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QUASI-CLASSICAL ASYMPTOTICS FOR FUNCTIONS
OF WIENER-HOPF OPERATORS: SMOOTH VERSUS
NON-SMOOTH SYMBOLS

ALEXANDER V. SOBOLEV

@ CrossMark

Abstract. We consider functions of Wiener—Hopf type operators on the Hilbert
space LQ(Rd). It has been known for a long time that the quasi-classical asymptotics
for traces of resulting operators strongly depend on the smoothness of the symbol:
for smooth symbols the expansion is power-like, whereas discontinuous symbols (e.g.
indicator functions) produce an extra logarithmic factor. We investigate the transi-
tion regime by studying symbols depending on an extra parameter 7" > 0 in such
a way that the symbol tends to a discontinuous one as 7" — 0. The main result is
two-parameter asymptotics (in the quasi-classical parameter and in T), describing a
transition from the smooth case to the discontinuous one. The obtained asymptotic
formulas are used to analyse the low-temperature scaling limit of the spatially bipar-
tite entanglement entropy of thermal equilibrium states of non-interacting fermions.
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1 Introduction

The present paper is devoted to the study of (bounded, self-adjoint) operators of
the form

Wy = Wy(a; A) := xa Op,(a)xa, a >0, (1.1)

on L?(R%), d > 1, where x, is the indicator function of a set A C R The notation
Op,(a) stands for the a-pseudo-differential operator with symbol a = a(§), which
acts on Schwartz functions u on R? as

at ,
(Opa(a)u) (x) := W // e’o‘g'(x_y)a(ﬁ)u(y)dydf, x € R4,

Integrals without indication of the integration domain always mean integration over
RY with the value of d which is clear from the context. We call the operator (1.1)
a (truncated) Wiener—Hopf operator. We are interested in the asymptotics of the
trace of the following operator difference

Do(a, A; f) == xaf(Wa(a; A))xa — Walf oa; A), (1.2)

as a — 00, with some suitably chosen functions f. The reciprocal parameter o' can

be interpreted as Planck’s constant, and hence the limit o — oo can be regarded
as the quasi-classical limit. Sometimes a different point of view is convenient: by
changing the variables one easily sees that the operator (1.2) is unitarily equivalent
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to Di(a,ad\; f), so that the asymptotics @ — oo can be interpreted as a large-scale
limit.

The second operator on the right-hand side of (1.2) can be viewed as a regulariz-
ing term: it makes the operator (1.2) trace class even if f(0) # 0 and A is unbounded,
see Condition 2.4 for precise assumptions on A. On the other hand, if f(0) =0, A
is bounded and the symbol a decays fast at infinity, then W, (f o a; A) is trace class
itself and an elementary calculation shows that

Oéd
Walf o d) = sgla] [ f(ae))de. (13)

where |A| is the d-dimensional Lebesgue measure of A.

Asymptotic properties of D, (a,A; f) depend strongly on the smoothness of the
symbol a. For smooth symbols a, smooth functions f and smooth bounded regions
A, the full asymptotic expansion of tr Dy (a, A; f) in powers of a~! was derived by
Budylin-Buslaev [BB91] and H. Widom [Wid85], and we refer to these papers for
the history of the problem and further references. We are concerned only with the
leading term asymptotics: they have the form

tr Do(a, A; f) = @ 1By(a) + O(a?72), a0 — o0, (1.4)

where the coefficient By(a) = By(a; A, f) is defined in (10.5).
For symbols a with jump discontinuities the asymptotics have a different form.
For instance, for a = yq with a bounded piece-wise region €2, it was found that

tr Da(xa, A: £) = UD1 o™ loga + o(a® ' loga) , a — oo, (1.5)

for a bounded region A C R? with explicitly given coefficients U = U(f) and
U1 = Vi1(1,0A,090), see (2.11) and (2.12) for the definitions. Discontinuous symbols
came into prominence after the papers by M. E. Fisher and R. E. Hartwig, see e.g.
[FH98], on determinants of truncated Toeplitz matrices. Ever since, discontinuity of
the symbol is sometimes referred to as one of the two Fisher—Hartwig singularities.
The formula (1.5) for smooth functions f was proved by Landau-Widom [LW80],
Widom [Wid82b] (for d = 1) and by A.V. Sobolev [Sob13,Sob15] (for arbitrary
d > 1). These issues have been exhaustively studied for the Toeplitz matrices, see
e.g. survey [Krall] for references.

In the present paper we study the transition from the smooth to discontinuous
symbols. Precisely, we consider smooth symbols a = ar depending on the additional
parameter 7' > 0, in such a way that ar(§) — xq(€), as T — 0 pointwise, with
a region Q C R% and satisfying some mild regularity conditions, see (2.8), (2.9).
The objective is to investigate the asymptotics of tr Dy(ar,A; f) as T — 0 and
a — oo simultaneously and independently. The sharp bounds for this quantity are
stated in Theorem 2.6, and the asymptotic results are collected in Theorem 2.7. The
function f is not assumed to be globally smooth, but is allowed to have finitely many
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points of non-smoothness. A typical example of such a function, with one point of
non-smoothness, is

Ft) =t —2|", t €R, (1.6)

with some fixed z € R, where v > 0. The inclusion of non-smooth functions f is far
from trivial, but the relevant tools have been developed earlier (see [Sob,LSS16b]),
and we use them with minor modifications.

The study of such a two-parameter behaviour seems to be an interesting natural
problem of asymptotic analysis in its own right. Our motivation however comes from
the analysis of large-scale behaviour of the spatially bipartite entanglement entropy
of free fermions in thermal equilibrium. This question amounts to studying the trace
of the operator (1.2) with a specific choice of the symbol ap and function f. The
symbol is taken to be the Fermi symbol

1

=~ teRY 1.7
1+ exp LE%_” (.7

ar(§) = aru(§) :

where T' > 0 is the temperature, and p € R is the chemical potential. The function
h = h(&) is the free Hamiltonian and we assume that h(§) — oo as |§] — oo,
so that the Fermi sea Q = {& € R? : h(€) < pu} is a bounded set. Note that
ar, — X, 1T — 0, pointwise.

The function(1.7) is a typical representative of the symbols ar featuring in The-
orem 2.7, so for the sake of discussion in this introduction, we assume that ap is
simply given by the symbol (1.7). The form of the asymptotics in the main theorem
depends on the relation between o and T', the regime a1’ = const being the critical
one. If aT < const, then the asymptotics have exactly the form (1.5), i.e. the same
as in the case a = yq. If however o1 > const, then

1 1
tr Dg(ap, A; f) = U, ! logf + 0<ozd_1 log T> , T — 0. (1.8)

As proved in Theorem 10.1, the asymptotic formula (1.8) can be recast in the form
(1.4) as follows:

1
tr Do(ar, A; f) = o ' By(ar) + 0<ozd1 log T> , T'— 0,01 > const. (1.9)

Therefore the asymptotic results in Theorem 2.7 do indeed bridge the dichotomy
between smooth and discontinuous symbols.

Returning to the large-scale asymptotics of the entanglement entropy, they follow
from Theorem 2.7 with the symbol (1.7), and with the function f which is chosen to
be one of the y-Rényi entropy functions 1.,y > 0, that are defined in (3.5) and (3.6).
Thus our results provide low-temperature scaling limit of the entanglement entropy
in all dimensions d > 2. These formulas were announced in the article [LSS16a]
without underlying mathematical details. The case of zero temperature, i.e. that of
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a = xq was studied in [LSS]. The two-parameter asymptotics for the entropy were
obtained in [LSS16b] for d = 1. The formulas found there hold for & — oo and
oT > const. In particular, these conditions allow the limit o« — oo, T' = const. On
the other hand, Theorem 2.7 always requires 7" — 0, but allows o1 < const.

The idea is to prove the main result for smooth functions f first. In the case
a1 < const an elementary argument allows us to replace the symbol ar by its limit
xq, and subsequently use the known asymptotic results for discontinuous symbols,
see [Sob13,Sob15]. This produces a formula of the form (1.5). The case o' > const
is substantially more difficult. Here we observe that different parts of the region A
give different contribution to the trace asymptotics. Namely, the boundary layer of
width (aT)~! gives the main input into the answer. This input is found again by
replacing the symbol a7 with the function xq, and using the results of [Sob13,Sob15].
However, in contrast to the o' < const case, due to the small size of the boundary
layer, the resulting asymptotic formula contains log % instead of log a. The extension
of these results to non-smooth functions f follows the classical idea of asymptotic
analysis: we approximate f by smooth functions, and for the error we use bounds for
the trace norm of (1.2) that explicitly depend on the function f and the parameter
T. In the abstract setting such bounds had been proved in [Sob], and later they were
used for pseudo-differential operators in [LSS16b] for the case aT > const.

The first principal technical ingredient is estimates for pseudo-differential oper-
ators in the Schatten—von Neumann classes &4, ¢ > 0. Since the symbol a7 depends
on the extra parameter T', the main effort goes into controlling the dependence of
the estimates on the symbol, or at least on the parameter 7. Here we rely mostly
on the bounds obtained in [Sob14] and [LSS16b], but also derive some new ones, see
e.g. (5.11). Although the main results are concerned with traces and trace norms,
one should also stress that some intermediate results require bounds in the classes
S, with ¢ € (0,1). The need for this becomes transparent if in the operator (1.2)
one takes, as an example, the function (1.6) with 0 <y < 1.

The second ingredient is the trace asymptotics for the operator (1.2) with a
discontinuous symbol of the type a = yq. As mentioned earlier, these were obtained
in [Sob13,S0b15]. Again, it is crucial that these results are uniform in the region A
in some suitable sense.

Different parts of the proof have different degree of detail. In maximal detail we
present new arguments, in particular those involving explicit control of the depen-
dence on the parameter 1. At the same time, the parts of reasoning that repeat
previously known proofs in new circumstances, are just sketched and sometimes,
omitted.

The plan of the paper is as follows: in Section 2 we provide some basic infor-
mation on Schatten—von Neumann classes, including the useful g-triangle inequality
(2.1), and state the main results, see Theorems 2.6 and 2.7. The whole of Section 3
is devoted to applications of the main theorems to the study of various entropies of
fermionic systems. Some elementary estimates for smooth functions of self-adjoint
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operators are presented in Section 4. In Sections 5 and 6 we collect the necessary
Schatten—von Neumann estimates for pseudo-differential operators and Wiener—Hopf
operators, and prove Theorem 2.6. Section 7 contains preliminary information about
trace asymptotics for discontinuous symbols. The main theorems are proved in Sec-
tions 8 and 9. Rewriting the results for o' 2 1 in the form (1.9) takes a lot of
technical work, which is done in Sections 10 and 11.

Throughout the paper we adopt the following convention. For two non-negative
numbers (or functions) X and Y depending on some parameters, we write X <Y (or
Y 2 X)if X < CY with some positive constant C' independent of those parameters.
If X <Y and X 2 Y, then we write X < Y. For example, a7 < 1 means that
c < aT < C with some constants C, ¢, independent of o« and T'. To avoid confusion
we often make explicit comments on the nature of (implicit) constants in the bounds.

The notation B(z, R) C R, z € R? R > 0, is used for the open ball of radius R,
centred at the point z.

For any vector v.€ R" n = 1,2,... we use the standard notation (v) =

V1+|v|2

2 Preliminaries: main result

2.1 Schatten—von Neumann classes. @ We use some well-known facts about
Schatten—von Neumann operator ideals &,,q > 0. Detailed information on these
ideals can be found e.g. in [BS87, GK69, Pie78,Sim05]. We shall point out only some
basic facts. For a compact operator A on a separable Hilbert space H denote by
sn(A),n = 1,2,... its singular values, i.e., the eigenvalues of the operator |A| :=
VA*A. We denote the identity operator on H by I. The Schatten—von Neumann
ideal &4, ¢ > 0 consists of all compact operators A, for which

=3 sk<A>q]‘l’ o

k=1

If ¢ > 1, then the above functional defines a norm. If 0 < ¢ < 1, then it is a quasi-
norm. There is nevertheless a convenient analogue of the triangle inequality, which
is called the g-triangle inequality:

JA1 + Aollg < IALllG + [ Aallf, Ar Az e &, 0<g<1, (2.1)

see [Rot67] and also [BS87]. Thus ||A||, is sometimes called a g-norm. Note also the
Holder inequality

A1 A2]lg < | Aullg, - [ A2llge, ¢ =47 + 03", 0<a1,42 < 0.

Further on we need some &,-estimates for functions of self-adjoint operators that
were established in [Sob]. As indicated in the Introduction, we are interested in
functions that lose smoothness at finitely many points. Without loss of generality,
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for almost all estimates we may assume that f has only one non-smoothness point.
Below x g denotes the indicator function of the interval (—R, R), R > 0. We impose
the following condition.

Condition 2.1. For some integern > 1 the function f € C"(R\{to})NC(R) satisfies
the bound

- ®) (1)[|t — to| 7+ 2.2
FB Oglggnf;lglf )]t = tol <00 (2.2)

with some vy > 0, and is supported on the interval [ty — R, ty + R] with some R > 0.

A function f satisfying (2.2) with n = 1 is Holder-continuous:

[f(t1) = ft2)] < 2] flults = t2|”, 2 = min{y, 1}, (2.3)

for all t1,t2 € R. In what follows, all the bounds involving functions from Condi-
tion 2.1, are uniform in ¢y, and contain explicit dependence on the quantity (2.2),
and on the radius R.

Now we can quote one abstract result following from [Sob, Theorem 2.10].

PROPOSITION 2.2.  Suppose that f satisfies Condition 2.1 with some v > 0, n > 2
and some tg € R, R € (0,00). Let q be a number such that (n —o)™! < ¢ <1 with
some number o € (0,1], 0 < 7. Let A be a bounded self-adjoint operator and let P
be an orthogonal projection such that PA(I — P) € S44. Then

|F(PAP)P — PF(A)], S |f[.B 7| PAU - P)||2,, (2.4)
with an implicit constant independent of the operators A, P, the function f, and the
parameters R, tg.

Later in the proofs we apply this proposition to the operator (1.2).

We also need a version of Proposition 2.2 for smooth functions f, see [Sob,
Corollary 2.11].

PROPOSITION 2.3.  Suppose that g € Cj(—r,r), with some r > 0 and n > 2.
Assume g € (0,1] and o € (0,1] are such that (n — o)~! < g < 1. Let the operator
A and orthogonal projection P be as in Proposition 2.2. Then

lg(PAP)P — Pg(A)], S llglcr | PACL — P)|2,,
with an implicit constant independent of the operator A, projection P and the
function g.
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2.2 The domains and regions. We always assume that d > 2. We say that A
is a basic Lipschitz (resp. basic C"™", m = 1,2,...) domain, if there is a Lipschitz (resp.
C™) function ® = ®(x), x € R?¥"!, such that with a suitable choice of Cartesian
coordinates x = (X, z4), the domain A is represented as

A={xeR%: 25> d(x)}. (2.5)

We use the notation A = I'(®). The function ® is assumed to be globally Lipschitz,
i.e. the constant
M = sup 12 =20 (2.6)
sty X7
is finite. Throughout the paper, all estimates involving basic Lipschitz domains A =
['(®), are uniform in the number Mg.

A domain (i.e. connected open set) is said to be Lipschitz (resp. C™) if locally it
coincides with some basic Lipschitz (resp. C™) domain. We call A a Lipschitz (resp.
C™) region if A is a union of finitely many Lipschitz (resp. C") domains such that
their closures are pair-wise disjoint.

A basic Lipschitz domain A = I'(®) is said to be piece-wise C™ with some
m=1,2,...,if the function ® is C"-smooth away from a collection of finitely many
(d — 2)-dimensional Lipschitz surfaces Ly, Lo, - -- C R*™'. By (9A)s C dA we denote
the set of points where the C"-smoothness of the surface A may break down. A
piece-wise C"" region A and the set (OA)s for it are defined in the obvious way. An
expanded version of these definitions can be found in [Sob14,Sob15], and here we
omit the details.

The minimal assumptions on the sets featuring in this paper are laid out in the
following condition.

Condition 2.4. The set A C R% d > 2, is a Lipschitz region, and either A or R\ A
18 bounded.

Some results, including the main asymptotic formulas in Theorem 2.7, require
extra smoothness of A. Note that if A is a Lipschitz (or C™) region, then so is the
interior of RZ\A.

2.3 The main result. We study the operator D, (ar,A; f), see (1.2) for the
definition, with the symbol a7 approximating the indicator function of an open set
Q C R?. To state the precise definition of ar denote

p(&) = dist(&,09), p(€) = min{p(€),1}, (&) =V1+1t% t€R. (2.7)

Condition 2.5. Let Q c R%, d > 2, satisfy Condition 2.4. The symbol ar = ar g €
C>®(R%), depending on the set Q and parameter T € (0,Tp], is a function satisfying
the properties

lar(€) = xa(€)| S (p(E)T )", 8>d, (2.8)
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and
V™ ar (&) S (T +p(€) " ™p€)T ™", m=1,2,.... (2.9)
The implicit constants are independent of T, but may depend on Ty and region €.

Although a7 depends on two parameters, i.e. the number T" € (0,7p] and the
region Q C R, we usually omit the dependence on €2, since € is fixed.
The main results of this paper are contained in the next two theorems.

Theorem 2.6. Letd > 2. Suppose that A C R* and Q C R? satisfy Condition 2.4.
Let ar = argn € COO(Rd) be a real-valued symbol depending on the parameter
T:0<T <1, and satisfying Condition 2.5. Suppose also that o 2 1.

Suppose that f satisfies Condition 2.1 with n = 2 and some v > 0. If § >
max{d, dy~1}, then for any o € (d3~!, min{v, 1}), we have

HDa(aT,A; f)Hl < R"7a% 1 og <min{a, 11,} + 1) | £l2, (2.10)

with an implicit constant independent of T', R, ty, o and the function f.

For the main asymptotic result we need some more notation. For any two Lips-
chitz regions A, 2 and a continuous function b = b(x, &) define the quantity

1
OA 0Q

where ny, ng are the exterior unit normals to the surfaces A and 02 at the points x
and & respectively. For a Holder-continuous function f : C +— C, define the integral

1 — — — —
v = | AC) (tl(l_t)t{(” O g (2.12)

Now we can describe the asymptotics of D, (ar, A; f).

Theorem 2.7. Letd > 2. Suppose that A C R* and Q C R? satisfy Condition 2.4.
Suppose also that A is piece-wise C', and Q is piece-wise C3.

Let X ={z1,22,...,28} CR, N < 00, be a collection of points on the real line.
Suppose that f € C*(R\X) is a function such that in a neighbourhood of each point
z € X it satisfies the bound

FB @) < Crlt—27F, k=0,1,2, (2.13)

with some v > 0.
Suppose that ar = argn € C*®[R%), 0 < T < 1, is a real-valued symbol as in
Theorem 2.6.
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Then
1
lim —————tr Do(ar, A; f) = U(f)D1(1;0A,09), (2.14)
T—0 ad-llog +
oT>1
and
1
gl%nol? W tr Do(ar, A; f) = U(f)D1(1; 0A, 09). (2.15)

REMARK 2.8. Note that in Theorems 2.6 and 2.7 either one or both regions A or {2
are allowed to be unbounded, as long as the complements Q¢ and/or A¢ are bounded.
Nevertheless, it suffices to prove Theorems 2.6 and 2.7 for a bounded 2 only. Indeed,
suppose that € is a Lipschitz region such that ¢ is bounded. Denote

br =brg- =1—arq, g(t) = f(—t+1).

The symbol br satisfies Condition 2.5 with Q¢ instead of €2. The function g satisfies
Condition 2.1 with 1 — ¢ instead of ty (for Theorem 2.6), or it satisfies the bound
(2.13) for all z € X with X =1 — X (for Theorem 2.7). Moreover,

f(Walar; A))xa = g(Walbr; A))xa, f(Opalar)) = g(Opa(br)),

so that Dy (arq,A; f) = Da(brge, A; g). Thus Theorems 2.6 and 2.7 for the symbol
ar and function f follow from themselves for the symbol by and function g.

This observation has no bearing on many intermediate estimates as our argument
usually goes through equally well for bounded or unbounded §2. Nevertheless, it will
be useful to us since some of the results that we borrow from the literature, have
been formally proved for bounded 2 only.

REMARK 2.9. If the regions A and 2 are bounded, and f(0) = 0, then the second
operator on the right-hand side of (1.2) is trace class, and its trace is easily found
from the formula (see (1.3))

tr Wy (foar; A) = //f ar(€))dé€dx =: a ﬁﬂo(aTXA,f),

A Rd

and thus the formulas (2.14) and (2.15) give two-term asymptotics for tr f(W,,). For
instance, (2.14) can be rewritten as

tr f( ol(ar; A)) :ad‘lﬁo(aTXA; f)
+a%log % U(F)B1(1: 90, 69)

1
+ o<ad1 log T), ol >1,T — 0. (2.16)

In this paper we discuss two possible realizations of the symbol ar. The first
example is given in the next subsection.
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2.4 Anti-Wick quantization. Let ) be a Lipschitz region. One way to ap-
proximate xq by a smooth function is to use the following standard procedure. Let
¢ € C(RY) be a non-negative function with a support in the unit ball B(0, 1), such
that ||¢||.x = 1. Define

or(§) = [ Grle —min, Gr(e) - Tldc(§> (2.17)

It is straightforward that ap(€) — xo(&) = 0 for all & with the property p(§) > T,
and |V"ar(&)| ST ™, m=1,2,...,1if p(§) <T. Thus ar satisfies (2.8) and (2.9)
for any # > 0, and hence Theorems 2.6 and 2.7 hold.

Clearly, the smoothing function ¢ does not need to have a compact support.
One can pick, for instance ((&) = cqexp(—|€|?) with the appropriate normalizing
coefficient ¢4. In this case the conditions (2.8) and (2.9) are also readily verified.
With this choice of the smoothing (, the symbol resembles the definition of the anti-
Wick quantization of a pseudo-differential operator, see e.g. [Shu0l, Ch. 4, §24].
Recall that if the anti-Wick symbol is given by b(x, &), then the “quasi-classical”
Weyl symbol bW of the same operator is found via the formula

_ <2 2
b’ZW(X7E) = ng)d/exp<_‘x sz - |€ T277| >b(yan)dydn

Since (2.17) does not contain any dependence on the spatial variable, the symbol
ap in fact is the Weyl symbol associated with the anti-Wick symbol xq(&). At the
same time, the indicator function y, in the definition (1.1) is not smoothed-out.
Thus the operator W, (ar; A) can be loosely described as a “partial” anti-Wick
quantization. Therefore it seems appropriate to compare our results, e.g. formula
(2.16), with the known asymptotic formulas for anti-Wick operators. These operators
were introduced (see [Ber71]) and subsequently extensively studied in the case T =
a~1/2. We do not intend to discuss these studies in detail, and cite only the latest
asymptotic result in this area, found in [Old15]. This paper was concerned with
potentially discontinuous anti-Wick symbols of the form b(x,€&) = xa(x, ﬁ)g(x,f)
where M C R% is a bounded smooth domain, and b is a smooth symbol. For the
sake of precision one should say that the paper [Old15] considered generalized anti-
Wick-operators, i.e. those with arbitrary decreasing smoothing functions ¢, but we
do not elaborate on this point here. The main result of [Old15] states that for smooth
functions f, such that f(0) = 0, one has

tr f(Op, (b)) = a®Wo by ; f) + O(a?™") with T =

as «a — 0OQ.

L
va’

This formula, in contrast to (2.16), does not have a log-term.
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3 The Fermi symbol: entanglement entropy and local entropy

This section is focused on our second example of the symbol ar. As mentioned earlier,
the asymptotical problems studied in this paper are partly motivated by the study
of entanglement entropy of free fermions both for positive and zero temperature 7.
In particular, for the positive temperature T' > 0 the relevant symbol ar is the Fermi
symbol (1.7) with temperature 7" > 0 and chemical potential ¢ > 0. The parameter
p is always assumed fixed. The assumptions on the function h = h(§) are as follows:

Condition 3.1. (1) The function h € C*®(R?) is real-valued, and for sufficiently
large & we have

h(g) Z €17, (3.1)
with some constant 31 > 0. Moreover,
IV*h(&)] S (1 + €)%, n=1,2,..., V&R, (32)

with some B2 > 0.
(2) On the set S =S, = {& € R%: h(€) = pu} the condition

Vh(€) #0, VE € S. (3.3)

18 satisfied.
(3) The set Q, = {& € R?: h(€) < u} has finitely many connected components.

Because of (3.1) the set Q = Q,, is bounded, i.e. Q C B(0, Ry) with some Ry > 0.
Furthermore, due to the condition (3.3), the set S, is a C*°-surface (called the Fermi
surface), and we have the bounds:

h(&) — ul = p(§), V€ € B(0, Ry). (3-4)
By virtue of (3.1) we also have the lower bound
h(€) —u Z |€1™, €] = Ro.
Note the straightforward bound:

lar . (§) — xa(§)] < eXp<—’h(€)T_M>, ¢ e RY

This allows us to extend the definition (1.7) to 7" = 0:
a0,u(§) = Jimar,(€) = xa(§), ae. € €R".

As pointed out in [LSS16b, Section 8], as a consequence of (3.1), (3.2) and (3.4), we
also have

P ar O ST+ (@) exp( -l ) n= 1.2 vl < R

B1
Yz, (€) sexp<—c1 el ) n=12..., Vi€ > R
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with some positive constant ¢;. Thus the symbol (1.7) satisfies the bounds (2.8) and
(2.9) for any # > 0. Consequently, the trace tr Do(ar,,, A; f) satisfies (2.14) and
(2.15). In order to study the entropy we use these asymptotic formulas with the
v-Rényi entropy function ny : R +— [0,00) defined for all v > 0 as follows. If v # 1,
then

= log [t7 —t)7| for
(t) :z{mlg[t +(1—1)] forte (0,1), .

0 for ¢t ¢ (0,1),
and for v =1 (the von Neumann case) it is defined as the limit

(o) =ty ) = { 11050 7 (0RO B LI

For v # 1 the function 7, satisfies condition (2.13) with + replaced with s =
min{vy, 1}, and with X = {0,1}. The function 7, satisfies (2.13) with an arbitrary
~v € (0,1), and the same set X.

We begin with reminding definitions of the entropies in the form given in [LSS16b,
Section 10]. If A C RY is bounded, then the local (thermal) v-Rényi entropy of the
equilibrium state at temperature T' > 0 and chemical potential u € R is defined as

Sy (T, 3 A) := tr[ny(Wi(ar,,; A))]. (3.7)

For arbitrary A C R? we define the v-Rényi entanglement entropy (EE) with respect
to the bipartition R? = A U (RY\A), as

H (T, 115 A) = tr Dy (ar, A;ny) + tr Di(ag,, RA\A; 7,). (3.8)

These entropies were studied in [LSS] (for 7" = 0) and [LSS16b] (for 7" > 0). In
particular, in [LSS16b] it was shown that for any 7" > 0 the EE is finite, if A satisfies
Condition 2.4.

We are interested in the behaviour of the above quantities when T — 0 and A is
replaced with A, with a large scaling parameter a. The next theorem establishes
sharp bounds for the entropies (3.7) and (3.8).

Theorem 3.2. Let d > 2. Suppose that A satisfies Condition 2.4. Suppose that
0<T <1anda«a=>1. Then the y-Rényi entanglement entropy satisfies

[H, (T, pi; aA)| < a7t log(min{a, 77!} +1). (3.9)
If A is bounded, then the local v-Rényi entropy satisfies
|Sy(T, pi; ) — a’s (T, w)|Al| S a1 log(min{a, 77!} + 1), (3.10)
where
1
sy(T, p) == W/%(GT,#(E)M&-

The constants in (3.9) and (3.10) are independent of o and T', but may depend on
the function h, parameter y and the region A.
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The coefficient s, (T, p) is called the y-Rényi entropy density (cf. [LSS]). For
aT 2 1 the bounds (3.9) and (3.10) were derived in [L.SS16b].

Proof of Theorem 3.2. In view of additivity of the operator D (a, A; f) in the func-
tional parameter f, the bound (3.9) follows from Theorem 2.6.
In order to prove (3.10), we rewrite (3.7):

Sy (T, p; ) = tr[xany (Op, (aT,u))xa] + tr Da(ar,,, Asny).

For the first trace we use the identity (1.3), and for the second one—the bound (3.9).
This yields (3.10). 0

The next theorem establishes the asymptotic behaviour of the local entropy and
of the EE.

Theorem 3.3.  Suppose that A C R% d > 2, satisfies Condition 2.4, and is piece-
wise C'. Then the EE satisfies

1 o 1+

. Y
lim H (T, p; o) = 2w 01(1; 0A,00) (3.11)
. d— 1 Y ) MUy ) 1) )
aTTzOl . 1logT 6
and
) 1 1+
lim ————H (T, pi; aA) = 272 1;0A,09). 12
g%{% adfllogoz ’Y( y s & ) ™ ~ le( ,a 58 ) (3 )

If the region A is bounded, then the local entropy satisfies

1 1

Hm o <SW(T>M; ah) — a’s, (T, u)IA|> — =2 D, (1500,00), (3.13)
T—0 « ]ogT 6y

aT>1
and

. 1 147

= S AT.u:al) — a’s. (T Al)=n2—1 1:0A,09). (3.14

i o (ST ad) = s, (70T ) =72 00 (1:00,00). (314

Proof. Formulas (3.11) and (3.12) follow from (2.14) and (2.15) respectively upon
observing (cf. [LSS]) that

(P 14y
U(nﬂy)_/0 t<17_t)dt—7r2W.

Formulas (3.13) and (3.14) also follow from (2.14) and (2.15), and from (1.3). O

For d =1 and aT = 1 Theorem 3.3 was proved in [L.SS16b]. We also re-iterate
that the formulas above agree with the large-scale asymptotics of the entropies H,
and S, for the zero temperature case, which were found in [LSS].
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4 Smooth functions of self-adjoint operators

4.1 The Helffer—Sjostrand formula.  When studying functions of self-adjoint
operators we rely on the Helffer—Sjostrand formula (see [HS89]) which holds for
arbitrary operator X = X* and arbitrary smooth function f € C{j(R),n > 2:

100 = - [ [ 2 =0 = iy dody, 2wy = F @) @)

where f = f (z,y) is a quasi-analytic extension of the function f , see [Dav95, Ch. 2].
A quasi-analytic extension of f € C*(R) is a C!(R?)-function f, such that f(z) =

f(z,0) and |Z(z,y)| < Cly|. For the sake of brevity we use the representation (4.1)
for compactly supported functions only, so that that the integral (4.1) is norm-
convergent.

Let us describe a convenient quasi-analytic extension of a function f € Cj(R).
For an arbitrary » > 0 introduce the function

L, |yl < (z),

Ulz,y) = () = Va2 + 1. (4.2)
0, ly| = (),

The next proposition can be found in [Dav95, Ch. 2].

PropoSITION 4.1.  Let f € C"(R),n > 2. Then the function f has a quasi-analytic

extension f = f( -, -) € C}(R?) such that f(x,y) = 0 if |y| > (z). Moreover, the

derivative

satisfies the bound
Z(z,y)| < F(z)|y["'U(z,y) (4.3)

where
Fz) =Y _|fD(@)[(z) .
1=0

The constant in (4.3) does not depend on f.

Denote
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4.2 Quasi-commutators. Let ) be a Hilbert space. Let A, B : ) — $ be some
bounded self-adjoint operators, and let J : $ — $ be a bounded operator. Here we
make some elementary observations about the “quasi-commutator”

f(A)] = Jf(B)

with a smooth function f. We are interested in estimates in the normed ideal & of
compact operators with the norm || - ||s.

Theorem 4.2. Let A, B be two self-adjoint bounded operators, and let J be a
bounded operator. Suppose that f € Cj(R) with n > 3. Let & be a normed ideal of
compact operators acting on §). Then

1f(A)J = Jf(B)lls S Nu(f)|AJ — JB|e. (4.5)
The constant in (4.5) does not depend on f or A, B, J.

Proof. Let us consider the function f(t) = r,(t) = (t — z)~! with Im2 # 0, and
prove that

Ir(4)7 = Ir(B)le < A7 = TBle. (16)
By the resolvent identity

rz(A)J — Jro(B) = —r:(A)(AJ — JB)r.(B),
we have

1
lr=(A)J = Jrz(B)|e < Tm |2HAJ JBls,

whence (4.6).
By formula (4.1) and Proposition 4.1, we have

1£(A)T — TF(B)ls
// )y rasiy(A)T — Tressy(B)l|edzdy
ly|<(z
<|1AJ — JB|s / / F(a)ly|" 3 dedy, (47)
ly| <(z)

where we have used (4.6). The right-hand side is clearly estimated by N, (f)||AJ —
JB||s, as required. 0
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From now on, unless otherwise stated we always assume that f € Cj(R) with
some n > 3. We apply the above simple result to the operators of the form

®(Ala Pla f)J - J®(A27 PQ) f))
involving two pairs of self-adjoint bounded operators Ay, Ao and P, P», where
D(A,P; f)=Pf(PAP)P — Pf(A)P.

We do not consider the most general case, but concentrate on a very special one,
which is used later in the proof of the main theorem.

As before, the constants in the estimates below depend neither on the function
f nor operators involved.

COROLLARY 4.3. Let A1, As be bounded self-adjoint operators, and let Py, P, be
bounded self-adjoint operators such that | Pi]|, ||| < 1. Let J be a bounded
operator. Suppose that

[P, J] = [P, J] = 0, (4.8)
and
(P, — Py)J = 0. (4.9)
Then
ID(Ar, Pr; f)J — JD(As, Po; f)lle
< Na(H) (AL = A2) T |ls + [[[A2, T]lle], (4.10)
and

||JD(A17P17f) - JD(A27P27f)|’6
< Na(H[I(A1 = A2) T |ls + [[A1, T]lls + [|[Az2, J]lle]- (4.11)

Proof. Observe first that (4.11) follows from (4.10) due to the following equality:

JD(A1, Pr; f) — JD(Az, Po; f)
= [J,D(Ay1, Pr; f)] + D(Ar, P1; f)J — JD(As, Py; f).

Proof of (4.10). By (4.8),
I[PLA2Py, J][[e < [|[A2, J]|le-
Also, by (4.5),

I[f (P2 A2 Pa), Jllle < Nu(f)l[A2, ]lls-
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Thus, in view of (4.8) and (4.9),

P f(PLALP)PJ — JPyf(PyAsPo) Py
= P (f(PLAP)J — Jf(P2AyP)) Py
+ P[f(PAyPy), J|Py — Pi[f(PyAsPy), J|Py.

By (4.5) and (4.8), (4.9), the first term on the right-hand side does not exceed

Nn(f)||P1A1P1J — JP1A2P2|\6
< No(f)(|PLALPLT — PLASPLT || + ||[PLA2Ps, J]||s)
< No(H)(I[(A1 = Ag) s + [I[A2, J]|ls)-

The second and the third terms are bounded by N, (f)||[Az2, J]||s. This leads to
(4.10). 0

COROLLARY 4.4. Let A be a bounded self-adjoin operator, and let P be an orthog-
onal projection. Let J be an operator such that [P, J] = 0. Then

[TD(A, P; f)lle + | D(A, P; /)T e < Nu(f)(ITPAU = P)lls + [I[4, J]]ls)-
(4.12)

The constant in (4.12) is independent of A, P, J or f.
Proof. Tt suffices to prove (4.12) for the operator D(A, P; f)J only. Rewrite it:

D(A, P; f)J = Pf(PAP)PJ — Pf(A)JP
— Pf(PAP)PJ — P.J f(A)P — P[f(A), J]P
— P(f(PAP)PJ — PJf(A))P — P[f(A), J]P.

By (4.5), the G-norm of the second term is bounded by N, (f)||[4, J||s. By (4.5),
the G-norm of the first term is bounded by

Nu(HIIPAPT — PJAlle < No(f)(ITPA(I = P)|le + [I[A, J]lls)-
This completes the proof of (4.12). 0

4.3 Elementary estimates for pseudo-differential operators. @ Now we ap-
ply Corollaries 4.3 and 4.4 to pseudo-differential operators. As above we assume that
f € Cy(R) with some n > 3. The quantity N, (f) is defined in (4.4).

Below we always assume that ¢ € C*°(R%) is a bounded function. Often we also
assume that for some sets A and I,

supp NA = supp p NII. (4.13)
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LEMMA 4.5. Let b,b be some real-valued symbols, and let A and 11 be some sets.
Then

leDa (D, A5 F)ll1 S Na(f)([xaw Opa ()L = xa)ll + [[Op (0), ¢]ll1).  (4.14)
Suppose that (4.13) is satisfied. Then

l¢Da(b, A; f) — ©Da(b,11; f)|11

< Na(H) (10, Opa (0)][11 + [l Opa (b = B[l + | Opa (b — b)p|l1).- (4.15)
If, in addition, II = R?, then
lDa (b, A; £)ll1 S Nul£)ll[0: Opa (B)]]]1- (4.16)

The constants in the above bounds do not depend on the function f, ¢, sets A TI
or symbols b, b.

Proof. The bound (4.14) follows from Corollary 4.4 with P = x5, A = Op,(b),
J = .
The bound (4.16) follows from (4.15) used with b = b, since D, (b,R%; f) = 0.
Proof of (4.15). Use Corollary 4.3 with

Ay = Opa(b)7 Ay = Opa(5)7 Py =xa, Po=xn, J=¢.
The condition (4.8) is trivially satified. By (4.13), the condition (4.9) is also satisfied.
Thus (4.15) follows from (4.11). 0

5 Estimates for Wiener—Hopf operators

In this section we collect some Schatten—von Neumann bounds for Wiener—-Hopf
operators with symbols satisfying some general conditions. Our main objective is to
ensure the explicit dependence of the bounds on the symbols.

5.1 Some basic bounds. To control the scaling properties of functions we
introduce the following norms:
n)(, . _ kik _
N (p;7) = Or&agxn s1§1p ™Ven(é)l, n=1,2,.... (5.1)

First we give some bounds in Schatten-von Neumann classes &4, ¢ € (0, 1], estab-
lished in [Sobl14], but adjusted for our purposes in the current paper.

Unless specified otherwise, below each of the sets A, Q C R? is a Lipschitz region.
If A (or Q) is a basic Lipschitz domain, i. e. A = I'(®) with a globally Lipschitz
function ®, then the constants in the estimates obtained below are uniform in A in
the sense that they depend only on the constant M in the bound Mg < M.

Below we often use a test-function ¢ € C3°(R?) such that

support of the function ¢ is contained in B(z,¢), (5.2)
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with some constant ¢ > 0 and some z € R%. The bounds below are uniform in z, since
by translation one can always assume that z = 0. The constants in all estimates are
independent of the parameters o, ¢ and 7.

LEMMA 5.1. Suppose that o satisfies (5.2), and that the support of n € C°(RY) is
contained in a ball of radius T > 0. Let q € (0,1] and

r=rq=[d+1)g "+ 1 (5.3)
(1) Let A and Q be Lipschitz regions. If alt 2 1, then

1l Opa(m), xalllg + Il Opa(n), Opa(x)lllq
S (alr) T N (o ONT) (7). (5.4)
(2) Let A be a Lipschitz region, and let Q) satisfy Condition 2.4. Suppose that
ol 2 1. Then
IXAXB(z,0) OPa(x2) (I = xa)llg S [(f)™ " log(al + D] . (5.5)

(3) Let A and Q2 satisfy Condition 2.4. If ol 2 1, then

e, Opa(xa)llly S ()« N®(i;0). (5.6)
If ar 2 1, then

1Opa(m), xalllg S ()« NO ;7). (5.7)
If A (or Q) is basic Lipschitz, then the relevant bounds are uniform in A (or ).

Proof. The bounds (5.4) follow from [Sob14, Theorem 4.2 and Corollary 4.4].
For bounded 2 the bound (5.5) is easily deduced from [Sob14, Theorem 4.6 and
Corollary 4.7]. We omit the details. If Q¢ = R%\Q is bounded, then
Xa9 Opa (xe) (I — xa) = —xa9 Opa(xa:) (I — xa);

and we can use [Sobl4] again.
For bounded A and € the bounds (5.6) and (5.7) follow from (5.4) by using
a suitable partition of unity, or one can use the appropriate result from [Sobl4,
Corollary 4.4]. In the case of bounded complements A® and Q¢ we use the obvious
identities
(£, Opa(xa)l = =[p, Opa(xe:)l; [Opa(n), xal = =[Opa(n); xae)],
and [Sob14, Corollary 4.4] again. O

LEMMA 5.2. Let a = a(€) be a symbol, and let ¢, « > 0 be some numbers. Then for
any m > d+1 and any s > sg > 1,

IXB(e.0) OPa(@) (1 = XB(a,s0) It S (s = Da)*=™"[[V™al|L:. (5-8)

The implicit constant does not depend on ¢, «, ¢ and a, but may depend on sg.
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Proof. Without loss of generality we may assume that z = 0. The operator in (5.8)
is unitarily equivalent to

XB(0,1) Op1 (@) (I — XpB(0,s))s a(€) = a(&(al)™h).

Since the sets B(0,1) and R\ B(0, s) are separated by a positive distance s — 1, it
follows from [Sobl14, Theorem 2.6] that

IXB(0,1) OP1 (@) (I — XpB(o,5) It S (s — DTV

for any m > d + 1. The L'-norm on the right-hand side coincides with (af)?=|| V™
a|| r, which leads to (5.8). O

5.2 Bounds for more general operators.  For methodological purposes it is
also necessary to introduce more general pseudo-differential operators. For a function
p = p(x,y, &), which we call amplitude, define the operator

o’ / / ) p(x y, E)uly)dyde, u € S(RY).

(P p0) () =

We need a very simple-looking bound for the trace norm of Op2 (p) which we borrow
from [Sob14, Theorem 2.5]:

LEMMA 5.3.
d+1
losi)l s Y [[[193vintx.y.€)lixayde. (5.9)
n,l=0
and
d+1
lopa (@) S ad S / / / VIV p(x, v, €)|dxdyde, (5.10)
n,l=0

for any o > 0. The implicit constants in (5.9) and (5.10) do not depend on « or
amplitude p.

Proof. The bound (5.9) is a direct consequence of [Sob14, Theorem 2.5]. The bound
(5.10) follows from (5.9) by rescaling & — £a L. O

The above estimates are convenient for us because they do not contain any
derivatives w.r.t. £.

LEMMA 5.4. Let a = a(§), and let p = p(x) satisfy (5.2). Then for any a > 0 and
£ >0, we have

[Opa (@), el < (@) INU (@ )| Vall: + () ™[V ™all ], (5.11)

with an arbitrary m > d + 1. The implicit constant in (5.11) does not depend on
a,l, ¢ or a.
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Proof. Without loss of generality assume that z = 0 and ¢ = 1. Let ¢ € C°(RY) be
a function such that ¢(x) = 1 for |x| < 2. Denote

p(%,5,€) = a(€)p(x) (p(x) — ¢(y)) 2(¥)-
Then by (5.8),
I, Opa(a)] — OPE(H) 1 S o N (0; 1) V™ a1, (5.12)

for any m > d + 1. Further proof we conduct for d = 1, although we do not replace
d by its value in the estimates below. The case of arbitrary d is done in a similar
way with obvious modifications. Integrate by parts in &, so that
1 Iep(z,y, §)
Opi(p) = —— Op} ) 'Y = .
Pa(P) = = Opa(p), p(z.y,€) pr—y

Rewrite
1
€)= (©Op@p) | & o+t — )t
Thus by (5.10),
10p%(B) 1 < "IN (V1) Va1,
where the implicit constant depends on ¢. Together with (5.12) this gives (5.11). O

5.3 Multi-scale symbols. The bounds above are very convenient as they con-
tain easily computable quantities, such as integral norms of symbol’s derivatives.
We also need other types of bounds where the dependence on the symbol « is less
explicit, but still sufficient for our needs. Following [LSS16b], we achieve this by
placing ourselves in the context of multi-scale symbols.

Let v = v(€) and 7 = 7(£) be some continuous, positive functions on R%. Consider
a symbol a € C*°(R?) satisfying the bounds

VEa(e)] S 7€) Fu(€), k=0,1,2,..., €£eR% (5.13)

It is natural to call 7 a scale (function) and v the amplitude (function). We always
assume that [|v||L.~ < 1 and

= inf > 0. 5.14
o= J0f 7(€) (514
Introduce the notation
v(€)7
Vow(v, T ::/ d¢, 0 >0, weR. 5.15
O (5.15)

Apart from the continuity we need some extra conditions on the scale and the
amplitude. First we assume that 7 is globally Lipschitz, i.e., for some v € (0,1),

(&) —7(m)| < v|€ —nl, &neR?, (5.16)
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with some v > 0. By adjusting the implicit constants in (5.13) one may choose for v
an arbitrary positive value. We assume that this value can be picked in such a way
that the amplitude v satisfies the relation

v(n)
=1, ne B(&7(8)). (5.17)
&) (&7®)
In the next result we establish some bounds that depend explicitly on the functional
parameters v and 7.
The following result follows from [L.SS16b, Lemma 3.4 and Theorem 3.5].

PROPOSITION 5.5.  Let a be a symbol satistying (5.13) with some scaling function
7 and some amplitude v(§) for which (5.16), (5.14) and (5.17) hold. Suppose that A
is a Lipschitz region, and that aft,,, 2 1. Then

IXAXBz.0) OPa(a)(I = xA) 1§ S (@)™ Vo (v, 7). (5.18)

If A is basic Lipschitz, then this bound is uniform in A.
Suppose in addition that

— A satisfies Condition 2.4,
— the function f satisfies Condition 2.1 with some v > 0, R > 0 and n = 2,
and that ar,,; > 1.

inf 2

Then for any o < min{1,~}, we have
HDa(a, Aa f)”l S, adil | fIQRPYiUVo‘,l(rU, T)‘ (519)

The implicit constants in (5.18) and (5.19) do not depend on «, f and R, but
depend on the region A, on the implicit constants in (5.13), (5.17), and on the
parameter v.

6 Bounds involving the symbol ar: Proof of Theorem 2.6

6.1 Elementary bounds for the symbol ar. Let ar = argn be a symbol
satisfying Condition 2.5, with a bounded ). In order to derive some integral bounds
for ar we need to obtain estimates for the function p(€) (see (2.7)) in terms of the
Lipschitz functions responsible for the local representation of 9.

Since the region €2 is bounded and has finitely many connected components, we
can cover the boundary S = 02 with finitely many open balls {D;} of equal radii
r < 1, centred at some §; € S, such that in each of the balls D; the boundary S,
with an appropriate choice of coordinates, is the graph of a Lipschitz function ¥,
on R

SND;={¢ecR?: ¢ =0;(€)}ND;. (6.1)
We may also assume that

QND;={¢eR?: &> T,;(€)} N D;. (6.2)



GAFA QUASI-CLASSICAL ASYMPTOTICS 699

Let D be an open subset of R4\ S, such that
R? = (Uij) U D, (6.3)
It is clear that one can choose the balls D; so that
p(€) = |&a— W;@)], €€ Dj,
p(&) =< (§), £ € D.

It is natural to view ar as a multi-scale symbol (see Subsect. 5.3 for the definition).
Indeed, the bounds (2.8) and (2.9) imply that

|vmaT(€)| S (T + ﬁ(g))_m<€>_67 m=0,1,2,..., (6'5)

(6.4)

so ar satisfies (5.13) with

1

v(&) =(&)7", (&)= 5 (P&) +1). (6.6)

Since |Vp| =1 a.e., the thus defined scale 7 satisfies (5.16) with v = 1/2. Further-
more, the function v satisfies (5.17). Note also that 7, < T

LEMMA 6.1. Let ar = ar o be as in Condition 2.5, and let 0 < T' < 1. Then for any
§>dpt,

llar = xol’llu: ST (6.7)
and for any m > 1,
IV™ar|l ST (6.8)

Furthermore, let v and T be as defined in (6.6). Then for any o > df~!,

1
Voi(v,7) < 10g<T + 1), (6.9)

and
Vow(o,7) ST Y > 1. (6.10)

The implicit constants in (6.7), (6.8), (6.9) and (6.10) depend only on the constants
in (2.5).

Proof. Proof of (6.7). We estimate separately the integrals over domains D; and D.
By (2.8) and (6.4), the integral over D does not exceed

/ (€T P de < T / sy 858145 < T,
: 0

D
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In the same way, in view of (6.4), the integral over D; is bounded by

/ lea — (&) T %de < /0 T s < T

D;

The bound (6.8) is proved in a similar way: using (6.4) and (2.9) we conclude that

/ V™ ar(€)|de < / ey Pag < T,
D

and
/ V™ (€)|dE < / (T + 60 — U @)) ™ (lea — ;)T Pde
D, D,

o0
ng_m/ (1+ 3)_m_5ds,
0

as required.
Proof of (6.9) and (6.10). As above, we use the covering (6.3) and estimate the
integrals over D;, D separately, so that

/ (T + 5(€)) ™ (&) ~Pde < / (T + 60— U, (8)))“de

D, D,
1 1 _
S| raetss 1°g<T“>’ vt
0 (T+ S)w Tlfw’ w > 1’

and

Ja+aey o ties [© P s,

D
This proves (6.9) and (6.10). 0

6.2 Bounds for pseudo-differential operators with ar. Without delay we
infer the following useful consequence of the above bounds.

LEMMA 6.2. Let 2 be a bounded Lipschitz region. Let o, ¢ > 0 be some numbers
and let 0 < T < 1. If ¢ satisfies (5.2), then for arbitrary m > d + 1, and any s > 1,

HXB(Z,Z) Opa(aT) (I - XB(Z,SZ)) Hl S (a£>d—l<a€T)1—m7 (611)

and
e, Opa(ar)]lli S (@) N2 (o:0) (1 + (atT)' ™). (6.12)

The implicit constants in (6.11) and (6.12) are independent of o, ¢,T or .
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Proof. The bound (6.11) follows from (5.8) and (6.8). The bound (6.12) follows from
(5.11) and (6.8). 0

Let us use Proposition 5.5 for the symbol ar.

PROPOSITION 6.3.  Suppose that A is a Lipschitz region, and that € is a bounded
Lipschitz region. If afT > 1, then for any q € (d3~,1] we have

_ 1
XX (00) Opa(or)(T = xa)If 5 (a0~ o 7:+1), (6.13)

If A is basic Lipschitz, then this bound is uniform in A. Suppose in addition that

— A satisfies Condition 2.4,
— f satisfies Condition 2.1 with some v > 0, R > 0 and n = 2, and that
B > max{dy~!,d}.

If oT 2 1, then for any o € (d3~1,7), 0 < 1:

1
|Do(ar, A; |1 S adillflgRV*" log<T + 1>. (6.14)

The implicit constants in (6.13) and (6.14) are independent of o, ¢,T and f.

Proof. Since 7, < T, we have alT,,; < alT 2 1. So the bounds (5.18) and (6.9) lead
o (6.13). Under the condition at,,, < oT 2 1 the bounds (5.19) and (6.9) lead to
(6.14). 0

6.3 Lattice norm bounds for pseudo-differential operators. For a func-
tion u : R — C denote

lull, = |

1

([ o)

nezd n+[0,1)

If ¢ > 1, this formula defines a norm, sometimes called a lattice norm, and if
q < 1, then—quasi-norm, called lattice quasi-norm. The following result is well-
known, see [BS77, Theorem 11.1], [BKS91, Section 5.8], and for ¢ € [1,2)—[Sim05,
Theorem 4.5].

PropOSITION 6.4.  If [Jw]|q. [|0ll4 < oo for some g € (0,2], then

lw Op1(®)llg < Nwllg 1oll,-

COROLLARY 6.5. Let o, ¢ > 0 and 0 < T < 1 be such that ol 2 1 and oT¢ < 1. Let
Q c R? and ar = ar,g be as in Condition 2.5. Then for any q € (d3~1, 1]

IXB(z.0) OPa (a7 — x0) 17 < ()™, (6.15)

with an implicit constant independent of z € R or a., 0, T.
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Proof. Let {¢;}, ¢ be a partition of unity subordinate to the cover (6.3). Denote for
brevity a = ar. Estimate separately the operators

Z; = XB(z.t) OPa (05(a — xa)) and Z = Xp(¢ Op,(d(a — x0))-

Let ¥ = ¥, € Lip(R?"!) be a function describing the surface S inside Dj, see (6.1).
Recall that we always assume that [|[V¥| =~ < 1. Without loss of generality assume
that z = 0. By rescaling, the operator Z; is unitarily equivalent to

Z; = XB(0,1) OP1(b), b(&) = [a(&(a)™") — xa(&(al)™)]¢; (&(al)™"),
By Proposition 6.4,

HXB(0,1)0131 e S ||XB(01|| ”b”q

It is clear that ||x B(O,l)”q < oo and it is independent of any parameters. Let us
estimate ||b]|,- By (2.8),

P&\ P _ .
e < (7 Na0an(©). 96 = atw(éan )

Define the sets
O, ={€e€B(0,al):s<|&q—T (&) <s+1}, s=0,1,....
Since |[V¥| L~ = ||[V¥|/= < 1, the number
#{neczd:n4+0,1)7N0, # 2}
does not exceed (af)~!, uniformly in s. As a result,
lloxo. s < () (a0) 7",

where we have used the property alT < 1. Thus, by the g-triangle inequality, we
have

Hollg <D lloxo. llg S aedlz V=B < (q)i1.
S

Let us now consider the operator Z = XB(0,0) OPy(b), b = é(a—xg). By rescaling,
the operator Z is unitarily equivalent to

Z' = X B(0,a0) OP1 (b),
By virtue of (6.4), p(¢) > |€|, &€ € D, and hence (2.8) implies that

~ e8] —Bq e’}
ollg < D (7)< / <;> s ds = Td/ (s)7Pasd=1ds < T
0 0

nezd
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Furthermore, since af 2 1, we have
x50 2 S (at)?.
By Proposition 6.4,
I1Z]2 < (a)'T? < (alT)? S 1.

Collecting the contributions from all D;’s and D, we get the bound (6.15), as claimed.
O

COROLLARY 6.6. Let ¢ satisty (5.2), and let Q be a bounded Lipschitz region. Sup-
pose that af 2 1. Then for any 0 < T < 1 we have

1l Opa(ar)]lli S N (i;0) (@) (6.16)

Moreover, for any Lipschitz region A, and any q € (d3~',1] we have

_ . 1
X000 Opa (o) (T = xa)lf S (0 Htog (minfat 7 +1). (617

The constants in (6.16) and (6.17) are independent of v, ¢, T or .

Proof. The bound (6.16) holds for a¢T" 2 1, due to (6.12). For alT" < 1 we use (6.15)
and (5.6) to get
I, Opa(ar)]llt < [lle, Opa(xo)lll + 2[l¢ Opg(ar — xo) 1
SN (g 0) ()™
Thus (6.16) is proved.
Proof of (6.17). If afT = 1, then (6.17) follows directly from (6.13). For afT < 1
estimate using the g-triangle inequality (2.1):
IXAXB(z,0) OPalar)(I = xa)l§ < IXB(z,0 Opalar — xa)llg
+ Ixaxs (2.0 Opa(xe) (I = xa)ll§:
By (6.15) and (5.5), the right-hand side satisfies the required bound. 0
6.4 Proof of Theorem 2.6. Recall that by Remark 2.8 it suffices to prove
Theorem 2.6 for a bounded €. In this case the bound (2.10) for a7 2 1 is already
proved in Proposition 6.3.
Suppose that o7 < 1. It immediately follows from Proposition 2.2 with P =
xa, A = Op,(ar), that
ID(ar, As H)lls S 1f 2R Ixa Opa(ar)(I = xa)1F,
for any ¢ < min{l,v}. Let B(0,R) be a ball such that either A C B(0,R) or
RANA C B(0, R). Thus the &,-norm on the right-hand side is estimated either by

IXB(0,m)XA Opa(ar)(I = xa)lg
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or by

1lxa Opalar)xBo,r) (I — xa)ll2-

For q € (dB~1,7), ¢ < 1 both (quasi-)norms are bounded as in (6.17). This leads to
the proclaimed bound (2.10). 0

REMARK 6.7. In the proof of the main Theorem 2.7 we also need a version of
the bound (2.10) for smooth functions f. Suppose that g € C3(—r,7),r > 0.
Then,arguing as in the proof above but using Proposition 2.3 instead of Propo-
sition 2.2, we obtain the bound

I1D(ar, A; 9)llr S llgllczllxa Opo(ar) (I — xa)llg,

for any ¢ < 1, with an implicit constant independent of g, but dependent on the
number r. As in the proof above, this bound in combination with (6.17) leads to the
estimate

_ . 1
ID@r A5l 5 lalles a®tog (min{ a, .} +1). (6.18)

7 Asymptotics for discontinuous symbols

In the proof of the main theorem we use two types of asymptotics for Dy (xq,A; gp)
for polynomials g,(t) = t?, p = 1,2,..., established in [Sob13] and [Sob15]. Recall
that the integrals U (b; 9A,0N) and U(f) are defined in (2.11) and (2.12) respec-
tively.

In the case aT < 1 we need the following fact, see [Sob15, Lemma 4.3].

PROPOSITION 7.1.  Let A and Q be regions in R? satisfying Condition 2.4, and let
Q be bounded. Assume also that Q is piece-wise C* and A is piece-wise C'. Then for
any function ¢ € C°(R?), we have

. 1
ah_{lgo mtr(ﬁpDa(XQamgp)) = Ul(gp)B1(ip; OA, 09).

Under the condition aT" 2 1 we appeal to more subtle results from [Sob13]. These
are not stated in [Sobl13] exactly in the required form, hence we need to do some
extra work. Let A = I'(®) be a basic C!-domain. We need to control the modulus of
continuity of V®, hence we assume that

sup  |[VO(R) — VO(F)| < <(r), (7.1)

X,y %=y|<r

for some non-negative function € such that e(r) — 0 as r — 0.
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REMARK 7.2. The asymptotic formula stated in the next Proposition is uniform in
the basic domain A in the sense that the convergence is uniform in all functions ¢
satisfying the bound Mg < M and (7.1) with some constant M and some function
¢ = ¢(r). In particular, the domain A is allowed to depend on the large parameter
a as long as the bounds Mg < M and (7.1) hold with some a-independent M and

e(r).

PROPOSITION 7.3.  Let A be a basic C'-domain, and let Q be a bounded C3-region.
Let gy(t) = tP,t € R,p = 1,2,..., and let ¢ = ¢(x), n = n(€) be functions such
that ¢ € C3°(B(z, R)) and n € C°(B(u, Ry)) with some z, u € R?, and some fixed
R, Ry > 0. Then

, 1
lim | —————tr(9 Opa (1) Da(x0, A; p)) — Ulgp)Ti(en; 9N, 09)| = 0. (7.2)

a—oo | ad~1log o
The convergence is uniform

(1) in the domain A in the sense specified in Remark 7.2,

(2) in the functions h and n in the sense that it is uniform in the functions ¢,
71 satisfying the bounds N(k)(go; R), N (k) (n;Ry) S 1 forallk =0,1,2,...,
with some fixed constants.

This proposition follows from [Sob13, Theorem 11.1].
The next Proposition makes a statement similar to (7.2), but uniform in the
radius R.

LEMMA 7.4. Suppose that A and 2 are as in Proposition 7.3. Let ¢ € C3°(B(z, R))
with some R < 1. Then

D pled 1 o)) : _
Ml%lglooR o Tlog(a ) tr(¢Da(xa, A; gp)) — Ulgp)T1(; 0N, 00)| = 0. (7.3)

The convergence is uniform in the domain A and the function ¢ as specified in
Proposition 7.3.

Proof. First we note that (7.2) with an arbitrary 7 € C5°(R?), implies (7.2) with
n = 1. Indeed, Let n € C5° be such that nyq = xo. Write:

© Opa(M)xa Ops(Xa) = [¢ Oy (1), XAl Op,(x0) + ©XA Op, (X)),
so that

© Op,, (1) (xa Opa(x)xa)” — ©(xa Opa(xa)xa)”
= [p Op (1), XA] OPa(xa) (xa Opa(x0)xa)" ",

for any p =1, 2,.... Therefore

¢ Ope (1) Da(x0, As 9p) — ©Da(xa: A; gp)ll1 < 2||[ Opa (), xalll1-
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By (5.4), the right-hand side does not exceed N(@+2)(p: R)(aR)?~!, uniformly in the
domain A. Therefore (7.2) leads to (7.2) with n = 1, as claimed.
By rescaling, the operator in (7.3) is unitarily equivalent to
@DV(Xﬂu A?Qp)7 v = OéR — 00,

with

P(x) = p(Rx), A =T(®), &(X) = R'(Rx).
Clearly, ¢ € C°(R'z,1), and N®)(p;1) < 1 for all k = 0,1,2,.... Furthermore,
Mj; = Mg, and, because of the restriction R <1 the functions V& and V® satisfy

(7.1) with the same modulus of continuity (7). Thus one can use formula (7.2) with
n=1:

. 1 ) ) o
Vh_{glo T log tr(@Dy (xa, A; gp)) — Ulgp)T1(@; 0A, 09) | = 0.
Observing that
1(;0A,09) = R0 (p; 0A, 00),

we get (7.3), as claimed. 0

8 Proof of Theorem 2.7 for aT < 1

In this section we begin the proof of Theorem 2.7.

8.1 Localization estimates for the operator D, (a, A; f). Using Lemma 4.5,
here we convert the bounds obtained previously in Sect. 6 into appropriate bounds
for the operator (1.2). In Lemmas 8.1 - 8.3 we assume that f € C{j(R) with n > 3.
Unless otherwise stated, the constants in the estimates below do not depend on the
function f or parameters «, ¢, T

LEMMA 8.1. Let the symbol a be either ar = argq or xq with a bounded Lipschitz
region §2. Suppose that the sets A, Il satisfy

B(z,20) N A = B(z,2¢) N 1L (8.1)
Suppose also that af 2 1,0 < T < 1. Then
x5z (Dala, As f) = Dala. 1L f)) 1t S Nu(f) ()" (8.2)
If I = RY, then
IXB(a.0) Dacla As )l S Na(F) () (8.3)

The constants in (8.2) and (8.3) do not depend on the sets A and II.
If, in addition, 11 is a Lipschitz region, then

Iata Dalar. A Nl S N (a0 o (winfar 7 1), (s

If 11 is a basic Lipschitz domain, than the constant in (8.4) is uniform in II.
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Proof. The bound (8.3) is a direct consequence of (8.2), since D, (a, R?; f) = 0.

To prove (8.2) let ¢ € C3° be a function such that p(x) = 1, x € B(z,), p(x) =0
for x ¢ B(z,2(), and {"|V™| < 1forallm = 1,2,.... Since xp(z,n¢ = ¢, in view of
(8.1), the relation (4.13) is satisfied, and hence we can use Lemma 4.5 with b = b = a.
It follows from (5.6) or (6.16) that

Ile, Opa(a)lll S (al)®".

Now (4.15) leads to (8.2).
Proof of (8.4). We use the same function ¢ as above. By (8.2) we may assume
that A = II. Due to (4.14), the left-hand side of (8.4) does not exceed

N () (loxa Opa(ar)(I = xu)ll1 + ||, Opa(az)]ll1)-
It remains to apply (6.16) and (6.17). 0

LEMMA 8.2. Let the sets A and 11 satisfy (8.1). Suppose that ) is a bounded Lips-
chitz region. Let af 2 1 and olT < 1. Then

IXB(z0) (Dalar, As f) — Da(xa, I £)) 1 S Na(f) ()2 (8.5)
The constant in (8.5) is independent of the sets A and II.

Proof. We use Lemma 4.5 with b = ap,b = Yo, with the function ¢ defined in the
proof of the previous lemma. By (6.16),

1[Opa (ar), @]l S (al).
Furthermore, by Corollary 6.5,
lo Opa(ar — xa)ll1 S (@)
Now (4.15) leads to (8.5). 0

LEMMA 8.3. Suppose that ) is a bounded Lipschitz region. Suppose that ]Rd\A -
B(0, Ry) with some Ry > 0, and let ¢ € C*°(R%) be a bounded function such that
p(x) =0 for x € B(0, Ry) and ¢(§) =1 for |x| > 2Ry. Let « 2 1,0 < T < 1. Then

lDa(ar, A )y S Na(f)a®". (8.6)
The constant in (8.6) is independent of A, but may depend on Ry and .

Proof. We use Lemma 4.5 with IT = R?, so that A and II satisfy (4.13). Thus we can
use the bound (4.16) with b = ar, and hence the left-hand side of (8.6) is bounded
from above by

¢, Opg(ar)]lln = [ — o, Op,ar)lf]i-

The function 1 — ¢ is compactly supported. Now using (6.16) we arrive at (8.6). O
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8.2 Proof of Theorem 2.7 for aT < 1. We assume that A and ) satisfy
conditions of Theorem 2.7, and that € is bounded (see Remark 2.8). For brevity,
in the proof we often use the short-hand notation D,(f) = Ds(ar, A; f) and By =
01(1;0A,08). As in the previous section, we use the notation g,(t) = t*, p =
1,2,....

REMARK 8.4. It is clear that we can use for the operator D,(f) all the bounds,
established earlier, with arbitrary smooth functions f without the assumption that
f is compactly supported. Indeed, since ||ar|| < 1 we have f(ar) = f(ar)((ar) and
fWa) = fF(Wa)((Wy), Wy = Wy (ar; A), with some fixed ¢ € C5°(R). In particular,
this observation applies to the polynomial functions g,,.

We precede the proof with some bounds for the integral (2.12), see [Sob, Lemma
4.6]:

PROPOSITION 8.5. If f € WH°(R), then

TN < 20 f L= (8.7)
If f satisfies (2.2) with n =1 and some 0 < R <1, then
U < R21 £ (8.8)

Now we can proceed with the proof of Theorem 2.7. It follows the idea of [Sob],
and consists of three parts: first we consider polynomial functions f, then extend it
to arbitrary C2-functions, and finally complete the proof for functions satisfying the
conditions of the Theorem.

Step 1. Polynomial f. Let f = g,. Let Ry be such that either A C B(0, Ry) or
RAA C B(0, Ry). Let ¢ € CP(R?) be a function such that ¢(x) = 1 for |x| < Ry,
and ¢(x) = 0 for x| > 2Ry. Since Ry 2 1 and aRyT < 1, from Lemma 8.2 we
obtain that

”QODOC(QT,A;QP) - SDDOC(XQ7Aagp)H1 S_, (aRO)dila

with an implicit constant depending on p. In combination with Proposition 7.1 this
gives the equality

im ————— tr(eD A; =U(g,)V1. 8.9
g%% adloga r(<p alar, ’gp)) (9p)T1 (8.9)
If A C B(0,Rp), then pxp = xa, and hence these asymptotics coincide with the
sought formula (2.15). If RA\A C B(0, Ry), then we invoke Lemma 8.3 which implies

that
1

im ——
a=—oco nd—1
o @ log o

tr(([ — <p)Da(aT,A;gp)) =0.

Together with (8.9) this gives (2.15) for f = g, again.
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Step 2. Arbitrary functions f € C*(R). The extension from polynomials to more
general functions is done in the same way as in [Sob|, and we remind this argument
for the sake of completeness.

Let ¢ € Ci°(R) be the function introduced before Proposition 8.5. Let g be a
polynomial such that

I(f = 9)Cllcz < 6.

For g we can use the formula (2.15) established previously:

tr Do (g) = U(9)U1. (8.10)

On the other hand, by virtue of (6.18), we have

1Da(f = 9t = Dal((f = 9)C) Il SI(f = 9)¢llcz o oga < 6’ og e,

for oT < 1, and also, by (8.7),

U(f) = U9l =1U(f = 9)l = 1U((f = 9))| < 20I((f = 9)¢) ll~ < 26.
Thus, using (8.10) and the additivity

Do(f) = Dalg) + Da(f —9), U(f) =Ulg) +U(f — 9),

we get

lim sup tr Do (f) —U(f)D1| S 6.

1 d—1
ngﬁ a®lloga
Since § > 0 is arbitrary, we obtain (2.15) for arbitrary f € C*(R).

Step 3. Completion of the proof. Let f be a function as specified in Theorem 2.7.
Without loss of generality suppose that the set X consists of one point, and this
point is z = 0.

Let ¢ € Ci°(R) be a real-valued function, such that ((¢t) = 1 for [t| < 1/2.
Represent f = fj(%l) + f](%z),() < R < 1, where fj(%l)(t) = f(O)C(tR™), flg)(t) =
f(t) — f](%l)(t). It is clear that f]g) € C*(R), so one can use the formula (2.15)
established in Step 2 of the proof:

L @y @
g};?%ad_l logaDa(fR )=U(fr") V1. (8.11)

For f](;) we use Theorem 2.6 taking into account that |fl(%1) l2 < | f]e:

|trDa(f}(zl))\ SR flaa® oga, a1, oT <1,
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for any o € (d371,7), o € (0,1]. Moreover, by (8.8),

(R £ B2 L
Thus, using (8.11) and the additivity

Da(f) = Dalf$)) + Dalf3)), UGS = U(F) + U(D),

we get the bound

) 1
lim sup

msup| i Da(f) ~ U £ /(R + RY).

Since R is arbitrary, by taking R — 0, we obtain (2.15) for the function f. O

9 Proof of Theorem 2.7 for aT 2 1

9.1 Proof of Theorem 2.7: basic smooth domains A. We begin with an
asymptotic formula for the trace

tr(@Da((lT, A7 gp))7

with a basic C'-domain A, a function ¢ € C{°(R?), and a polynomial g,(t) = 7,
p=1,2,.... As before we assume that €2 is bounded. We assume that f € C{j(R)
with some n > 3. Our immediate objective is to prove the following result.

Theorem 9.1. Let A be a basic C'-domain, and let Q be a bounded C3-region.
Suppose that oT 2 1, and that p € C°(R%). Then
1

lim ———
T—0 ad—1]log L
aT>1 &T

tr(¢Dalar, A; gp)) = Ul(gp) T (p; OA, 09). (9.1)

By rescaling and translating we may assume that in Theorem 9.1 the support of
¢ is contained in the ball B(0,1). We also assume that

N@*+2)(p:1) < 1. (9.2)
If the support of ¢ has an empty intersection with the boundary dA, then by (8.3),

| tr(¢Dalar, A; )| S Na(f)a?™, (9.3)

and hence (9.1) automatically holds.

It remains to consider the case where supp ¢yNIA # &. For this case we construct
a convenient partition of unity. For A = I'(®) let x5 = (¢A, ®(¢n)), n € Z471,
¢ = (aT)~!, be the points on the boundary A. Then the balls B(xg,7), h € Z3~1,
with r = £y/(1 + M)? + 1 form a covering of the strip

A= {x e RY: B(X) < zg < B(X) + £} C A.
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Let ¢5 € C5°(R?) be a partition of unity subordinate to this covering. We may
assume that

N (pa:i ) <1, n=0,1,2,..., (9.4)
uniformly in f € Z4~!. Denote
wi(x) = p(x) Y Galx), wa(x) = — wi(x). (9.5)
Az~
Note that
#{n e 7371 : x4 e suppy} <4 (9.6)

LEMMA 9.2. Let A be a basic Lipschitz domain, and let ) be a bounded Lipschitz
region. Let 0 < T <1, aT 2 1. Then

[tr[w1 (Da(ar, A; f) = Da(xa, A )] S Na(f)a, (9.7)
uniformly in A.

Proof. The trace on the left-hand side of (9.7) coincides with
Ztl‘ [(P¢ﬁ(Da(aT, Aa f) - Da(XQv A7 f))} :

The support of ¢y is contained in B(xg,7), r < ¢, and also of = T~ > 1, T = 1.
Thus from Lemma 8.2 for each summand we obtain the bound by

Nu(f) N2 (0 ) (a)™1.
In view of (9.2), (9.4) and (9.6), this leads to (9.7). 0

LEMMA 9.3. Let A be a basic Lipschitz domain, and let 2 be a bounded Lipschitz
region. Suppose that 0 <T <1, oT 2 1. Then

{tr(w2Da(aTy A; f)) ’ N Nn(f)ad_la (9'8)
uniformly in A.
Proof. Since the function ws satisfies (4.13) with IT = R, the bound (4.16) implies
that the left-hand side is bounded (up to the factor N, (f)) by

[[ws, Opa(ar)llly < [ll#, Opa(ar)lll + Z Ileda, Opa(ar)]l1- (9.9)

n

By (6.16),
[0, Opa(ar)]fli < N2 (o 1)ad,
[eéas Opa(ar)]|li < N2 (poa; ) ()1

As in the proof of Lemma 9.2, the number of summands does not exceed SO
that the right-hand side of (9.9) is bounded by N, (f)a?"!, as claimed. 0

1-d
e,
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Proof of Theorem 9.1. By Lemmas 9.2, 9.3 and Remark 8.4,

‘tr(cha(aT, A; gp)) — tr(wiDa(xa, A; gp))|
= }tr(w2Da(aT7A;gp))‘ S ad_lv (910)

with an implicit constant depending on p. Thus it suffices to find the asymptotics
of the required form for the second term on the left-hand side. To analyse the
asymptotics for each term in the definition of wy ( see (9.5)) we use the formula (7.3)
with the function ¢z¢ and R = ¢. Since ¢ = (aT)~!, and af = T~ the formula
(7.3) rewrites as follows:

1
: 1-d
P e Tlog 2 tr(¢avDa(xa, Aigp))
aT21
— U(gp)T1(¢agp; OA, 89)} =0, (9.11)

uniformly in fi € Z% 1. Therefore

lim sup mtr(wlDa(XﬂvA;gp» - U(Qp)%(wnfm,aﬂ)‘
<hmsupZ‘ TTlog L r(¢apDa(xa, A gp)) — U(gp)T1(daw; 3/\,89)’
< limsup ¢~ dmax A Tlog LT tr(dapDa(xa, A gp)) — Ulgp)D1(dap; OA, 09)|,

as T — 0,aT > 1. Here we have used (9.6) again. Given the uniformity in f € Z4~!
and the bound (9.6), the formula (9.11) implies that

1

Taking into account (9.10) and that wi(x) = p(x) for x € JA, this leads to (9.1). O

9.2 Proof of Theorem 2.7: basic piece-wise smooth domains A. Here
we extend the formula (9.1) to piece-wise smooth domains A. Our argument follows
the proof of [Sob15, Theorem 4.1]. For simplicity we assume that only A is piece-
wise smooth, whereas ) remains smooth. This simplification preserves the idea of
[Sob15], but allows one to avoid some routine technical work that would have been
just a modified repetition of the proof from [Sob15].

Theorem 9.4. Let A be a basic piece-wise C'-domain, and let  be a bounded
C3-region. Suppose that ¢ € C5°(R?). Then the formula (9.1) holds.
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Proof. Assume as before that ¢(x) = 0 for [x| > 1 and (9.2) holds. We follow
the idea of the proof of [Sobl5, Theorem 4.1]. Cover the ball B(0,1) with open
balls of radius € > 0, such that the number of intersections is bounded from above
uniformly in e. Introduce a subordinate partition of unity {¢;},7 = 1,2,..., such
that N(™(¢;;¢) < 1 uniformly in j = 1,2,.... By (9.3) contributions to (9.1) from
the balls having empty intersection with dA, equal zero.

Let X be the set of indices such that the ball indexed by j € ¥ has a non-empty
intersection with the set (OA)s, see Subsect. 2.2 for the definition. Since the set (OA)s
is built out of (d — 2)-dimensional Lipschitz surfaces, we have

#3 <24, (9.12)

By (8.4), for each ball we have the bound

1
[tr(126; Dalar, As gp))| S (ae)™ log =,

with an implicit constant depending on p, uniformly in j = 1,2,..., if ae 2 1. By
virtue of (9.12), this implies that

>

jES

1
tr(cpqﬁjDa(aT,A;gp))' < ca? log T if ae 2 1.

S|V (0, 0A; 00)| S 2

jES

(see (2.11) for the definition of 2U;), we can rewrite the last two formulas as follows:

1
— 11 tr(wd;Dalar, A; gp)) — Ulgp)Tr(pds, 0N, 0Q)| Se. (9.13)
T

Let us now turn to the balls with indices j ¢ ¥. We may assume that they are
separated from (9A)s. Thus in each such ball the boundary of A is C!. By (8.2), we
may assume that the entire A is C!, and hence Theorem 9.1 is applicable. Together
with (9.13), this gives

timsup| - tr(pDalar. A: g,) — U(gy)V1(,90,09)| < c.
750 ad=llog +
al'z1

Since € > 0 is arbitrary, this proves the Theorem. O
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9.3 Proof of Theorem 2.7: completion. Theorem 9.4 extends to arbitrary
piece-wise C! region A by using the standard partition of unity argument based on
Lemma 8.1. Also, as mentioned earlier, one can extend Theorem 9.4 to the piece-wise
C3-regions Q. We omit this argument since it repeats the proofs in [Sob15].

The extension of Theorem 9.4 to arbitrary functions f specified in Theorem 2.7,
is done in the same way as in the proof of Theorem 2.7 for oT < 1, with the help of
the bounds (2.10) and (6.18). We omit the details. 0

10 Comparison with known asymptotic formulas

10.1 Coefficient By.  The asymptotics of tr D, (a, A; f) for a fixed symbol a as
a — oo have been studied rather extensively in the 1980’s by H. Widom and R.
Roccaforte, e.g. [Wid85] and references therein. It is interesting and instructive to
compare there findings with the asymptotics in Theorem 2.7. As shown in [Wid85,
BB91], for a fixed smooth symbol a, smooth f and smooth A one can write out a
complete asymptotic expansion in powers of a~!. In this section we focus only on the
first coefficient of this expansion that we denoted by By(a; OA, f) in the Introduction,
see (1.4). It has a more complicated form than the coefficient U; defined in (2.11)
and featuring in Theorem 2.7, and it is described below.
For a function f : C — C and any s1, s9 € C define the integral

/ S((1=t)s1 +ts2) = [(1—1)f(s1) + tf(52)]
t(1—1)

The integral U(f) defined in (2.12) is easily expressed as U(f) = U(1,0; f). It is
clear that U(sy, s2;1) = U(s1, s2;t) = 0, for all s1,s9 € C. This integral is finite for
functions f € C%*(C), » € (0,1]. Tt is also Holder-continuous: for any & € (0, ») we
have

Ul(s1,s2; f) dt. (10.1)

U(s1, 825 f) = Ulry,ra; )] S Lip, (f) (Is1 — r1|® + [s2 — ra2°), (10.2)
where

Lip,.(f) = sup L) = F W)l

e |2 —w|F
Note also that
U(S1,81;f) =0, U(Sl,SQ;f) :U(SQ,Sl;f),VSl,SQ e C. (103)

For a symbol a = a(§), £ € R define

(€&2): f)
Ba; f) = 5 lim ‘5 /5/| |€1 52‘2 dé 1 dés. (10.4)
1—&2|>¢€
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If f is smooth, then this definition coincides with the standard double integral. In
particular, if f” is bounded, then

B0 % 17 [ 148 '“ £|2|d€1d£2

This estimate was first pointed out in [W1d82a]. Note that B(a; f) is invariant under
the change a(§) — a(7€) with an arbitrary 7 > 0. If f is allowed to be non-smooth,
as in Condition 2.1, then the finiteness of the limit in (10.4) is not trivial, and we
comment on this later, in Proposition 10.2.

As shown in [Wid82a], see also [LSS16b], in the case d = 1, for smooth f and
a we have tr Dy(a,Ry; f) — B(a; f) as @ — oo. For the multi-dimensional case
the asymptotic coefficient By(a; OA, f) is defined as follows. For a unit vector e €
R? d > 2, introduce the hyperplane

e :={¢£cR:e-£=0}.

Introduce the orthogonal coordinates & = (£, t) such that £ € Ile and ¢ € R. Then
we set

By(a; OA, ) = (%;1 /d Ao, S Adlases )

::/H ’B(a(g, ),f)dz (10.5)

For the smooth symbol a and smooth function f it was proved by H. Widom (see
[Wid80] and [Wid85]), that the trace of Dy (a,A; f) satisfies (1.4). Clearly, the for-
mula (1.4) describes the asymptotics of tr D, for the symbol a = ar, as a — oo
and T > 0 is fixed. On the other hand, Theorem 2.7 offers an asymptotic formula
in two parameters: &« — oo and T' — 0. Our aim now is to compare the asymptotic
coefficient defined in (2.11), with the coefficient By(ar,dA; f) as T — 0. The rele-
vant calculations are quite involved, and to avoid further complications, we assume
that € is smooth. In fact, for these purposes it will be sufficient to assume that € is
C2%-smooth.

Theorem 10.1. Let A satisfy Condition 2.4, and let Q C R? be a bounded C3-
region.
Let the function f satisfy Condition 2.1 with n = 2 and some v > 0.
Let a = ag be the symbol defined in Subsection 2.3 with some 3 > max{dy~!,d}.
Then

i 1 Ba(ars OA, f) = U(£)B1(1504,00). (10.6)

As pointed out in the Introducmon, due to this theorem, the formula (2.14) can be
rewritten in the form (1.9), and hence it can be viewed as an extension of (1.4) to the
asymptotics in two parameters, « and T'. Such an asymptotic formula was obtained
in [LSS16b] for the one-dimensional case. Note that (2.15) cannot be rewritten in
the same way.
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10.2 Coefficient By for the symbol ar. We begin our analysis of the co-
efficient By(a; 0A, f) with studying the multi-scale symbols introduced in Subsec-
tion 5.3. Let the symbol a satisfy (5.13) with the scale 7 and amplitude v that satisfy
(5.16) and (5.17) respectively. Assume that (5.14) holds. As the region A is always
fixed, for brevity we omit OA from the notation and write simply Bgy(a; f).

From now on we assume that f satisfies Condition 2.1 with some v > 0 and
n = 2. We use the notation > = min{1,~}. The next proposition is borrowed from
[Sob16, Theorem 6.1].

ProrosiTION 10.2.  Suppose that f satisfies Condition 2.1 withn = 2, v > 0 and
some R > 0. Let the symbol a € C*°(R) be a real-valued symbol described above.
Then for any o € (0, »| we have

B(a: /)l S |f 2R Vo (v, 7), (10.7)
with a constant independent of f, uniformly in the functions 7,v, and the symbol a.

We note another useful result from [Sobl6]. It describes the contribution of
“close” points & and & in the coefficient (10.4). For r» > 0 define

BO(as fi7) = 5 lim // ‘& 5(522) Daga,  (08)

e<|é— §2|<T

e (&2); f)
(a; f;7) 2 /£/> ’51 52‘2 dé1dés. (10.9)

The integral (10.8) is estimated in the following proposition.

ProrosiTIiON 10.3.  Suppose that f satisfies Condition 2.1 with n = 2, v > 0 and
some R > 0. Let a € C*°(R) be as above. Suppose also that r < 7,,;/2. Then for any
d € [0, 5), the following bound holds:

BY (@ f10) S [f 2R Vanis(v,7), (10.10)
uniformly in the functions T, v, and the symbol a.

This bound follows from [Sob16, Corollary 6.5].
For the case d > 2, using the notations (10.8) and (10.9) define

(a,e; fi7) / B (a )i [ )dé, k=1,2. (10.11)

We can estimate the quantities A4 and Agll) similarly to (10.7) and (10.10):

\Ad(a,e; )] S | fl2Vie1 (v, 1), (10.12)
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and

|A£ll)(a, e; fir) < |f|2r5V%71+5(v,7'), Vo €10, 5), r < %, (10.13)

uniformly in 7, v, a and e € S, Indeed, the symbol b(t) := a(%, t) satisfies condi-
tions (5.13) and (5.17) with the amplitude ve(t) = U(E,t) and the scaling function
me(t) = 7(€.1). By (10.7),

1B(b; ) S 1 f[2Voe1 (ve, Te),

(o]

uniformly in e, and in the functions v, 7. Integrating over & we get (10.12).
Furthermore, since inf 7¢ > 7., from (10.10) we get that

Tint

[BO®: £57)] < 1F|2rVieara(ve, 7e), ¥r < <7,

for any ¢ € [0, »), uniformly in e, v, T, as above. Integrating over &, we get (10.13).

As we have pointed out previously, in view of (6.5), the symbol ar satisfies (5.13)
with the functions v and 7 defined in (6.6). Recall also that 7, < T. Together with
(6.9) and (6.10), the estimates (10.12) and (10.13) yield the bounds

1
[Aa(a, & )] S | fl21og 7 (10.14)

and

Tint
5
uniformly in e € S~!. From now on we take r = §T where 6 > 0 is chosen to satisfy
r < Tt The parameter 6 is fixed, and we are not concerned about the dependence

2
of the forthcoming estimates on 6.

AP (a,e; £;0)] S | f ] Vr <

(10.15)

(2)

Let us now take care of the integral A ;.

LEMMA 10.4. Let r = 0T, with a 8 > 0 described above. Then for all0 < T < 1 we
have

‘.A((f)(a;p,e; f;07) —-A((f)(Xde;f;@T)‘ S £, (10.16)
uniformly in e € S 1.

Proof. By definitions (10.9) and (10.11), the bounds (2.3) and (10.2) imply that

a O,t — O,t 0 0
A ar, e 507) AP (s fs0m)] <11 [ [ SO g
Rd=1|t—s|>0T

<t fh / lar(€) - xa(6)IPdg,  (1017)

for any § € (0, ). By (6.7), for 6 € (d3~', ») the integral on the right-hand side is
finite and it does not exceed T', whence (10.16). O
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11 Coefficient Aff)(XQ,e; f;07T)
11.1 Smooth surfaces. In order to study the integral Agf) we need to investi-
gate the following model problem. For p > 0, let

el = (=2p,2p)"

be the n-dimensional cube. We use two ways of labelling the coordinates:

€ :(éagd)a é = (‘517527 o 7§d71)7
S :(Eagl)a E = (517 s 7§l—1>£l+1a - 'gd)7 (111)

where [ = 1,2,...,d. If | = d, then, clearly, é =¢. Let U e C? (ng_l)) be a function
with values in the interval (—2p,2p). We focus on the surface

S=5(V):={ceel ¢ =uE)} (11.2)

For each £ € (?E,dfl) define the set

o o

X)(€) = X,(&; W) == {& € (~2p,2p) : (£,6) € S} (11.3)

e]
Let us record some useful facts about the set X;(&):

LEMMA 11.1. Let e; be the unit basis vector along the direction [, and let ng be a
unit normal to S at the point £ € S. For any function u, continuous on the cube

ng) and any | = 1,2,...,d we have

/ Z / u(©)lng - er| dSe. (1.4

(‘f(d bog &EXI

In particular, the function #(XZ(E)) counting the number of elements is finite for

a.e. E € C’E)d_l) and

/ #(Xz(g)) d€ = /!ng-ezlng- (11.5)
egd—m S

Proof. Equality (11.5) follows from (11.4) with u = 1.

(d—1)

Let us prove now (11.4). We denote by =: C, — Gﬁd_l) the mapping

€)= (&1, &1, 841, - a1, U(E)).

[1]
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Then by the Change of Variables Formula (see, e.g., [EG92, Theorem 2, p. 99]), for
o)

any continuous function w on the cube GE) , we have

/ > = [ X wew@a
eli-b sfzexz el gcE-1(g
- /‘maW@»@@m& (11.6)
eg)dq)

where J= is the Jacobian of the map =. A direct calculation shows that

0, |
Jz = 0g V| = ———=+/1+ |VY¥|?2 = |ng - ¢|\/1 + | VT2
|06, V| A VU2 = |ng - e VY|

Thus the equality (11.6) becomes (11.4). 0

11.2 Function m. For £ € (?E)d_l) define the following function m = m(&): if
Xi(€) = @, then we define

m(€) = (4p) ", (11.7)

If #(Xl ) N > 1, then we label the points £ € Xl(ﬁ) in increasing order:
D <@ << N), and define

N ° .
N, et [ei(€) = dist{eD) X @\ DY), N> 2,
©: Zp;(ﬁ) 7 {pl =4p, N =1. (11.8)

The function m is well-defined since #(X;(£)) < oo for a.e. £ € (:’E,dfl).
In all the bounds obtained below the constants are independent of the function

¥ C C? and parameter p > 0. We begin with an estimate for m(&), see [Wid90,
p. 185] or [Sob13, Chapter 13].

PRrRoOPOSITION 11.2.  Let ¥ € Cz((‘fgd*l)), d > 2, with some p > 0. Then the
function m satisfies the bound

m(&)dg < p (14 pl| V=) (11.9)
egd—l)

Here is a useful consequence of this proposition:
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o

LEMMA 11.3. Let the function ¥ be as in Proposition 11.2. Let p;(§) be the dis-

tances defined in (11.8) for the set X;(€). Let po(&) = inf; p;(€) if #(X,(€)) > 1,
and po(g) = 4p, ile(g) = @. For all e € (0,4p) denote

M. = M.(¥) == {€ € €\ 1 : py(€) < e} (11.10)
Then

M| S ep2(1 + || V20 1), (11.11)
Proof. By the definition (11.7), (11.8),
m(ﬁ) > pO(s)_17
so by virtue of Chebyshev’s inequality, we get from (11.9) that
al/dé < /m(g)dg < Cp* 2 (1 + p|| V2| L~).

M. M.

This leads to (11.11). 0

It immediately follows from the above lemma that

#(X(€)) < o0, VE ¢ M(¥) = () M.(W), and |M(¥)| = lim [M.(¥)] =0.
- (11.12)

11.3 Asymptotics of A&z)(xg, e; f;0T). 1In order to use the conclusions of
Lemma 11.3, we adopt the following conventions.

e We always assume that the Cartesian coordinates in R? are chosen in such a
way that the unit vector e coincides with the basis vector e;, so that the vector

¢ featuring in (10.5) is given by (11.1).
e In each set D; of the covering (6.3), we re-label the remaining coordinates
to ensure that the part of the surface 02 inside D; is given by the equality

&g =V J(é ). The coordinates é and & do not necessarily coincide, and the choice
of £ may be different in different D;’s.

Denote by {gfy},g?) a partition of unity subordinate to the covering (6.3). Thus we
split A?) (xa,e; f;0T) into the sum

AP (xa, e :07) = 3 %,(T) + K(T),
J
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where

t , ; o]
/ / qu XQ(EH)_XSS‘ZQ(& )f)dsdt d¢, (11.13)
Ri-1 9T <|t—s|

and the integral ffC(T) is defined in a similar way with the function ¢.
The properties U(0,0; f) = U(1,1; f) = 0 and U(1,0; f) = U(0, 1; f) allow one
to rewrite K;(T'), K(T') in the form

U 1707 °© ° ~ U 1,07 ~ © o
%,(r) = Y000 | s i(r) = Y000 [ s@mié. ar
Rd-1 Rd-1
where
/ d)J / |3_t|2dsdt
Q€ s€Q(§):9T<|tfs\
with

o

Q€)= {t eR: (£,1) € O,

and g(ﬁ;T) is defined in a similar way with the function ¢. Since the set D is

separated from the surface S, the integral 8(&;T) is taken over the set where |s| < 1,
|s —t| 2 1, and therefore

X(T) <1, (11.15)

for all 7" > 0. Let us now analyse 8;(&;7"). First we quote the following elementary
statement, proved in [LSS16b, Lemma 9.4].

PROPOSITION 11.4.  Let Jy = (sk,tx) C R, k = 1,2,..., N be a finite collection
of open intervals, such that their closures are pairwise disjoint, and let J = UgJ.
Suppose that 0 < T < 1 and |Ji| < dy, k=1,2,...,N, with some d; > 0. Then

Z / / - 8’2dsdt N log<; + 1), (11.16)

t¢J [t—s|>T, SGJ}C

with a constant depending only on d;.
Assume in addition that

|Ji| > do, k=1,2,...,N, H;éizldiSt{Jk,Jj}Zdo.
J
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with some dy € (0,d;]. Let ¢ € C(R) NL*°(R) be a function. Then

i:: / o(t) / ‘t_ls|2dsdt

k=lig;  |t—s|>T,scJi
N
1
—log 2 > (¢lsw) + ¢(tr)) + Nligli=0(1), T —0,  (11.17)
k=1

where O(1) depends only on dy and dj.

Now we can derive the following property of 8;(&;T).

LEMMA 11.5. Let us fix a vector e € S*! and the index j. Let S = S(¥;) and

M = M(V;) be as defined in (11.2) and (11.12) respectively. Then for all § ¢ M we
have

Sj(E;T)Zlog% > 68 + #(Xl(g;‘lij))O(l), T— 0. (11.18)
&(é1)es
Moreover,
. 1 U(1,0; f
Jim, (D) = Gl [©me-elase (11.19)

Proof. Let p > 0 be such that D; C @f)d). By (11.12) the set

o o

Xi(€) = Xu(€ W) = {t € (~2p,2p) : (€,1) € S}

is finite for each & ¢ M. Now the asymptotics (11.18) follow from (11.17). Further-
more, (11.16) implies that

o o 1 o
8,(6:T)] < #(Xu(8) log 7., VE ¢ M.
Thus, by the Dominated Convergence Theorem, (11.18) leads to the formula

L
log %

/ 8,(6:T)dé — / S 65(€)dé, T 0.
el eli=b g:(E1)es

According to (11.4), the right-hand side coincides with
Joi(©me - elase.
S

and hence (11.19) holds. 0
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11.4 Proof of Theorem 10.1. Now we put together the formula (11.19) and
the bounds (11.15), (10.16). This leads to the asymptotic formula

1@ " _U(f)/
11}_}11%) log%ﬂd (aT,e,f,QT) = A2 90 ‘ng e]ng.

In view of the bound (10.15) the same formula formula holds for the coefficient
Ag(ar,e; f). On the other hand, this coefficient satisfies the bound (10.14) uniformly
in e € S 1. Therefore, by the Dominated Convergence Theorem, we get for the
integral B,(see (10.5)) the asymptotics

.1 U(f)
lim 3daT;f:/ / Ng - Ny |dSed Sy,
7—0 log 7 ( ) (2m)4+L Jon a@‘ ¢ x5
which coincides with the claimed formula (10.6). 0
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