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Abstract. We develop foundational theory for the Laplacian flow for closed Go
structures which will be essential for future study. (1). We prove Shi-type derivative
estimates for the Riemann curvature tensor Rm and torsion tensor T along the flow,
i.e. that a bound on

N

will imply bounds on all covariant derivatives of Rm and T. (2). We show that
A(z,t) will blow up at a finite-time singularity, so the flow will exist as long as
A(z,t) remains bounded. (3). We give a new proof of forward uniqueness and prove
backward uniqueness of the flow, and give some applications. (4). We prove a com-
pactness theorem for the flow and use it to strengthen our long time existence result
from (2) to show that the flow will exist as long as the velocity of the flow remains
bounded. (5). Finally, we study soliton solutions of the Laplacian flow.
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1 Introduction

In this article we analyse the Laplacian flow for closed Go structures, which provides
a potential tool for studying the challenging problem of existence of torsion-free
Gy structures, and thus Ricci-flat metrics with exceptional holonomy Go, on a 7-
dimensional manifold. We develop foundational results for the flow, both in terms
of analytic and geometric aspects.

1.1 Basic theory. Let M be a 7-manifold. A Go structure on M is defined by
a 3-form ¢ on M satisfying a certain nondegeneracy condition. To any such ¢, one
associates a unique metric g and orientation on M, and thus a Hodge star operator
*,. If V is the Levi-Civita connection of g, we interpret Vi as the torsion of the
Go structure . Thus, if Ve = 0, which is equivalent to dp = dx,p = 0, we say ¢
is torsion-free and (M, ¢) is a Go manifold.

The key property of torsion-free Go structures is that the holonomy group of the
associated metric satisfies Hol(g) C Gg, and hence (M, g) is Ricci-flat. If (M, p) is
a compact Go manifold, then Hol(g) = Gq if and only if 71 (M) is finite, and thus
finding torsion-free Gy structures is essential for constructing compact manifolds
with holonomy Gz. Notice that the torsion-free condition is a nonlinear PDE on ¢,
since *, depends on ¢, and thus finding torsion-free Go structures is a challenging
problem.

Bryant [Bry87] used the theory of exterior differential systems to first prove the
local existence of holonomy Gs metrics. This was soon followed by the first explicit
complete holonomy G manifolds in work of Bryant—Salamon [Bry89]. In ground-
breaking work, Joyce [Joy96] developed a fundamental existence theory for torsion-
free Go structures by perturbing closed G structures with “small” torsion which,
together with a gluing method, led to the first examples of compact 7-manifolds with
holonomy Gg. This theory has formed the cornerstone of the programme for con-
structing compact holonomy Go manifolds, of which there are now many examples
(see [CHNP15,Kov03]).
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Although the existence theory of Joyce is powerful, it is a perturbative result
and one has to work hard to find suitable initial data for the theory. In all known
examples such data is always close to “degenerate”, arising from a gluing procedure,
and thus gives little sense of the general problem of existence of torsion-free Go
structures. In fact, aside from some basic topological constraints, we have a primi-
tive understanding of when a given compact 7-manifold could admit a torsion-free
Go structure, and this seems far out of reach of current understanding. However,
inspired by Joyce’s work, it is natural to study the problem of deforming a closed
Gy structure, not necessarily with any smallness assumption on its torsion, to a
torsion-free one, and to see if any obstructions arise to this procedure. A proposal
to tackle this problem, due to Bryant (c.f. [Bry05]), is to use a geometric flow.

Geometric flows are important and useful tools in geometry and topology. For
example, Ricci flow was instrumental in proving the Poincaré conjecture and the
i—pinched differentiable sphere theorem, and Kéhler—Ricci flow has proved to be a
useful tool in Kahler geometry, particularly in low dimensions. In 1992, in order to
study 7-manifolds admitting closed Gy structures, Bryant (see [Bry05]) introduced
the Laplacian flow for closed Gg structures:

Ge = Dpp,
dp =0, (1.1)
©(0) = o,

where Ay = dd*p + d*dyp is the Hodge Laplacian of ¢ with respect to the metric
g determined by ¢ and g is an initial closed Go structure. The stationary points
of the flow are harmonic ¢, which on a compact manifold are the torsion-free Go
structures. The goal is to understand the long time behaviour of the flow; specifically,
to find conditions under which the flow converges to a torsion-free Go structure. A
reasonable conjecture (see [Bry05]), based on the work of Joyce described above, is
that if the initial Gy structure ¢y on a compact manifold is closed and has sufficiently
small torsion, then the flow will exist for all time and converge to a torsion-free Go
structure.

Another motivation for studying the Laplacian flow comes from work of Hitchin
[Hit00] (see also [BX]), which demonstrates its relationship to a natural volume
functional. Let ¢ be a closed Gg structure on a compact 7-manifold M and let @]+
be the open subset of the cohomology class [@] consisting of Gg structures. The
volume functional H : [¢]+ — R* is defined by

1
H(p) = = /Mgp/\ *pp = /M 1.

Then ¢ € [p]; is a critical point of H if and only if d x,¢ = 0, i.e. ¢ is torsion-free,
and the Laplacian flow can be viewed as the gradient flow for H, with respect to a
non-standard L2-type metric on [p], (see e.g. [BX]).
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We note that there are other proposals for geometric flows of Go structures in
various settings, which may also potentially find torsion-free Go structures (e.g.
[Gril3,Kar09, WW12]). The study of these flows is still in development.

An essential ingredient in studying the Laplacian flow (1.1) is a short time exis-
tence result: this was claimed in [Bry05] and the proof given in [BX].

Theorem 1.1.  For a compact 7-manifold M, the initial value problem (1.1) has
a unique solution for a short time t € [0, €) with ¢ depending on ¢y.

To prove Theorem 1.1, Bryant—Xu showed that the flow (1.1) is (weakly) parabolic
in the direction of closed forms. This is not a typical form of parabolicity, and so
standard theory does not obviously apply. It is also surprising since the flow is defined
by the Hodge Laplacian (which is nonnegative) and thus appears at first sight to
have the wrong sign for parabolicity. Nonetheless, the theorem follows by applying
DeTurck’s trick and the Nash—Moser inverse function theorem.

This short time existence result naturally motivates the study of the long time
behavior of the flow. Here little is known, apart from a compact example computed
by Bryant [Bry05] where the flow exists for all time but does not converge, and
recently, Ferndandez—Fino-Manero [FFM15] constructed some noncompact examples
where the flow converges to a flat Go structure.

1.2 Shi-type estimates. After some preliminary material on closed Go struc-
tures in Sect. 2 and deriving the essential evolution equations along the flow in
Sect. 3, we prove our first main result in Sect. 4: Shi-type derivative estimates for
the Riemann curvature and torsion tensors along the Laplacian flow.

For a solution ¢(t) of the Laplacian flow (1.1), we define the quantity

Az, t) = (yVT(x,t)g(t) + \Rm(x,mg(t)) : (1.2)

where T is the torsion tensor of ¢(t) (see Sect. 2 for a definition) and Rm denotes
the Riemann curvature tensor of the metric g(¢) determined by ¢(t). Notice that T’
is determined by the derivative of ¢ and Rm is second order in the metric which is
determined algebraically by ¢, so both Rm and VT are second order in ¢. We show
that a bound on A(z,t) will induce a priori bounds on all derivatives of Rm and VT
for positive time. More precisely, we have the following.

Theorem 1.2.  Suppose that K > 0 and ¢(t) is a solution of the Laplacian flow
(1.1) for closed Gg structures on a compact manifold M7 fort € [0, %] For allk € N,
there exists a constant Cy, such that if A(z,t) < K on M7 x [0, +], then

k 1
IVERm(2,t) |y + VT (2,) g0y < Cut 2K, te (o, K} . (1.3)
We call the estimates (1.3) Shi-type (perhaps, more accurately, Bernstein-Bando—

Shi) estimates for the Laplacian flow, because they are analogues of the well-known
Shi derivative estimates in the Ricci flow. In Ricci flow, a Riemann curvature bound
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will imply bounds on all the derivatives of the Riemann curvature: this was proved
by Bando [Ban87] and comprehensively by Shi [Shi89] independently. The techniques
used in [Ban87,Shi89] were introduced by Bernstein (in the early twentieth century)
for proving gradient estimates via the maximum principle, and will also be used here
in proving Theorem 1.2.

A key motivation for defining A(z,t) as in (1.2) is that the evolution equations of
|VT(z,t)|? and |Rm(x,t)|* both have some bad terms, but the chosen combination
kills these terms and yields an effective evolution equation for A(x,t). We can then
use the maximum principle to show that

At) = skl/ij(y;,t) (1.4)

satisfies a doubling-time estimate (see Proposition 4.1), i.e. A(t) < 2A(0) for all time
t < ﬁ(o) for which the flow exists, where C is a uniform constant. This shows that
A has similar properties to Riemann curvature under Ricci flow. Moreover, it implies
that the assumption A(z,t) < K in Theorem 1.2 is reasonable as A(x,t) cannot blow
up quickly. We conclude Sect. 4 by giving a local version of Theorem 1.2.

In Sect. 5 we use our Shi-type estimates to study finite-time singularities of the
Laplacian flow. Given an initial closed Go structure ¢o on a compact 7-manifold,
Theorem 1.1 tells us there exists a solution ¢(t) of the Laplacian flow on a maximal
time interval [0,7Tp). If Ty is finite, we call T the singular time. Using our global
derivative estimates (1.3) for Rm and VT, we can obtain the following long time
existence result on the Laplacian flow.

Theorem 1.3. If ¢(t) is a solution of the Laplacian flow (1.1) on a compact
manifold M7 in a maximal time interval [0, Ty) with Ty < oo, then

where A(t) is given in (1.4). Moreover, we have a lower bound on the blow-up rate:

C
A(t) >
()_Tg—t

for some constant C' > 0.

Theorem 1.3 shows that the solution ¢(¢) of the Laplacian flow for closed Gg struc-
tures will exist as long as the quantity A(z,t) in (1.2) remains bounded. We sig-
nificantly strengthen this first long-time existence result in Theorem 1.6 below as a
consequence of our compactness theory for the flow.

1.3 Uniqueness. In Sect. 6 we study uniqueness of the Laplacian flow, includ-
ing both forward and backward uniqueness.

In Ricci flow, there are two standard arguments to prove forward uniqueness.
One relies on the Nash-Moser inverse function theorem [Ham82] and another relies
on DeTurck’s trick and the harmonic map flow (see [Ham95]). Recently, Kotschwar
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[Kot14] provided a new approach to prove forward uniqueness. The idea in [Kot14]
is to define an energy quantity £(¢) in terms of the differences of the metrics, con-
nections and Riemann curvatures of two Ricci flows, which vanishes if and only if
the flows coincide. By deriving a differential inequality for £(¢), it can be shown that
E(t) =01if £(0) = 0, which gives the forward uniqueness.

In [Kot10], Kotschwar proved backward uniqueness for complete solutions to the
Ricci flow by deriving a general backward uniqueness theorem for time-dependent
sections of vector bundles satisfying certain differential inequalities. The method
in [Kot10] is using Carleman-type estimates inspired by [Ale, WY12]. Recently,
Kotschwar [Kot16] gave a simpler proof of the general backward uniqueness the-
orem in [Kot10].

Here we will use the ideas in [Kot10,Kotl4] to give a new proof of forward
uniqueness (given in [BX]) and prove backward uniqueness of the Laplacian flow for
closed Gg structures, as stated below.

Theorem 1.4. Suppose ¢(t), ¢(t) are two solutions to the Laplacian flow (1.1)
on a compact manifold M" for t € [0,¢], € > 0. If ¢(s) = @(s) for some s € [0, €,
then ¢(t) = p(t) for all t € [0, €.

As an application of Theorem 1.4, we show that on a compact manifold M7, the
subgroup I, of diffeomorphisms of M isotopic to the identity and fixing ¢(t) is
unchanged along the Laplacian flow. Since I, is strongly constrained for a torsion-
free Gy structure ¢ on M, this gives a test for when the Laplacian flow with a given
initial condition could converge.

1.4 Compactness. In the study of Ricci flow, Hamilton’s compactness theorem
[Ham95] is an essential tool to study the behavior of the flow near a singularity. In
Sect. 7, we prove an analogous compactness theorem for the Laplacian flow for closed
Go structures.

Suppose we have a sequence (M;, p;(t)) of compact solutions to the Laplacian
flow and let p; € M;. For each (M;, p;(t)), let

Ap,(2,t) = (‘Vgi(t)ﬂ(x’t”?h(t) + [ By, (2, tﬂiu)) -

where g;(t) is the associated metric to ;(t), and let inj(M;, g;(0),p;) denote the
injectivity radius of (M;, ¢;(0)) at the point p;. Our compactness theorem then s-
tates that under uniform bounds on Ay, and inj(M;,g;(0),p;) we can extract a
subsequence of (M, ;(t)) converging to a limit flow (M, p(t)).

Theorem 1.5. Let M; be a sequence of compact 7-manifolds and let p; € M; for
each i. Suppose that, for each i, p;(t) is a solution to the Laplacian flow (1.1) on
M; for t € (a,b), where —o0o < a < 0 < b < co. Suppose that

sup  sup Ay (x,t) < oo (1.5)
i xEM; tE(a,b)
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and

inf inj(M;, gi(0),pi) > 0. (1.6)

There exists a 7T-manifold M, a point p € M and a solution p(t) of the Laplacian
flow on M fort € (a,b) such that, after passing to a subsequence,

(M, pi(t),pi) — (M, p(t),p) asi— oo.

We refer to Sect. 7 for a definition of the notion of convergence in Theorem 1.5.

To prove Theorem 1.5, we first prove a Cheeger—Gromov-type compactness the-
orem for the space of Gy structures (see Theorem 7.1). Given this, Theorem 1.5
follows from a similar argument for the analogous compactness theorem in Ricci
flow as in [Ham95].

As we indicated, Theorem 1.5 could be used to study the singularities of the
Laplacian flow, especially if we can show some non-collapsing estimate as in Ricci
flow (c.f. [Per]) to obtain the injectivity radius estimate (1.6). Even without such an
estimate, we can use Theorem 1.5 to greatly strengthen Theorem 1.3 to the following
desirable result, which states that the Laplacian flow will exist as long as the velocity
of the flow remains bounded.

Theorem 1.6. Let M be a compact 7-manifold and ¢(t), t € [0,Tp), where T <
00, be a solution to the Laplacian flow (1.1) for closed Go structures with associated
metric g(t) for each t. If the velocity of the flow satisfies

sSup ’A<p§0(l',t)|g(t) < o0, (17)
Mx[0,Tb)

then the solution ¢(t) can be extended past time Tj.

In Ricci flow, the analogue of Theorem 1.6 was proved in [Ses05], namely that
the flow exists as long as the Ricci tensor remains bounded. It is an open question
whether just the scalar curvature (the trace of the Ricci tensor) can control the
Ricci flow, although it is known for Type-I Ricci flow [EMT11] and Ké&hler-Ricci
flow [Zhal0]. In Sect. 2.2, we see that for a closed Gg structure ¢, we have A, =
ix(h), where i, : S*T*M — A3T*M is an injective map defined in (2.2) and h is
a symmetric 2-tensor with trace equal to %\TP. Moreover, the scalar curvature of
the metric induced by ¢ is —|T|>. Thus, comparing with Ricci flow, one may ask
whether the Laplacian flow for closed Go structures will exist as long as the torsion
tensor remains bounded. This is also the natural question to ask from the point of
view of Go geometry. However, even though —|T'|? is the scalar curvature, it is only
first order in ¢, rather than second order like A, p, so it would be a major step
forward to control the Laplacian flow using just a bound on the torsion tensor.
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1.5 Solitons. In Sect. 9, we study soliton solutions of the Laplacian flow for
closed Gg structures, which are expected to play a role in understanding the behavior
of the flow near singularities, particularly given our compactness theory for the flow.

Given a 7-manifold M, a Laplacian soliton of the Laplacian flow (1.1) for closed
Ga structures on M is a triple (¢, X, \) satisfying

App = o+ Lx, (1.8)

where dp = 0, A € R, X is a vector field on M and Lx is the Lie derivative of ¢
in the direction of X. Laplacian solitons give self-similar solutions to the Laplacian
flow. Specifically, suppose (¢g, X, A) satisfies (1.8). Define

2 \3 .
o= (1430) "0 X0 =pt072x.
and let ¢; be the family of diffecomorphisms generated by the vector fields X (¢) such
that ¢¢ is the identity. Then (t) defined by

o(t) = p(t)or o

is a solution of the Laplacian flow (1.1), which only differs by a scaling factor p(t) and
pull-back by a diffeomorphism ¢; for different times t. We say a Laplacian soliton
(p, X, \) is expanding if A > 0; steady if A = 0; and shrinking if A < 0.

Recently, there are several papers considering soliton solutions to flows of Go
structures, e.g. [KMT12,Lin13, WeW12]. In particular, Lin [Lin13] studied Laplacian
solitons as in (1.8) and proved there are no compact shrinking solitons, and that the
only compact steady solitons are given by torsion-free Go structures.

A closed Gy structure on a compact manifold which is stationary under the
Laplacian flow must be torsion-free since here, unlike in the general non-compact
setting, harmonic forms are always closed and coclosed. We show that stationary
points for the flow are torsion-free on any 7-manifold and also give non-existence
results for Laplacian solitons as follows.

PROPOSITION 1.7. (a) Any Laplacian soliton of the form (¢,0,\) must be an ex-
pander or torsion-free. Hence, stationary points of the Laplacian flow are given
by torsion-free Go structures.

(b) There are no compact Laplacian solitons of the form (¢, 0, \) unless  is torsion-
free.

Combining Lin’s [Lin13] result and the above proposition, any Laplacian soliton
on a compact manifold M which is not torsion-free (if it exists) must satisfy (1.8) for
A > 0 and X # 0. This phenomenon is somewhat surprising, since it is very different
from Ricci solitons Ric + Lxg = Ag: when X = 0, the Ricci soliton equation is just
the Einstein equation Ric = Ag and there are many examples of compact Einstein
metrics.
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Since a Gg structure ¢ determines a unique metric g, it is natural to ask what
condition the Laplacian soliton equation on ¢ will impose on g. We show that for a
closed Gg structure ¢ and any vector field X on M, we have

Lxp= %iw(ﬁxg) + %(d*(XJQD))ﬂﬂ/J. (1.9)

Thus the symmetries of ¢, namely the vector fields X such that £x ¢ = 0, are precise-
ly given by the Killing vector fields X of g with d*(X 1p) = 0 on M. Moreover, using
(1.9) we can derive an equation for the metric g from the Laplacian soliton equation
(1.8), which we expect to be of further use (see Proposition 9.4). In particular, we
deduce that any Laplacian soliton (¢, X, \) must satisfy 7\ + 3div(X) = 2|T|> > 0,
which leads to a new short proof of the main result in [Linl3].

To conclude the paper in Sect. 10, we provide a list of open problems that are
inspired by our work and which we intend to study in the future.

2 Closed G5 Structures

We collect some facts on closed Gy structures, mainly based on [Bry05,Kar09].

2.1 Definitions. Let {ef,ea,...,er} denote the standard basis of R” and let
{el,e?,...,e"} be its dual basis. Write €% = ¢! A e/ A €F for simplicity and define
the 3-form
b= 128 M5 | 167 | 246 25T 34T 356,

The subgroup of GL(7,R) fixing ¢ is the exceptional Lie group Geo, which is a
compact, connected, simple Lie subgroup of SO(7) of dimension 14. Note that Go acts
irreducibly on R” and preserves the metric and orientation for which {e1,€2,...,e7}
is an oriented orthonormal basis. If *, denotes the Hodge star determined by the
metric and orientation, then Go also preserves the 4-form

*¢>¢ — 64567 + 62367 + 62345 + 61357 . 61346 _ e1256 _ 61247.

Let M be a 7-manifold. For x € M we let
A% (M), = {¢, € A*T; M |3 invertible u € Homg (T, M, R7),u*¢ = ¢, },

which is isomorphic to GL(7,R)/Gs since ¢ has stabilizer Go. The bundle A3 (M) =
L], A3 (M), is thus an open subbundle of A®T*M. We call a section ¢ of A% (M) a
positive 3-form on M and denote the space of positive 3-forms by Qi(M ). There is
a 1-1 correspondence between Gg structures (in the sense of subbundles of the frame
bundle) and positive 3-forms, because given ¢ € Qi”r(M ), the subbundle of the frame
bundle whose fibre at  consists of invertible u € Hom (7, M, R") such that u*¢ = ¢,
defines a principal subbundle with fibre Go. Thus we usually call a positive 3-form
o on M a Gy structure on M. The existence of Go structures is equivalent to the
property that M is oriented and spin.



174 J. D. LOTAY AND Y. WEI GAFA

We now see that a positive 3-form induces a unique metric and orientation. For
a 3-form ¢, we define a Q7(M)-valued bilinear form B, by

B(u,0) = 2 (usp) A (09) A

where u, v are tangent vectors on M. Then ¢ is positive if and only if B, is positive
definite, i.e. if B, is the tensor product of a positive definite bilinear form and a
nowhere vanishing 7-form which defines a unique metric g with volume form vol, as
follows:

g(u,v)voly = By(u,v). (2.1)
The metric and orientation determines the Hodge star operator *,, and we define
1 = *,¢, which is sometimes called a positive 4-form. Notice that the relationship
between g and ¢, and hence between 1 and ¢, is nonlinear.

The group Gs acts irreducibly on R” (and hence on A'(R7)* and AS(R7)*), but it
acts reducibly on A¥(R7)* for 2 < k < 5. Hence a G structure ¢ induces splittings
of the bundles A¥T*M (2 < k < 5) into direct summands, which we denote by
AF(T*M, ¢) so that [ indicates the rank of the bundle. We let the space of sections
of AF(T*M, ) be QF(M). We have that

O*(M) =3(M) @ Q34 (M),
O*(M) =0} (M) © QM) ® Q37(M),
where!
QM) ={B e R(M)|B Ay = 2%, 5} = {X 9| X € CX(TM)},
QM) = {B e P(M)|BAp = —x, 8} = {8 € X*(M)|B ¢ =0},
and
QM) = {felf € C=(M)},
D3 (M) = {X | X € C¥(T M)},
03 (M) = {y € R(M)|y Ap =0 =7 Ay}
Hodge duality gives corresponding decompositions of Q*(M) and Q°(M).

To study the Laplacian flow, it is convenient to write key quantities in local
coordinates using summation convention. We write a k-form « as

1 , ,
a = Eozimmikdx“ A ANdx'
in local coordinates {x!,... 27} on M, where a4, s, is totally skew-symmetric in

its indices. In particular, we write ¢, locally as

1 . . 1 . .
= spirda’ Adal A dzk, o = o Vigmdz’ A dz? A dz® A da.

! Here we use the orientation in [Bry05] rather than [Kar09)].
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Note that the metric ¢ on M induces an inner product of two k-forms «, 8, given
locally by

1 o o
<a’ ﬂ> — Eaili%-ikﬂjy..jk‘g“]l B .glkjk.

As in [Bry05] (up to a constant factor), we define an operator i, : S?T*M —
A3T* M locally by

1 A :
io(h) hprirda® A da? A da®

T2
—l(hl & — htour — Loy da’ A da? A da® (2.2)
~ 6 iPlik 5 Plik EPlji)ax T T .
where h = h;jdz'dz’. Then A3, (T*M, ) = i,(S3T* M), where S3T*M denotes the
bundle of trace-free symmetric 2-tensors on M. Clearly, i,(g) = 3. We also have
the inverse map j, of iy,
Jo (V) (u,v) = *,((uap) A (vap) Ay), w,veTM,
which is an isomorphism between A$(T*M, ¢) @ A3-(T* M, ) and S*T*M. Then we
have jy(ip(h)) = 4h + 2try(h)g for any h € S*T*M and j,(p) = 6g.
We have the following contraction identities of ¢ and 1 in index notation (see
[Bry05,Kar09)):
ijkPabig" 9"’ = gk, (2.3)
Pijqabkig 9" = Apqi, (2.4)
@ipqsoajkgm = 9pj9qk — 9pkYq; T ¢quk7
PipqWajkld"" = IpjPakl — 9igPrki + IpkPiql — JkaPipl
+ IplPjkq — Giqg¥Pikp> (2'6)
Vijki¥abead’ 9" g = 24g;q. (2.7)
Given any Go structure ¢ € Q3 (M), there exist unique differential forms 7y €
QUM), 7 € QY (M), 7 € Q3,(M) and 73 € Q3,(M) such that dp and dy) can be
expressed as follows (see [Bry05]):
dp = 101 + 371 A @ + *,T3, (2.8)
dy =411 AN+ 1o N\ . (2.9)

We call {79, 71, 72,73} the intrinsic torsion forms of the Gg structure ¢. The full
torsion tensor is a 2-tensor 7' satisfying (see [Kar09])

Vioir = T; " Vmjn, (2.10)
T ,
T = ﬂvigplmnwﬂmn, (2.11)

and
Vimij = — (Tmisojkz — Tonjpicl — Tmkpji — Tml@jki)v (2.12)
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where T;; = T'(0;,0;) and Tij = Tikgjk. The full torsion tensor Tj; is related to the
intrinsic torsion forms by the following:

T0 1

gi — (1 50)i — (T3)ij — 5 (1), (2.13)

Tz‘j:4

where (7'1# 2p)ij = (7'1# )l and 73 is the trace-free symmetric 2-tensor such that
T3 = 7;(19(7_'3).
If ¢ is closed, i.e. dp = 0, then (2.8) implies that 79,71 and 73 are all zero, so

the only non-zero torsion form is 7o = 3(72);;da’ A da7. Then from (2.13) we have

that the full torsion tensor satisfies T;; = —1}; = —%(Tg)ij, so T is a skew-symmetric

2-tensor. For the rest of the article, we write 7 = 19 for simplicity and reiterate that

for closed Go structures
1

Since di) = 7 A\ ¢ = —x,7, we have that
AT = %pd %y T = — %, d22p = 0, (2.15)

which is given in local coordinates by ¢™V,,7;; = 0.
We can write the condition that 3 = 8;;dz’ A dz? € Q3,(M) as (see [Kar09])

Bijparkg g’ =0 and  Bivapkig 9"’ = —26u (2.16)
in local coordinates.

2.2 Hodge Laplacian of ¢. Since dp = 0, from (2.8) and (2.9) we have that
the Hodge Laplacian of ¢ is equal to

App =dd* ¢ + d*dp = —d x, dip = dr, (2.17)

where in the third equality we used 7 A ¢ = — x, 7 since 7 € Q3,(M). In local
coordinates, we write (2.17) as

1 . .
Ay :6(A¢,4p)ijkda:l Adxd A da®,
with
(AcpSD)z’jk = Vz‘Tjk — VjTl'k — Viji. (2.18)
We can decompose A, into three parts:
App =71 (D) + 13 (App) + m37(App) = ap + X stp + ig(R), (2.19)

where 7 : QF(M) — Qf(M) denotes the projection onto QF(M), a is a function,
X is a vector field and h is a trace-free symmetric 2-tensor. We now calculate the
values of a, X, h.
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For a, we take the inner product of ¢ and A ¢, and using the identity (2.16)
(since 7 € Q3,(M)),

o =={8pp,0) = 15 (Vi = ViTin = ViTsi) Qimng " 9" g™

1 o
= ﬁviTjk‘lennggjmgkn

1 o 1 .
= ﬁvi('rjksplmngllg]mgkn) - ﬂ’rjkvi@lmngdg]mgkn

1 g 1 . 1
= %Tjkﬂ‘swslmngzlgjmgkn = ﬁTjkTmng]mgkn = ?’T|2a

where in the last equality we used |7|? = %Tikal g ¢7'. For X, we use the contraction
identities (2.4), (2.6), (2.7) and the definition of i,:

(App)) = (Do) *ijm
= a0 Pijr + X", i+ (ip(h) 7 ijn
= — 24X+ (K@, 1% — W, F = W, T Vi
= — 24X, — 120" = —24X],
where the index of tensors are raised using the metric g. The last equality follows

from the fact that h;, is symmetric in i, m, but ©mil 18 skew-symmetric in ¢, m.
Using (2.18), we have

1 iy 1 ) )
X = — ﬂ(Aso‘P)zjk¢ijkl = —égmzvajk%jkz
1 . . 1 .
= — ggmzvm(Tjkdjz‘jkl) + gTjkgmlvmlﬁijkz

1 . 1 . :
= ngzvmnl + ETjkng(TmiSpjkl — TmjPikl — TmkPjil — TmiPjki) = 0,

where in the above calculation we used (2.12), (2.15), (2.16) and the totally skew-
symmetry in @;;, and ¥;;,. So X = 0 and thus the Q%(M) part of A, is zero. To
find h, using the decomposition (2.19), X = 0 and the contraction identities (2.4)
and (2.5), we have (as in [GY09))

(App); ™" @imn + (App); ™" Pimn
= aSDimnSijn + Xlwlz’mn@jmn + (i¢(ﬁ))imn¢jmn
+ aQijnSOimn + Xl¢ljmn¢imn + (lw(ﬁ))]mn@zmn
12

== ’T‘Qgij + SFLU.
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The left-hand side of the above equation can be calculated using (2.18):

mn

(VinTni — ViaTmi — ViTnm)Sijn + (ViTnj = VinTij = ViTom) @5
= 2(VinTni0;"" + VinTnj; ™) = ViTame;"" = ViTamp; ™"
= AV Tnip; ™ + TamVie; ™" + Tam Vi, ™"
= AV Tnip;"" — 272-177]-,

where we used (2.16) and that for closed Gg structures, VimTpig™" is symmetric in
i,j (see Remark 2.3). Then

- 3 1 1
hij = _ﬁ|7"2gij + §Vm7'm'@jmn - ZTille-

We conclude that

1 - .
App = dr = ?m% +iu(h) = iy(h) € QT (M) @ Q37(M), (2.20)
for
1 1 1
hij = §Vani<ijn — 6|7"29@'j — ZTZ-ZTU. (2.21)
2.3 Ricci curvature and torsion. Since ¢ determines a unique metric g on

M, we then have the Riemann curvature tensor Rm of g on M. Our convention is
the following:

R(X,Y)Z :=VxVyZ -VyVxZ - Vxy]Z,

and R(X,Y,Z, W) = g(R(X,Y)W, Z) for vector fields X,Y,Z, W on M. In local
coordinates denote R;ji = R(0;, 0;, Ok, 0;). Recall that Rm satisfies the first Bianchi
identity:

Rijii + Rigj + Rajr = 0. (2.22)

We also have the following Ricci identities when we commute covariant derivatives
of a (0, k)-tensor a:

k
(VZV] - vjvz)azlzgzh - ZRijilmail...leflmiprl...ik' (223)
=1

Karigiannis [Kar(09] derived the following second Bianchi-type identity for the
full torsion tensor.

LEMMA 2.1.

1
Vil — VT = (iRijmn — T Tjn ) 0™ (2.24)
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Proof. The proof of (2.24) in [Kar09] is indirect, but as remarked there, (2.24) can
also be established directly using (2.10)—(2.12) and the Ricci identity. We provide
the detail here for completeness.

1 aoc aoc
Vil — VT, = ﬂ(vi(Vjcpabclbk b)Y — Vi (ViPaveth "))
1
= ﬂ(vlvj - vjvi)gpabc@bkabc
1 aoc aoc
+ ﬂ(vj(pabcviwk be — vi(pabcvjwk ’ )

1
Z( zgam@mbc + Rz‘jbmSOamc + RijchPabm)wkabc

- 7T wmabc( 'Lk(P Criasokbc + ,Tib(pkac - ,Tic(pkab)

24
+ 1T w ( _Ta bc+Tb ac _ e ab)
o471 mabc jk()o j Pk j Pk K Pk
1 1
= iRijma@kma + iijTia(Pkma - §TimTja§0kma
1

= §Rijma$0kma - T;‘aijcpkam’

where in the third equality we used (2.10), (2.12) and (2.23), and in the fourth
equality we used the contraction identity (2.4). O

We now consider the Ricci tensor, given locally as R;;, = Rijklgj !, which has been
calculated for closed Gg structures (and more generally) in [Bry05, CI07, Kar09]. We
give the general result from [Kar09] here.

PROPOSITION 2.2. The Ricci tensor of the associated metric g of the Gy structure
p is given locally as

” . .
Ry = (ViTj = VTu)py” + Tr(T)Ti — T,” Tk + TimTjnth)’ ™. (2.25)
In particular, for a closed Gg structure o, we have

Rix = VT — T, Tjy.. (2.26)
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Proof. We multiply (2.24) by —@kjp:
~ (VT = ViTi)e)”
= - <Tngm + ;Rijmn> sopmn@kjp
= (TJan + ;men> (978t = Smarg™ —b"™")

= T Ty + Tr(T) T~ TinTinthy™ — Rt = 5 Rigrnth™
= —T Tjg + Tr(T) T — TjmTinth,”™" — Rin

- é(Rz‘jmn + Rimnj + Ringm) ™"
= —T, Ty, + Tr(T) T, — TjmTintl)™ — Rin,

where the last equality is due to (2.22). The formula (2.25) follows.
For a closed Gg structure, we have T;; = —%Tij, so T is skew-symmetric. More-
over, using (2.16), we have

; 1 ; 1
_ijTin@Z}k]mn = _Zijdekamn = _§Tin7_nk: = _27—; nTnk‘a

and

viij‘Pk]p = Vi(ij‘Pka) - ijviwkjp
1

= =5 VilTipe") = Tip Ty ",

1 ; 1
_ m Jp __ m _ m
= —2TipTi Ui = 5T Tmk = 203" T

1 2
Then we obtain
Ry, = (Vz'ij - vaip)‘ijp + TT(T)Tik - Tz]Tﬂf - ijmekjmn
= 2T, " T, — Vi Tippy” — T,  Tjy, — 2T, Ty
= =V, T = T, Ty,
which is (2.26). a

REMARK 2.3. By (2.26), for a closed Go structure, VjTZ-pgokjp is symmetric in 1, k,
since R;;. and Tij Tjj, are symmetric in 7, k.

We noted earlier that Rm and V1T are second order in ¢, and T is essential-
ly Ve, so we would expect Rm and VT to be related. We show explicitly using
Proposition 2.2 that, for closed Gg structures, this is the case.
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PROPOSITION 2.4. For a closed Gy structure ¢, we have

1 1 1
2ViTj =5 Rijmnpr"™" + 5 Bigmni ™" = 5 Rikmn e

Proof. By interchanging i <> k and j < k in (2.24) respectively, we have

1
ViTji = ViTki = (5 Rkjmn = TomTjn) 0™ (2.28)
]' mn
ViTy; — Vi'Tij :(§Rikmn — TimTrn ) ;™" (2.29)
Then (2.27) follows by combining the equations (2.24) and (2.28)-(2.29). 0

We can also deduce a useful, already known, formula for the scalar curvature of
the metric given by a closed Go structure.

COROLLARY 2.5. The scalar curvature of a metric associated to a closed Gy struc-
ture satisfies

R=—|T|* = ~TyTjg" g". (2.30)

Proof. By taking trace in (2.26), using T}; = —37;; and (2.16), we obtain the scalar
curvature
R= RskgSk = _(vasp(pkjp + Tsjj}k>95k

= - vj(TSpSijp)QSk + TSPVJ"Pk:jpgSk +|TP?
1

= §Vj(78p¢kjp)95k + T T, g™ + T
1 ; 1
=TT Vil 9+ [T = =57 + [T

— — 2, T + [T = |
as claimed. O

This result is rather striking since it shows that the scalar curvature, which is a
priori second order in the metric and hence in ¢, is given by a first order quantity
in ¢ when dy = 0.

3 Evolution Equations

In this section we derive evolution equations for several geometric quantities un-
der the Laplacian flow, including the torsion tensor T', Riemann curvature tensor
Rm, Ricci tensor Ric and scalar curvature R. These are fundamental equations for
understanding the flow.
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Recall that the Laplacian flow for a closed Gy structure is

0

—p = Ayp. 3.1

g ¥ (3.1)
From (2.20) and (2.21), the flow (3.1) is equivalent to

0 .

oo = i(h), (32

where h is the symmetric 2-tensor given in (2.21). We may write h in terms of the
full torsion tensor 7;; as follows:

hij = =V Thipi™ — ém?gij ~ T,'Ty;. (3.3)
For closed ¢, the Ricci curvature is equal to
Rij = Vi Tnip/"" — T, Ty,
so we can also write h as
hij = = Rij — %!T\Zgij — 213" Ty (3.4)

Notice that T,* = T;g" and T} = —T};.

Throughout this section and the remainder of the article we will use the symbol
A to denote the “analyst’s Laplacian” which is a non-positive operator given in local
coordinates as V'V;. This is in contrast to A, which is the Hodge Laplacian and
is instead a non-negative operator.

3.1 Evolution of the metric. = Under a general flow for Go structures

2 6t) = g (h(1)) + X (1) 0(0) (3.5)

where h(t), X (t) are a time-dependent symmetric 2-tensor and vector field on M
respectively, it is well known that (see [Bry05,Joy00] and explicitly [Kar09]) the
associated metric tensor g(t) evolves by

aatg(t) = 2h(t).

Substituting (3.4) into this equation, we have that under the Laplacian flow (3.1)
(also given by (3.2)), the associated metric g(¢) of the Gg structure ¢(t) evolves by

9.

ot =
Thus the leading term of the metric flow (3.6) corresponds to the Ricci flow, as
already observed in [Bry05].

2
—2R;; — §|T|2gij — AT " Ty (3.6)
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From (3.6) we have that the inverse of the metric evolves by

0 ;i o 0
i ¥ RN 1 Ul
3t9 99 8tgkz

o 2
= g"g" (2Rkl + §|T\29kz +47," T, ) ; (3.7)

and the volume form voly;) evolves by

0 1 0
avolg(t) = itrg (ag(t)> volgy = trg(h(t))volyq

7 2
= (—R - §|T]2 + 2|T|2) volgy) = §|T\2v0l9(t), (3.8)

where we used the fact that the scalar curvature R = —|T|>. Hence, along the
Laplacian flow, the volume of M with respect to the associated metric g(t) will
non-decrease; in fact, the volume form is pointwise non-decreasing (again as already
noted in [Bry05]).

3.2 Evolution of torsion. By [Kar09, Lemma 3.7], the evolution of the full
torsion tensor 7' under the flow (3.2) is given by 2

9

ot

Substituting (3.3) into (3.9), we obtain

9

ot

Tij =T, hyj — Vihing ™. (3.9)

Tij = —Vihine™™ + T; " hy;
pq 1 2 k mn
=—Vn _vaqi(’Dn - §|T| Gin — TZ Tkn Pj
k Pq 1 2 m
+ Tz _vaqkSOj - g‘T| 9kj — Tk ij
1
= vmvaqicp/’qugojmn + Vquivm(Prfq(pjmn - gvm‘T’%pjim

1
+ V(T Tin oo™ = T, Typep [ = S|TP Ty = TP Ty (3.10)

Using the contraction identity (2.5) and Ricci identity (2.23), the first term on the
right hand side of (3.10) is equal to

vaquiQOnpqujmn
= ViV Tyi(80g™™ — 62gP™ + ) ™)
= V"V, Tni — V"'V Tji + ViV Tyith P

2 Note that compared with [Kar09, Lemma 3.7], the sign of the second term on the right-hand
side of (3.9) is different due to a different choice of orientation of ), which also leads to a different
sign for the torsion tensor T'.
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= ATyj + V;V" Toni — R Tyi + R jir T™
1
+ 5 (VmVyTyi = Vp Vi Ty

1
= ATyj — R Thi + Rnjik T™ + 5 (R Tyt + Ry Tt )0,

2
1 1
= AT;; — Rjkai + §(ijz'k — Rygjim)T™ + §Rmp¢kqu¢qum
1
* E(Rmqu + qumk + qupk)Tkiwqum
— ATy — RFTo + SRy T™ + SR, M P (3.11)
= ij j Lki 2 igmk o mpi qgk¥j :

where we used V"T,,,; = 0 in the fourth equality and the Bianchi identity (2.22) in
the last equality. Using the contraction identity (2.6) and (2.10), we can calculate
the second term on the right hand side of (3.10) as follows:

VT Ve jmn = vaqika¢knpq¢jmn

= VLT (50,7 = gjne™ " + g™ 0,1

P, ., mq p q . pm
- 5]‘ Pr gmq‘:pkj - 53' P )

= —VpTyi(Trmj o™ — TP 0, 1 + T, 7), (3.12)
where in the last equality we used 7,567 = 0 and T,F¢, ™ = —%Tn’f(pkmq = 0 since
7 € Q2,(M). Then substituting (3.11)-(3.12) into (3.10), we obtain

0

1 1
ol = AT;j — R Ty + §Rijkamk + 5 Ry Tyt /7"

9" mpi
1
= VT (g™ = TP, 8 + Tt P) = 2V | T2,
1
+ Vol T Tin oo™ = TV T [ = S TP T = TN T
We can further simplify the above equations by noting that
= VpTlyi (ij‘Pqu_Tpkajq+qu¢kjp) + Vm (Tz‘kan)@jmn - TikvaqkSijq

= —V,Ty (ijSOmpq - Tpk‘/’qu + 2qu90kjp) - 2Tikvaqk(Pqu

= VpTyi(TP o, = 2T% ¢, P) — RF Ty + 2R Ty — 3T, T,/ T,
where we used the expression of Ricci tensor in (2.26). Therefore, we have

0

1 1
oL = ATj + R Ty — R*T; + iRijkamk + iRmpikqu¢qum

1
+ VpTui(T " = 2T% ) 7) = SVl T

1
- §1T|2Tij — 4T, kamej~
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The above evolution equation of the torsion tensor can be expressed schematically
as

0
aT:AT+Rm*T+Rm*T*¢+VT*T*<p—|—T*T*T, (3.13)

where * indicates a contraction using the metric g(t) determined by ¢(t).

3.3 Evolution of curvature. To calculate the evolution of the Riemann cur-
vature tensor we will use well-known general evolution equations. Recall that for
any smooth one-parameter family of metrics g(¢) on a manifold evolving by

2 9(1) = nlt), (3.1

for some time-dependent symmetric 2-tensor 7(t), the Riemann curvature tensor,
Ricci tensor and scalar curvature evolve by (see e.g. [CK04, Lemma 6.5])

%Rmkl = %glp (ViVinip + Vi Vnix — ViVpnjx — Vi Vinip
- Rijkqnqp - R@'qunkq)7 (3.15)
%Rﬁc = - % (Arnik + ViVi(trgn) + Vi(dn)k + Vi(6n)i) , (3.16)
aatR = — Atrgy(n) + div(divy) — (n, Ric), (3.17)

where Ay, denotes the Lichnerowicz Laplacian
Apnik = A, — RPnp, — REmip + 2Rpien™®
and (0n), = —(divn), = —V'n;. Substituting (3.6) into (3.15), we have

0

aRij,j =~V ViR, = V;V' Ry + ViV'Rji, + V; Vi R}

+ (RijqufH’ + Riququ)glp + QQIP(Rijquc;nTmp + RiquTI?Lqu)

1
B EQIP(VMITngp + ViVl TP gie = ViV T Pgie — ViVl T gip)
— 29" (Vi V(T Tonp) + V5V (1] Trnie)
= ViVu(T]" Tonk) — ViVi(T" Tinp))-

The first six terms in the evolution equation come from the —2Ric term in (3.6).
Then, as in Ricci flow, by applying Bianchi identities and commuting covariant
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derivatives, we can obtain

0

&Rz’jkl = ARijkl + gpq(Rz‘jerqul - 2sz’kTqurl + 2Rpirleqkr)
— g"(RipR oy + RjpRiyy!) — 9" (RigRij, — Ry Rijkg)
+ QQIP(Rijqu;nTmP + Ry, T Ting)

1
- §glp(vivk!T\29jp + ViVl TP gik — ViV T P gk — V;VilT|gip)
- QQIP(Vin: (Tngmz)) + Vij(TZ-mek)
— ViV (T Tnr) = Vi Vi (T Tp) ) -

We write the above equation schematically as in (3.13):

0

aRm:ARm+Rm*Rm+Rm*T*T+V2T*T+VT*VT. (3.18)
Then from (3.7) and (3.18), noting that |T|> = —R < C|Rm| for some universal
constant C', we have

ia ,gb ke ld

0 0
§|Rm|2:a(RijklRabcdg 999 )

= Rm Rm* (Ric+T *T) + 2(Rm, %Rm)
< A|Rm|? = 2|VRm|* + C|Rm|* + C|Rm|: |V>T]

+ C|Rm||VT)? (3.19)

Similarly, substituting (3.6) into (3.16) and (3.17), we obtain the evolution equation
of the Ricci tensor

0

1 2
—Rip = Ap | Rip + = |TVgix + 2T, Ty, ) — SV Vi T2
oy i L< kot 5T gk +2T; m) 5 ViVilT|

= 2(ViV (T} Te) + ViV (T} Ti), (3.20)

and the evolution equation of the scalar curvature

%R = AR — AV*VI(T}'Ty) + 2| Ric|® — §R2 + 4R*T Ty, (3.21)
REMARK 3.1. We shall only require the schematic evolution equations (3.13) and
(3.18) for T" and Rm to derive our Shi-type estimates. To obtain these equations
we used the fact that ¢ remains closed under the evolution, which is a particular
property of the Laplacian flow. If one is able to obtain the same schematic evolution
equations for 7" and Rm for another flow of Gy structures, then the methods of this
article will apply more generally to give Shi-type estimates for that flow.
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4 Derivative Estimates of Curvature and Torsion

In this section, we use the evolution equations derived in Sect. 3 to obtain global
derivative estimates for the curvature tensor Rm and torsion tensor 7. Throughout,
we use * to denote some contraction between tensors and often use the same symbol
C for a finite number of constants for convenience.

First, we show a doubling-time estimate for A(t) defined in (1.4), which roughly
says that A(t) behaves well and cannot blow up quickly.

PROPOSITION 4.1 (Doubling-time estimate). Let ¢(t) be a solution to the Laplacian
flow (1.1) on a compact 7-manifold for t € [0, ¢]. There exists a constant C' such that

A(t) < 2A(0) for all t satisfying 0 < t < min{e, ﬁ@}

Proof. We will calculate a differential inequality for A(x,t) given in (1.2),

A, ) = (IVT (@, D)2 + [Rm(e, 0 )

and thus for A(t) = sup,cs Az, t). Since we already have an evolution equation for
|Rm|? in (3.19), it suffices to compute the evolution of |VT|?.

Recall that for any smooth family of metrics g(t) evolving by (3.14), the Christof-
fel symbols of the Levi-Civita connection of g(t) evolve by

0 1
arfj = igkl(vmjz + Vna — Vinij).
Thus, for any time-dependent tensor A(t), we have the commutation formula (see

[Top06, §2.3])

0 0 0

The fact that the metric g is parallel gives that for any two tensors A, B,
V(AxB)=VAxB+ AxVB.

Then using (3.6), (3.13) and (4.1), we see that

0 0 0

=VAT +VRm* (T +T %)+ VT« (Rm+ Rm %))
+Rm+«T«Vp+ V2T« T %+ VT« VT % @
+VTs«TxNo+ VT xTxT

=AVT +VRmx* (T +T )+ VT % (Rm + Rm * 1)
+RmxT+«Txo+V?TxTxo+ VT «VT %
+VT«T*xTxp+VT+TxT, (4.2)

(4.1)

where in the last equality we used (2.10) and (2.12) in the form
Vo=Txv¢, VY =Txp,
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and we commuted covariant derivatives using the Ricci identity, i.e.
VAT = AVT + Rm VT +VRm xT.

Then we can calculate the evolution of the squared norm of VT

%|VT|2 =2 <VT, ;VT> + VT « VT * %g
< AIVT]? = 2|V2T |2 + C|Rm||VT|* + C|VRm||T||VT|
+ C|Rm||T)*|VT| + C|V*T||VT||T|
+ C|VT]? + C|VT T
< A|VT)? = 2|V2T|? + C|Rm||VT|? + C|V Rm||Rm|z|VT)|
+ C|RmP|VT| + C|Rm|:|V2T||VT| + C|VTP, (4.3)
where we used |T|? = —R < C|Rm| for a constant C' in the last inequality.
Now, using (3.19) and (4.3), we obtain

%A(x,t)Q < A(|Rm|* + |VT|?) — 2|[VRm|* — 2|V?T)? + C|Rm/?

+ C|Rm|? |V2T| + C|Rm||VT|? + C|V Rm||Rm|z |VT]
+ C|Rm|?|VT| + C|Rm|:|V2T||VT| + C|VTJ. (4.4)

By Young’s inequality, namely ab < %QQ + §b2 for any ¢ > 0 and a,b > 0, for all
€ > 0 we have

3 1
[Bml3 V2T < | Rmf? + 5[ V2T 7, (4.5)

1 1
[VRm||Rm|*|VT| < o |Rm||VT* + %|VRm\2, (4.6)

1 1
[Bml3|[V2T||VT| < | Rml| VT + 59T (4.7)

The terms |Rm|?, |Rm||VT|? and |VT|? can all be bounded above by A% = (|[Rm|*+

|VT|?)> up to a multiplicative constant. Using this bound and substituting (4.5)—
(4.7) into (4.4) we obtain

;A(x,tﬁ < AA(z,t)* 4 (Ce — 2)(|[VRm|* + |V*T*) + %A(a:,t)?’
for any € > 0. Choosing € so C'e < 1 then yields

%A(:p,t)Q < AA(z, 1) — (IVRm] + [V2TP) + CA(x, 1)°. (4.8)

The idea behind the calculations leading to (4.8) is that the negative gradient terms
appearing in the evolution equations of [V7'|? and |Rm|? allow us to kill the remain-
ing bad terms to leave us with an effective differential inequality. This is precisely
the motivation for the definition A(x,?) in (1.2) as a combination of |VT'| and |Rm|.
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Recall that A(t) = sup,; A(z, t), which is a Lipschitz function of time ¢. Applying
the maximum principle to (4.8), we deduce that

d C

—A(t) < =A(t)?

CAM) < AW
in the sense of limsup of forward difference quotients. We conclude that

A(0)
At) < ————— 4.9

()_17%CA(0)16 (4.9)

as long as t < min{e, C%w)}, so A(t) < 2A(0) if t < min{e, C%@} 0

We now derive Shi-type derivative estimates for the curvature tensor Rm and
torsion tensor 7" along the Laplacian flow, using A(z,t) given in (1.2).

Theorem 4.2.  Suppose that K > 0 and ¢(t) is a solution to the Laplacian flow
(1.1) for closed G structures on a compact manifold M" with t € [0, +]. For all
k € N, there exists a constant Cy, such that if A(x,t) < K on M7 x [0, +], then for
all t € [0, ] we have

\VERm| + |VFHT| < Cpt : K. (4.10)

Proof. The proof is by induction on k. The idea is to define a suitable function
fr(z,t) for each k, in a similar way to the Ricci flow, which satisfies a parabolic
differential inequality amenable to the maximum principle.

For the case k = 1, we define

f=t([VRm|* + |V?T|*) + o(|VT|* + |Rm/|?) (4.11)
for a to be determined later. To calculate the evolution of f, we first need to calculate
the evolution of VRm and V2T. Using (3.6), (3.18) and (4.1),

0 0 0
aVRm—VaRm+Rm*Vag(t)
= VARm+Rm*xVRm +VRmxxTxT +Rmx+T VT
+ V3T * T+ V2T * VT + Rm * V(Ric+ T % T)
= AVRm+Rm*xVRm +VRmxTxT +Rmx+T VT

+ V3T« T + VT % VT, (4.12)
where in the last equality we used the commuting formula
VARm = AVRm + Rm x VRm.
Then using (3.7), (4.12) and |T| < C|Rm|z,
0
a|VRm|2 < A|[VRm|* = 2|V2Rm/|? + C|VRm/|*|Rm|

+C|VRm| (|Rm|%|VTy +|Rm|3 V3T + |V2T||VT|) L (413)
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Similarly, we can use (4.1) and (4.2) to obtain

9927 — AVPT + V2R « (T +T %)

ot
+ VRm * (VT + VT ¢ +T? % )
+ Rm s (V2T + V2T %) + VT 5 T 5 o + T 1))
+ V3T« T o+ V2T« VT % o+ VT« T3 %
+ VAT % (T2 + T2 %)) + VT + VT * (T + T %), (4.14)

where we use the symbols 72 and T here to mean contractions of two or three
copies of T respectively, and again use |T| < C|Rm|z to find
gtyvm? < AIV2T]? = 2|V3T 2 4+ C|V2Rm||V>T||Rm|2
+ C|VRm||VT|(|VT| + |Rm|) + C|V*T||V>T||Rm|: (4.15)
+ C|V2T)2(|Rm| + |VT|) + C|V*T||Rm|z (|[Rm|? + |[Rm||VT| + |VT]?).
Using Young’s inequality, we know that for all € > 0 we have
2|V Rm|| Rm|: |VT| < [VRm|| Rl (|Rm|* + VT ),
2|V Rm||Rm|*|V*T]| < %|VRm|2|Rm| VTP,
2\VRm||V?T|(IVT| + [Rm|) < ([VRm|* + |[V*T]*)(IVT| + [Rm)),
2|2 Rm||V2T|| Rl < %\VZT\QlRm] + e[ V2Rm,
1
€

IV2T||Rm|z (|Rm|? + |VT|?).

2|V3T||V2T||Rml|z < =|V2T|?|Rm| + ¢|V3T|?,

N

2|V2T||Rm|z|Rm||VT]

Substituting these bounds into (4.13) and (4.15), for suitably chosen small € > 0 as
before, then yields

2 (VRmP? + [VTP) < A(VRmP + [9°T) ~ (V*Rm + [9°TF)
+ C(IVRm|* + |V2T|*)(IVT| + |Rm)) (4.16)
+ C(|VRm| + |[V2T|)|Rm|z (|[Rm|? + |VT|?).

Then, from (4.8) and (4.16), we obtain

9
af < Af + Ct(|VRm|? + V2T |>)(|VT| + |Rm|)

+ CH(|VRm| + |[V2T)|Bm|= (|Rm|? + |VT|?)
+ (1= a)([VRm|> + |V2T)?) + Ca(|VT|* + |Rm|?)=.
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By hypothesis A(t) = sup,cps A(z,t) < K and tK < 1, so using the above inequality
and Young’s inequality to combine the middle three terms implies

0
5if < Af + (C — a)([VRm|* + |V2T|?) 4+ Cak3. (4.17)
We can choose « sufficiently large that C' — « < 0 and thus
ﬁf < Af 4 CaK?
ot’ — ’

Note that f(z,0) = a(|VT|? + |Rm|?) < aK?, so applying the maximum principle
to the above inequality implies that

sup f(z,t) < aK? + CtaK? < CK*.
zeM

From the definition (4.11) of f, we obtain (4.10) for k = 1:
IVRm| + |V2T| < CKt™=.

Given this, we next prove k > 2 by induction. It is clear that we need to obtain
differential inequalities for |V¥ Rm|? and |[V**1T|2] so this is how we proceed. Sup-
pose (4.10) holds for all 1 < j < k. From (4.1), for any time-dependent tensor A(t)
we have

iy o+ 4N ohiga i
5V AvatA:;V AxViog. (4.18)
By (3.6), (3.18) and (4.18), we have
9 Gk pm = v 2 Rim + i VI Rm « v@g.
ot ot — ot
= VFARm + V¥(Rm * Rm) + V¥(Rm « T?) + V*TL(VT « T)
- Zk: VF= Rm « V{(Ric+ T * T)
- k k+1
= AV*Rm + Z V" Rm « VI (Rm + T % T) + Z VT « VEF27iT,
- - (4.19)
where in the last equality we used the Ricci identity
k
VFARm — AVFRm = " V" Rm « V' Rm. (4.20)

1=0



192 J. D. LOTAY AND Y. WEI

Using (4.19), the evolution of the squared norm of V*Rm is:

i\kamP = AIVFRm|? — 2|V**1 Rm)?

k
+ Z VERm « V¥ Rm s« V{(Rm + T « T)
=0
k+1 ' '
+ Z VERm « VT « VFH27iT,
=0

Applying (4.10) for 1 < j < k to (4.21), we get
o ,
aw’f}zm\? < AIVERm|? = 2|VFH Rm|? + CK 2 |[VFRm|| V2T
+ CK(|V*Rm|? + |[VFIT?) + CK2 3 |[VF R

< AIVFRm|? = 2|V* Rm|? + CK 2 |V*Rm|| V2T
+ CK3t% + CK(|V*Rm|? 4+ |VFHLT?),

GAFA

(4.21)

(4.22)

where the constant C' depends on the constants Cj,1 < j < k in (4.10) and we used

Young’s inequality to estimate
2K 3|V Rm| = 2K 3t~ 2 K2|VFRm| < K3tF + K|V*Rm|?.
Similarly, we have
9 k+1

0 . -0
k+1m _ x7k+1 k+1—1 i
g VAT =V —atT + izgl V TV —atg.

= VFHAT + VE Y (R« T) + VY (R« T+ ) + V(YT « T % )

k+1
+ VRN T « T+ T) + ) VT 5« Vi(Ric + T+ T)
=1
k+1 A A k+1 A A
= AVFIT Y VT« VIRm + ) VRIS V(T « T)
=0 =0
k+1 ' ' k+1 ' )
+ Z vk‘+1*Z(Rm * T) ” vlw + kaJrliZ(VT % T) % V’LQO
=0 =0

and

aat‘vk:+1T|2 _ A|vk+1T|2 o 2\Vk+2T|2

k+1
+3 VR VEIT VY (Rm 4+ T+ T)
=0
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k+1
+ Z VFHT « VR (R« T) % Vi
i=0
k41
+ ) VT VRHT(VT % T) « Vi, (4.23)
i=0
The second line of (4.23) can be estimated using the second line of (4.21). To estimate
the third line of (4.23), for 2 < i < k + 1 we have

k+1—:

VR T) < S VT R« VIT| < O (K%t—% +K2).
j=0
(4.24)
For: =1,
k
VERm «T) = VFRm « T + Z VE L Rm « V'T, (4.25)
=1
where
k k—1
> VFIRmM«V'IT| < CK*t 5. (4.26)
=1

Similarly for ¢ = 0, we have

k
VY Rm «T) = VF''Rm + T + VFRm +« VT + Z VEH Rm « VT, (4.27)
=2

where

k
Z VI Rm « VT
=2

Using (2.10) and (2.12), we can estimate V). We see from (2.12) that

< CK* . (4.28)

V| < C|T| < CK:.
Then from (2.10) and (2.12) we schematically have
V3% =VTx@+T*Tx1p
and hence
V29| < C(VT| + [T) < CK.
Using the same equations we see that

V3 =V2Tx o+ VT« Txthp+ T« T T %
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schematically, and thus by hypothesis
V34| < C(IV2T| + |VT||T| + 1)) < C (Kr% + K) .

A straightforward induction then shows that for i > 2 we have

i—2
Vgl < OK Y KitTr
j=0

(4.29)

Combining (4.24)—(4.29), using (4.10) for 0 < j < k and the assumption tK < 1,
the third line of (4.23) can be estimated by

k+1 ' )
Z vk+1T " vk+172(Rm % T) % vlw
i=0

< VR 5 (VR Rm « T + VFRm + VT) |

+ ‘V"‘“T « VERm « T+ Vip| + CK2¢5 VAT

where the last term arises from the estimated terms in (4.26), (4.28) and (4.29). We
can estimate the last line of (4.23) similarly. We conclude that

0 !
a’karlflv‘Q < A‘vk+1T|2 o 2’Vk+2T‘2 + CKQtfglle»lT‘

+ CK = |[V*T| (V1 Rm| + [V*H2T))

+ CK(|VI<:+1T’2 + ’vk-i-lTHvk:Rm’)

< A‘vk+1T|2 o 2’Vk+2T‘2 + CKStfk

+ CK: |VFHT| (VT Rmn| 4 |VFH2T))

+ CK(|V*T)? + |V*Rm|?), (4.30)
where we again used Young’s inequality to estimate

oK%t |VRHT| < K3tk 4 K|VRHT2,
VTV  Rm| < |[VFHT)? 4 |V* Rm)?.

Combining (4.22) and (4.30), we have

;(W’“Rmrz + VT2 < A(IVFRm? + |[VEHIT?) + CK3e*
B 2(’vk+1Rm‘2 + Wk+2T‘2)
+ CK = |V*Rm||V*2T)|
+ CK = [VEHT|(|VF R + V44277
+ CK(|V*Rm[? + [VFT)?). (4.31)
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Using Young’s inequality once again, we know that for any ¢ > 0 we have

. 1
2K |[VERm||VF2T| < ZK|VFRm|? + €| VF 2T 2,
€

2Kz |VEHT|(|VFH Rm| + |VFH2T))
2
< *K|Vk+1T|2 + e(|Vk+1Rm]2 + ’V’H—QT‘Q).
€

We deduce from these estimates and (4.31) that, by choosing € > 0 sufficiently small
(depending on C'), we have

%(IVkRmP + [VEHIT2) < A(VERm? + |VFHLT)?) + CK3tF
o ‘vk+1Rm|2 o |vk+2T|2

+ CK(|[VERm|? + |VFHIT)?). (4.32)
Given these calculations, we now define
fr = (V" Bm|? + |V*ITP?)

k
+ B > aftF T (IVETRmP 4 [V, (4.33)
=1

for some constants 3, to be determined later and o = ((ij))!!. Assuming (4.10) holds
for all 1 <14 < k, then by a similar calculation to those leading to (4.32), we have

a(WkﬂRmF + |Vk+1—zT|2) < A(’vk—szF + ’vk+1—zT|2) + CK3tz—k
_ ‘Vk:+1fiRm’2 o ‘vk+27iT’2, (434)

where here we do not require the corresponding last term in (4.32), since by assump-
tion (4.10) holds, so we have

CE(IV*'Rm[* + |V HTP) < K% (0,

From (4.32) and (4.34), we may calculate

0 0 B
ol <o (VERmP + [VEET) 4kt =L ([ VERm | + [T )

k
) 4 4

kik—i & k—i 2 k—i+1p2

+ Bk ZElazt 8t(!V Rm|* + |V TI%)

k
+ By Z(k _ i)aftk_i_l(wk_iRmF + |vk—i+1T|2)
i=1
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<t*A(IVFRm|? + |V*IT)?) + CK?
_ tk(’vk+1Rm|2 + |vk+2T|2)
+ (CKtk + ktk—l)ukam’Q + \V’““T\Q)
k
+ B Y aft" T A(VETRm|? 4 [VRTIT?) + CKPaf
=1

k
— By Zaftk_iﬂvkﬂ_iRmP + |vk+2—iT|2)
i=1
+ B Y (k= i)aftF TN (VFRm|? 4 [V,
i=1

Collecting terms we see that

19,
afk < Afk + (ktk—l + CKtk _ 5ktk—1)(|vk:Rm|2 + |vk+1T|2)
k—1
+Be Y _(aF(k—i) — af YTV R 4 [VIHIT)
=1

k
+(C+CB Y af)K?
=1
< Afip +CK?, (4.35)

where we used the facts af (k—i) —a¥ ; = 0, Kt <1 and chose f sufficiently large.
Since f;(0) = Braf(|Rm|? +|VT|?) < Brak K2, applying the maximum principle to
(4.35) gives

sup fi(z,t) < Braf K% 4+ CtK? < CK?
zeM

Then from the definition of fi, we obtain that
IVERm| + VT < CKt s,
This completes the inductive step and finishes the proof of Theorem 4.2. O

From Proposition 4.1, we know the assumption A(z,t) < K in Theorem 4.2
is reasonable, since A(x,t) cannot blow up quickly along the flow. Note that the
estimate (4.10) blows up as t approaches zero, but the short-time existence result
(Theorem 1.1) already bounds all derivatives of Rm and T for a short time. In fact,
when A(z,t) < K, from (4.16) we have

d
- m]\?x(|VRm\2 + |V*T]*) < CK n}\?x(\VRm]z + V2T |*) + CK*,
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which gives us

m]\?x(|VRm|2 + |V2T)?) < eCKt(nﬁx(\VRmF + |V2T)?) + K3) — K3

for t € [0,¢€] if € sufficiently small. Using (4.22)-(4.23) and the maximum princi-
ple, we may deduce that such estimates also hold for higher order derivatives, so
maxyy, (|VFRm|? 4+ |VFH1T?) is also bounded in terms of its initial value and K for
a short time.

REMARK 4.3. One can ask whether the growth of the constants C} in Theorem 4.2
can be controlled in terms of k. The authors show this is indeed the case in [LoWe]
and as a consequence deduce that the Laplacian flow is real analytic in space for
each fixed positive time.

We can also prove a local version of Theorem 4.2, stated below. Since we already
established evolution inequalities for the relevant geometric quantities in the proof
of Theorem 4.2, the proof just follows by applying a similar argument to Shi [Shi89]
(see also [Ham95]) in the Ricci flow case, so we omit it.

Theorem 4.4 (Local derivative estimates). Let K > 0 and r > 0. Let M be a
7-manifold, p € M, and ¢(t),t € [0, %] be a solution to the Laplacian flow (1.1)
for closed Gz structures on an open neighborhood U of p containing B g)(p,r) as a
compact subset.

For any k € N, there exists a constant C = C(K,r, k) such that if A(z,t) < K
for all z € U and t € [0, 4], then for all y € By)(p,r/2) and t € [0, 3-], we have

\VERm| + |VFHT| < (K, r k)t = (4.36)

REMARK 4.5. By Proposition 2.4 and Corollary 2.5, we can bound |VT| using
bounds on |Rm|, and hence we can, if we wish, replace the bound on A in (1.2)
in Theorems 4.2 and 4.4 by a bound on |Rm/|.

5 Long Time Existence I

Given an initial closed Ga structure g, there exists a solution ¢(¢) of Laplacian
flow on a maximal time interval [0, 7)), where maximal means that either Ty = oo,
or that Ty < oo but there do not exist € > 0 and a smooth Laplacian flow ¢(t) for
t € [0, Ty + €) such that @(t) = p(t) for t € [0,Tp). We call Ty the singular time.

In this section, we use the global derivative estimates (1.3) for Rm and VT to
prove Theorem 1.3, i.e. A(x,t) given in (1.2) will blow up at a finite time singularity
along the flow. We restate Theorem 1.3 below.

Theorem 5.1. If ¢(t) is a solution to the Laplacian flow (1.1) for closed Go
structures on a compact manifold M" in a maximal time interval [0,T) and the
maximal time Ty < oo, then A(t) given in (1.4) satisfies

tl}@(} A(t) = 0. (5.1)
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Moreover, we have a lower bound on the blow-up rate,

C
A(t) >
(t)—To—t

(5.2)

for some constant C' > 0.

Proof. Suppose the solution ¢(t) exists on a maximal finite time interval [0, Tp). We
first prove, by contradiction, that

limsup A(t) = co. (5.3)
t /Ty

Suppose (5.3) does not hold, so there exists a constant K > 0 such that

sup A(z,8) = sup (|VT(az,t)|3(t)+|Rm(x,t)|§(t)>5SK, (5.4)
Mx1[0,Tp) Mx[0,Tp)

where ¢(t) is the metric determined by ¢(t). Then, in particular, we have the uniform
curvature bound
sup R, Bl < K,
M x [O,To)

which implies that

0

sup agij

M x[0,Tp)

sup

2
—zmj—guﬁwj—4ﬂbmj < CK.
g(t) M x[0,Tv)

q(t)

(Keep in mind that |T'|?> = —R). Then all the metrics g(¢) (0 < t < Tp) are uniformly
equivalent (see e.g. [Ham82, Theorem 14.1]), as Ty < co. We also have from (2.14),
(2.17) and (5.4):

0

57 =lAeelyy < CK, (5.5)

q(t)

for some uniform positive constant C.
We fix a background metric g = g(0), the metric determined by ¢(0). From (5.5)
and the uniform equivalence of the metrics g and g(t), we have

o)
=% <Clmzv| <CK. (5.6)
For any 0 < t; < to < Tp,
tz 8
(1) — pltr)], < | atso] dt < CK(ty — 1), (5.7)
t1 g

which implies that ¢(t) converges to a 3-form ¢(7p) continuously as ¢ — Tp. We
may similarly argue using (3.6) and (5.4) that the uniformly equivalent Riemannian
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metrics g(t) converge continuously to a Riemannian metric g(7p) as t — Ty, since
all the g(t) are uniformly equivalent to g.
By (2.1), for each t € [0,T)) we have

g1l 0ol = usp(6) A (wp(0) A ). 63

Let t — Tp in (5.8). Recall that we have argued above that g(t) — g(7p) which is a
Riemannian metric and thus voly ;) — volg(r,) which is a volume form. Therefore the
left hand side of (5.8) tends to a positive definite 7-form valued bilinear form. Thus,
the right-hand side of (5.8) has a positive definite limit, and thus the limit 3-form
©(Tp) is positive, i.e. p(Tp) is a Gg structure on M. Moreover, note that dp(t) = 0 for
all t means that the limit Go structure ¢(7p) is also closed. In summary, the solution
©(t) of the Laplacian flow for closed Gg structures can be extended continuously to
the time interval [0, Tp).

We now show that the extension is actually smooth, thus obtaining our required
contradiction. We beginning by showing that we can uniformly bound the derivatives
of the metric and 3-form with respect to the background Levi—-Civita connection
along the flow.

Claim 5.2. There exist constants Cy, for m € N such that

sup |V g(1)

< Cm,
Mx[0,Tp) g

g

where V is the Levi-Civita connection with respect to g.

Proof of Claim 5.2. Since g(t) evolves by (3.6), the proof of the claim is similar to
the Ricci flow case, see e.g. [CK04, §6.7], so we omit the detail here. O

Claim 5.3. There exist constants Cy, for m € N such that

sup v(m)cp(t) < Cp.
MX[O,To) g
Proof of Claim 5.3. We begin with m = 1. At any (x,t) € M x [0,Tp),
0

9 _

=VAgp+ AxAyp, (5.9)

where we denote A = V — V as the difference of two connections, which is a tensor.
Then in a fixed chart around x we have

0
Z Ak — _ 21k
ot Y ot Y

_ lu(g (9, (9 9
= 2_9 <vz(atg]l) +Vj <atgzl> \Y <8t9w>> )



200 J. D. LOTAY AND Y. WEI

SO

;A = —g 'V(Ric+ T *T).

Integrating in time ¢, we get

t
0
A5 < 14O+ [ 5],

t
9
< JA®O)]; + c/o |54y

< |A(0)|5 + C(|VRic| + |[VT||T))t < C,

GAFA

(5.10)

since t < Tj is finite and |V Ric| 4+ |[VT||T| is bounded by (4.10) and (5.4). Further-

more, we can derive from Claim 5.2 that
V' A@); <C for0<k<m-—1.

From (4.10), (5.9) and (5.10), we get

9
— <
mvtp‘g <G,

and then

0 —
%Vw(é‘)

t
Ve(ols < Vo0l + [ ds < [Vp(0)]y + CTh,

g

which gives the m = 1 case of Claim 5.3.
For m > 2, we can prove by induction that

8*771 —m
5V “’L = [V Apel,
m A A m—1 iy A
<O APV g +C D [V AV Ay,
=0 =1

It then follows from (4.10), (5.11) and (5.13) that

afm —m
5V gog:\v Agpl, < C.

Then Claim 5.3 follows from (5.14) by integration.

(5.11)

(5.12)

(5.13)

(5.14)

O

Now we continue the proof of Theorem 5.1. We have that a continuous limit of
closed Gy structures ¢(Tp) exists, and in a fixed local coordinate chart U it satisfies

T
vijk(To) = pijk(t) +/ (Ap(s)p(8))ijrds.
t

(5.15)
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Let o = (a1, ..., a,) be any multi-index with |a| = m € N. By Claim 5.3 and (5.14),
we have that

om om

Hpa ik and o (Bep)ijk (5.16)
are uniformly bounded on U x [0, Tp). Then from (5.15) we have that g%cpijk (Tp) is
bounded on U and hence ¢(7p) is a smooth closed Ga structure. Moreover,

om om
‘W%jk(To) ~ g i) < C(To — 1), (5.17)

and thus ¢(t) — ¢(Tp) uniformly in any C™ norm as t — Tp, m > 2.

Now, Theorem 1.1 gives a solution ¢(¢) of the Laplacian flow (1.1) with ¢(0) =
©(Tp) for a short time 0 < ¢ < e. Since ¢(t) — ¢(1p) smoothly as t — Tp, this gives

that
N(t) _ @(t), 0§t<TOa
PUT Vot -Ty), To<t<To+e
is a solution of (1.1) with initial value (0) = ¢(0) for ¢ € [0,Ty + €), which is a
contradiction to the maximality of Tp. So we have
limsup A(t) = oo. (5.18)
t /Ty

We now prove (5.1) by replacing the limsup in (5.18) by lim. Suppose, for a
contradiction, that (5.1) does not hold. Then there exists a sequence ¢; /" Tp such that
A(t;) < Ky for some constant K. By the doubling time estimate in Proposition 4.1,

A(t) < 2A(t) < 2K, (5.19)

for all t € [t;, min{Tp,t; + %m}) Since t; — Ty, for sufficiently large ¢ we have
t; + %& > Ty. Therefore, for all 7 sufficiently large,

sup Az, t) < 2K, (5.20)
Mx[t;,To)

but we already showed above that this leads to a contradiction to the maximality
of Tp. This completes the proof of (5.1).

We conclude by proving the lower bound of the blow-up rate (5.2). Applying the
maximum principle to (4.8) we have

d
—A(t)* < CA®t)?
SA)? < OA®),
which implies that
d C
— AT > - 5.21
SADT 2 -2 (5.21)
We already proved that th% A(t) = 00, so we have
lim A(t)~! = 0. (5.22)

tHTO
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Integrating (5.21) from ¢ to t' € (¢,Tp) and passing to the limit ¢ — Tj, we obtain

2
MY 2 Em =y

This completes the proof of Theorem 5.1. O

Combining Theorem 5.1 and Proposition 4.1 gives us the following corollary on
the estimate of the minimal existence time.

COROLLARY 5.4. Let ¢q be a closed Gy structure on a compact manifold M7 with
Mgy (@) = (VT ()] + [Rm(2)]*)* < K

on M, for some constant K. Then the unique solution ¢(t) of the Laplacian flow
(1.1) starting from g exists at least for time t € [0, 5|, where C is a uniform
constant as in Proposition 4.1.

6 Uniqueness

In this section, we will use the ideas in [Kot10,Kot14] to prove Theorem 1.4: the
forwards and backwards uniqueness property of the Laplacian flow.

If o(t), ¢(t) are two smooth solutions to the flow (1.1) on a compact manifold
MT for t € [0,€],e > 0, there exists a constant K such that

sup (A(az,t) +7\(g;,t)) < Ko, (6.1)
M x[0,€]

adopting the obvious notation for quantities determined by ¢(t) and @(t). By the
Shi-type estimate (1.3), there is a constant K; depending on Ky such that

2 3
> (|VkRm|g(t> + |VkRm|§(t>) + (Wkﬂg(t) + \V’“Tb(t)) <K (62)
k=0 k=0

on M x [0, €]. The uniform curvature bounds from (6.2) imply that g(¢) and g(¢) are
uniformly equivalent on M x [0, €], so the norms | - |4 and | - |5¢) only differ by a
uniform constant on M X [0, €]. We deduce the following from (6.2).

LEMMA 6.1. The inverse §g~' of the metric §, VFRm for 0 < k < 2 and V*T for
0 < k < 3 are uniformly bounded with respect to g(t) on [0, €.

We will use this fact frequently in the following calculation. We continue to let
A x B denote some contraction of two tensors A, B using g(t). We also recall that if
©(s) = @(s) for some s € [0, €], then the induced metrics also satisfy g(s) = g(s).
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6.1 Forward uniqueness. We begin by showing forward uniqueness of the
flow as claimed in Theorem 1.4; namely, that if ¢(s) = @(s) for some s € [0, €] then
o(t) = ¢(t) for all t € [s,€]. The strategy to show this, inspired by [Kot14], is to
define an energy quantity £(t) b

e - [ <\¢<t>r§(t> RO Ry + [ABRy + UG,

V()R + 150 )@m)vozg(t), (6.3

and show that £(t) satisfies a differential inequality which implies that £(t) vanishes
identically if £(0) = 0 initially. Here in the definition (6.3) of £(t),
QSZQO—@, h:g_.g? AZV—j?
U=T-T7, V=VT-VT, S=Rm-—Rm.
In local coordinates, we have A,’fj = I‘k I‘U, Uij = Tij — TZ], Vi = Vil — %zfjk
and S..,!=R.! - R L

ijk ijk ijk
We begin by deriving inequalities for the derivatives of the quantities in the

integrand defining £(t).

LEMMA 6.2. We have the following inequalities:

%(b(t) . < CUV ()l + [A®)|ge); (6.4)
g(t
aath(t) o < C(S®)gey + 1RO)geey + U @)l g@r)); (6.5)
0
ZAW| < COAD) 0 + M)y
5 ()g(t) (A g + 1R(8)] gt
+ U@ gey + IV O)lgy + 1VSB) o)) (6.6)
V0] < COb + 1400 + 17Ol +150l
g(t
+ [VV()lg) + IV O)lgw); (6.7)
0 Vit AV (t div V(t
5V (1) —AV(t) —div ()g(t)
< C(IV(8)lge) + 1A®) gty + 1U ) lge) + 1S )l ge0)
+ W)l gy + [0(E) o) + [VSE) gy + [VV (1) lgn) (6.8)

where V given by V¢, = (g?Vy — gabﬁb)ﬁﬁjk satisfies

V(O)lgry < C1R(B)lgwy + 1AW g2
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and

0

=S(t) = AS(1) = divS()

q(t)
S C(IV®)lgwy + 1A gy + U D) gy + SO lgery + VV ()] gr))» (6.9)

~
where Saijkl = (g?V, — g“bvb)Rmijk satisfies

SOy < CURD o) + [AD)g0))-

In the above inequalities, V, A and div are the Levi—Civita connection, Laplacian
and divergence on M with respect to g(t) and C' denotes uniform constants depend-
ing on K, given in (6.2).

Proof. We have the following basic facts:
97 =37 = —g" ¢ ha, Vihje = Algu + A, Vig? = Aug? + Ag".
The above equations can be expressed schematically as

L—g7txh, Vh=Axg§ Vi'l=g'l«A (6.10)

g -39

We now calculate the evolution equations of ¢, h, A, U, S on M x [0, €.
From the Laplacian flow equation (1.1) and (2.17), we have

0 - .
aqb =App— Agp =dr —dT.
This satisfies the estimate

9]
¢

50| S CIVU®)lye) = CIVT = VT + (¥ = V)Tl

g(t)
S CIWV()lgw) + CLA® g T gy < CUV (E)lge) + 1AE) g(2))5

where we used the fact that \f|g(t) is bounded due to Lemma 6.1. We thus obtain
the inequality (6.4).
From the evolution equation (3.6) for the metric, we have in coordinates

B 9 o . o
g ik = —2( Rk — Rar) = g(’TE(t)gik — [T dik) — AT, Tjr — T, Tyy,)
=25 - gmg(t)hij - §(|T|g(t) —T154))9:
— A" Ty T — éjlﬁzfjk)- (6.11)
Since
T2 — T2 = TyThg™* 9" = T, Thg™* 3"
= (T + Tij)Ung™ g + T Tua (g™ + 5% (6" — 77
=(T+T)«U+T+T*(g ' +5 ") «h
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and
¢ TuTj, — gjlﬁlfjk = UyTjrg’ + Tz‘lUjkrgjl + (g7 - f]jl)fz‘zfjk
= (T+T)«U+T«Tx§ "*h,
we obtain from (6.11) that

) L2~ - - o
5= —25—g]T|§h—|—(T—|—T)*U*h+(T+T)*U*§+T*T*(g_1+g_1)*h, (6.12)

where S, = Sz’jkj' Then (6.5) follows from (6.12) and Lemma 6.1.
Recall that under the evolution (3.6) of g(t), the connection evolves by

0 1
@FZ’ = §gkl(vmjl + Vini — Vinij),

where schematically
2
n = —2Ric — §|T|gg — 2T« T.

Thus, the tensor Afj = I‘fj — ffj satisfies

;Azgl*ﬁ <J§E+;|ﬂ§§+f*f> —g 'V <Ric+;]T|§g+T*T>
=G =g Y« VRm+ (V—V)«Rm+g '« V(Rm — Rm)
+ (G g )Y« T« VT xG '+ (VT =VT)«T g "
+VT*(T—T)*x§g ' +VT*Tx (G —g7)
:g_l*h*%%—i—A*%—kg_l*VS—G—g_l*h*f*%Tv*g_l
+VsTxg  + VT UG '+ VT «Txg " *h, (6.13)
which gives (6.6).
From the evolution equation (3.13) of 7', we have

0 0 0 ~
al = al ~al

= AxVT +VV + 8% (T +T 1) + U+ (Rm + Rm * 1))
+Rm*T*(1ﬂ—¢)+V*T*¢+VT*U*¢
+ VT «Tx¢p+Ux(T+«T+T«T+TxT).

Noting that
[ =¥ < Clo — | = Cld],

we see that (6.7) follows from the evolution equation for U.
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We next compute the evolution of V' using (4.2). We start by seeing that
A(VT) — A(VT) = Vag®Vi(VT) — Vag®Vy(VT)
= Vg™ Vy(VT = VT) + Va(g*"V — §°°Vi)(VT)
+ (Va = Va) (3 Vi(VT))
= AV + Vo (¢®V,VT — g%V, VT) + A x V2T.
The second terms from (4.2) give schematically that
VRm (T +T ) — VRmx (T + T % 1))
=VRm*(U+Ux*0+Tx*p—))+ (VRm —VRm)« (T +T
=VRm* (U+U*)+Txh—1))+ (Ax Rm+VS) (T
Similarly, the third and fourth terms from (4.2) yield
VT*(Rm—i—Rm*z/;)—%f*(ﬁTn—i—%*z/;)
=VT % (5+ S+ Rm* () — )+ V % (Rm + Rm % 1))
and
Rm*T*T*gp—%*Ty*Tv*gb
—Rm+«T+«Tx¢+Rm+Ux(T+T)xp+S«T*T xp.
We now observe that
A AYEY AT §ab€a%ifjk = gV Vi, + gabvb%ifjk - gab%b%ifjk
and, by virtue of (6.10), the last term is given schematically as
Ve = ¢V Vil — 4V Vil = (7« hx VT + AxVT)' . (6.14)
Hence, the fifth terms in (4.2) give
V2T« T s — V2T T * 3
=V T« Tx+ V2T U@+ (VT —V2T) T % @
=V2T«Txp+ VT U@+ (VV +h*x VT + AxVT) «T .
The sixth terms in (4.2) yield
VT «VT %o —NVT«NT @ =V (VT +VT)x@+ VT« VT % §.
For the remaining terms in (4.2) we observe that

VT*T*T—%f*f*f:V*f*f—l—VT*(T—I—T)*U.
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Altogether, we find the evolution equation for V:

0 0 0 =~

= AV + Vo (¢™Vi,VT — GV, VT) + A« VT
+(A*Rm+VS) s (T+T )+ VRm* (U+Uxp+T * () — 1))
+ Vs (Rm~+ Rm* ) + VT (S + S*+ Rmx () — 1))
+S*f2*@—|—Rm*U*(T—#—f)*@-ﬁ-Rm*Tz*QZ)
+ (AxVT+h+« V2T +VV)x T+ V2T« UG+ V2T xT
+ Vs (VT +VT) %@+ VT« VT x ¢+ V % (T? + T2 %))
+ VT «T? % () — ) + VT % (T +T) % (U 4+ U = 1).

We thus obtain (6.8) as claimed.
Finally, we compute the evolution of S using the evolution (3.18) for Rm:

0 0 0 —

= AS + Vo (¢®VyRm — §VyRm) + A« VRm + S * (Rm + Rm)
+S*T2—|—E77/”L*U*(T—i—f)—l—(A*%T—l—VV)*f
+ V2T« U+ V = (VT + VT),

where we used

—_—— l ~  —— l — — a4
S%ik = g""VeRmyy, — §*°VyRmy, = (5"« h* VRm + Ax Rm) ijkl. (6.15)

We thus obtain (6.9) as required. 0

We now use Lemma 6.2 to obtain a differential inequality for £(t).
LEMMA 6.3. The quantity £(t) defined by (6.3) satisfies

9ty < o)

where C' is a uniform constant depending only on Ky given in (6.1).

Proof. Under the curvature and torsion bounds (6.2), the evolution equations of the
metric (3.6) and volume form (3.8) imply

0

0 <. (6.16)

g(t)

0
< C, ‘ —volg(t)
o) ot



208 J. D. LOTAY AND Y. WEI GAFA

For any tensor P(t) we therefore have

/ IP(8) 2 4y voly /M %g(t)(P(t),P(t)) +2<P(t),§tP(t)>volg(t)

We also observe that, by integration by parts, we have

/ (P(t), AP(t)yvol ) = — / IV P(1)2 ol
M M

and, if P(t) is another tensor,

/ (P(t), div P(t))volyy = — / (VP(t), P(t))volyy.
M

M

Using Lemma 6.2, including the estimates for V and S, we may calculate:

d

g0 =cew+c [ (160 + WOk + 140k,

IO + VOB + IS0 oo
! /M(|VS(t)]2 LYV ool
+0 [ [FVOIROL+ A1 1001+ VO] IS0l

+ C/M IVS@I([R@)] + [AD] + [V (E) Jvolge)-

The second term is clearly bounded by CE(t). Now we use the negative third integral
in the inequality to crucially cancel the terms involving VV and VS arising from
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the fourth and fifth integrals via Young’s inequality. Concretely, for any ¢ > 0, we
have

2(VV L@+ [AB] + U@ + [V O]+ 1S@)])
g(lh(lt)!2 +HADP + UG+ [VOP +IS@P) + e VV (@)%
2[VSOI(h@)] + [A@)]+ [V (5)])
(IROP +ABF + [V(O) + VS ®),

<

m\(‘.o

so by choosing e sufficiently we obtain
d
dt

as claimed. O

£(t) < CE(1) —/ (VS0 + [VV(8)2)voly < CEH)
M

The forward uniqueness property in Theorem 1.4 now follows immediately from
Lemma 6.3. If ¢(s) = ¢(s) for some s € [0, €], then £(s) = 0. Thus for ¢ € [s, €], we
can integrate the differential inequality in Lemma 6.3 to obtain

E(t) < eCU9)g(s) =0,
which implies that ¢(t) = ¢(t) for all ¢ € [s, €] as required.

6.2 Backward uniqueness. To complete the proof of Theorem 1.4, we need
to show backward uniqueness of the flow; i.e. if p(s) = §(s) for some s € [0, €], then
o(t) = ¢(t) for all ¢ € [0, s]. To this end, we apply a general backward uniqueness
theorem [Kot10, Theorem 3.1] for time-dependent sections of vector bundles satis-
fying certain differential inequalities. Since we only consider compact manifolds, we
state [Kot10, Theorem 3.1] here for this setting.

Theorem 6.4. Let M be a compact manifold and g(t),t € [0,€] be a family of
smooth Riemannian metrics on M with Levi-Civita connection V =V gy. Assume
that there exists a positive constant C' such that
9 ? 9
—gl(t <0, |4g Mt
5:9(1) S A0

2 2

g(t) g(t) g(t) g(t)

and that the Ricci curvature of the metric g(t) is bounded below by a uniform
constant, i.e. Ric(g(t)) > —Kg(t) for some K > 0. Let X and ) be finite direct
sums of the bundles TF(M), and X(t) € C®(X), Y(t) € C®(Y), for t € [0,€, be
smooth families of sections satisfying

el

+ |7

59 ®

2

0
= =Dy | X0 < OLXO) 0 + VXD 0 + YO 50 ) (6.17)
ot g(t)
o 2
5iY0| <[00 + VX0 + 1Yl ) 619
g(t
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for some constant C > 0, where A ;) X(t) = g”(t ) ;V;X(t) is the Laplacian with
respect to g(t) acting on tensors. Then X(e = 0, Y(e) = 0 implies X(t) = 0,
Y(t) =0 on M for allt € [0, €.

Suppose ¢(s) = @(s) for some s € [0, €]. For our purpose, we let

X =Ut)® V() e W) St) Q) (6.19)
Y(t) = 6(t) @ h(t) ® A(t) & B(t), (6.20)

where ¢, h, A,U,V, S are defined as in Sect. 6.1 and

B=VA, W=V2T-V2T, Q=VRm-VEmn.
Then
X(t) € To(M) & To(M) & Ty(M) & THM) & TH(M),
Y (1) € T3(M) © To(M) & Ty (M) @ T3 (M).
To be able to apply Theorem 6.4, we need to show that X(¢), Y(¢) defined in (6.19)—

(6.20) satisfy the system of differential inequalities (6.17)—(6.18).
We begin with the following.

LEMMA 6.5. The quantities ¢, h, A,U,V, S, B, W, Q defined above are uniformly bo-
unded with respect to g(t) on M x [0, €].

Proof. At the beginning of this section, we argued that the metrics g(¢) and g(t)
are uniformly equivalent on M x [0,¢]. We immediately deduce that |h(t)|s) =
l9(t) — g(t)|g4() is bounded. From (6.2) and the uniform equivalence of g(t) and g(¢),
we further have

Vi = VT = Vg, |Slgey = |Rm — Rmly,
Wle) = IV?T = V2T|yy,  |Qlyry = IVRm — VRm|

are bounded on M x [0,€]. Recall |T|2 = —R, where R is the scalar curvature of g.

Thus we also have that |Ulyq) = [T — T|g(t) is bounded on M x |0, €].
Since p(s) = @(s) for some s € [0, €], we have

6(D)lg) = lo(t) — @)ty
< ’()0 (,0(8)’9 (t) + ‘95(3) - @(t)‘g(t)
—p(u)du —@(u)du
g(t) 9(t)
<C/WA ()l g(ay + 1809 P00 50y |-

Since ¢(t) and §(t) are uniformly equivalent on M x [0, €], we know that

1A ) 2(1)(u) < ClAw) ()| g(u)-



GAFA LAPLACIAN FLOW FOR CLOSED G2 STRUCTURES 211
Hence, by virtue of (2.14) and (2.18), we have
1A o) P (W) g(uy + 1Ap) P (W) |g(u)
< C(TW)lg() + IVT(W)lge) + [T (W)|ge) + VT (w)lgw))-

Therefore, by (6.2) and the fact that s,t € [0,€], there is a uniform constant C
depending on K7 such that

[p()]g() < Ce.

Finally, we show A, B are bounded on M x [0, €. Since A(s) = 0, we have

[A®)|g(r) = [AE) = Als)lg(e)

/t N9 4w
/ts

<C
- ou
1 . |
-9 V(ch+3T|gg+T*T>

du
g(u)

<C

~ (— 1 ~ ~  ~
i 'v (Ric+ gmgg + T * T)

du
g(u)

In (6.13) we showed that
1 oo (m Y2 a1 o Lo
g *V ch+3|T!§g+T*T g *xV ch+3|T|gg—|—T*T
= (G =g Y« VRm+ (V—=V)*Rm+g "+ V(Rm— Rm)
+ @ g )T« VT x g L+ (VT = VT)« T+ g
AT« (T=T)x§g ' +VT«Tx(G ' —g ).

Thus, by the uniform equivalence of g(¢) and g(¢) and (6.2), we have a uniform
constant C' depending on K; such that

|A(t)|g(t) S 06.
Similarly, we can bound B = VA on M x [0, €]. 0

We derived the evolution equations of ¢, h, A,U,V,S in Sect. 6.1, so now we
compute the evolutions of B, W, Q).

LEMMA 6.6. We have the following estimates on the evolution of B, W, Q:

a 2

EB(t)

=€ (IR By + 14D + 1BO + VR
g(t

HUB) Ry + VU + WV R +IVOE,) s (621)



212 J. D. LOTAY AND Y. WEI GAFA

2

9 2 2 2 2
'atm )-aw) (1AW + 1B + 1R, + VRO,

+1o(20 + U@ 2w + VO
IS0 + WO + VW) ): (6.22)

0 i 2 2

50 - 200 < (1AM + IBOR + 1RO + 1S0)
U@ + VO + WO + VW0 ).

(6.23)
Proof. Since A, as a difference of connections, is a tensor, (4.1) gives
g, 0 9 8

Since ¢ is uniformly bounded and VRm, T and VT are umformly bounded in light
of (6.2), we immediately deduce from the evolution equation (3.6) for ¢ that

0
|A(t) * Vag(t)’g(t) < ClA®) g

For the first term we observe from (6.10) that Vh and V§—! are bounded by C|A|
as well since § and §~! are uniformly bounded by the uniform equivalence of § and
g and Lemma 6.1. Using these observations together with the uniform boundedness
of derivatives of Rm, Rm, T, T by (6.2), Lemma 6.1 and the boundedness of A by
Lemma 6.5, we may apply V to the evolution equation (6.13) for A to deduce that

0
V24Dl < CURM g0 + [ADgge) + BOlg(o) + VS0l
+V(®)lgy + 1YV )lg) + U D) g0 + VU )] g0))-
(Note that there is no V.S term since Vg = 0.) We then observe that
V2S(1)2) = [V2(Rm(t) — Rm(1))]%,
= [V(VRm(t) = VRm(t)) + (V(V = V) Rm(t)|%
< C (IVQU)E + 1AWy + BOEy)

Hence,
2

0

aB(w

< C () + A® 2 + [BOZ, + VS0

g(t)
2 2 2 2
HUD[) + VU@ R + VO + IVV (O )

< O (I + 1A + BOR, + IV

HUM[ + VUG + V()2 + [TV (0
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This gives the inequality (6.21).
The inequalities (6.22) and (6.23) follow from similar calculations using (4.12)
and (4.14). 0

Recall the elementary inequality

9 2
<2| GV - AVE) - avvie) 2l Vol
(®)

g(t)

0

SVt = AV (D)

g

By taking the divergence of (6.14) and using the uniform boundedness of g~ !, deriva-
tives of T" and A by Lemmas 6.1 and 6.5, we have

[ divV(8)lgr) < C1R(E)] gy + 1AW gty + [B(E)]g(t))-
We deduce from these observations and the evolution equation (6.8) for V' that

0

2
&Vw—AV@‘

o = CLIAOG + 1BOI + 5@ +17SOF

)20 + 10050 + U1) f,(t)+IV(t)IE(t)JrIVV(t)If,(t));
(6.24)

We now observe that by taking the divergence of (6.15) we have an estimate for
div S:

[ divS(©)lgy < CURD) o) + [AWD) gty + 1BB)lg))-

Hence, using the evolution equation (6.9) for S together with the above estimate,
we have:

0

2
550 = AS0)| < C(IAW G + B + SO + Ol

+ U@ + VO + TV O ). (6.25)

Recall the definition of X(¢) and Y (t) in (6.19). We see from Lemma 6.6, (6.24)
and (6.25) we have estimates of the form

for P=V,W, S, Q. Moreover, we have from Lemma 6.2 that

2

Ol

P(t) = AP()| < CX(®)2, + VXD + Y (1))

g(t)

o 2

EU(t)

o < C(IX B30 + VXD + Y02 0),
g(t
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and we also observe that

AU ()2 = [AT () = T(1))] 5
<[V = TO) 0
= [V(VT(t) = V() + (V(V = V)T(®)[2
< C(VV g +IAB G + BO0).

Hence, X(¢) satisfies (6.17) in Theorem 6.4. Similarly, from Lemma 6.2 and Lem-
ma 6.6, we have estimates of the form

CUXD2 0 + VX)L + Y (1))

for P = ¢, h, A, B. Thus, Y(t) satisfies (6.18) in Theorem 6.4.

Overall, since M is compact and we have the estimates (6.2), we have demon-
strated that all of the conditions in Theorem 6.4 are satisfied.

Hence, if p(s) = §(s) at some time s € [0, €], then X(s) = Y (s) = 0 and thus, by
Theorem 6.4, X(t) =Y (t) =0 for all ¢t € [0, s]. This in turn implies ¢(t) = ¢(t) for
all ¢t € [0, s], which is the claimed backward uniqueness property in Theorem 1.4.

6.3 Applications.  We finish this section with two applications of Theorem 1.4;
specifically, to the isotropy subgroup of the Gy structure under the flow, and to
solitons.

Let M be a 7-manifold and let D be the group of diffeomorphisms of M isotopic
to the identity. For a Go structure ¢ on M, we let I, denote the subgroup of D
fixing ¢. We now study the behaviour of I, under the Laplacian flow.

COROLLARY 6.7. Let ¢(t) be a solution to the Laplacian flow (1.1) on a compact
manifold M for t € [0,¢]. Then I,y = I, for all t € [0, ¢].

Proof. Let W € I,y and ¢(t) = W*p(t). Then $H(t) is closed for all ¢ and

;@(t) = (;w(ﬂ) = U (Aue(t) = Agepuy ¥ o(t) = Agpo(t),

so ¢(t) is also a solution to the flow (1.1). Since ¢(0) = ¥*p(0) = ¢(0) as ¥ € I,
the forward uniqueness in Theorem 1.4 implies that ¢(t) = ¢(t) for all ¢ € [0, ¢€].
Thus, ¥ € I, for all ¢ € [0, ¢].

Similarly, using the backward uniqueness in Theorem 1.4, we can show if s €
[0,¢] and W € I, then ¥ € I ) for all t € [0,s]. Therefore, for all ¢ € [0, €],
ISO(O) C Igo(t) C I@(O)v which means Igo(t) = Icp(O)' g

Irreducible compact Gg manifolds (M, ) cannot have continuous symmetries and
so I, is trivial. Since the symmetry group I, is not expected to become smaller
at an infinite time limit, Corollary 6.7 suggests an immediate test on a closed Go
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structure ¢ to determine when the Laplacian flow starting at ¢g can converge to
an irreducible torsion-free Go structure.

We can also use Theorem 1.4 in a straightforward way to deduce the following
result, which says that any Laplacian flow satisfying the Laplacian soliton equation
at some time must in fact be a Laplacian soliton.

COROLLARY 6.8. Suppose ¢(t) is a solution to the Laplacian flow (1.1) on a compact
manifold M for t € [0,€]. If for some time s € [0,¢€], ¢(s) satisfies the Laplacian
soliton equation (1.8) for some A € R and vector field X on M, then there exists
a family of diffeomorphisms ¢; and a scaling factor p(t) with ¢5 = id and p(s) = 1
such that ¢(t) = p(t)o;p(s) on M x [0, €].

7 Compactness

In this section, we prove a Cheeger—Gromov-type compactness theorem for solutions
to the Laplacian flow for closed Gg structures.

7.1 Compactness for Gg structures. We begin by proving a compactness
theorem for the space of Gy structures.
Let M; be a sequence of 7-manifolds and let p; € M; for each 7. Suppose that
p; is a Gg structure on M; for each i such that the associated metrics g; on M; are
complete. Let M be a 7-manifold with p € M and let ¢ be a Go structure on M.
We say that
(Mi, i, pi) = (M, p,p) asi— o0

if there exists a sequence of compact subsets Q; C M exhausting M with p € int(£2;)
for each i, a sequence of diffeomorphisms F; : Q; — F;(;) C M; with F;(p) = p;
such that

Fioi—¢ asi— o0,
in the sense that F*¢; — ¢ and its covariant derivatives of all orders (with respect

to any fixed metric) converge uniformly to zero on every compact subset of M.
We may thus give our compactness theorem for Gg structures.

Theorem 7.1. Let M; be a sequence of smooth 7T-manifolds and for each i we let
p; € M; and ¢; be a Go structure on M; such that the metric g; on M; induced by
; is complete on M;. Suppose that

sup sup (]VSHTZ(QT)]?J + ]V]gingi(x)\Zi> P < o0 (7.1)
i xEM;
for all k > 0 and
1

where T;, Rmy, are the torsion and curvature tensor of ¢; and g; respectively, and
inj(M;, gi, pi) denotes the injectivity radius of (M, g;) at p;.
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Then there exists a T-manifold M, a Go structure ¢ on M and a point p € M
such that, after passing to a subsequence, we have

(M, 0i,pi) — (M, @,p) asi— oo.

Proof. In the proof we always use the convention that, after taking a subsequence,
we will continue to use the index 1.

By the Cheeger-Gromov compactness theorem [Ham95, Theorem 2.3] for com-
plete pointed Riemannian manifolds, there exists a complete Riemannian 7-manifold
(M, g) and p € M such that, after passing to a subsequence,

(Mugupl) - (Mag7p) as i — 00. (72)

The convergence in (7.2) means that, as above, there exist nested compact sets
Q; C M exhausting M with p € int(€;) for all i and diffeomorphisms F; : Q; —
F;(Q;) € M; with F;(p) = p; such that F*g; — g smoothly as ¢ — oo on any compact
subset of M.

Fix 7 sufficiently large. For j > 0 we have Q; C €;; and a diffeomorphism
Fiyj: Qitj — Figj(Qi45) C M;yj. We can then define a restricted diffeomorphism

Fij = Fiyjla, + Qi — Fij(Q) C Miy;  for all j > 0.

The convergence (7.2) implies that the sequence {g; j; = F9i+; }]9‘;0 of Riemannian
metrics on ); converges to g; . = g on §; as j — oo.

Let V, V,, , be the Levi-Civita connections of g, g;; on ); respectively. As
before, let h = g — g; j and A=V — V. be the difference of the metrics and their
connections, respectively. It is straightforward to see locally that

1
i = 5(91)" (Vahoa + Vohaa = Vaha)

Since g;; — g smoothly on €; as j — o0, g;; and g are equivalent for sufficiently
large 7, and |V*h|, tends to zero as j — oo for all k > 0. Hence, A is uniformly
bounded with respect to g for all large j. Moreover,

k

1 _
VO Az = 5 3 VEID (g ) (VOVahoa + VOVihas = VO Vaha
=1
1

k
=3 Z glkt1=0 (ged _ (95.5)°) (V(”Vahbd 4+ VOV, by — V(Z)thab) ‘
=1

Thus there exist constants ¢, for k > 0 such that |VkA|g < ¢ for all j > 0.

Using each diffeomorphism Fj j, we can define a Go structure ¢; ; = ﬂfjcpiﬂ on
2; by pulling back the Go structure ¢;4; on M;;. We next estimate ]ngoi’ﬂg. First,
since g and g; ;) are all equivalent for large j, |¢ijlg < colpijlg,, < Teo = o for

some constants ¢y, ¢g. We next observe trivially that

VSOZ'J = Vgi,j Pi,j + (V - vgi,j)spi,j7
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so, since A is uniformly bounded, there is a constant ¢; such that

IVeoiilg < colVg,,0ijle.; + ClAlglpijlg < 1

Similarly, we have
V3pij=V5 @i+ (V =V )V i
+ (V(V - ng,j))%',j + (V - vgi,j)vwi,j7
and so, since A, VA are uniformly bounded, there is a constant ¢; such that
|v290i,j|g < C|Vg2;7:,_7 Pijlg.; T C|A|g|vgi,j‘ﬂi,j|g
+ CIVA|g|<Pi,j|g + C|A|g|v%‘,j|g < Co.

For k > 2, we have the estimate

k k—1
VE@ijlg < CY AL IV Do il + CY [V AL VET g, .
=0 =1

By an inductive argument, using the estimate |[V*A|, < ¢ and the assumption (7.1),
we can show the existence of constants ¢; for £ > 0 such |ng0i,j|g < ¢ on € for all
k> 0.

The Arzela—Ascoli theorem (see, e.g. [AH11, Corollary 9.14]) now implies that
there exists a 3-form ¢; o and a subsequence of ; ; in j, which we still denote by
©i j, that converges to ¢; o smoothly on €2;, i.e.

IV*(pij — @ico)ly = 0 asj— oo (7.3)

uniformly on ; for all £ > 0.
Since each ;; is a Gg structure on €); with associated metric g; ;, the 7-form
valued bilinear form

1
By, (u,v) = g(uwz‘,j) A (Va5 5) N 05 j

is positive definite for each j and satisfies
gi.j(u,v)volg, . = By, (u,v), (7.4)
where u, v are any vector fields on Q; C M. Letting j — oo in (7.4) gives
i o0 (U, v)vOly, . = By, (u,0). (7.5)

Since the Cheeger-Gromov compactness theorem guarantees the limit metric g; oo =
g is a Riemannian metric on €;, (7.5) implies that ¢; ~ is a positive 3-form and hence
defines a Gy structure on €); with associated metric g; o = g.

We now denote the inclusion map of 2; into Q for k > i by

Iik : Qi — Qk, for k > i.
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For each €2, we can argue as before to define gi ;, ¢ ; which converge to g oo, ©k,00
respectively as j — oo, after taking a subsequence. By definition,

Lixgrg = 915 and Lior; = @ij.
Since I, is independent of j, by taking j — oo here we find that
LkGkoo = Gioo  and  Ljpr oo = Pico- (7.6)

From (7.6), we see that there exists a 3-form ¢ on M, which is a Gg structure with
associated metric g, such that

I’ g = Gico, 17 = picos (7.7)

where I; : Q; — M is the inclusion map.
Finally, we show that (M;, i, p;) converges to (M, ¢, p). For any compact subset
Q) C M, there exists igp such that € is contained in ; for all ¢ > ip. Fixing ¢ such
that Q C ;, on Q we have by (7.3) that
VEE @1 = @)lg = IV (Fjpivs = )lg, where L =i+,
= |Vk((,0i,j — goi,oo)|g — 0 as | — oo

for all k£ > 0, as required. O

7.2 Compactness for the Laplacian flow. Now we can prove Theorem 1.5,
the compactness theorem for the Laplacian flow for closed Gg structures, which we
restate here for convenience.

Theorem 7.2. Let M; be a sequence of compact 7-manifolds and let p; € M; for
each i. Suppose that ¢;(t) is a sequence of solutions to the Laplacian flow (1.1) for
closed Gg structures on M; with the associated metric g;(t) on M; for t € (a,b),
where —oo < a < 0 < b < co. Suppose further that

swp sup (VT + Rmy @) <00 (79
1 xeM,; te(a,b)

where T; and Rmyg, ) denote the torsion and curvature tensors determined by ;(t)
respectively, and the injectivity radius of (M;, g;(0)) at p; satisfies

inf inj(M;, gi(0), p;) > 0. (7.9)

There exists a T-manifold M, p € M and a solution ¢(t) of the flow (1.1) on M
for t € (a,b) such that, after passing to a subsequence, we have

(M, i(t),pi) — (M, p(t),p) asi— 0.

The proof is an adaptation of Hamilton’s argument in the Ricci flow case [Ham95].
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Proof. By a usual diagonalization argument, without loss of generality, we can as-
sume a, b are finite. From the Shi-type estimates in Sect. 4 and (7.8), we have

]V’g“i(t)Rmi(x,tNgi(t) + ’vlgﬂjztl)ﬂ(l‘,tﬂg’(t) < Ck (7.10)

Assumption (7.9) allows us to apply Theorem 7.1 to extract a subsequence of
(M;, ¢i(0),p;) which converges to a complete limit (M, P (0),p) in the sense de-
scribed above. Using the notation of Theorem 7.1, we have

Fi(0) = ¢o0(0)

smoothly on any compact subset 2 C M as i — oo. Since each ¢;(0) is closed, we
see that dp.o(0) = 0.

Let ¢i(t) = Fl¢;(t). Fix a compact subset Q x [¢,d] C M x (a,b), and let i
be sufficiently large that Q C ;, in the notation of Theorem 7.1. Then ¢;(t) is a
sequence of solutions of the Laplacian flow on @ C M defined for ¢ € [c,d], with
associated metrics g;(t) = F;g;(t). By Claims 5.2 and 5.3, we may deduce from
(7.10) that there exist constants Cf, independent of 4, such that

sup(1V5 03 (0)l5.0) + 195, 0Dl ) < Cr. (7.11)
Qx[e,d]

Recall that ¢;(0) and §;(0) converge to ¢oo(0) and §oo(0) uniformly, with all their
covariant derivatives, on ). By a similar argument to the proof of Theorem 7.1, we
can show from (7.11) that there are constants Cj, such that

sup (IVE_(0)3i(®)g0) + IVE_ (0)ZiDl0)) < Cis (7.12)
Qx[c,d]

for sufficiently large ¢, which in turn gives us constants C~’k7l such that

+ 57 Ve 0 Pi(t)

) < Chy, (7.13)
Goo (0)

g

o .
since the time derivatives can be written in terms of spatial derivatives via the
Laplacian flow evolution equations. It follows from the Arzela—Ascoli theorem that
there exists a subsequence of @;(t) which converges smoothly on 2 x [c,d]. A diag-
onalization argument then produces a subsequence that converges smoothly on any
compact subset of M x (a,b) to a solution @ (t) of the Laplacian flow. 0

As in Ricci flow, we would want to use our compactness theorem for the Laplacian
flow to analyse singularities of the flow as follows.

Let M be a compact 7-manifold and let ¢(t) be a solution of the Laplacian flow
(1.1) on a maximal time interval [0, T) with T < co. Theorem 1.3 implies that A(t)
given in (1.4) satisfies lim A(t) = oo as t,Tp. Choose a sequence of points (z, ;)
such that t; Ty and

1

Az, t;) = sup VT (z, )%, + |Rm(z,t)? 5,
@ot) = _sw (VTG 1) +Rm(w 0l
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where T' and Rm are the torsion and curvature tensor as usual.
We consider a sequence of parabolic dilations of the Laplacian flow

0i(t) = Mg, ti) 2 o(t; + Azi, ;) 't) (7.14)

and define
A%‘ (CL‘, t) = (|vgz(t)n(x’ t)’?]z(t) + |le(x’ t)|§7(t)) 2 (715)

From the basic conformal property for 3-forms we have
(,Z) = )\(p = A@(f) = )\gAw(p.

Thus, for each i, (M, p;(t)) is a solution of the Laplacian flow (1.1) on the time
interval

te [—tiA(l'i, ti), (To — ti)A(xi, tl))

satisfying Ay, (x;,0) = 1 and

sup [Ag, (z,t)] <1 fort <0.
M

Since supy, |Ay, (z,0)| = 1, by the doubling-time estimate (Proposition 4.1) and
Corollary 5.4, there exists a uniform b > 0 such that

sup |Ay, (z,t)] <2 fort <b.
M

Therefore, we obtain a sequence of solutions (M, ¢;(t)) to the Laplacian flow defined
on (a,b) for some a < 0, with

supsup |Ay, (z,t)| < oo  for t € (a,b).
i M

If we can establish the injectivity radius estimate
inf inj(M, gi(0), ;) > 0,
which is equivalent to
iIilf ing (M, g(t;), ;) > cA(zi, ;)7L

we can apply our compactness theorem (Theorem 1.5) and extract a subsequence
of (M, pi(t),z;) which converges to a limit flow (Moo, Yoo(t), Zoo). Such a blow-up
of the flow at the singularity will provide an invaluable tool for further study of the
Laplacian flow.
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8 Long time Existence I1

Theorem 1.3 states that the Riemann curvature or the derivative of the torsion
tensor must blow-up at a finite singular time of the Laplacian flow. However, based
on Joyce’s existence result for torsion-free Go structures [Joy96], we would hope to
be able to characterise the finite-time singularities of the flow via the blow-up of the
torsion tensor itself.

In this section we will show that, under an additional continuity assumption
on the metrics along the flow, that the Laplacian flow will exist as long as the
torsion tensor remains bounded. From this result, stated below, our improvement
Theorem 1.6 of Theorem 1.3 follows as a corollary.

Theorem 8.1. Let M7 be a compact manifold and ¢(t) for t € [0,T,), where
Ty < o0, be a solution to the Laplacian flow (1.1) for closed Gg structures with
associated metric g(t) for each t. If g(t) is uniformly continuous and the torsion
tensor T'(x,t) of p(t) satisfies

sup |T'(z,1)]4) < 00, (8.1)
MX[O,T())

then the solution ¢(t) can be extended past time Tj.

Here we say ¢(t) is uniformly continuous if for any € > 0 there exists 6 > 0 such
that for any 0 < tg <t < Ty with t — tg < ¢ we have

9(t) — 9(to)lg(to) < €
which implies that, as symmetric 2-tensors, we have
(1 —=e)g(to) < g(t) < (14 €)g(to)- (82)
Before we prove Theorem 8.1, we deduce Theorem 1.6 from Theorem 8.1.

Proof of Theorem 1.6 (assuming Theorem 8.1). We recall that, for closed Gy struc-
tures o,

A@SO = Z@(h)v

where h is a symmetric 2-tensor satisfying, in local coordinates,
1
hij = =V Tni0jmn — §|T’29ij — TuTy;
by (3.3). Moreover, (3.8) shows that the trace of h is equal to
ij 22
trg(h) = g7 hi; = §|T‘g‘
By [Kar09, Proposition 2.9],
|Apiply = lig(h)[5 = (trg(h))® + 2hFhi,.
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Thus, under the assumed bound (1.7) on A, ¢ (t) from Theorem 1.6,

sup |T'(z,t)|g¢4) < oo and sup |h(z, )]y < oo (8.3)
Mx[0,Ty) Mx[0,Ty)

Along the Laplacian flow (1.1), the metric g(¢) evolves by

ﬁg(w, t) = 2h(z,t),

ot
so it follows from (8.3) that g(¢) is uniformly continuous. Theorem 8.1 then implies
that the flow extends past time T as required. O

Now we give the proof of Theorem 8.1.

Proof of Theorem 8.1. We adapt the argument for an analogous result for Ricci flow
in [CLNOG6, §6.4]. (Note that Sesum’s original proof [Ses05] of the Ricci flow result
used Perelman’s noncollapsing theorem, but Lei Ni pointed out that the result can
be proved without the noncollapsing theorem.)

Assume, for a contradiction, that the conditions of Theorem 8.1 hold but the
solution ¢(t) of the flow cannot be extended pass the time Tj. By the long time
existence theorem (Theorem 1.3), there exists a sequence of points and times (z;, ¢;)
with ¢; /Ty such that

A(z;, ;) =  sup VT (2, t)2 + [Rm(z, )2 P
( ) wEM, te[0,t] (’ ( )|g(t) | ( )|g(t))

Then arguing as in Sect. 7.2, we can define ¢;(t) by (7.14) and obtain a sequence of
flows (M, @;(t), z;) defined on [~t;A(z;,t;),0]. Moreover, A, ) (z,t) given by (7.15)
satisfies

sup |Ag,(z,t)] <1 and [Ay,(2;,0)] =1,
M x [7tzA($L ,tl),O]

and the associated metric g;(t) of ¢;(t) is
9i(t) = Az, ti)g(ts + A, t:) '),

By assumption, g(t) is uniformly continuous. Let € € (0, %] and let 6 > 0 be given
by the definition of uniform continuity of g(¢) so that if tg = Ty — J then (8.2) holds
for all tg < t < Tp. Suppose i is sufficiently large that ¢; > ¢o. From (8.2), for any
x,y € M and t € [tg,Tp), we have

(1= €)2dyu) (2, y) < dyiy(@,) < (14 €)2dy,) (@, y)-

Therefore, if By (7, 7) denotes the geodesic ball of radius r centred at = with respect
to the metric g(t), we have

Bg(t) (x,r) D Bg(to) (x, (1 + 6)7%T‘> .
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Along the Laplacian flow, the volume form increases, so
Volg(t) (Bg(t) ((L‘, 7")) > VOlg(to)(Bg(to) (1‘, (1 -+ 6)757")

for any z € M, r > 0 and t € [ty, Tp). Then, for z € M and r < A(z;, ;)2 we have

Voly,0y(By.0) (@, 7)) = A(wi, 1) Vol gy (Byiu,y (, Al t:) "7 7))
> A(ml, ti)EVOZg(tO) (Bg(to)(xa (1 + 6)75/\(1‘1’, ti)757“))
>c(1+ e)’%ﬂ,

for some uniform positive constant c¢. Hence we have
VOZ!L‘, (0) (Bgl(()) (:E’ T)) > er’ (84)

for all z € M and r € [0, A(w;, 8;)2].
Note that by definition of Ay, in (7.15) that

’ng7(l‘,0>’ S sup ‘A%(xvt)’ S 1

on M. By the volume ratio bound (8.4) and [CLN06, Theorem 5.42], we have a
uniform injectivity radius estimate inj(M, g;(0),x;) > ¢ for some constant ¢ > 0.
We can thus apply our compactness theorem (Theorem 1.5) to obtain a subse-
quence of (M, ;(t),x;) converging to a limit (Muo, ¥oo(t), Too), t € (—00,0] with
Ay (20 0)] = L.

By the assumption (8.1) that 7' remains bounded and A(z;,t;) — oo as i — oo,
we have

|ﬂ(l‘7 t)‘g,(t) = A(xlv tl)il ’T(l‘) t; + A(xlu tz)ilt)|§(t7+A(x“t7)71t) — 0 (85)

as i — oo. Therefore, (M, poo(t)) has zero torsion for all ¢ € (—o0,0]. Thus
Ricy_ ) =0 for all t € (—00,0], where goo(t) denotes the metric defined by oo (t),
since torsion-free Go structures define Ricci-flat metrics.

We can then argue as in [Ses05] (see also [CLNO06, §6.4]) that g (0) has precisely
Euclidean volume growth; i.e. for all » > 0,

Vol (0)(By..(0)(Too: 7)) = Volg, (By.. (0,1))r".

Since a Ricci-flat complete manifold with this property must be isometric to Eu-
clidean space by the Bishop—Gromov relative volume comparison theorem,
Rm(goo(0)) = 0 on My,. This contradicts the fact that

’ngm(xwvoﬂ = |Agaoc (700,0)] = 1,

where in the first equality we used the fact that the torsion of (M, ¢oo(0)) vanishes.
We have our required contradiction, so the result follows. O
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9 Laplacian Solitons

In this section we study what are called soliton solutions of the Laplacian flow.
Given a 7-manifold M, a Laplacian soliton of the Laplacian flow (1.1) for closed
Go structures on M is a triple (¢, X, \) satisfying

App = Ap+ Lxo, (9.1)

where dp = 0, A € R and X is a vector field on M. We are interested in G structures
v satisfying (9.1) as they naturally give self-similar solutions to the Laplacian flow
(1.1).

Concretely, suppose the initial condition ¢( satisfies (9.1) for some X and A.
Define, for all ¢ such that 1 + %)\t > 0,

p(t) = <1 + §At> and X (t) = p(t) 5 X. (9.2)

N

Let ¢ be the family of diffeomorphism generated by the vector fields X (¢) such that
¢p is the identity. If we define

o(t) = p(t)e; po, (9-3)

which only changes by a scaling factor p(¢) and pullback by a diffeomorphism ¢, at
each time ¢, then

Qw(t) = p'(t) ¢} w0 + p(t) o5 (Lx)eo)

ot
()5 ¢ (Ao + Lxpo)
(£)3 65 (A, 00)
()5 (D pa®i90) = Dy o(t).

Hence, ¢(t) defined in (9.3) satisfies the Laplacian flow (1.1) with ¢(0) = ¢o.

Based on the formula (9.2) for the scaling factor p(t), we say a Laplacian soliton
(p, X, \) is expanding if A\ > 0; steady if A = 0; and shrinking if A < 0. For a closed
Go structure ¢ on M, we already showed in (2.20) that

p
p
P

1
Agp = zlrle +, (9-4)
where v € Q3. (M). Therefore, (9.1) is equivalent to
L 2
ST =A) e =7+ Lxe. (9.5)

From this equation we observe that if X = 0 then since v € 3, and ¢ € Q3 we must
have v = 0 and A = 1|7|%. We deduce the following, which is Proposition 1.7(a).
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ProrosiTION 9.1. A Laplacian soliton of the type A,p = Ap must have A > 0, and
A =0 if and only if ¢ is torsion-free.

We now give the proof of Proposition 1.7 (b), which we restate here.

PROPOSITION 9.2. The only compact Laplacian solitons of the type A, p = A are
when ¢ is torsion-free.

Proof. Let X =0 in (9.5), so

(3= 2) o= (9.6)

Since the left-hand side of (9.6) belongs to Q3 (M) while the right hand side of (9.6)
belongs to Q3-(M), we have
1
(31 =A) o =-1=0.

Thus A = 1|7|?, which means that
dr = Ay = %|7’|2g0.
We can deduce that
%d(T/\T/\T) =7TATAdT = %‘T|2T/\T/\g0
= —%|T|2T N kT = —%|7’|4 *p 1,

where in the third equality we used 7 A ¢ = — %, 7 as 7 € Q3,(M). Since M is
compact, integrating the above equality over M gives that

1 1
02/ d(T/\T/\T):—/ I7|* %, 1.
3Jum Y

Thus 7 = 0 and A = 0, which means that ¢ is torsion-free. O

We may call a vector field X such that Lxp = 0 a symmetry of the Go struc-
ture ¢. The following lemma shows that the symmetries of a closed Gg structure
correspond to certain Killing vector fields of the associated metric.

LEMMA 9.3. Let ¢ be a closed Ga structure on a compact manifold M with associ-
ated metric g and let X be a vector field on M. Then

Lxp = gip (Lxg) + 5 (& (X9)) 0, (9.7

where i, : S2T*M — A3T*M is the injective map given in (2.2). In particular,
any symmetry X of the closed Gy structure ¢ must be a Killing vector field of the
associated metric g and satisfy d*(X 1) =0 on M.
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Proof. Since ¢ is closed, we have
Lxp=d(Xp)+ Xadp = d(X ).

Denote 8 = X up. Then f3;; = X'¢y;; and

Lxp=df = (V ﬂjk V,Bik — Vkﬁji)d:l?i Adz? A dmk,

i.e., in index notation, we have
(Lx@)ijk = ViBjk — VB — ViBji.

We decompose Lx¢ into three parts

Lxp =7 (Lxp) +m2(Lxp) +mor(Lxp) = ap + W +iy(n),

GAFA

(9.8)

where 7F : QF(M) — QF (M) denotes the projection onto Q5 (M), a is a function, W
is a vector field and 7 is a trace-free symmetric 2-tensor on M. We now calculate a,

W and n, using a similar method to Sect. 2.2.
To calculate a:

1 1 y
?<EX<P7 ) = E(vzﬂjk — VB — ViBji) "
1 . 1 . 1 .
— CNT. A ATk — T xXT (R, sk _ T 3. 7. 0k
14vlﬂjk@ 14Vz(ﬁjk¢ ) 14 ﬂjkvzw

1 . 1
= 14V2‘(X1901jw”k) - 7Xl§0ljkme ik
3 1
7v X+ 28X kT I
3 1 3
= ZViXi + o X !t = © div(X),

where we used (2.3), ¢;57* = 0 and Timwmijk = 277% in (2.16) since 7 € Q2,(M)

for closed Go structures .
To calculate W, using the contraction identities (2.3)—(2.4),

((Lxp)), = (Lxp) i
= ap Py + Wb P50 + (io(1)) ¥y

= —24W, + (1™, 7% — 7™M, F — o Y

= —24W; + 120" oy = —24W,
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where the last equality follows since 7, is symmetric in i,m and @,,; is skew-
symmetric in i, m. Using (9.8), we have

1 N 1 .
W, = — ﬂ(ﬁX‘P)”k¢ijkl = g™V i

8

1 . ) 1 . )
=- ggmzvm(ﬁjk¢ijkl) + gﬁjkgmzvm?ﬁijkl

1 .
= — ggmzvm(XnSOnjkwijkl)

1 .
+ Eﬂjkgm(ﬂni@jkl — Tmj ikl — TmkWPjil — TmiPjki)

1 mi n 1 n, _ jk_mi 1 n, jk_mi
=39 V(X" i) — §X O 9" T ikl — EX 07 9" T ki

1.
= — §gmzvm(Xn90m'l)a

where in the above calculation we used (2.4), (2.5), (2.12), (2.16) and skew-symmetry
in the index of ;1. So

W= %(d*(XM))ﬁ.
If we define the Gg curl operator on vector fields by
curl(X) = (* (dX" A 1/)))Tj so curl(X); = ¢ VIXF, (9.9)
then in local coordinates

1 1_. 1 ;
Wi =—5g"" V(X" 0ni) = =5V X pna — §Xnvl¥’m'l

2 2
1 1 1
= 5 cewl(X)y — S X" " P = 5 curl(X)y + X" T,
i.e. the vector field W is
1 1
W = 3 (d"(X))* = J curl(X) + X T. (9.10)

Finally, to calculate 7:

(LxP)mnip; ™™ + (Lx)mnie; ™"
= a‘Pmmip]’mn + Wl@/}limn@jmn + i@(n)mm'@jm

+ apmnjp;"" + Wlwzjm"%mn +ip(Mmnje; ™"
= 12ag;; + 8n;j, (9.11)

n

where in the last equation we used the contraction identity (2.4) to obtain

W™ imn + W™ imn =AW (@1 + @ij) = 0
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and (2.5) on the terms involving 7. We can calculate the left hand side of (9.11) as
follows

(LxP)mnip;™" + (Lx)mnjp; ™"

= (VinBni = VuBmi — ViBam) ;™"
+ (Vmﬁnj = VinBmj — vjﬁnm)‘»@imn

= 2(Vimfnie;™ + VibBjei™) = ViBrmp;™ = Vi Bume; ™"

= 2V (X p1nip; ™) — 2X 01 T g™ + 2V (X pinjips ™)
— 2X" 01 T g™ = Vi(X im0, ™) + X' Gt T, 1y, ™
-V (Xl(%’lnm%mn) + Xl‘/Jlanjkwkimn

= 2div(X)gij — 2ViX; 4+ 2V (X 0y, ™) + 4X 01 T;"
+2div(X)gij — 2V X; + 2V (X 1py, ™) + 4X 0, T,
+ 6V, X — AX oy T, % + 6V X; — 4X oy T,

= 4div(X)gi; + 4(ViX; + V;X3),

where in the above calculation we again used the equations (2.3)—(2.5) and (2.16).
We deduce that

3 1. 1
mij = — 5a9ij + 5 div(X)gi; + 5 (ViX; + V;Xi)
1. 1
=z div(X)gi; + §<£Xg)z’j~

Then
. (1
Lxp=ap+Wup+is(n) =i, <3ag + 77) + W
1. Lo f
= §Z¢(ﬁxg) + §(d (XJQD)) UR

This proves the formula (9.7).
If X is a symmetry of the closed Go structure ¢, i.e. Lxp = 0, then

) 1
io (3Lx9) = ML) + (L) =0

and 3 (d*(X p))* 2 = m3(Lxy) = 0. This implies that Lxg = 0 and d*(X p) = 0,
since i, is an injective operator and Q3(M) = Q(M). 0

We can now derive the condition satisfied by the metric g induced by ¢ when
(p, X, A) is a Laplacian soliton, which we expect to have further use.
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PROPOSITION 9.4. Let (¢, X, \) be a Laplacian soliton as defined by (9.1). Then
the associated metric g of p satisfies, in local coordinates,

- Ryj — %\Tngj — 21Ty = %/\gij + %(ﬁXg)ij (9.12)
and the vector field X satisfies d*(X 1) = 0.
Proof. We know from Sect. 2.2 that for closed Gg structures ¢,
App = iy(h) € QF(M) @ Q37(M),

where h is a symmetric 2-tensor satisfying
, 1
hij = —RZCij — §|T|29ij — 2Tikaj'

Since A\p € Q3(M), from the Laplacian soliton equation (9.1) we know that
Lxp = d(Xp) € Q}(M) & Q3 (M).

Thus, from (9.7), we have
(1 X
Lxp =i, <2£Xg> and d*(X.p)=0. (9.13)

Substituting the first equation of (9.13) into the Laplacian soliton equation (9.1),
and noting that

. . 1
AcpSD = Zw(h)a Ap = 2% <3)\9> )
we get

. 1 1
iy (h — §Ag — 2£Xg> =0.

Since i, is injective, the above equation implies that
1
3
which is equivalent to (9.12). 0

1

Recall that Ricci solitons (g, X, \) are given by Ric = Ag + Lxg, so we see that
(9.12) can be viewed as a perturbation of the Ricci soliton equation using the torsion
tensor T'. We also re-iterate that the non-existence of compact Laplacian solitons of
the form (¢,0,)) is somewhat surprising given that we have many compact Ricci
solitons of the form (g, 0, \) since these correspond to Einstein metrics.

As an application of Proposition 9.4, we can give a short proof of the main result
in [Lin13].
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PROPOSITION 9.5. (a) There are no compact shrinking Laplacian solitons.
(b) The only compact steady Laplacian solitons are given by torsion-free Go struc-
tures.

Proof. Taking the trace of (9.12), we have
2 7
§|T|2 = 3A+ div(X). (9.14)

When the soliton is defined on a compact manifold M, integrating the above equation
gives

2
AVol,(M) = / T *vol, > 0.
Y
So A >0, and A =0 if and only if T = 0. O

REMARK 9.6. Observe that (9.14) immediately leads to the non-existence of non-
trivial steady or shrinking Laplacian solitons with div(X) = 0, thus strengthening
Proposition 9.1.

In Ricci flow, every compact Ricci soliton is a gradient Ricci soliton, meaning
that the vector field X in that case satisfies X = V f for some function f. This was
proved by Perelman using the W-functional and a logarithmic Sobolev inequality. In
the Laplacian flow the situation is quite different and there is currently no reason to
suspect that an analogous result to the Ricci flow will hold. In fact, we see from (9.9)—
(9.10) and Proposition 9.4 that if (¢, Vf, A) is a Laplacian soliton then V fJT = 0.
It is thus currently an interesting open question whether any non-trivial compact
Laplacian soliton is a gradient Laplacian soliton.

10 Concluding Remarks

The research in this paper motivates several natural questions that form objectives
for future study. We list some of these problems here.

(1) Show that torsion-free Gy structures are dynamically stable under the Lapla-
cian flow. This has been proved by the authors in [LW] using the theory devel-
oped in this article.

(2) Prove a noncollapsing result along the Laplacian flow for closed Gg structures
as in Perelman’s work [Per| on Ricci flow. This would mean, in particular, that
our compactness theory would give rise to well-defined blow-ups at finite-time
singularities, which would further allow us to relate singularities of the flow to
Laplacian solitons.

(3) Study the behavior of the torsion tensor near the finite singular time Tp of
the Laplacian flow. Since for closed Go structures ¢, we have A,p = dr,
Theorem 1.6 says that d7 will blow up when t 7T, along the Laplacian flow.
The question is whether the torsion tensor 7', or equivalently 7, will blow
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up when t Tpy. Since |T|> = —R, this is entirely analogous to the question
in Ricci flow as to whether the scalar curvature will blow up at a finite-time
singularity. This is true for Type-I Ricci flow on compact manifolds by Enders—
Miiller-Topping [EMT11] and Kéhler-Ricci flow by Zhang [ZhalO], but it is
still open in general and currently forms an active topic of research.

Find some conditions on the torsion tensor under which the Laplacian flow for
closed Go structures will exist for all time and converge to a torsion-free Go
structure. Based on the work of Joyce [Joy00], it is expected that a reason-
able condition to impose is that the initial Go structure g is closed and has
sufficiently small torsion, in a suitable sense. The Laplacian flow would then
provide a parabolic method for proving the fundamental existence theory for
torsion-free G structures (c.f. [Joy00]). We can already show that such a result
holds in [LW] assuming the work of Joyce, but it would also be desirable to
find a proof only using the flow.

Study the space of gradient Laplacian solitons on a compact manifold. As men-
tioned earlier, this would show the similarities or differences with the analogous
theory for Ricci solitons, which it would be instructive to study (see [Caol0]
for a recent survey on Ricci solitons).

Construct nontrivial examples of Laplacian solitons. Recent progress on this
problem has been made by Bryant [Bry|, and also forms a topic of current
investigation by the authors.

Open Access This article is distributed under the terms of the Creative Commons Attri-

bution 4.0 International License (http://creativecommons.org/licenses/by/4.0/), which
permits unrestricted use, distribution, and reproduction in any medium, provided you give
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