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ABSTRACT. We develop a theoretical framework for the analysis of stabilized cut finite element
methods for the Laplace-Beltrami operator on a manifold embedded in R? of arbitrary codimen-
sion. The method is based on using continuous piecewise linears on a background mesh in the
embedding space for approximation together with a stabilizing form that ensures that the re-
sulting problem is stable. The discrete manifold is represented using a triangulation which does
not match the background mesh and does not need to be shape-regular, which includes level set
descriptions of codimension one manifolds and the non-matching embedding of independently
triangulated manifolds as special cases. We identify abstract key assumptions on the stabilizing
form which allow us to prove a bound on the condition number of the stiffness matrix and op-
timal order a priori estimates. The key assumptions are verified for three different realizations
of the stabilizing form including a novel stabilization approach based on penalizing the surface
normal gradient on the background mesh. Finally, we present numerical results illustrating our
results for a curve and a surface embedded in R3.

1. INTRODUCTION

In this paper, we develop a unified analysis for stabilized cut finite element methods for the
Laplace-Beltrami problem

—Aru=f onT (1.1)

posed on compact, smooth d-dimensional manifolds embedded in R* without boundary. Here,
f € L*(D) is assumed to satisfy [, f =0 to guarantee the unique solvability of problem (1.1).
The cut finite element method is a recently developed, general unfitted finite element tech-
nique to facilitate the numerical solution of partial differential equations (PDEs) on complex
geometries [3], including PDEs on surfaces embedded in R?® [25]. The method uses restrictions
of standard continuous piecewise linear finite elements defined on a partition of the embedding
space into tetrahedra, the so called background mesh, to a piecewise linear approximation of the
exact surface. The discrete surface is allowed to cut through the background mesh in an arbitrary
fashion. The set of elements in the background mesh intersected by the discrete surface forms
the so called active mesh which supports the piecewise linears involved in the computation. This
approach leads to a potentially ill posed stiffness matrix and therefore either preconditioning [27]
or stabilization [4, 7] is required. In [4], a consistent stabilization term was introduced that pro-
vides control of the jump in the normal gradient on each of the interior faces in the active mesh.
In constrast, the stabilization proposed and analyzed in [7] provides control over the full gradient
on the elements in the active mesh and is only weakly consistent. Optimal order a priori error
estimates and condition number estimates are established for both types of stabilization in [4, 7].
Further developments in this area include convection problems on surfaces [5, 29], Darcy flows on
surfaces [24], cut discontinuous Galerkin methods [6], higher order discretizations [17, 18], adap-
tive methods based on a posteriori error estimates [9, 13], coupled surface bulk problems [3, 21],
and time dependent problems [23, 27, 30]. See also the review article [3] on cut finite element

Date: April 13, 2018.

2010 Mathematics Subject Classification. Primary 65N30; Secondary 65N85, 58J05.

Key words and phrases. Surface PDE, Laplace-Beltrami operator, cut finite element method, stabilization,
condition number, a priori error estimates, arbitrary codimension.

1



2 E. BURMAN, P. HANBSO, M. G. LARSON, AND A. MASSING

methods and references therein, and [15] for general background on finite element methods for
surface partial differential equations.

1.1. Novel contributions. In this contribution we develop a stabilized cut finite element frame-
work for the Laplace-Beltrami operator on a d-dimensional manifold without boundary embedded
in R*, with arbitrary codimension 1 < k —d < k — 1. Common examples includes curves and sur-
faces embedded in R, but our results cover the general situation. We develop a general theoretical
framework for proving a priori error estimates and bounds on the condition number that relies on
abstract properties on the forms involved in the problem. In particular, only certain properties of
the stabilization form are required.

We study three different stabilizing forms, one based on the jump in the normal gradient across
faces in the active mesh, one based on the full gradient on the active mesh of simplices, and finally,
a new stabilizing form based on the surface normal gradient on the active mesh. The consistency
error in the normal gradient stabilization is much smaller compared to the full gradient stabilization
and therefore more flexible scalings of the stabilization term are possible. Additionally, the normal
gradient stabilization works for higher order approximations, and we indicate how to extend the
general theoretical framework to cover this situation as well.

We verify that the assumptions on the stabilizing forms in the abstract framework are satisfied
for all three stabilizing forms. In the case of surfaces embedded in R?, the face and full gradient
stabilization terms were individually studied in the aforementioned references [4] and [7].

The geometric estimates required to bound the consistency error in the abstract setting are
established for the full range of possible codimensions. We start from a very general setting where
the discrete manifold is described by a —possibly irregular— triangulation, which is not required
to match the background mesh, and which satisfies certain approximation assumptions. Then we
establish all the necessary geometry approximation estimates by deriving a semi-explicit, tube-
coordinates based representation of the closest point projection and its derivative, which is valid
irrespective of the codimension.

We prove interpolation error estimates in this general setting, which extends previous results to
higher codimensions. In the case of higher codimensions special care is necessary in the derivation
of the interpolation estimate. We note that the standard case of a codimension one hypersurface
in R¥ described as a levelset of a piecewise linear continuous function is contained as a special case
of our analysis.

While we develop a cut finite element framework for the treatment of the Laplace-Beltrami op-
erator on manifolds with arbitrary codimensions, we only consider piecewise linear approximation
spaces. In Grande et al. [18], a similar abstract cut finite element framework is proposed focusing
on the higher order treatment of the Laplace-Beltrami operator, but in contrast to our work, the
codimension of the considered manifolds is restricted to one.

1.2. Outline. The outline of the paper is as follows: We start with recalling the weak formulation
of the continuous Laplace-Beltrami problem in Section 2. Then we formulate the abstract stabilized
cut finite element framework in Section 3. At the end of Section 3 we discuss a number of
concrete realizations including three different choices of the stabilization form. The abstract
estimates for the condition number and the a priori error are presented in Section 4 and Section 5,
respectively, leading us to a few key assumptions on the stabilization forms. To prepare the
verification of these key assumptions, geometric estimates involving the gradient of lifted and
extended functions and the change of the domain of integration are established in Section 6. In
the same Section we also introduce the concept of “fat intersections” between the discrete manifold
and the underlying background mesh. The subsequent Section 7 is devoted to verify the abstract
assumptions for the realizations of the stabilization forms. A suitable interpolation operator is
presented in Section 8, together with a proof of the interpolation error estimates. The theoretical
development is concluded by the verification of the quadrature and consistency properties of the
bilinear forms given in Section 9. Finally, in Section 10, we present illustrating numerical examples
for surfaces and curves embedded in R? that corroborate our theoretical findings.
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2. WEAK FORMULATION OF THE CONTINUOUS MODEL PROBLEM

2.1. The Continuous Manifold. In what follows, I' denotes a smooth compact manifold of
dimension d without boundary which is embedded in R* and thus has codimension ¢ = k —d. For
each y € I', we denote by N,I" the orthogonal complement of the tangent space T,,I" in R¥,

N,T = (T,)* = {v e R": (v,w) =0Vw e T,T}. (2.1)
Then the normal bundle NT' of I is defined as the collection of all normal spaces N,I'; that is
NT = {(y,v) €T xR*:v € N,T'}. (2.2)

Locally, the manifold I' can be equipped with a smooth adapted moving! orthonormal frame
U5y {eily) o = {ti(y) iy U {ni(y) }imy where {t;(y)}{_; and {ni(y)}i_, is a orthonormal
basis of T,I' and N,I', respectively. With the help of such an adapted orthonormal frame, the
orthogonal projection Pr and Qr of R¥ onto the, respectively, tangent and normal spaces of I" at
y € I" are given by

d c
PF:Zti@)ti, QF:ZT%@?% (2.3)
i=1 i=1

or equivalently, since RF = T, ® NJ['Vy €T, by

d c
Qr=1-Y t;i®t, Po=I-) nan,, (2.4)

i=1 i=1

where [ is the identity matrix.

The normal bundle NT can be used to define adapted coordinates in the § tubular neighborhood
Us(T) = {x € R* : p(x) < &} where p(x) = dist(x,T) is the distance function associated to T.
Introducing the set

NsI' = {(y,v) € NI : ||v||gr < &}, (2.5)
it is well-known that for a smooth, compact embedded manifold without boundary, the mapping
U: NsT'> (y,v) = y+veUsT) (2.6)

in fact defines a diffeomorphism if 0 < § < Jp for some &y small enough, see, e.g., [1, p.93] for a
proof. Assuming from now on that § < dy, the closest point projection which maps x € Us(T') to
its uniquely defined closest point on I' is given by the smooth retraction

p:Us(T) 32 —To¥ !(z) €T, (2.7)

where IT: NT' 5 (¢,v) — ¢ is the canonical projection of the normal bundle NT to its base mani-
fold I'. The closest point projection allows to extend any function on I to its tubular neighborhood
Us(T') using the pull back

u®(x) = uop(x). (2.8)

On the other hand, for any subset I C Us(T") such that p : I — T defines a bijective mapping, a
function w on I' can be lifted to I by the push forward defined by

(w")(p(z)) = w(z). (2.9)

Finally, for any function space V' defined on I, the space consisting of extended functions is denoted
by V¢ and correspondingly, the notation V' refers to the lift of a function space V defined on T.

IThe adjective “moving” refers to the fact that the orthonormal basis typically varies (smoothly) over the
manifold.
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2.2. The Continuous Weak Problem. A function u : I' — R is of class C!(T') if there exists
an extension u € C'(U) with u|r = u for some k-dimensional neighborhood U of T'. Using the
tangential projection Pr, the tangent gradient operator Vr on I' can be defined by

Vru = PrVu, (2.10)
with V being the full R¥ gradient. It can easily be shown that definition (2.10) is independent of
the extension @, see [15, Lemma 2.4]. Then the Laplace-Beltrami operator Ar on T is defined as

Ar =Vr-Vr (2.11)
and the corresponding weak formulation of problem (1.1) is to seek u € H!(T')/R such that

a(u,v) =1(v) Vv e HYT)/R, (2.12)
where
a(u,v) = (Vru, Vro)r, l(v) = (f,v)r, (2.13)

and (v,w)p = [ vw is the L? inner product. We let ||w||? = (w,w)r denote the L*(T') norm on
I' and introduce the Sobolev H™(T') space as the subset of L? functions for which the norm

m
||wH72n,F :ZHD%WH%" m=0,1,2 (2.14)
1=0
is defined. Here, the L? norm for a matrix is based on the pointwise Frobenius norm, D¥w = w
and the derivatives D%w = PrVw, D%w = Pr(V ® Vw)Pr are taken in a weak sense. It follows
from the Lax-Milgram lemma that the problem (2.12) has a unique solution. For smooth surfaces
we also have the elliptic regularity estimate

[ullz,e < 1 1e- (2.15)

Here and throughout the paper we employ the notation < to denote less or equal up to a positive
constant which is always independent of the mesh size and the particular cut configuration, but
may be dependent on the dimensions £ and d, the shape regularity of the mesh and the curvature
of the manifold. The binary relations = and ~ are defined analogously.

3. THE ABSTRACT CUT FINITE ELEMENT FORMULATION

The cut finite element formulation for the numerical solution of (2.12) is based on two ingredi-
ents. First, a geometric approximation I', of the embedded manifold I" has be to provided which
facilitates the numerical computation of the discrete counterpart of (2.12). Second, a discretiza-
tion of (a neighborhood) of the embedding space RF is required to provide the approximation
spaces in which the numerical solution will be sought. We start with specifying the requirements
for F}L.

3.1. The Discrete Manifold. For T';, let K, = {K} be a conform mesh without boundary
consisting of d dimensional simplices K. While we do not require that the simplices are shape-
regular, we assume that they are non-degenerated. On I'y, = [Jgcx, K we can then define the
piecewise constant, discrete tangential projection Pr, as the orthogonal projection on the d-
dimensional (affine) subspace defined by each K € Cj,. We assume that:

o I'y, C Us,(T) and that the closest point mapping p : I', — I' is a bijection for 0 < h < hyg.
e The following estimates hold

Il S H* IPE = Pr,llo=y) S he (3.1)

Before we proceed, we observe that the assumption on the convergence of the tangential pro-
jectors can be reformulated as follows:

Lemma 3.1. The following assumptions are equivalent.

(1) There exists a piecewise smooth moving orthonormal tangential frame {t8}¢ | such that

15 — 2| pooqryy Sh fori=1,...,d. (3.2)
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(2) The discrete tangential projection Pr, satisfies
| Pr = Pr,lle@,) S h- (3.3)

(8) There exists a piecewise smooth moving orthonormal normal frame {nf}le such that
an—n?HLoo(ph) S<h fori=1,...,c (3.4)
(4) The discrete normal projection Qr, satisfies

1QF — Qr,llL=(r)) < b (3.5)

Proof. The proof is elementary and included only for completeness. Clearly, with
d c
Pr, =Y _thet!,  Qr, =) nlen, (3.6)
i=1 i=1

(1) = (2) and (3) = (4). Moreover, since I = Pr, + Qr,, the assumptions (2) and (4) are
clearly equivalent. It remains to show that existence of either the discrete normal or tangential
projector with the assumed convergence properties implies the existence of a corresponding discrete
normal and tangential frame. For K € Kj, we take a smooth orthonormal frame {E;}F | =
{t: 3, U {n}e_, on K' = p(K). Set t = Pp, (t¢) and 7 = Qr, (nf) and observe that ||t§ —
Mooy = (P& = Pr,) ()|l Lo(r,) < h and similar for 7. Consequently, the frame {EM}
which consists of discrete tangent vectors {t?}% , and discrete normal vectors {7;}¢_, defines an
almost orthonormal basis of R* for h small enough since (Elh, Ef) = §;; + h by the approximation
properties of the projectors. Applying a Gram-Schmidt orthonormalization procedure to both
frames {¢?}¢_ | and {R}}¢_, separately, constructs a discrete orthonormal frame {t?}%  U{nl}¢_,
on K. As the orthonormalization procedure involves only C'°° operations, ||ZZL —th Lo (k) S h and
[ —nl|| L= (k) S h and thus the constructed discrete orthonormal normal and tangential frames
satisfy the desired approximation property. O

tr Th

nr‘

FIGURE 1. Set-up of the continuous and discrete domains. (Left) Continuous
surface I enclosed by a § tubular neighborhood Us(T'). (Right) Discrete manifold
I';, embedded into a background mesh 75, from which the active (background)
mesh 7}, is extracted.
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3.2. Stabilized Cut Finite Element Methods. Let ’ﬁ be a quasi-uniform mesh, with mesh
parameter 0 < h < hg and consisting of shape regular closed simplices, of some open and bounded
domain © C R¥ containing the embedding neighborhood Us, (T"). For the background mesh Th we
define the active (background) mesh T, and its set of interior faces Fj, by

Tn={T €T, : TNT} # 0}, (3.7)
Fn={F=Tt"NT" :TT,T" €T},
and for the domain covered by 7; we introduce the notation
Ny = UreT, T. (3.9)

Note that for any element T' € Ty there is a neighbor 7" € T, such that T' and T share a face.
We assume that the partition I, of I'j, is compatible with the active mesh in the sense that

VKeK,:KNT+#0=KCT. (3.10)

Such a compatible partition K;, can always be generated starting from an initial partition Izh
by subtriangulating non-empty intersections K N T. The various set of geometric entities are
illustrated in Figure 1.

On the active mesh 7T, we introduce the discrete space of continuous piecewise linear polynomials

Vi ={v e C(Ny) :v|lr € PL(T)VT € Tr}, (3.11)
and its normalized members having zero average constitute the normalized discrete function space
Vio={v €V, :Ap,(v) =0}, (3.12)

where Ap, (v) = ﬁ th v is the average of v on I'y,. Then the general form of the stabilized cut
finite element method for the Laplace-Beltrami problem (1.1) is to seek uy, € Vj, o such that

an(up,v) + sp(un,v) = lh(v) Yo € Vi (3.13)

Here, aj;, and [;, denote discrete counterparts of the continuous bilinear a and linear form [, respec-
tively, and are defined on I'j,, while s, represents a stabilization term, see (3.22) and Table 1 for
concrete realizations of these forms. Both a; and s, are supposed to be symmetric and positive
semidefinite. The role of the stabilization is to enhance the stability properties of the discrete
bilinear form aj in such a way that geometrically robust optimal condition number and a priori
error estimates can be derived which are independent of the position of I', relative to 7;. Addi-
tionally, to facilitate the abstract analysis of the condition number and a priori error bounds for
formulation (3.13), the discrete forms need to satisfy certain assumptions which will be defined in
Section 4 and 5. Specific realizations will be discussed in Section 3.3.

In the course of the forthcoming abstract numerical analysis, we will make use of the stabiliza-
tion (semi)-norm

[0]I3, = sn(v,0), (3.14)
as well as of the following energy norms defined for v € H*(T') + (Vi|r,)! and w € HY(I')¢ + Vi |r,
[l = a(v,0), Jwli, = an(w,w), |wl?, = An(w,w) = wliz, + [w]Z,, (3.15)

where Aj denotes the overall symmetric, discrete bilinear form

Ap(v,w) = ap(v,w) + sp(v,w) Yv,w € Vpp. (3.16)
Additionally, we assume that || - || 4, defines a stronger norm than || - ||, in the sense that
lolla S v lan,  llw'lla S llwlla,- (3.17)
Clearly, the abstract bilinear form (3.16) is both coercive and continuous with respect to || - || 4,
[vll%, S An(v,v), (3.18)

An(v, w) S l[vlla, [lwll - (3.19)
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Remark 3.2 (Higher order methods). To obtain higher order discretization schemes, the cut finite
element space 3.11 and the geometric assumptions (3.1) have to be replaced by their respective
high order counterparts. More precisely, using the continuous piecewise polynomial space of order
L,

Vi={veCNy):v|lr e BT)VT € Ty}, (3.20)
the geometric approximation error needs to satisfy
||pHL°°(Fh) 5 hl+17 HPFe - PFh, ||L°°(Fh,) SJ hl' (321)

Additionally, the stabilization term s; needs to obey an appropriate weak consistency assumption,
see Remark 5.3.

3.3. Realizations of the Abstract Cut Finite Element Method. We conclude the introduc-
tion of the abstract cut finite element method (3.13) by defining and briefly discussing a number
of concrete realizations of the discrete bilinear form a; and the stabilization form s; as summa-
rized in Table 1. Here and throughout the remaining work, the following notation is used. Any
norm || - ||pr» which involves a collection of geometric entities P" should be understood as broken
norm defined by || - |5, = - pepn || - |3 whenever || - ||p is well-defined, with a similar convention
for scalar products (-,-)pn. Furthermore, any set operations involving P" are also understood as
element-wise operations, e.g., P*NU = {PNU | P € P*}. With this notation, the discrete linear
form [;, considered in this work can be expressed by

n(v) = (%, v)K,- (3.22)
For the discrete bilinear form a; we consider two variants, one built upon the discrete tangential

gradient while the second variant replaces the discrete tangential gradient with the full gradient,
similar to the surface PDE methods considered in [10, 31]. Next, we recall that stabilization

Discrete bilinear forms ay(u,v)

Tangential gradient a} (v,w) = (Vr,v, Vr,w)r,

Full gradient ai(v,w) = (Vo, Vuw)r,

Stabilization forms sp(u,v)

Face-based st(v,w) = Th!=¢(np - [Vv],np - [Vw]) 5,

Full gradient s (v,w) = Th?*~¢(Vv, Vw) T,

Normal gradient sy (v,w) = Th*~¢(Qf, Vv, Qf, Vw)7, , a € 0,2]

TABLE 1. Realizations of the discrete bilinear form a; and stabilization form sy,
the latter is weighted with a dimensionless stabilization parameter 7 > 0.

operators sy using a face-based gradient jump penalization and an artificial diffusion like, full
gradient stabilization were introduced in [4] and [7] for various cut finite element discretizations
of the Laplace-Beltrami problem on surfaces. Here, we generalized these stabilization operators
to work with cut finite element formulations on manifolds of arbitrary codimension. Additionally,
motivated by the fact that the normal gradient QrVv® for any normal extension of a function
v € H(T') vanishes, we propose a novel stabilization which penalizes the discrete normal gradient,
see Table 1.

Remark 3.3. Compared to the face-based stabilization S}L, the full gradient stabilization s%, has
three main advantages: First, its implementation is extremely cheap and immediately available
in many finite element codes. Second, the stencil of the discretization operator is not enlarged,
as opposed to using a face-based penalty operator. Third, numerical studies for the surface case
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indicate that the accuracy and conditioning of a full gradient stabilized surface method is less
sensitive to the choice of the stability parameter T than for a face-based stabilized scheme, see [7].

Remark 3.4. While the full gradient stabilization has a number of advantages, its use is limited
to low-order P; methods due to its inconsistency. The inconsistency of the normal gradient
stabilization on the other hand is purely caused by geometric approximation errors of the normal
field encoded in the mapping Qr, o Pr, see the proof of Lemma (6.4). This has two consequences.
First, it gives us more freedom for the choice of the h-scaling in s; and the possibility to tune
the control of the normal gradient component of the computed discrete solution. Second, the
stabilization is weakly consistent also for high-order P, methods k > 1 when the appropriate
geometric approximation properties ||p||pe(r,) S hFT and [|Q% — Qr, || r,) S h* are met.

Remark 3.5. While the implementation of the face-based stabilization S}L and the full gradient
stabilization s7 is rather straight-forward and independent of the codimension and construction
of T', as they do not rely on any geometrical information on I'j, the realization of the normal
gradient stabilization can be more delicate. For codimension-1 manifold implicitly defined by a
level set {¢ = 0}, the discrete normal field can be constructed by defining ny, = %, where 73,
is suitable interpolation operator associated with V},. Similarly, if the manifold I" of codimension ¢
is defined as the intersection of ¢ non-transversal level sets {¢; = 0}, i =1,..., ¢, a discrete normal
bundle can be computed in given set of quadrature points by orthonormalization the normal space
basis consisting of {n} }¢_, = {Vm,¢/|Vmré|}s_,, provided that the discrete level sets {m,¢; = 0},

i =1,...,c are transversal in the quadrature points.

Remark 3.6. Very recently, a new stabilization term was proposed in [25] which similar to the
normal gradient volume stabilization 3% works for higher order elements. It combines properly
scaled, higher order normal derivatives on the surface with the corresponding higher order variant
of s} introduced in [2].

4. ABSTRACT CONDITION NUMBER ESTIMATES

In this section, we formulate two abstract assumptions on the stabilized bilinear form (3.16)
which allow us to establish optimal condition number bounds for the associated discrete system
which are independent of the position of the manifold I';, relative to the background mesh 7j.
Following the approach in [16], we require that for v € V}, o, the discrete bilinear form A, satisfies

e a discrete Poincaré estimate
h=llo = Ar, ()17, < lolf, (4.1)
e an inverse estimate of the form
Ioll%, < h 720l (4.2)
with the hidden constants being independent of the manifold position in the background mesh.

Remark 4.1. Note that an immediate consequence of (4.1) is that || - |4, indeed defines a norm
on the normalized discrete space V4, .

Next, we define the stiffness matrix A associated with the bilinear form Ay by the relation
(AV, Wgny = Ap(v,w) Yo,w € Vj, (4.3)

where V = {Vi}lN:1 € RY is the expansion coefficient vector for v, € V} with respect to the
standard piecewise linear basis functions {¢;}~ ; associated with 7j; that is, v = vazl Vi
Recall that for a quasi-uniform mesh 7j,, the coefficient vector V' satisfies the well-known estimate

WEPViigw < llvnllzecry S B2V IR (4.4)

The fulfillment of the discrete Poincaré estimate (4.1) ensures that the stiffness matrix A is a
bijective linear mapping A : RY — ker(A)+ where we set RY = RY /ker(A) to factor out the
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one-dimensional kernel given by ker A = span{(1,...,1)7}. For the matrix A, its operator norm
and condition number are defined by

AV ||~

Var and  #£(A) = || Az A7 |rw, (4.5)

[Allgy = sup
VeRN\0

respectively. Then combining the mass matrix scaling (4.4) with the Poincaré estimate (4.1), the
inverse estimate (4.2) and the boundedness (3.19) of Ay, the abstract approach in [16] allows to
establish the following bound for the condition number:

Theorem 4.2. The condition number of the stiffness matriz satisfies the estimate
k(A) Sh2, (4.6)
where the hidden constant depends only on the quasi-uniformity parameter.
Proof. We need to bound || Al|g~x and || A™!||g~. First observe that for w € Vj,
lwlla, S B2 wlg S AET222 W gy = K922 W g, (4.7)
where the inverse estimate (4.2) and equivalence (4.4) were successively used. Consequently,

AV, W Ap (v,
AV ||g~ = sup AV Wigw - An(v,0) |lw]la,
wery  [|[W[ry wevi wlla, [IW /e~

SHED2o)a, SHTEVlpy,  (4.8)

and thus ||Allgy < h?=2 by the definition of the operator norm. To estimate ||.A~!| g~ , start from
(4.4) and combine the Poincaré inequality (4.1) with a Cauchy-Schwarz inequality to arrive at the
following chain of estimates:

Vg~ S 0 ol S h°* An(v,0) = A4V, AV)en S B4V |ax AV [rx, (4.9)
and hence ||V gy < h™%| AV ||gy. Now setting V = AW we conclude that ||A~ gy < h™¢
and combining estimates for || A||g~y and [ A7z~ the theorem follows. O

5. ABSTRACT A PRIORI ERROR ANALYSIS

This section is devoted to the abstract analysis of the a priori error for the weak formula-
tion (3.13). First, we derive two abstract Strang-type lemmas which show that the total energy
and L? error can be split into interpolation, quadrature and consistency errors. Then we present
general assumptions that the discrete forms ayp, s, and [, must satisfy in order to ensure that the
resulting cut finite element method (3.13) defines a optimally convergent discretization scheme.

5.1. Two Strang-type Lemmas. We start with a Strang-type lemma for the energy error.
Lemma 5.1. Let u be the solution of (1.1) and uy, the solution of (3.13). Then
In(vn) — Ap(u®, vn)

lu® —unlla, S inf Ju® —villa, +  sup (5.1)
vh€Vh vr€VR\{0} [vnl A,
l 1 l Iy e
5 inf ||U8—UhHAh+ sup h(vh) (vh) + sup a(uvvh) ah(u 7vh)
vhE€VR vr VR \{0} lvnlla, vn €VR\{0} lvnlla,
€
+ sup s (U, vn) (5.2)

veVp\{0} th”Ah .

Proof. Thanks to the triangle inequality ||u® — up|la, < [|u® —vplla, + lun — valla, with v € Vi,
it is enough to proceed with the “discrete error” e, = up — vy. Observe that

lenll%, = An(un — vn,en) (5.3)
= lh(eh) — Ah(ue, eh) + Ah(ue — VUp, eh) (54)
In(vn) — Ap(u® A (e —
< (sup BTy RS, (o)
veVi\{0} [vnl A, wevinfoy  llvnlla,
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Dividing by |len||a, and applying a Cauchy-Schwarz inequality to the second remaining term
in (5.5) gives (5.1). To prove the second estimate (5.2), simply observe that the identity

U (vn) — Ap(u®,vp) = (In(vn) — l(vﬁl)) + (a(u, vh) — an(u®,vp)) — sp(u’,vp). (5.6)
follows directly from inserting I(v}) — a(u,v}) = 0 into (5.5). O

Next, we derive a corresponding representation for the L? error using the standard Aubin-
Nitsche duality argument.

Lemma 5.2. With u the solution of (1.1) and uy the solution of (3.13) it holds for any ¢p € Vj,

¢ — dlla Uon) — a(ul,, ¢!
fu—dble S u—ble  sup A0 nle gy, WO ZolunGh) oty (5)
g2} Illar  gem>(n) lll2.r
— ¢ () —1
5 ||U _ ulh”a sup ||¢ ¢h||a + sup (¢h) }L(¢h)
sc2(mnfor  19ll2r scm2mnfor @l
R A
$e H2(D)\{0} l|Bll2,r scm2mnfor  oll2r

Proof. First, we decompose the error e = u — uﬁl into a normalized part € satisfying Ar(é) = 0 and
a constant part,

e=u—ul =u— (ul — Ar(uh)) =Ar(ub). (5.9)

é

By the triangle inequality [lellr < [|€]lr + [[Ar(u})||r, it suffices to proceed with ||é[|r. Now let
¢ € LE(T) and take ¢ € H?(T') satisfying —Ar¢ = ¢ and the elliptic regularity estimate ||¢|l2r <
[l#|lr, see (2.15). Then the normalized error € can be represented as (€, ¢)r = a(é, ¢) = a(e, P)
and adding and subtracting any lifted finite element function ¢lh gives

(éa ¢)r

[éllr = sup (5.10)
werzmnfoy 1Ylr

ale, p) (5.11)
~ sem2mn{oy 92,

T R Y ale, 9}) (5.12)

~ semrmn{oy 9l sczmnfor oll2,r
_ 4l l 1y _ l 1
scr2(M\fo}  9ll2r $cH?(D)\ {0} 92,

which proves (5.7). Similar as in the proof of the previous Strang Lemma, the second estimate (5.8)
follows from inserting ap (up, &n) + $n(un, @n) — ln(¢dr) = 0 into the second term of (5.13). O

5.2. A Priori Error Estimates. Motivated by the abstract Strang-type lemma for the energy
and L? norm error, we now assume that the following estimates hold in order to derive optimal
bounds for the a priori error of the abstract cut finite element formulation (3.13):

e Interpolation estimates. There exists an interpolation operator 7, : H2(I') — V}, such
that for v € H?(T) it holds

lv = mv°||p,, + hllv® = 700°||a,, S B2 [oll2,r- (5.14)

~

e Quadrature estimates. To prove optimal energy error estimates, we assume that for
v € V}, and a finite element approximation uj, € Vj, of u € H?(T), it holds

|n(v) = 1) S hllflIellv]la,, (5.15)
la(u, v') = an(u®, )| S hllullz,rv]a,- (5.16)
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Moreover, in order to obtain an optimal bound for the L? error using the standard Nitsche-
Aubin duality trick, we require that the improved estimates

[Ua(¢n) = Ui S B3I fliellgl2r, (5.17)
(i, @h) = an(un, én)| S W2 |lull2r6]2.r, (5.18)

hold, whenever ¢y, is a suitable finite element approximation of ¢ € H?(T).
e Consistency error estimate. Finally, we require that the stabilization term sj, is weakly
consistent in the sense that for Vv € H?(I")

[v°[ls, < Allvll2,r- (5.19)

~

Remark 5.3. To cover higher order cut finite element schemes using continuous piecewise polyno-
mials of order [, the assumed interpolation, quadrature and consistency error estimates of order
O(h) and O(h?) have to be replaced by O(h!) and O(h!*1), respectively. In particular, the stabi-
lization form s, needs to be designed in such a way that it satisfies the weak consistency estimate

0[5, S h'f[ollisa,e Vo€ HHYT). (5.20)

If assumptions on the interpolation, quadrature and consistency errors are met, it is easy to prove
the following theorem.

Theorem 5.4. Let u € H?(T') be the solution to continuous problem (1.1) and uy, be the solution
to the discrete problem (3.13). Then the following a priori error estimates hold

Ju® —unlla, S RIS, (5.21)
lu = uj e S B[ £r- (5.22)

Proof. The proof of the energy estimate (5.21) follows directly from the Strang lemma (5.2) and
assumptions (5.14), (5.15)—(5.16) and (5.19), only noting that sp,(up, v) < ||uplls, |v]a, thanks to
the symmetry of sp and the definition of || - || 4,, -

To prove the L? error estimate (5.22), it only remains to have a closer look at the first and
two last terms in Strang lemma (5.8). Set ¢, = mp¢ and observe that by assumption (3.17),
lu—ublla < [Ju® — unlla, and [|¢ — ¢k lla < [|¢° — dnlla,. Thus, the first term in (5.8) can be
bounded by [ju—u} |[o]|¢ — & la S B2 fllrll¢ll2,r- Next, the estimates for the energy, interpolation

and consistency error give in combination with a Cauchy-Schwarz inequality and the regularity
result (2.15) the following bound

sp(un, dn) = sp(up —u®, ¢n) + sp(u, on) (5.23)
= sp(up —u®, o — ) + sp(up — u, ¢%) + sp(u®, %) + sp(u®, o, — ¢°) (5.24)
S | fllchloll2,r- (5.25)

To estimate the deviation of the lifted function u} from the 0-average encoded in || Ar(u})|r,
we will use the notation and results established in Section 6.3. Simply insert Ar, (up) = 0 and
unwind the definition of the average operators Ar, (-) and Ar(-) to see that

1 / . 1 INE
e up dI' — — Up th g e
) Je " Tal Jr, Tl Jr,
with ¢ = |[',||T|~|B|4. Here, | B|, refers to the change of measure between I' and I'y,, see (6.42) for
the definition. Anticipating the geometric estimates to be established in Section 6.3, we observe
that |1 —cllpem) S h? thanks to (6.43). Consequently, after successively applying a Cauchy-
Schwarz inequality, the inverse estimate (7.4), the discrete Poincaré estimate (4.1), and finally, the
stability bound [Jup||a, < ||f]lr, we arrive at the desired estimate,
T2

HAF(UI}L)HF S mh2||uh||Ll(rh) N

IAr (uh) e = 7|2 11 — c||un| dT, (5.26)

E

) 2, —¢ 2 2
T |%h lunllr, < PR 2 [lunllg, < R (unlla, S P71 flr-
h
(5.27)
O
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6. GEOMETRIC ESTIMATES AND PROPERTIES

The aim of this section is to develop and collect those geometric properties, identities and esti-
mates which will be needed in the forthcoming verification of the abstract key assumptions (4.1)—
(4.2), (5.15)—(5.18) and (5.19), as well as in construction of a suitable interpolation operator
satisfying (5.14). The main challenge is to generalize the well-known geometric estimates given
in [4, 5, 12, 14, 15, 28] to the case of embedded manifolds I" of arbitrary codimensions. These
geometric estimates rest upon suitable bounds for the closest point projection and its deriva-
tive. In the codimension-1 case, the various geometric relations between the distance function
p(x) == dist(z,T), the one-dimensional normal field n = Vp and the Hessian H =V ® Vp = Vn
can be used to show that the derivative Dp of closest point projection p(x) = x — p(x)n®(x) is
given by

Dp=I-n®n—pH (6.1)
= Pr(I — pH). (6.2)

For codimension ¢ > 1, such a representation cannot immediately be derived from the closest point
projection when written as

p(x) =2 — Z pi(x)ng(x). (6.3)

Consequently, estimates of related expressions such as derivatives of lifted and extended functions
must be established by an alternative route. The route taken here is based on introducing a
special tube coordinate system which is particularly well-adapted to performing computations in
a tubular neighborhood of T', see [19, 32] for a detailed presentation and more advanced theoretical
applications. Tube coordinates allow us to derive a semi-explicit representation of the derivative
of the closest point projection which closely resembles the form (6.2), as well as to prove useful
local trace and Poincaré-type inequalities for parts of the tubular neighborhood. After providing
a short and general proof for estimating the change of the Riemannian measure when passing
between discrete and continuous manifolds, we conclude this section with formulating and proving
certain fat intersection properties of the discrete manifold I'j,.

6.1. Tube Coordinates. By the compactness of I' and a partition of unity argument it is enough
to consider a local parametrization a : W € R? — W C I' ¢ RF for which a smooth orthonormal
normal frame {n;}{_; exists on W. Set B§(0) = {s € R°: ||s|]| < ¢} and define the mapping

© W x B§(0) 3 (y.5) = aly) + > simi(a(y)) € Us(T). (6.4)
i=1
We now show that ® actually defines a diffeomorphism by examining its derivative D® more

closely. First, observe that ||s|| = p(z) for z = ®(y,s) and thus we simply write ||s|| = p.
Computing D® gives

8041 c 8 a0[1 c a
87y1+zi=1$i87y1(nioa) Tyd+zi=lsiaiyd(nioa) TL% ni

DD = | oo (6.5)
Oa da
Tyk ch:l 54 p) (nioa) Ty: + 25:1 Sza (nioa) n]f nf

= (Dya,nq,...,nc)+ Zsi(Dy(ni oa),0,...,0). (6.6)
—_— ~—
A ¢ zeros

Clearly, the matrices Dy(n; o o) are bounded on W and thus, since the columns of Dya span the
tangent space T,I', the matrix D® admits a decomposition

Dd = A— pS, (6.7)

with A being invertible and HSHLoo(W) < 1. Consequently, for dp < ||SA_1||L(X,('W)7 O is a

local and thus also a global diffeomorphism by the bijectivity of the mapping ¥ defined in (2.6).



CUTFEMS FOR PDES ON EMBEDDED SUBMANIFOLDS 13

We recall that given a local parametrization « for I', the Riemannian measure dI' is given by
dl'(y) = \/g9*(y) where g*(y) = D} a(y)Dya(y) is the metric tensor given in local coordinates
y=(y',...,y?). Rewriting det D® = det A det(I—pSA~') and observing that det(I—pSA~) ~ 1

in the || - ||LOQ(W) norm for § < §p small enough, we see that

9%(y,s) = | det DB(y, s)| ~ | det A| = (det AT A)? = (det(D" a(y)Da(y))? = \/g°(y). (6.8)

We conclude this section by introducing a “sliced” variant of the §-tubular neighborhood. For
any d-dimensional measurable set W € T' C R* and § < vkdy, we introduce the (d+i)-dimensional
“partial cubular” neighborhood

i
Qs(W)={R*5p+ smj(p) :peW CTA|sll <5}, 0<i<e (6.9)
j=1
Note that we here chose the maximum norm instead of the Euclidean norm. Clearly, Qf/m(l") -

Us(T) € Q§(T). Similarly as before, we can define a parametrization ®° defined by
O W x Q5(0) 3 (, ) ) + Zsma ) € Q5(W), (6.10)

where Q5(0) = {s € R" : ||s||oc < 8} is the hypercube of dimension ¢ and length 2§. Following the
previous line of thought, we observe that for i,j € {0,...,¢} and § < §p small enough

Voo ~ VT~ g (6.11)

Partial cubular neighborhoods will be instrumental in deriving Poincaré-type inequalities and
interpolation estimates in Section 7.4 and Section 8, respectively. There, a common theme is to
pass from I to its full tubular neighborhood Us(I") and vice versa by successively ascending from
or descending to the i-th cubular neighborhoods Q% defined in (6.9) employing the following scaled
trace and Poincaré inequalities.

Lemma 6.1. Assylne that W is an open coordinate neighborhood in I' with a parametrization
a:W =W CT, W CR? and a continuously defined normal bundle. Let w € HY(U{(W)) and
i€{l,...,c—1}. Then for § < dy small enough, the scaled trace inequality

ol y < 5 ol + S0l oy (6.12)

holds as well as the scaled Poincaré inequality

)+ 5 (6.13)

Proof. We start with the proof for trace inequality (6 12) By a den51ty argument, it is enough to
assume that w € C*(Q%(W)). Rewrite the integral ||wH i1 using the tube coordinates (6.10)

and the measure equivalence (6.11) to see that

ol = [ ( L o 1o o 0 ds> ay~ [ ( Lo |w<y,s>2ds> Vo) dy,
5 é

(6.14)

W)

Fixing y, the fundamental theorem of calculus allows us to rewrite the integrand v(s) = w(y, s) as

v(sl,...,si):v(sl,...,si,l,O)—i—/ O0s,0(81, -+, 8i—1,8) ds;, (6.15)
0

and consequently, after rearranging terms and a Cauchy-Schwarz inequality,
2
s
lo(st, -+, si-1,0) < o(s)]* + (/ 10s,0(s1, .-+, Si—1,55)]| dSz‘) (6.16)

-8
s
Slo(s)? +0 6|aSiv(sla"'781'713872)‘2(181" (6.17)
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Integrating the previous inequality over Q%(0) gives

g |U(51,-~-,$i—1,0)|2d3§/

| |v(s)\2ds+52/ 0, 0(s)[2ds,  (6.18)
Q5 1(0) Q5(0)

Q5(0)

and a subsequent integration over w together with equivalence (6.14) finally leads us to
1111y S ol vy + D20l oy (6.19)

Finally, observe that starting from the representation (6.15) and rearranging terms properly, the

Poincaré inequality (6.13) can be proven in the exact same manner. O

6.2. Gradient of Lifted and Extended Functions. Next, using tube coordinates, we derive a
semi-explicit representation of the derivative of the closest point projection.

Lemma 6.2. Whenever 6 < g for dg small enough, the derivative Dp of the closest point projec-
tion p: Us(T') — T admits a representation of the form

Dp = Pr(I — pH), (6.20)
with a matriz-valued function H satisfying | H| re sy S 1 and HPr = H.

Proof. Using local tube coordinates (6.4), we observe that the closest point projection p can be
written as

Us(T) >z — p(x) = aopod !(x), (6.21)

where o : R¥ — R? is the linear projection on the first d components, i.e., p(y,s) = y for
(y,s) € R x R, Since @ is the linear projection on the first d components, its total derivative
at (y,s) applied to a (tangent) vector w € RF is simply Dp(y, s)w = [Igxd,0axc]Jw. Writing
(y,s) = ®~1(x) and applying the chain rule shows that the total derivative of p at z € Us(T') can
be computed by

Dp(z) = Da(p(y, s))Laxa, Oaxc] (D2 ) (). (6.22)

Then starting from the matrix decomposition D®(y, s) = A(y, s) — pS(y, s) derived in the previous
section, we insert a power series representation for the inverse matrix (A — pS)~! = A=Y(I —
pSA~H =L into D®~(x) = (D®(y,s))~! and conclude that (omitting function arguments)

Dp = Dallaxa, 0axc] A (I +p Y pl 1 (SATHY, (6.23)
1=1
= Da[IdXd7 Och]A_l(I — pH), (6.24)
with the absolutely and uniformly convergent power series H = — Z?il pImH(SAT)L To arrive
at representation (6.20), it remains to show that
Da[Igxq,04xc]A™" = Pr. (6.25)

Setting w = A~'v, and recalling the definition of A from (6.6), a simple computation yields
Dall gxq,0axc]A™ v = Dafwy, ... wq) = Pr[Da,ny, ... ,nJw = PrAw = Prv (6.26)

for any v € R¥ since Pr(9;a) = 0;« and Pr(n;) = 0. Finally, we demonstrate that HPr = H, or
equivalently, that Hn; = 0 for i = 1,...,c. Referring back to (6.6), we see that SA~! consists of
a (weighted) sum of matrices of the form

[Dy(n;oa),0,... ,0)]A™! = Dy (n; o a)[Igxa, Ogxc]A™? (6.27)
= Dyni(a(-))Dyallixd, 0axe] A~ (6.28)
= Dyni(a(:))Pr, (6.29)

thanks to (6.25) and thus HPr = H which concludes the proof. O



CUTFEMS FOR PDES ON EMBEDDED SUBMANIFOLDS 15

Based on the previous lemma, estimates for the gradient of lifted and extended functions can
be established. Starting from Dv® = Dvo Dp and the definition of the gradient as the (point-wise)
Riesz representation of the total derivative Dv® with respect to the standard Euclidean scalar
product (-, -)g, we conclude that Va € R*

(Vv®,a)ge = (Dvo Dp)a = DvPr(I — pH)a = (I — pH')PrVv, a)gk (6.30)

and thus
Vot = (I — pHT)PrVv = (I — pH?)Vrv = Pr(I — pH")Vro, (6.31)
Vr,v¢ = Pr, (I — pHT)PrVv = BTV, (6.32)

where the invertible linear mapping
B = PF(I — pH)Pph : TT(Fh) — Tp(w) (F) (633)

maps the tangent space of T'j, at = to the tangent space of I' at p(x). Setting v = w! and using
the identity (w')® = w, we immediately get that
Vrw' = B~TVr, w (6.34)

for any elementwise differentiable function w on I'y, lifted to I'. Similar to the standard hypersurface
case d = k — 1 in [14, 15], the following bounds for the linear operator B can be derived.

Lemma 6.3. It holds
IBllze@y ST 1B oe@ 1, I1Pr = BB ||pry S I (6.35)

Proof. Thanks to the representation (6.20), the proof follows standard arguments, see Dziuk and
Elliott [15], and is only sketched here for completeness. The first two bounds follow directly from
Lemma 6.2. Using the assumption ||p|[ze(r,) < h?, it follows that Pr — BBT = Pr — PrPr, Pr +
O(h?). An easy calculation now shows that Pr — PrPr, Pr = Pr(Pr — Pr,)*Pr from which the
desired bound follows by observing that

d
Pr—Pp, =) ((ti—th et +1] @ (t: —t})) (6.36)
i=1

d
and thus [|(Pr — Pr,)?[| e r) S Ximy 1t = 1170,y S 72 O

To estimate the quadrature error for the full gradient form a? as defined in Table 1, we will
need to quantify the error introduced by using the full gradient V in (3.16) instead of Vr,. To do
so, we decompose the full gradient as V = Vr, + Qr, V. An estimate for the normal component
is provided by the following Lemma.

Lemma 6.4. For v € H'(T') it holds
1Qr, Vo©llr < AlIVrollr. (6.37)

Proof. Since Vv® = Pp(I — pHT)Vrv according to identity (6.31), it is enough to prove that
|Qr,, Prllzem) S h- (6.38)

But using representation (2.3) and (2.4), a simple computation shows that

I1Qr, Prllz~ry <D lInf @nl = (nf',ni)nl @ nil| = (r) (6.39)
=1
C

<Y (1= na))nf @ nll ey + [[(nf niynl @ (ni = nf)||L=m)  (6.40)
=1

<h?+h, (6.41)

where we used the identity 1—(nf,n;) = 1(n! — n;, nl — n;) and approximation assumption (3.4).
O
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6.3. Change of Domain of Integration. Next, we derive estimates for the change of the Rie-
mannian measure when integrals are lifted from the discrete surface to the continuous surface and
vice versa. For a subset w C I',, we have the change of variables formulas

[ dar= [ giBlaars. (6.42)
w! w

with |B|4 denoting the absolute value of the determinant of B. The determinant | B|, satisfies the
following estimate

Lemma 6.5. It holds

11 =1Blallz=w,y £k MBlale=wnS L I1Blg e~y S 1. (6.43)

~

Proof. See [11, 12] and [4] for a proof in the case of d = k — 1. Recall that given a Riemannian
metric on a d-dimensional manifold I', the canonical measure dI’ on I' is defined by the unique
volume form wr satisfying wr(ey,...,eq) = 1 for one (and hence any) orthonormal frame {e;}¢_;
on the tangent bundle TT. Writing dI' = wr, the volume form is given by the pullback

dU = i*(e' A ... A e?), (6.44)

i.e., the restriction to I' of the d-form defined by the outer product of the dual coframe {e’}¢_;
satisfying e’(e;) = (e;, e;) = 6%, Here, i : I' < R¥ denotes the inclusion of I into R* given by the
identity map. Thanks to the evaluation formula

(e A AeD)(vr,. .. o) = det((e'(v;)) = det((e;s, v;)), (6.45)

the defined form dT clearly satisfies dT'(eq,...,eq) = 1. Now the pull-backed volume form p* dT’
is described in terms of the volume form dI'y, by the identity p*dI' = |B|;dl,, where |Blg
is determinant of B as a linear mapping B : T, K — Tp,)I' and dI's, denotes the canonical
volume form defined on T'y. Thus we have the transformation rule [, fdl' = [, p*(fdl) =
[y [¢|BladTly,. Taking an orthonormal tangential frame {e}?  of TT), the determinant |Blq
can be simply computed by

|Blg = p*dT(el, ... el = dT(Dpel, ..., Dpelt) = det((e;, Dpe?)). (6.46)

Next, observe that the representation (6.20) of Dp yields (ei,Dpe% = <ei,Ppe§?> + O(h?) =
(es,€}) + O(h?). Moreover, for i = j, one has 2(1 — (e;,el')) = (e; —el',e; —el') < h? while for
i # 7, (e, e?) = (e, e? —¢;) S h. Consequently,

1+0(h?) ifi=yj,

O(h) else. (6.47)

det({e;, Dpe?}) = det(a;;) with a;; = {

Recalling the definition of the determinant det(a;;) = S(d) sig(o)Hleaw(i) and examining the
product for a single permutation o € S(d) we see that

1 = {(1+O(h2))d if o = Id,

O(h?) else, (6.48)

since any other permutation than the identity involves at least two non-diagonal elements. Hence
|Blg =1+ O(h?). O

We conclude this section by noting that combining the estimates (6.35) and (6.43) for respec-
tively the norm and the determinant of B shows that for m = 0,1
HUHHm(ic;L) ~ [vlgm(k,) forve H™(K},), (6.49)

[t | g ity ~ llwllmm i,y for w € Vi (6.50)
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6.4. Fat Intersection Covering. Since the manifold geometry is embedded into a fixed back-
ground mesh, the active mesh 7, might contain elements which barely intersect the discretized
manifold I',. Such “small cut elements” typically prohibit the application of a whole set of well-
known estimates, such as interpolation estimates and inverse inequalities, which typically rely on
certain scaling properties. As a partial replacement for the lost scaling properties we here recall
from [4] the concept of fat intersection coverings of Tp,.

In Burman et al. [4] it was proved that the active mesh fulfills a fat intersection property
which roughly states that for every element there is a close-by element which has a significant
intersection with I';,. More precisely, let o be a point on I' and let Bs(z) = {y € R* : |z —y| < 6}
and Ds = Bs(x) NT. We define the sets of elements

—
IC(SJC = {K cekL: K N Dg(a?) #+ [Z)}, 7757;5 = {T eT,: TNy, € ’Cé,x}~ (6.51)
With 6 ~ h we use the notation K, , and Ty, 5. For each Ty, h € (0, ho] there is a set of points &},
on I' such that {KCp, 5,z € Xy} and {Tj, 2,2 € Ay} are coverings of 7;, and K, with the following
properties:

e The number of sets containing a given point y is uniformly bounded
#reXy:yeTha <1 VycR” (6.52)

for all h € (0, hg] with hg small enough.
e The number of elements in the sets 7T}, ; is uniformly bounded

#Th S1 V€A, (6.53)

for all h € (0, ho] with hg small enough, and each element in 7y, , shares at least one face
with another element in 7p, 5.

o Vh € (0,hg] with hg small enough, and Vo € &), 3T, € Tp, that has a large (fat)
intersection with I';, in the sense that

| Ty| ~ he|T, NTh| = he|K,| Vo € X (6.54)

These properties basically guarantee that any quasi-uniform mesh 7" with h < hg resolves T'j,
sufficiently. While the proof in [1] was only concerned with the surface case d = k — 1, it directly
transfers to the case of arbitrary codimensions.

6.5. Fat Intersection Property for the Discrete Normal Tube. The goal of this section
is to present a refined version of the fat intersection covering, roughly stating that a significant
portion of each element can be reached from the discrete manifold I'j, by walking along normal-like
paths which reside completely inside 7. We will need the following notation.
e Let T € 7; and let N(T) = {T € T, : TNT # 0} C 75, denote the set consisting of T and
all its neighbors that also belongs to the active mesh 7.
e Let  be a vertex of an element T’ € Tj, then the star S(z) is the set of all elements in the
background mesh 7~71 that share the vertex x.

Lemma 6.6. For each T € Ty, there is a d-dimensional plane T = T'p with constant normal bundle
{m:}5_1 = {mir}5_, satisfying the geometry approximation assumptions

Ty NN(T) c U(T), sup ||7s, 0 — nillpe vy Sh fori=1,...,¢, (6.55)
TETh

with € ~ h%. Furthermore, T'y N N(T) is a Lipschitz function over T and its Lipschitz constant is
uniformly bounded over all T € Tp,.

Proof. To verify (6.55) we take z € p(N'(T)) C ' and let T'r be the tangent plane to I' at . Next
we note that by the geometry approximation assumptions we have I', C Uy (I') with 8 ~ h2. Now
let Bs(z) be a ball of radius § ~ h such that N(T) C Bs(z) and p(N(T)) C Bs(x). Using the
smoothness of I' and the fact that T is the tangent plane to I' at 2 we find that there is 8"~ h?
such that

L, NN(T) C Ty, N Bs(z) € Us (T) N Bs(x) C Ugr (T). (6.56)
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Finally, we note that choosing 7; = n;(x), the smoothness assumptions on I' together with the
geometric approximation assumption (3.4) yields ||7; — n;(y)||rr = ||ni(z) — ni(y) ||z S 0 ~ h for
ES B(s(l‘) U
Next, we introduce some notation to describe normal-like paths given by projecting sets into I'y,.
e Let w be a set and = a point then the cone with base w and vertex z is defined by
Cone(w, z) = U I(z,z), (6.57)
rew

where I(z,z) is the line segment with endpoints = and z.
e Let P, be the mapping onto I';, obtained by following a unique normal direction © €

span{my, ..., .} from z to I'y. Given a set w we define the cylinder over I'y, by
Cyl(w,In) = |J I(z,py(2)). (6.58)
rTEW

With this notation we can formulate and prove the following Lemma.
Lemma 6.7. For each T € T}, there is a ball Bs C T with radius 6 ~ h such that
Cyl(Bs,Ty) C N(T). (6.59)

Proof. To keep the mathematical technicalities at a moderate level, we restrict ourselves to the
most important case ¢ = 1. For T € T, let Rr be the radius of the circumscribed sphere of
element T and rr the radius of the inscribed sphere in T. The center of the inscribed sphere is
denoted by xzp. We recall that the element is shape regular which means that ro ~ Rp ~ h.
Let {xi}é‘;o be the vertices of T, then by shape regularity there is d; ~ h such that the ball
Bs, (z;) C S(x;) for each i. For technical reasons we will also choose d; such that

01 < min ) lx; — z7||rs, (6.60)

1=€40,...,

where xp is the center of the inscribed sphere. By shape regularity it follows that rp < é; < Rrp,
i = 0,...,k and thus we may still take 0; = h. To prove (6.59), we consider two different
intersection cases, see also Figure 2.
Intersection Case I. Assume that

k
TNnTcT\ <U Bgl/s(xi)>, (6.61)

=0
then we shall construct a ball Bs,(z) C T with # € TN T, and d; ~ h. We note that T’ must

intersect at least one of the k + 1 line segments I(xr,x;) that join zp with the nodes z;, say the
line segment from zp to xo, and that there is an intersection point z = I(z7, ) NI, such that

We note that Cone(B,,.(xr), o) C T and that Bs,(z) C Cone(B,,(xr),x0) where

Iz = 27|l

(52 =TT (663)
2o — z7||rw
is a suitable scaling of r7. We also note that ds ~ h since
5y = rpdz@rller o e fleo — @7 fla — 01/8 1 2 (6.64)
lzo — rllre — 2 2o — z7|[re
rT 01 7
> —|1—-— | >rp— ~h. 6.65
=7 8llzo —arlzr | =716 (6.65)
>3
Z01

We finally note that for €/d; small enough we clearly have
Cyl(Bs,/2(2),I'n) C Bs,(2) C T. (6.66)
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Intersection Case II. There is at least one i, say ¢ = 0, such that
B51/8(a:0) n f 7& (Z) (667)
We divide this case in two subcases

{BTT/Q(J:T) NT#0  Case Iy,

_ 6.68
B7-T/2(1'T) NnI= @ Case IIQ ( )

Case I1;. Let z be the point on T’ with minimal distance to x7, we then have ||z — zr||ge < 77/2,
and B, /2(z) C By (wr). Then we conclude that

Cy1(Byy 4(2),Th) C Byy jo(2) € T (6.69)

for ¢/rp small enough.
Case II,. Consider the ball Bs, (z09) C S(z0), and observe that we have a partition

B, (z0) = B (20) U (Bs, (z0) NTx) U By, (z0), (6.70)

where Bg‘: (x0) are the two connected components of By, (zo) \ I',. Without loss of generality we
may assume that xo € (Bs, (v0) NT'x) U By, (z0). Then we have

B (z0) C S(zo) NN(T) € N(T). (6.71)

To verify (6.71) we note that if zy € I'), we have B;rl (z0) C Bs,(xg) C S(xo) C N(T). Next,
if 29 € By, (z9) we instead note that an element 7" in S(zo) which does not belong to 7;, must
satisfy T" N Bs, (o) C By, (7o) and thus we conclude that all elements in S(xo) that intersect
Bét (z0) must be in the active mesh 7T;,. We therefore have B;rl (x0) C S(xo) N Tp, which concludes
the verification of (6.71).

Next we note that it follows from the assumptions in Case Il that for €/rr small enough it
holds B, /29 NUe (T) =0, B, a(x1) C By, j2—2c and thus in particular B, /4(z7) N U (T) =0,
and

(Bél (1?0) \ B51/g+6 ($0)) N COHG(BTT/4 (l‘T), LE()) C Bg; (IE()) (672)
For ¢/0; small enough we have B, /sic(x0) C By, 4(%0) and may in the same way as in Case [
construct a ball Bs,(z), with z on I(xo,z7) and d3 ~ h such that

Bs,(z) C (Bgl/g(xo) \ 351/4(130)) N Cone(B,.,./4(wT),70) C B;; (z0). (6.73)

Then, for €/, small enough the cylinder Cyl(Bs,,I's) satisfies
Cyl(Bs,,T') C Bf (x0) € N(T), (6.74)
which concludes the proof. O

7. VERIFICATION OF THE INVERSE AND DISCRETE POINCARE ESTIMATES

We now show that any combination of discrete bilinear forms aj; and stabilization forms sy,
from Table 1 in Section 3.3 yields a stabilized cut finite element formulation which satisfies both
the discrete Poincaré estimate (4.1) and the inverse estimate (4.2). The core idea behind the
forthcoming proofs of the discrete Poincaré estimates is to show that a properly scaled L? norm
of a discrete function v € Vj, computed on 7;, can be controlled by the L? norm on the discrete
manifold I', augmented by the stabilization form in question,

[vll7, < hellvllf, + sn(v,v) Vv € V. (7.1)

Then the desired discrete Poincaré estimate follows directly from estimating ||v||r, using the T'j-
based, continuous Poincaré inequality stated and proved in [1, Lemma 4.1]:

Lemma 7.1. For v € H'(T'}), the following estimate holds

[o=Ap, ()llr, S Ve, vl (7.2)
for 0 < h < hg with hg small enough.
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By, /s(x0)

(A) Intersection case I.

B51 (iBQ)

(B) Intersection case IIb.

FIGURE 2. Schematic drawing of the two intersection cases I and IIb in the proof
of Lemma 6.7.

An inspection of the short proof given in [4] shows that the result (7.2) holds for any codimen-
sion. The forthcoming proofs of (7.1) will also make use of various inverse estimates which we
state next.
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7.1. Inverse Estimates. Recall that for given T' € 7T}, the following well-known inverse estimates
hold for vy, € Vj:

IVorllz < h™Hlonllr, lonllor S B2 uallr, IVunllor < A2V - (7.3)

In addition, in the course of our analysis, we will also employ “cut versions” of these inverse
estimates as specified in

Lemma 7.2. Let K € Ky, and T € Ty, then
Wellonllinr S llonllZ, RVl &nr S IIVoRl7 (7.4)

Proof. Recalling that the mesh is supposed to be shape regular and labeling finite element functions
and sets defined on the standard reference element with =, the proof follows immediately from a
standard scaling and finite dimensionality argument leading to the following chain of estimates

lonllkene S hOAII% 7 < BRI o ) [E N T] S BBRIZ < B [lon 3, (7.5)
<1

which is precisely the first inequality in (7.4). Note that the hidden constant in [K NT| < 1
ultimately depends on the curvature of I'. The second one can be derived analogously. O

Now the verification of the abstract inverse estimate (4.2) for any combination of discrete
bilinear forms aj, and stabilizations s} defined in Table 1 is a simple consequence of the following
lemma.

Lemma 7.3. Let v € V}, o then the following inverse estimate holds

ol <2l i=1.2, (7.6)

ol Sp 72 7lollZ,  HllZ S Aol loll3 < A7 ol (7.7)

Proof. Since ||v|[,1 < [[v]l42, the proof of (7.6) follows directly from combining the second estimate
from (7.4) with the first standard inverse estimate in (7.3). Next, successively applying the last
and first inverse estimate recalled in (7.3) shows that for s} and s7

si(v,0) = K1 =¢|[np - Vo)l %, S h7°VollF, = h72s3 (v,0) S B2 7¢|oll7.- (7.8)

Similarly,
si(v,0) = h*7¢|Qr, Vol 7, S h72 7 vl , (7.9)
which concludes the proof. O

7.2. Analysis of the Face-based Stabilization s;. The analysis of the face-based stabilization

was presented in full detail in [4, 0] in the case of codimension ¢ = 1. Here, we only note that
the proof literally transfers to the general case ¢ > 1 after replacing the inverse estimates and fat
intersection properties stated in [4, 6] by their properly scaled equivalents introduced in Section 6.4

and Section 7.1. For completeness, we state the final discrete Poincaré estimate.
Lemma 7.4. Forv € Vi, and 0 < h < hg with hg small enough, it holds

lv = A, )7, < 2V, vl + b e - Vo[, - (7.10)

In particular, fori=1,2, |- |ls + |- |ls1 defines a norm for v € Vyo:

R\l S ol +llvllsy  fori=1,2. (7.11)
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7.3. Analysis of the Full Gradient Stabilization s7. We start with the following lemma which
describes how the control of discrete functions on potentially small cut elements can be transferred
to their close-by neighbors with large intersections by using the full gradient stabilization term.

Lemma 7.5. Let v € V}, and consider two elements Ty, Ty € T, sharing at least a vertex. Then
o1, < llvllz, + A2 [IVollZ,, (7.12)

with the hidden constant only depending on the quasi-uniformity parameter.

Proof. Let xy be a vertex shared by T7 and T and denote by v; = v
Since v; is linear,

T, the restriction of v to T;.

vi(z) = vi(xo) + (z — x0) - V() (7.13)

and consequently, using a Young inequality and the fact that the shape regularity implies |T| ~ h*
and ||z — x|l (1) S h, we see that

lorll7, S h¥lor(zo)? + 12 Vorll, < llvzllF, +h2 [ Voulz,, (7.14)

~

where we used that vy () = v2(2¢) and an inverse inequality of the form h¥|va(z0)* < [Jv2||7,. O

Now the fat intersection property from Section 6.4 guarantees that Lemma 7.5 only needs to
be applied a bounded number of times to transfer the L? control from an arbitrary element to an
element with a fat intersection. On an element with a fat intersection h¢|T'NT'}| ~ |T'|, the control
of the L? norm can be passed — via piecewise constant approximations of v — from the element
to the discrete manifold part, where v € V}, satisfies the Poincaré inequality(7.2) on the surface.
More precisely, we have the following discrete Poincaré inequality, which involves a scaled version
of the L? norm of discrete finite element functions on the active mesh.

Lemma 7.6. For v € V},, the following estimate holds

h=ellv = e, (0)II7, < Ve, v

£, + eIVl (7.15)
for 0 < h < hy with hg small enough.

Proof. Without loss of generality we can assume that Ar, (v) = 0. After applying (7.12)
ol < D Iolig, < Y- (ol +h2IVoll,), (7.16)
TEX} TEX,

it is sufficient to proceed with the first term in (7.16). For v € V},, we define a piecewise constant
approximation satisfying ||[v — v||r < h||Vo|r, e.g. by taking 7 = v(zg) for any point zg € T.
Adding and subtracting v gives

Yooz £ D0 v =rlE, + D Pl (7.17)

TEX] TEX, reEX),
SEVlF, + > pell, (7.18)
TEAX}
S B2|Vollg,, + helloll, + hellv - o3, (7.19)
<RIV,
< R2|Voll7, + ke[| Vr, i}, (7.20)

where the inverse inequality (7.4) was used in (7.19) to find that h¢llv —o||%. < llv — 7], <
h?||Vv||z,, followed by an application of the Poincaré inequality (7.2) in the last step. O
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Ty

FIGURE 3. Fat intersection properties and L? control mechanisms for the full
gradient and normal gradient stabilization. (Left) While element T} has only a
small intersection with I'y,, there are several neighbor elements in 7; which share
the node xy and have a fat intersection with I'j,. The appearance of the full
gradient in stabilization s7 allows to integrate along arbitrary directions and thus
gives control of ||v||z, through Lemma 7.5. (Right) The fat intersection property
for the discrete “normal” tube guarantees that still a significant portion of T
can be reached when integrating along normal-like paths which start from I'j, and
which reside completely inside 7p,.

7.4. Analysis of the Normal Gradient Stabilization s3. The goal of this section is to prove
the discrete Poincaré inequality (4.1) by establishing inequality (7.1) for the normal gradient
stabilization s}, (v,w) = h*~(Qf, Vv,Qf Vw)y, with o € [0,2]. Recalling the notation from
Section 6.5, we start with proving a local variant of (7.2) which involves the normal projection
Q = >"i_,m; ®n; defined by the normal bundle {7;}¢_; associated with the local d-dimensional
plane I' which approximates I';, as specified in Lemma 7.4.

Lemma 7.7. Forv eV, and T € Ty, it holds
1017 < 2lollikrrynr, + P2 IQV Il (T, (7.21)
where the hidden constant depends only on quasi-uniformity parameter.

Proof. By the fat intersection property (6.59), there iifor each T € T; a ball Bs C T with center z..
and radius 6 ~ h such that Cyl(Bs,T'y) C N(T). Let I'y be the d-plane parallel with I'j, and passing
through the center z,. Then taking 6’ = v/kd, the cubular neighborhood Qs := Q5% (T2 N By)
associated with T'y and its normal bundle {7;}¢_; satisfies Qs+ C B;. Since |Qs| ~ |T, a finite
dimensionality argument shows that
ol S i, Yo € Vi (7.22)
Next, we apply the scaled Poincaré inequality (6.13) recursively with ¢’ ~ h to obtain
loll7 < vlige, (7.23)

< h||v\|'g‘2§/_1 + h?|7. - Vvl 2% (7.24)

S h(hllv\lé;z + 02 [[fe— - Vv||§§;1)+h2||ﬁc -Vl (7.25)

S hc””\%g, +h? zc: he~! i - Vol 235 (7.26)
i=1

S heolig 5, + R2IQVYT, (7.27)

where in the last step we used the inverse inequality ||7; - V|2, < h~(¢=9||@; - Vo||2 which can
5/

be proven exactly as the inverse inequalities (7.4). It remains to estimate the first term in (7.27).
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Recalling the definitions from Section 6.5, we have the representation formula
P (@)
o(z) = v(Py (x)) + / 7 Vo(B, (z) + s7)ds (7.28)
0
for each # € Ty N Bs since Cyl(T'y N Bs) C N(T). Here, p,,(z) is the distance ||z — P, (7)]|gx

satisfying p, () ~ h, and 7 is the unit normal vector corresponding to x — p,,(z). As before, we
deduce that

P (@)
(@) * < [Py (2)” + h/o 72 - Vo (B (x) + s1)[*ds. (7.29)

After integrating over I's N Bs we get

_ o o () B
/ UQdFQ(x)s,/ (voﬁh(x))QdFQ(x)—l-h/ / 17 - Vo(B, (z) + 57)[2ds dTs ()
fQﬂBJ fgﬁB(; fgﬁBg 0
(7.30)

P ()
5/ v(x)? dTy () +h/ / |- Vo(z + sm)|*ds AT, ().
ThNN(T) ThwON(T) JO
(7.31)

Observe that the last term in (7.31) is the integral of the discrete function |- Vu(z + sm)|? over
a (¢ — 1)-codimensional subset of Cyl(T's N Bs) C N(T), and thus an inverse inequality similar
to (7.4) gives

Pn(x)
h/ / 7 Vo(z + sm)Pds AT (2) S h- b= TH[7 - Vol Reer), (7.32)
F;,f‘l./\/(T) 0
and therefore
I, g, S IR, anry + 22 N1QVYI R - (7.33)
Now inserting (7.33) into (7.27) concludes the proof. O

Thanks to the geometric approximation properties (6.55), the previous lemma gives us the
leverage to prove the main result of this section.

Proposition 7.8. Assume that v € V},. Then

h=elloll7, < llvllE, + sh(v,v), (7.34)
h=¢llv = Ar, ()IIF, < IVr,0lif, + si(v,v). (7.35)

Proof.
ol = 3 Il 3 Neliryer, + IRV o) (7.36)

TETh TETh
Shefollg, + > R (IQn, Vol + 1(QF, — @)Volier)  (7.37)
TETh

S pllf, + h7IQF, VollT, + R VlIT, (7.38)
< heoll, + R21QE, Vo7, + h2|vll%, (7.39)
For h small enough, the last term in (7.39) can be kick-backed to the left-hand side and as a result
h=eloll, < lvlle, + 2> 1QE, Vollz, < Ilvllf, + si(v,v). (7.40)
The Poincaré inequality (7.35) then follows directly from combining (7.34) and (7.2). O

Remark 7.9. In the previous proof, the kick-back argument used to pass from @ to the actual
discrete normal projection Qr, used only the fact that |Q — Qr, || Lo (n (1)) = o(1) for h — 0.
Consequently, Proposition 7.8 remains valid when I';, and {n? ¢_, satisfy higher order approxi-
mation assumptions of the form ||p|| Lo (r,) + h|Q% — Qr, |l Lo (r,) S A¥ for k> 1.
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8. AN INTERPOLATION OPERATOR: CONSTRUCTION AND ESTIMATES

The main goal of this section is to construct a suitable interpolation operator and to show that
it satisfies the approximation assumption (5.14). We start with the following lemma.

Lemma 8.1. The extension operator v¢ defines a bounded operator H™(T') 3 v — v¢ € H™(Us(T"))
satisfying the stability estimate

v llevs @y S 87 [0llr,  0<I<m, (8.1)
for 0 < 8 < 9o, where the hidden constant depends only on the curvature of T'.

Proof. Again, by a partition of unity argument, we can assume that I' is given by a single
parametrization. Recalling the definition of v¢ and using tube coordinates (6.4) defined by @
in combination with the measure equivalence (6.8), the tube integral for { = 0 computes to

.usmy = /'W’ </Bg(0) [ue(y, 5)1%y/9® (v, 5) ds) dy (8.2)
~ /N </ IUC(y70)I2ds> V9*(y)dy (8.3)
w \JBs(0)

~5C/ lul?dT. (8.4)
Iy

[[o®

For [ > 0, simply combine a similar integral computation with a successive application of the
identity Dv® = Dv o Dp and the boundedness of D'p. O

Next, we recall from [16] that for v € H™(T},), the standard Clément interpolant mp, : L2(Ny) —

V}, satisfies the local interpolation estimates
v = mpvllir S A Hlmw(r) 0 m VT € Th, (8.5)
v — mpolle S ™Y 200 oy, O m—1/2 VF & F, (8.6)

where w(T') consists of all elements sharing a vertex with 7" and the patch w(F’) is defined analo-
gously. With the help of the extension operator, we construct an interpolation operator via

H™T) 3 v mpot € W, (8.7)

where we used the fact that N, = Uper, T C Us, (T) for h < dg. Before we state and prove the
main interpolation result, we consider the interpolation error in the semi-norm || - ||s, induced by
the stabilization form sj,.

Lemma 8.2. For v € H?(T') and any stabilization form s;, from Table 1, it holds that
2T (8.8)

[0 = 70 s, S hllvl

Proof. For the face-based stabilization s}, the desired estimate follows directly from the interpo-
lation estimate (8.6), the bounded number of patch overlaps w(F') and the stability result (8.1)

[|v® — 7rhve||§}1l =h'"Cnp - [V(v° — m09)][1%, (8.9)
ST BBy S BTN B w0 S PPl (8.10)
FeFn

where § ~ h. Similarly, we see that for the full gradient and normal gradient stabilization it holds
o = mnoell% = A2V (o — mof)lI%, < Aol (8.11)
lv® = moell3y = h*0QF, V(v = muv) 7, S Bl r (8.12)

which in the normal gradient case gives the desired approximation order for a > 0. O



26 E. BURMAN, P. HANBSO, M. G. LARSON, AND A. MASSING

To prepare the proof of the desired interpolation properties for the interpolant m,v¢, we recall
that the standard scaled trace inequality

1 1

[ollor S ™2 [vllr + A% || Vullr (8.13)

is valid for v € HY(T) and T € T;,. Previous proofs [, 31] of interpolation properties for the
interpolant m,v¢ used a similar scaled trace inequality of the form

_1 1
[0%lIr, S A7 2 0% [l75 + 22 ([ Vo°|

T (8.14)

in the case where I'}, is a Lipschitz surface of codimension ¢ = 1. We point out that the standard
proof to establish such a scaled trace inequality relies on a combination of the divergence theorem
and the fact that T'j, splits the element T' into two subdomains, see [20, 22]. Consequently, the
proof is not applicable in the case of codimension ¢ > 1. Here, we present a proof which is valid
for any codimension. The idea is roughly to successively “climb up” from I' to the full tubular
neighborhood Us(T") via the i-th cubular neighborhoods Q% by using the trace inequality from
Lemma 6.1.

Theorem 8.3. For v € H*(T), it holds that

lv = mv°||p,, + hllv® = 700°||a,, S B2 [oll2,r- (8.15)

~

Proof. By definition, || - [|%, = [/- 1|2, + || - [|?, and thanks to Lemma 8.2 and the choices of ap,
given in Section 3.3, it is sufficient to prove that

[v¢ = mpv°|Ir, + B D (¢ — mhv°)|Ir, < hP|lv

~

2T (8.16)

Clearly, I' can be covered by local coordinate neighborhoods satisfying the assumptions of Lemma 6.1.
The quasi-uniformity of 7;, and the fact that dist(I', T") < h implies that there is a simplex T sim-
ilar to T with diam(T) ~ h such that the chain of inclusions T' C Q5(p(T)) C T holds with
§ ~ h. Sometimes we also write T (T') if we want to emphasize that the considered T is picked for
a particular 7. Consequently, there is a v € Py (f) satisfying the interpolation estimate

lv¢ =77 + RID@* = 0r) 7 S P20 a7 (8.17)

Restricting vr to I' and denoting its subsequent extension (Ur|r)¢ simply by 0%, we obtain

o = mo [, + RID0E —m)R, < 30 (10 =05 lfnr, +HID0 =55 o, )

TeTh
+ 3 (195 = T I3ar, + 2 ID@ - 7o) ler, )
TETh
(8.18)
=1+1I, (8.19)
which we estimate next.
Term I. We start with lifting each discrete manifold part I'y, 0T to I which gives
153 o= rlry + B2 1D — 50) o, (8.20)
TETh
S Y o=l + WD = Tr) 5. (8.21)
TeTh

Then apply the scaled trace estimate (6.12) on each projected element Q3(p(T)) = p(T) C T to
see that

lo = T2 130 oy + BP0 = 50 10 peryy S P (Ilve = 07lly oy +HIDO" =) Gy oy

+ h4||D2UeHQ%(p(T))>. (822)
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After reiterating the argument and applying (6.12) to || - ||Qg(p(T)) for i =1,...,c, we arrive at
lv — o730 + 12| D(v — o) [ 5o Sh™e( v —orld + W2 D(v® —Bp) |G
Q5 (p(T)) Q3 (p(T)) ~ Q5(p(T)) Q5(p(T))

4—q e
+ Y WTID2 R (8-23)
=1

— I, + Iy, (8.24)
Recalling that Q$(p(T')) C T and that oy satisfies (8.17), the term I, can be further estimated,

Y IS W= hH | D*0°||Z, 7y S BT R D*0% |8 oy S B* [0l s (8.25)
TETh

where we used the stability estimate (8.1) and the fact that number of overlaps between similar
simplices T'(T") and T'(T") is uniformly bounded in T that is,

T €T : T(TNT(T)#0} <1 VT €Ty (8.26)

Similarly, each projected element p(T") is only overlapped by a uniformly bounded number of other
projected elements p(T') and therefore the remaining term I, can be bounded by

SN L3S BDllyery S B Dl (8.27)

TETh i=1TeT),

where in the first step, a stability estimate of the form (8.1) with Us(T') replaced by Q%(I') was
used fori=1,...,cand § ~ h.
Term II. A successive application of the inverse inequalities (7.4), (7.3) and a triangle inequality

yields to
IT S hC)05 — mpl||5, S B¢ v — mpvl |5 + h™Cllv® = 055, = 11, + 11, (8.28)

~

With the interpolation estimate (8.5) and stability bound (8.1), term I, can be estimated by

Iy S h=ehH|D?o% |17, < Rl r (8.29)
Referring to (8.21) , the remaining term I}, can be treated exactly as Term I by observing that
Iy S ) Wl =05 lITepery S D v = 05l S B0 )5 r- (8.30)

TETh TeT

where again the interpolation property (8.17) and the final overlap property (8.26) was used. This
concludes the proof. O

9. VERIFICATION OF THE QUADRATURE AND CONSISTENCY ERROR ESTIMATES

Finally, with the help of the geometric estimate established in Section 6, we now show that for
the proposed cut finite element realizations the quadrature and consistency error satisfy assump-
tion (5.15)—(5.18) and (5.19).

Lemma 9.1. Let the discrete linear form l, be defined by (3.22) and assume that the discrete
bilinear form ay, is given by either a}, or a2 from Table 1. Then

lln(v) = 1) S R fllrllvlla, Yo € Von, (9.1)
orfvlla, Yue H*(T)NHYT)/R, Vv € Vi, (9.2)

la(u,v') = ap(u®, )| < hllu
Furthermore, for ¢ € H*(T) and ¢y, = mho the following improved estimates hold

n(on) = Uep)| < W2 f el |2, (9.3)
|a(uj,, #h,) — an(un, )| S B2 ull2,r ¢

|2, (9.4)
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Proof. We start with proving (9.1). For the quadrature error of I}, side we have

1(0') = h(v) = (f,0")r = (f%0)r, = (£,0' A = [Bl7)r SR flIclot e S P2 FIrlvlla,,  (9.5)

where in the last step, the Poincaré inequality (7.2) was used after passing from I" to T'j,. Since the
interpolation estimate (5.14) yields the simple bound ||74¢| 4, S ||¢]l2,r, estimate (9.3) follows
immediately.

Turning to estimate (9.2) and (9.4) and applying the splitting V = Vr, + Qr,V we see that

ai (u®,v) = (Vr,us, Vr,v)r, + (Qr, Vut,Qr, Vu)r, = ai,(u,v) + (Qr, Vu®,Qr, Vu)r,, (9.6)
and thus it is enough to consider only the case aj = a7. Using this decomposition we obtain

a(u,vl) —ap(u®,v) = ((Vpu, val)p — (Vp, u, Vphv)ph) — (Qr, Vu®,Qr, Vu)r, (9.7)
=I1+11.

A bound for the first term I can be derived by lifting the tangential part of an(-,) to T' and
employing the bounds for determinant (6.43), the operator norm estimates (6.35), and the norm
equivalences (6.49)—(6.50),

I = (Vru, Vrol)r — (Vr, u, Vr, v)r, (9.9)
= (Vru, Voo )r = ((Vr,u)', (Vr,0)'[B]H)r (9.10)
= ((Pr — |B|"'BBT)Vru, Vro') . (9.11)
= ((Pr = BB")+ (1—|B|"")BB")Vru, V'), (9.12)
< 2| Vrullp [ Veo'||e (9.13)
S P2 IelVed'|r, (9.14)

In the last step, we used the simple stability estimate ||[Vrullr < ||f|lr which is an immediate
consequence of the weak formulation (2.12). Again, for ¢, = m,¢, the improved estimate (9.4)
follows from ||Vr¢h|lr < lénlla, < [¢ll2,r. Turning to the second term I7 and applying the

inequality (6.37) to Qr, Vu® gives

I < ||Qr, Vus|r, [|Qr, Vv, (9.15)
S P fliellQr, Vollr, - (9.16)

For general v € V},, the last factor in I7 is simply bounded by ||Vo||r, while in the special case
v = mp¢°, the interpolation estimate (8.15) and a second application of (6.37) to Qr, V¢° yields

”QF;LVﬂ-h¢G‘ IS 5 “thv¢)e| Ty, + HQFhV(¢6 - 7Th¢e)|

vy, S hll¢llzr- (9.17)

O

We conclude this section by commenting on the consistency of the proposed cut finite element
formulations. First note that s} (u®,u¢) = 0 for v € H?(T) since u® € H*(Us(I')). On the other
hand, the stability estimate (8.1) with § ~ h shows that h>~¢[|[Vu¢||Z. < hQHuH%F and thus the
weak consistency assumption (5.19) holds for s?. Finally, for the normal gradient 52 we see that
thanks to (3.5),

R eQr, Vul|| 7, = h* = l(@r, — QR)Vu|F, < ™| Vulll7, < hF2 | Vrulf,  (9.18)

and thus any choice « € [0, 2] ensures a weakly consistent stabilization which satisfies the Poincaré
inequality (4.1).
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FIGURE 4. Solution plots. Each plot shows the numerical solution u; computed
on the active mesh 7}, and its restriction to the manifold discretization Kj,. (Left)
Solution for the surface example computed on 75 with h ~ 0.22 - 10~2 using the
normal gradient stabilized tangential form a;ll + sf’l with 7 = 1.0. (Right) Solution
for curve example on 75 with same mesh size using the full gradient stabilized full
gradient form a} + s7 with 7 = 1.0.

10. NUMERICAL RESULTS

In this final section we complement the development of the theoretical framework with a number
of numerical studies which validate the theoretically proven bounds on condition number and the
a priori error as stated in Theorem 5.4 and 4.2, respectively. With R® as embedding space,
we consider examples for codimension 1 and 2. The main goal of the presented examples is to
corroborate the theoretical findings, but more in-depth numerical studies comparing the properties
of some of the presented stabilization terms can be found in [7] for the codim = 1 case.

10.1. Convergence Rates for the Laplace-Beltrami Problem on a Torus. In the first
convergence rate study, we define total bilinear form Aj, by combining the full gradient form a?
with the normal gradient stabilization s3,

Ah(uh, Uh) = (Vuh, V?}h)lch + ’Th(’nph -Vup, nry, - V'Uh)'Th (10.1)
with 7 = 0.1 to discretize the Laplace-Beltrami type problem
—Arut+u=f onT (10.2)

on the torus surface I" defined by

I={zeR®:r* =23+ (\/2? +23 - R)?}, (10.3)

with major radius R = 1.0 and minor radius r = 0.5. Based on the parametrization

cos ¢ cos ¢ cosf
x=7(¢,0) =R |sing | +r |singcosd |, (4,0)€]0,2m) x [0,2m), (10.4)
0 sin 0

an analytical reference solution u with corresponding right-hand side f is given by
u(z) = sin(3¢) cos(36 + ¢), (10.5)
f(x) = r7%(9sin(3¢) cos(36 + ¢)
+ (R +rcos(6))2(10sin(3¢) cos(36 + ¢) + 6 cos(3¢) sin(30 + ¢))
+ (r(R 4 rcos(0))) (3 sin(0) sin(3¢) sin(36 + ¢)) + u(z(¢, ). (10.6)

To examine the convergence rates predicted by Theorem 5.4, we generate a sequence of meshes
{Tx}?_o by uniformly refining an initial structured background mesh 7, for Q = [-1.1,1.1]* > T
with mesh size h = 0.22. At each refinement level k, the mesh T is then given by the active
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(background) mesh as defined in (3.7). For a given error norm, the corresponding experimental
order of convergence (EOC) at refinement level k is calculated using the formula

- log(Ek_l/Ek)

EOC(k) = ———F~1—-
(k) = L=,
with Fj denoting the error of the computed solution ug at refinement level k. The resulting
errors for the || - |[g1(r,) and || - |[z2(r,) norms are summarized in Table 2 (left) and confirm the

first-order and second-order convergences rates predicted by Theorem 5.4. Finally, the discrete
solution computed at refinement level k = 2 is visualized in Figure 4 (left).

10.2. Convergence Rates for the Laplace-Beltrami Problem on a Torus Line. Next, we
solve problem (10.2) on the 1-dimensional manifold I' C R? defined by the torus line

cos(t) cos(t) cos(Nt)
x=~(t,Nt)=R | sin(t) | +r | sin(t)cos(Nt) | , t€]0,2n), (10.7)
0 sin(Nt)

where N determines “the winding number” of the curve v with respect to the torus centerline
{reR3: 22+ 23 =R*Az3=0}. Weset R=2r =1.0 and N = 3. This time, the full gradient
form a,% augmented by the full gradient stabilization si constitutes the overall bilinear form

Ay (uh, Uh) = (Vuh, V’Uh)jch + T(Vuh, V'Uh)Th, (10.8)

to compute the discrete solution u,. To examine the convergence properties of the scheme, we
consider the manufactured solution given by

u(x) = sin(3t), (10.9)
—64sin® (t) — 128 sin® () sin (3t) + 2sin (3t) cos (3t) + 41 sin (3t) — 28 sin (5t) + 8sin (7t)
(128in® (£) — 192sin? (£) + 72sin® () — 9sin? (3t) + 4 cos (3t) + 14)° '

f(z) =36
(10.10)

Similar to the previous example, we generate a series of successively refined active background
meshes {7;}%_, with hy = 0.22/Nj, and N = 10 - 2*. To define a suitable discretization of T,
we first subdivide the parameter interval [0,27) into 10 - Nj subintervals of equal length. The
collection of segments connecting the mapped endpoints of each subinterval to I' defines an initial
partition K, of the curve 7. Then a compatible partition Ky is generated by computing all non-
trivial intersections K NT for K € Ky, T' € Ty and partitioning each segment K accordingly. A
plot of the computed solution at refinement level k = 2 is shown in Figure 4 (right). As before,
the observed reduction of the [ - || g1(r,) and || - || L2(p,) discretization error confirms the predicted
convergences rates, see Table 2 (right).

E  Jlug —ulli,r, EOC |ug—ulr, EOC k  |lug —ulli,r, EOC |ug—ulr, EOC
0 9.99-10° - 1.16-10° - 0 1.77-10° - 8.59:10~1 -

1 5.54.100 0.85 4.33-10°1 1.43 1 7.48.1071 1.24 2.74.1071 1.65
2 2.80-10° 0.98 1.1810~1 1.87 2 375101 1.00 6.66-10~2 2.04
3 1.42.10° 0.98 3.05-10—2 1.95 3 1.91.10°1 0.98 1.71:1072 1.96
4 7.141071 0.99 7.74-10—3 1.98 4 9.77-1072 0.96 4.36:1073 1.97
5 3.58.10"1 1.00 1.95-10—3 1.99 5 4.79-1072 1.03  1.09-10—3 2.01

TABLE 2. Convergence rates for the surface example (left) and curve example (right).
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10.3. Condition Number Tests. The final section is devoted to the numerical study of the
dependency of the condition number on the mesh size and on the positioning of the embedded
manifold in the background mesh. Again, we consider the case of a surface and a curve embedded
into R? and pick the unit-sphere S? = {x € R?® : ||z|| = 1} and the torus line defined by (10.7)
as example manifolds of codimension 1 and 2, respectively. For each case, we choose the same
bilinear form A;, as in the corresponding convergence rate test.

For each considered manifold I', we generate a sequence {7j};_, of tessellations of Q =
[~1.6,1.6]> with mesh size h = 3.2/k for k € {10,15,20,30,40,60}. To study the influence of
the relative position on the condition number, we generate for each mesh 7 a family of manifolds
{T's}ogs<a by translating I" along the diagonal (h, h, h); that is, ['s = I' 4+ 6(h, h, h) with ¢ € [0,1].
For the surface example, we compute the condition number k5(.A) for § = 1/500, I = 0, ..., 500,
as the ratio of the absolute value of the largest (in modulus) and smallest (in modulus), non-zero
eigenvalue. For the curve example, a higher sampling rate defined by 6 = /10000, [ = 0, ..., 10000
is used to reveal the high number of strong peaks in the condition number plots for the unstabilized
method. To study the h dependency of the condition number, the minimum, maximum, and the
arithmetic mean of the scaled condition numbers h?k5(A) are computed for each mesh size h. The
resulting numbers displayed in Table 3 confirm the O(h~2) bound proven in Theorem 4.2.

h ming{h%ks(A)} maxs{h?ks(A)} means{h?ks(A)}

1.00-10* 1.41 2.14 1.75
6.67-10~2 1.29 2.03 1.59
5.00-1072 1.26 1.79 1.53
3.33.1072 1.25 1.67 1.46
2.50-1072 1.22 1.60 1.45
1.67-10~2 1.22 1.57 1.46

(A) Translated surface example computed with bilinear form a3 (v, w) + 75} (v, w)

h ming{h%ks(A)} maxs{h?ks(A)} means{h?ms(A)}

1.00-101 6.11 7.76 6.87
6.67-1072 6.56 8.13 7.11
5.00-1072 6.91 7.81 7.41
3.33-1072 7.86 8.44 8.12
2.50-10~2 7.64 8.64 7.89
1.67-1072 7.89 8.76 8.09

(B) Translated curve example computed with bilinear form a} (v, w) 4 757 (v, w)

TABLE 3. Minimum, maximum, and arithmetic mean of the scaled condition
number for various mesh sizes h.

In Figure 5, the condition numbers computed on T3 are plotted as a function of the position
parameter delta. For the surface example, different stabilization parameters 7 for the normal-
gradient stabilization are tested and the resulting plots show clearly that the computed condition
numbers are robust with respect to the translation parameter § when 7 is chosen large enough,
i.e. 7 ~ 1. In contrast, the condition number is highly sensitive and exhibits high peaks as a
function of § if we set the penalty parameter 7 to 0. Note that for very large parameters, the size
of the condition numbers, while robust with respect to J, increases again. For the curve example,
we observe a similiar, albeit more extreme behavior as the condition number distribution shows
more frequent and stronger peaks in the unstabilized case. Here, the full gradient stabilization
7 (v, w) was employed. An additional T parameter study gave very similar results to the studies
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FiGURE 5. Condition numbers plotted as a function of the position parameter §
for different stabilizations and penalty parameters. (Left) Surface example where
a combination of the full gradient form a2 (v,w) and the normal gradient stabi-
lization s3 (v, w) was used. (Right) Curve example, with a combination of the full
gradient form a3 (v,w) and the full gradient stabilization s3 (v, w). As the peaks
in the 1-d curve example are more frequent and more pronounced, a narrower
x-axis range was chosen. Both stabilization and diagonal preconditioning yield
discrete systems with geometrically robust condition numbers.

performed in [7] for full gradient stabilized surface PDE methods, and thus is not included here.
In particular, we observed that the condition numbers do not increase again for excessively high
choices of 7.

Finally, we conduct a last numerical experiment inspired by the results presented in [26, 31]. In
[31] it was proven that diagonal preconditioning yields robust condition number bounds and cures
the discrete system from being severely ill-conditioned when a continuous piecewise linear ansatz
space is used in combination with the full gradient form a?. While the analysis provided in [31]
considered only the codimension ¢ = 1 case, our numerical experiments with the curve example
indicate that this conclusion remains valid in the case ¢ > 1, see Figure 5 (right).
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