1,Ca1f1,Cs31f1) € My = Ly, we have the relation

(PrLyjaehs 1)) = (b ha)wq)-

WI'ltlIlg PL1|M2h = (ff, Oglff, C31ff) leads to

(Promsh by = (1 Coft, Cauft), (f1,0,0))o
= (T, sy
= (. h)u)
= ((Crafa, fo,Cs2f2), (f1,0,0))g

= (Ciafa, [1)ri(sh)
for every f; € H;(S;) with i = 1,2. So ff = Ciafs. O
Proposition 4.4.3 has the following corollaries.
Corollary 4.4.1. If h = (Ciafa, f2, Csafa) € My, then
Pryah = (I = Pryjan)h = (0, Coz1 fo, (Ca2 — C31C12) f).
Corollary 4.4.2. If h = (Ci3f3, Cosfs, f3) € M, then
Priash = (Craf3, Co1Crs f3, C51Ch3 f3).
Corollary 4.4.3. If h = (Ci3fs, Casfs, f3) € M3, then
Proyarh = (0, (Cas — Ca1Ch3) f3, (Caz — C31Ch2)Cagly (Coz — C1Cs) f3).

Proof. For hy = (0, Cag.1 fa, (Caz — C51C12) f2) € Ly and h € Ms, we have the

relation

(Propashs o)) = (hs ho) o).
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If we WI‘ite PL2|M3h = (0, 022_1]‘3(7 (032 — 031012).]05), then,

(Prajanh, ha)u)
= ((0,Co1f3, (Cs2 — C5:C12) £3), (=Crafa, f2,0))o
= (Cn2.f3, f2)ra(s2)
= (h ha)u
= ((0,0, f3), (0, Co2.1 fo, (Ca2 — C31C12) fo))o
= (/3 (Cs2 = C51C12) fo)rasy)

= ((Cas = CnC13) f3, fo)2s(50)-
So, f3 = Cyty(Cas — Cn Ch3) fs. O
Corollary 4.4.4. If h = (Ci3fs3, Cosfs, f3) € M3, then
Pr b = (0,0, [Csgq — (Cso — C31012)Coy1 (O3 — C1C13)] f3).
Proof. Prya,h = (I — Prya — Projas)h. O
For notational simplicity, let Cy = Cs3.1—(Cag—C31012)Coy1 (Caz—Co1Ch3).
Corollary 4.4.5. For h = (0,0, f3) € Ls,

Bh = PL2|M3(PL3\M3)_1h

= (0,(Cy — 021013)00_1J;3, (Cs3 — 031012)02_2%1(023 — 021013)00_1f3)-
Corollary 4.4.6. ]f h = (O, C’gg,lfg, (032 — 031012)f2) S Lg, then

B*h = (0, 0, (ng - 031012>f2)-
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PT’OOf. For h = (O, 022_1f2, (032 — C31012)f2) € L, and 713 = (O, 0, fg) S L3,

(Bhs, hywq) = (Bhs,Q 'h)g
= (Bhs, (—Chafa, f2,0))0
= ((Cos — C21C13)Cy " f3, f2)paa(s0)
= (Cy" f3,(Cs2 — C31C12) fa) my (o)
= (h3, B*"h)w(0)
= (Q 'hs, B*h)q
= (([C21C3", (Cas — C21Chg) — Cus]Cy ' i,

— Ol (O3 — ConCh3)Cyt f5, Cot f3), B*h)o.
Therefore,

B*h = (0, 0, (CgQ - 031012>f2)'

Now, through Corollaries 4.4.5 and 4.4.6, we finally obtain

Theorem 4.4.1. For h = (0,0, f3) € L,

B*Bh = (0,0, (C3y — C31C12)Coyy (Coz — 021013)60_1f3))~

4.5 Technical Appendix

The essential tool that is used for our work in Section 4.3 and Section 4.4
derives from the results in Sunder [36]. We summarize the key aspects that
are needed for our purpose in this appendix.

Assume that a Hilbert space ‘H with inner product (-,-) and norm | - ||

can be written as the algebraic direct sum of n closed subspaces My, ..., M,.
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That is,

H == Xn: MZ',
=1

where M, ..., M, are closed subspaces of H that satisfy

M;nY M, ={0}.
J#
Now, for 1 < k < n, define

k
Ry=)Y M; Ly =R,N Ry ;.
=1

Then, Ly L M;, fori=1,... k—1, and by construction H = Z L;. Similarly,

i=1

k k
i=1 =1

Let Py, and Pr, be the orthogonal projection operators onto Mj, and Ly,
respectively. Then, for 1 <k <nand 1 < j <k < n, we define the restriction

of Pr, to My by
Prvr = Prx
for x € M. Similarly,
Py, y = Py
for y € L;. Our first result states that Pr, |y, is actually invertible.
Lemma 4.5.1. Pp, |y, is one-to-one and onto.

Proof. By definition, Pr, |, is the projection operator Pp, restricted to M.
k k—1
In general, P, maps ZMZ onto L. But, @fz_llLi = ZMiJ_Lk. So, Pr,
maps My, onto Ly. If = Z€:1]\/[k satisfies P,z = 0, it must bé:tiqat r € MpyNLE =
k—1
M. N Z M;. By assumption, the only element of this set is the 0 vector. [J
i=1
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The adjoint for Py, is determined in the next lemma.
Lemma 4.5.2. (PL]|Mk>* = PMk\Lj’

Proof. Let x € L; and y € Mj. Then,

<Pka7y> = <LL’, PMky> = <'T7y> = <x7PLjy> = <x7PLj|Mky>'
UJ

n
For any z € H, we can write x = g x; for some unique set of vectors
J=1
x1,T2,...,T, With x; € L;. In particular,

k
PMkJZZ E PMkCUj
j=1

since Py, x € My, = @leLiJ_Lj for j > k. But, if Py, x € My, it must be that

k
Pkaj = E :PLi|MkPkaj'

i=1
That leads to

Eok ko k
Pyv = E PLi|MkPkaj = E E PLi|MkPMk|LjPLjZU,

j=1 i=1 j=1 i=1
because Pj = Pp; and P,—fj = Pr,;. We have therefore proved the following

result.

k k
Theorem 4.5.1. PMk = ZZPL«L‘MI@PMHLJ'PL]"

j=1 i=1
Theorem 1 of Sunder (1988) is an immediate corollary of our expression for

P

PR
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Corollary 4.5.1. For x € My, we can write M, as

Mk = {(PL1|M;€5L'7 e 7ka,1|Mk$7PLk\ka>Oa e ,0)}

= {(PLlle (PLk‘Mk)ilpLMMk‘T’ s 7Pkal‘Mk(PLkle)ilkalex’ PLk|Mk‘T7 0,...

= {(ALl\Lkzv--~7ALk,1|Lk272707-~-7O)}7
where z = Pp,m,® € Ly, and Ap, 1, = PLJ-|M,€(PL,@.|M;€)71 for1<j<k<n.

Corollary 4.5.1 has the consequence that problems involving optimization over

Mj, can instead be formulated in terms of equivalent problems on L.

106



CHAPTER 5
SUMMARY AND CONCLUSIONS

The research presented in this dissertation addresses theory and application
of the SVD and GSVD for both finite and infinite dimensional problems, the
latter in the form of the SVE and the GSVE. The first problem we addressed
was that of finding one possible extension of the GSVD as a GSVE for compact
operators. We found that it is not possible to directly extend the work of Van
Loan [40] on the finite dimensional GSVD because a key step is only valid for
matrix operators. So we constructed our GSVE in a new way.

Second, we focused on the x? method for regularization parameter esti-
mation. Previous work has suggested that the normal theory version of the
x? method could also be used for nonnormal data. We proved that under
the condition of ¢-mixing, the variance factor used to normalize the penalized
least-squares criterion is not 2 for nonnormal data. An analytic example is
presented where the actual variance factor is larger than 2 for a simple Pois-
son case. Since the ¢-mixing property is only an asymptotic condition, we
presented an empirical study to estimate the new variance factor for selected
finite sample experiments. The simulation results verified that the variance
factor is larger than 2 in a more involved context that uses Poisson errors
with normal signals that are blurred with Phillips and Shaw matrix transfor-
mations. We also explored how this affects parameter estimation for solving
the regularization problems. Though the estimated values of the parameter
do not differ much, we found that using an alternative variance factor that
is tailored to the simulation produces confidence intervals with a coverage of
the true parameter that is closer to the nominal level and larger than using

the original variance factor. Also choosing the alternative variance factor pro-
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duced different regularization parameter choices between 5% and 12% of the
time and saved computation time when these choices differed.

Third, we provide a rigorous derivation for canonical correlation and partial
canonical correlation for certain Hilbert space indexed stochastic processes.
This work removes these restrictions that existed in previous work such as
Dauxois et al. [7] [8] largely focus on the finite dimensional covariance opera-
tors whose range are closed and He et al. [20] impose restrictions on the cross-
covariances of coefficients in the two process’ Karhunen- Loeve expansions to
insure that the canonical variables are elements of H. For two processes, our
derivation produces the same solution as in Eubank and Hsing [13]. While it
appears to be difficult to use their approach to obtain results for the PCCA
framework, the approach here extends readily to the PCCA and more general
settings. It relies on a key congruence mapping between the space spanned
by a second order, H-valued process and a particular Hilbert function space
derived from the process’ covariance operator. It is an application of method-
ology for constructing orthogonal direct sums from algebraic direct sums of
closed subspaces.

Topics to be addressed in future work include the following.

(i) It is important to explore more applications of the new GSVE derived in
Chapter 2. One possible direction is the time series regression model of
Parzen [31] which provides the infinite dimensional analog of the finite
dimensional linear model. It will be interesting to see whether the new
GSVE can be used to study time series regression similarly to the use
of the GSVD for the study of linear models as presented by Van Loan

[40]. Another possible direction is to find a new form of GSVD to obtain
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(i)

(iii)

estimates of GSVE as Hansen [16] used SVD to approximate SVE.

While our results in Chapter 3 show that we cannot assume the same
variance factor for normal and nonnormal measurements, more work
needs to be done to evaluate the impact of the variance factor in regu-
larization parameter estimation. Our current results do not show that
the results are significantly better when a more appropriate variance is
used, although the use of the large variance factor makes the tolerance on
the iteration less severe thereby allowing the algorithm to converge more
quickly. It would be interesting to consider other distributions for error
term such as the gamma distribution. It is also of interest to determine

how to choose the variance factor for real data.

In Chapter 4, we have developed a framework that can be used to study
the correlation properties of groups of Hilbert space indexed stochastic
processes. Our applications have been restricted to groups of size two or
three; however, it is clear that similar analyses are possible with any finite
number of processes. For example, the partial canonical correlation work
of Section 4.4 extends in principle to examination of pairs of residual

processes after correcting for projections onto several other processes.
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