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Cosmic inflation, a period of accelerated expansion in the early universe, can give rise to large
amplitude ultra-large scale inhomogeneities on distance scales comparable to or larger than the
observable universe. The cosmic microwave background (CMB) anisotropy on the largest angular
scales is sensitive to such inhomogeneities and can be used to constrain the presence of ultra-large
scale structure (ULSS). We numerically evolve nonlinear inhomogeneities present at the beginning
of inflation in full General Relativity to assess the CMB quadrupole constraint on the amplitude of
the initial fluctuations and the size of the observable universe relative to a length scale characterizing
the ULSS. To obtain a statistically meaningful ensemble of simulations, we adopt a toy model in
which inhomogeneities are injected along a preferred direction. We compute the likelihood function
for the CMB quadrupole including both ULSS and the standard quantum fluctuations produced
during inflation. We compute the posterior given the observed CMB quadrupole, finding that when
including gravitational nonlinearities, ULSS curvature perturbations of order unity are allowed by
the data, even on length scales not too much larger than the size of the observable universe. Our
results illustrate the utility and importance of numerical relativity for constraining early universe
cosmology.

Cosmic inflation, a postulated era of accelerated ex-
pansion in the early universe, has become an integral
part of modern cosmology; but while inflation provides
a dynamical mechanism to produce the initial conditions
for the standard hot Big Bang cosmology, the initial con-
ditions for inflation itself are far more uncertain. Cosmo-
logical measurements are bounded by the cosmological
horizon, placing fundamental limits on our direct knowl-
edge of the universe on arbitrarily large scales. However,
many inflationary models — for example those includ-
ing “eternal” inflation [1, 2] or starting from inhomoge-
neous initial conditions — lead to a rich and complicated
structure on ultra-large scales compared to our own local
Hubble volume. It is thus of great interest to look for
ways to probe this structure using “local” measurements
of the observable universe.

In this Letter we study the effects of nonlinear in-
homogeneities present at the beginning of single-scalar
field inflation on the quadrupole of the cosmic microwave
background (CMB) radiation observed today, a phe-
nomenon known as the Grischuk-Zel’dovich (GZ) ef-
fect [3]. Because pre-inflationary physics primarily af-
fects the largest scales of the observable universe, the
CMB quadrupole is the most important observable in this
context. Previous studies of the GZ effect (e.g., [4, 5])
neglect the effect of gravitational nonlinearities, basing
their inferences on Gaussian statistics. However, the
large gravitational nonlinearities studied in this scenario
could plausibly lead to significant non-Gaussianity, which
in turn affect our inferences about ultra-large scale struc-
ture (ULSS).

This motivates the fully General Relativistic numerical
treatment that we undertake in this work. For compu-

tational efficiency, we study a toy model that assumes
primordial inhomogeneities are only present along a pre-
ferred spatial direction, allowing us to perform simu-
lations in one spatial dimension. The model is speci-
fied by the choice of inflationary potential, the spectral
shape and amplitude of primordial inhomogeneities in
the scalar field, and the infrared and ultraviolet cutoff on
scales contributing to the initial inhomogeneities. Using
highly accurate numerical techniques, we are able evolve
realizations of these pre-inflationary fluctuations well into
the post-inflationary regime using mere seconds of com-
puting time, while maintaining convergence to the level
of machine precision. This numerical efficiency allows us
to sample many realizations of the initial conditions to
build up a statistical description of observables in our
model.

For three qualitatively different choices of the inflation-
ary potential, we vary the initial fluctuation amplitude
and build up a set of probability distributions over the
locally observed ` = 2 CMB multipole, a20, at different
spatial positions. We find that independent of the infla-
tionary model, and under a variety of physically plausible
weighting schemes for spatial positions, nonlinear gravi-
tational effects yield a highly non-Gaussian distribution
for a20. We then fold into our calculation the standard
smaller-wavelength vacuum fluctuations generated by in-
flation, to obtain the probability distribution of power in
the observed CMB quadrupole. The relative contribution
of the ULSS and vacuum fluctuations is controlled by a
variable that maps primordial length scales to present-
day length scales.

We compute the full posterior over the initial fluctua-
tion amplitude and mapping parameter, comparing with
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what would have been obtained if gravitational nonlin-
earities had not been taken into account. We conclude
it is essential to accurately model gravitational nonlin-
earities to make accurate inferences about ULSS from
measurements of the CMB quadrupole. We expect sim-
ilar qualitative conclusions to hold in the case where no
symmetry assumptions are made, and we comment on
the broader implications of our result to this more re-
alistic scenario. More generally, our results motivate a
systematic study of the influence of strong gravity in the
early universe on cosmological observables.

Models and numerical methods: We consider
planar-symmetric inflationary initial conditions in the α
attractor models of inflation [6], with Lagrangian density

L = −1

2
∂µφ∂

µφ− V0
(

1− e−
√

2
3α

φ
MP

)2

. (1)

Large- and small-field models are characterized by the
field excursion relative to MP during the final 60 e-
folds of inflation and by their prediction for the primor-
dial tensor-to-scalar ratio through the Lyth bound [7].
This class of models conveniently interpolates between
large-field inflation at α � 1 and small-field inflation
at α � 1. Current limits favor intermediate and small-
field models [8]. We analyzed three representative mod-
els: α → ∞ (equivalent to a quadratic inflationary po-
tential [9]), α = 2/3 (similar to Starobinsky’s R2 infla-
tion [10], where α = 1), and α = 2/300 (where inflation
occurs on a flat plateau). In all three cases we found
qualitatively similar behaviour. To illustrate the basic
phenomenology, we present results for the numerically
challenging case of α = 2/300 below.

We assume our spacetime possesses two spatial trans-
lation isometries and choose a synchronous gauge with
metric

ds2 = −dτ2 + a2‖(x, τ)dx2 + a2⊥(x, τ)
(
dy2 + dz2

)
. (2)

The full set of evolution and constraint equations result-
ing from Einstein’s equations are included in the sup-
plemental material. We introduce the field momenta
Πφ ≡ a‖φ̇ (with φ̇ ≡ ∂τφ) and the extrinsic curvatures
Kx

x and Ky
y to obtain first order equations of motion.

We also define H2
I ≡ V (φ̄(τ = 0))/3M2

P, where φ̄(τ = 0)
is the average value of the field on the initial conditions
surface τ = 0. Below, we measure fields in terms of MP.

We choose the coordinates x, y, and z to measure
proper distance on the initial spatial slice, corresponding
to a‖(τ = 0, x) = a⊥(τ = 0, x) = 1. The initial condi-
tions for each simulation can then be specified entirely in
terms of φ and Πφ. Once these are given, we solve the
momentum constraint forKy

y, and finally substitute into
the Hamiltonian constraint to obtain an algebraic equa-
tion for Kx

x. See the supplemental material for the full
form of the constraint equations.

We take the scalar field on the initial surface to be
φ(τ = 0, x) = φ̄+ δφ̂(x) and Πφ(x) = Π̄φ = 0. The mean

field φ̄ is set to obtain 60 e-folds of inflation in the homo-
geneous slow-roll approximation. The normalization V0
is chosen to match the amplitude of scalar power mea-
sured by the Planck satellite [13]. The fluctuations δφ̂(x)
are drawn from a one-dimensional Gaussian random field
with a band-pass filtered white noise spectrum

δφ̂(xi) = Aφ

nUV∑

n=nIR

eiknxiG̃n i = 1, . . . , N , (3)

where kn ≡ 2π nL , xi = idx, G̃n are realizations of com-

plex Gaussian random deviates with 〈|G̃|2〉 = 2, and Aφ
is a free parameter. We choose nIR = 1, nUV =

√
3HIL

and a box size HIL = 256/
√

3, corresponding to modes
spanning the range 2π

256

√
3 < H−1I k < 2π

√
3 in wavenum-

ber.
The evolution equations are solved numerically using

a 10th order Gauss-Legendre time integrator [14, 15] and
a Fourier collocation-based spatial discretization [16].
As expected, the code displays exponential convergence
with spatial resolution and tenth order convergence with
temporal resolution. We evolve from the initial pre-
inflationary hypersurface until several e-folds after the
onset of post-inflation scalar field oscillations everywhere
in the simulation volume. During this evolution, the rele-
vant dynamical time scale varies greatly, requiring adap-
tive time-stepping. We are able evolve a grid of 4096
points in approximately 10 seconds on a single core. All
dynamical fields are resolved to machine precision, with
a similar accuracy in preserving constraints. For each of
the three potentials, this numerical efficiency allows us to
explore a range of amplitudes Aφ spanning between four
and six orders of magnitude (depending on the model),
running 100 realizations of the Gaussian initial conditions
at each amplitude.
Extracting cosmological observables: The CMB

quadrupole as viewed from each location in the simula-
tion is determined by the comoving curvature perturba-
tion ζend at the end of inflation, along with the cosmolog-
ical redshift to the end-of-inflation hypersurface. There
are a variety of methods to find ζend [17–19]. Here we
follow the δN formalism [20, 21] and compute

ζ(H) =
1

6
ln detγij |−

1
3Ki

i=H
a‖=a⊥=1 = ln (a) (4)

where γij = diag(a2‖, a
2
⊥, a

2
⊥) is the spatial three-metric

on fixed τ slices and a ≡
(
a‖a2⊥

)1/3
. ζ is defined on hy-

persurfaces of constant H ≡ − 1
3K

i
i as measured by co-

moving observers. The proper distance along these hy-
persurfaces in terms of our original x coordinate is

dx2H=const = a2‖

(
1− H ′2

a2‖Ḣ
2

)
dx2 , (5)

where H ′ ≡ ∂xH. The hypersurface on which infla-
tion ends is defined by the first occurrence of εH ≡
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FIG. 1: Left : PDF for the ` = 2 CMB multipole a
(UL)
20 generated by ULSS, scaled to σ(UL) ≡

√
〈a(UL)

20

2〉. As the amplitude of
the initial fluctuations is varied, the distribution becomes increasingly non-Gaussian and peaked. Right : Sampling distribution
of the estimator Ĉ2 in Eq. 7. The solid vertical magenta line is the mean value predicted by the best-fit ΛCDM model from
the Planck data, and the dashed vertical magenta line is the observed value. In both panels, solid lines are the distributions
for comoving volume weighting and dashed lines are for physical volume weighting.

−d lnH/d ln a = 1 at each spatial position. After a short
transient, εH is a function of H alone, in agreement with
the separate universe assumption [22]. Therefore, ζend
corresponds to the particular choice ζ(Hend). Note that
ζ quantifies the overall expansion of a local packet of
geodesics, so variations in the value of ζ as a function of
position encodes the comoving curvature perturbation.
After a short transient, spatial variations in ζ freeze in.

The terms in a Taylor series expansion of ζend around
each point xnp along the end-of-inflation hypersurface are
related to the properties of a set of locally-defined nearly
homogeneous patches, which can in turn be related to
the observed CMB at each position. The constant term
in the expansion ζend(xnp ) is the natural logarithm of the
local scale factor (recall that our definition of ζ contains
the mean expansion), which is not directly observable.
The first derivative term also does not lead to any ob-
servable signatures, since pure gradients in the gravi-
tational potential are pure gauge [5, 23]. The leading
observable is therefore the quadratic term in the expan-
sion, which maps onto a CMB quadrupole through the
Sachs-Wolfe and Integrated Sachs-Wolfe effect. For the
situation we focus on, this truncated expansion encap-
sulates all observable effects of ULSS. (There are other
situations, for example cosmic bubble collisions in eter-
nal inflation [17, 19, 24], where discontinuities lead to a
more complicated mapping between the curvature per-
turbation and the observable CMB signature.)

Rotating the coordinate system appropriately, only the
m = 0 mode of the ` = 2 CMB temperature anisotropy
is non-zero, and we can write

a
(UL)
20 = F (LobsHI)

2∂2xpζ ' F (LobsHI)
2 1

a‖
∂x

[
∂xζ

a‖

]
.

(6)
Here F is a constant factor encoding constants of or-

der unity, a correction from the Integrated Sachs-Wolfe
effect, and a conversion from proper distance along the
end-of-inflation hypersurface to comoving distance at last
scattering. Lobs is the comoving radius of the surface of
last scattering, and HI is the average Hubble parame-
ter at the beginning inflation. In the final approxima-
tion, we have assumed (H ′/a‖Ḣ)2 ∼ k2max/a

2
‖H

2ε2 � 1,
with kmax the largest excited wavenumber in the Fourier
transform of H on uniform τ slices. This is valid on the
inflation-ending hypersurface when the local Hubble ex-
pansion rate only varies on scales much larger than the
local Hubble horizon.

The combination LobsHI is a free parameter, and en-
codes the mapping of primordial length scales to length
scales at last scattering, which depends on the details of
reheating, number of e-folds of inflation, etc. We have
chosen our conventions such that in the homogeneous
limit, LobsHI = 1 is the necessary condition for solv-
ing the horizon problem, which translates into the ob-
servable universe being descended from a single causally-
connected domain at the beginning of inflation of phys-
ical size H−1I . Since the perturbations freeze out, this
normalization ensures that our results are independent
of the particular Hubble slice we use for ζ extraction. In
the small-amplitude limit, H−1I translates into the local
comoving scale of inhomogeneity. For the case of strong
inhomogeneity, this identification is lost due to the strong
spatial dependence of the gauge transformation to co-
moving coordinates and the generation of smaller-scale
fluctuations through mode-mode coupling.
Simulation Results: Parametrizing the end-of-

inflation hypersurface by the coordinate x, we extract the
locally-observed CMB quadrupole Eq. 6 at each position
in each simulation. Additionally, the distribution over

a
(UL)
20 depends on the probability (or weight) that we as-

sign to an imaginary observer at each grid point. We con-
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sider two weighting schemes. In comoving volume weight-
ing, we equally weight observations at each grid point on
the end of inflation surface. Because each coordinate po-
sition x labels a geodesic through the space-time, our
simulation coordinates naturally preserve comoving vol-
ume (see also Ref. [25]). In physical volume weighting, we
weight observations at each position x by the total growth
in physical volume during inflation, e3ζend(x). Empirical

PDFs are created by binning the a
(UL)
20 samples by their

assigned weights to produce a normalized histogram. We
confirmed that smoothing the empirical cumulative dis-
tribution function (CDF) and differentiating it produces
the same distributions.

Several representative PDFs for the small-field model
of inflation (α = 2/300) are shown in the left panel of
Fig. 1. The PDFs for the comoving volume weighting
scheme are denoted by solid lines and those for phys-
ical volume weighting by dashed lines. Note that the
PDFs in Fig. 1 are normalized to their variance; un-
normalized distributions would have a variance that in-
creases with Aφ, spanning 8× 10−2 < σ(UL) . 1013 over
the range 10−6 ≤ Aφ ≤ 10−3.

For small amplitudes Aφ the distribution is Gaussian,
as expected from the linear evolution of the Gaussian ini-
tial conditions for δφ̂. In this regime, there is no signifi-
cant difference between the weighting schemes. As Aφ is
increased, gravitational nonlinearities become more im-
portant, with variations in ζ becoming order unity for
Aφ & 4× 10−5 in the small-field model. In this same
limit, the PDFs gain a more pronounced non-Gaussian
shape, primarily in the form of an increasing kurtosis.
The PDFs also develop a skew towards negative val-

ues for a
(UL)
20 , indicating a bias towards peaks in ζ over

troughs, as well as a non-zero mean. For very large am-
plitudes, the distribution becomes very sharply peaked

about a
(UL)
20 = 0.

In the highly nonlinear regime, for both weighting
schemes, most of the volume on the reheating surface
is descended from regions that were further up the po-
tential, and therefore have undergone a larger amount of
inflation than in the homogeneous limit (see also [26, 27]).
This unequal weighting explains the negative skew of the

PDF for a
(UL)
20 , as regions that inflate more are likely to

be associated with peaks rather than troughs. It also ex-
plains the limiting form of the PDF, since for most of the
volume on the reheating surface, inhomogeneities would
have been blown up to extremely large scales.

Overall, the two weighting schemes produce qualita-
tively similar results, with the amplitude Aφ at which
non-Gaussianities become apparent being lower for the
volume weighting scheme. This is also the main difference
between the inflationary potentials, where the threshold
Aφ at which ζ becomes order one is larger in the inter-
mediate (α = 2/3) and large-field (α→∞) models. This
is simply a reflection of the increased sensitivity to the

initial conditions in small-field models as compared to
large-field models [28]: as ζ gets large, primordial inho-
mogeneities can ruin inflation in some regions (e.g., [29]).

To facilitate the comparison of the predictions of our
toy model with the observed CMB angular power spec-
trum, we combine the effects on a20 of ULSS and the
standard inflationary quantum fluctuations that give rise
to structure on sub-horizon scales. In our toy model
ULSS is present in only one spatial direction, and con-
tribute only to a20. A more realistic, but computation-
ally infeasible, scenario would have contributions to all 5
of the a2m in addition to a contribution to the locally-
observed spatial curvature.

The observed CMB quadrupole is constructed from the
sample variance Ĉ2. In our toy model, a particular real-
ization would yield

Ĉ2 =
1

5



(
a
(UL)
20 + a

(Q)
20

)2
+

2∑

m=−2, m 6=0

(
a
(Q)
2m

)2

 , (7)

where a
(UL)
20 is drawn from distributions analogous to

those shown in the left panel of Fig. 1 and a
(Q)
20 is

drawn from a Gaussian distribution of variance σ(Q) =
1124.1µK2, in agreement with the current best-fit
ΛCDM parameters from the Planck satellite [13]. In the
right panel of Fig. 1, we show the predicted probability
distribution over Ĉ2, generated by drawing realizations

Ĉ2 (Eq. 7), fixing the variance of a
(UL)
20 to be 4 times

larger than that of a
(Q)
20 . For comparison, we show the

PDF over Ĉ2 in the absence of ULSS (a χ2 distribution
with 5 degrees of freedom). As shown in Fig. 1, there
is no significant qualitative difference between the two
weighting schemes.

Surprisingly, Fig. 1 shows that for fixed relative RMS,
larger initial amplitudes Aφ become increasingly indistin-
guishable from the case of no ULSS contribution, where
C2 is drawn from a χ2

dof=5 distribution. At the level of

Eq. 7, this is because draws for a
(UL)
20 are nearly all in the

vicinity of the peak of the PDF, which is far smaller than

the variance of the distribution, so that a
(UL)
20 � a

(Q)
20 in

most realizations.

Observational constraints: The CMB quadrupole
obtained using the Commander approach on Planck 2015
data is Ĉobs

2 = 253.6µK2 [33]. The central value lies
near the lower 95% confidence level bound of the best-
fit ΛCDM model in the absence of ULSS. This arguably
anomalously low value for the CMB quadrupole has re-
ceived note since the first full-sky measurements of the
CMB angular power spectrum by the COBE satellite [30].
Our model does not address this issue.

Given Ĉobs
2 , we derive constraints on the

presence of ULSS by computing the posterior
P(log10Aφ, log10 LobsHI|Ĉobs

2 ), shown in Fig. 2 for
the model with α = 2/300 and comoving volume
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weighting. In computing the posterior, we assume
uniform priors on log10Aφ and log10HILobs in the
ranges −6 ≤ log10Aφ ≤ −3 and −5 ≤ log10 LobsHI ≤ 0.
The upper bound on log10Aφ corresponds to the point
where our numerics break down (well into the nonlinear
regime), and the upper bound on log10HILobs is the
value required to solve the horizon problem. Note that
the model without ULSS is at Aφ = LobsHI = 0, which
maximizes the posterior.

In Fig. 2, we also show contours (dashed lines) for the
posterior generated under the assumption that the ultra-
large scale modes are drawn from a purely Gaussian dis-
tribution of equal variance to the numerically derived
non-Gaussian PDFs. This is equivalent to comparing
to the case in which gravitational nonlinearities are ne-
glected. As expected, for small Aφ where the PDFs are
approximately Gaussian, there is good agreement. How-
ever, as Aφ is increased, and the PDFs become increas-
ingly non-Gaussian, the posterior has far more weight
at larger LobsHI than is obtained with Gaussian PDFs.
Therefore, in the nonlinear regime, it becomes relatively
more difficult to constrain ULSS.

Comparing the posterior generated for the different
models of inflation and different weighting schemes, we
obtain functions qualitatively similar to that shown in
Fig. 2. In physical volume weighting, the deviations from
the Gaussian model arise at relatively smaller values of
Aφ and larger values of HILobs. This can be traced back

to the onset of non-Gaussianities in a
(UL)
20 at smaller val-

ues of Aφ for physical volume weighting (see Fig. 1). For
large-field and intermediate models of inflation, the onset
of deviations from the Gaussian model arise at larger val-
ues of Aφ and smaller values of HILobs than for the small-
field model. Therefore, while the precise constraints from
the posterior depend on the inflationary potential and
weighting scheme, the result Fig. 2 is qualitatively ro-
bust.

Conclusions: We have studied a toy model in which
ultra-large scale structure (ULSS) is generated from the
nonlinear evolution of large amplitude inhomogeneities
in the initial conditions for inflation in a single spatial
direction. In this setting, we have found a non-Gaussian
probability distribution over the imprint of ULSS on the
CMB quadrupole. We find that in cases where infla-
tion is not completely disrupted, large amplitude pre-
inflationary ULSS is allowed by current data over a wide
range in mapping scales HILobs.

Qualitatively, we expect the same to be true in a more
realistic scenario where primordial inhomogeneities have
no assumed symmetries. In a crude approximation, we
might guess that the contribution to a2m from ULSS for
each m is drawn from the non-Gaussian distributions of
our toy model. The contribution from ULSS to the spa-
tial curvature would be drawn from an analogously non-
Gaussian distribution, making it less likely to observe
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FIG. 2: The posterior probability distribution for our model
parameters log10(Aφ) and log10(HILobs) with uniform priors
in the range (−6,−3) and (−5, 0) respectively. The solid lines
are the contours at which the posterior drops to e−1 and e−2 of
its maximal value. The dashed curves are the same contours
if we model a

(UL)
20 in Eq. 7 as a Gaussian random variable with

the same RMS as the distributions in Fig. 1. The dot-dashed
line indicates the initial amplitude Aφ at which σζ = 1.

spatial curvature than in previous computations that ne-
glect gravitational nonlinearities [31, 32].

More generally, this work illustrates the novel possibil-
ity of applying the tools of numerical General Relativity
to formulate precise tests of early universe physics. As
we reach the limit on accessible information about the
primordial universe, precise tools for making theoretical
predictions are essential for getting the most information
possible from the limited observations that we are able
to make.
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Supplemental Material

In this supplemental material, we present the full evo-
lution and constraint equations used above. We focus
on the evolution of a canonically normalized scalar field
minimally coupled to gravity with action

S =

∫
d4x
√−g

[
1

2M2
p

R+ L(∂µφ, φ)

]
, (8)

where R is the four dimensional Ricci scalar and
L(∂µφ, φ) is the Lagrangian density for the inflaton Eq. 1.
Varying the action, and assuming a metric of the form
Eq. 2 with two free functions a‖(x, τ) and a⊥(x, τ), one
obtains a coupled set of partial differential equations
with mixed first and second time derivatives. By intro-
ducing the components of the extrinsic curvature tensor
Kx

x(x, τ) and Ky
y(x, τ), it is possible to isolate a first-

order in time system of evolution equations for the grav-
itational sector and the matter sector:

ȧ‖ = −a‖Kx
x, (9a)

˙a⊥ = −a⊥Ky
y, (9b)

˙Kx
x =

a′2⊥
a2⊥a

2
‖

+Kx
x
2 −Ky

y
2 +

(
Π2
φ − φ′2

)

2a2‖M
2
P

, (9c)

˙Ky
y = − a′2⊥

2a2⊥a
2
‖

+
3

2
Ky

y
2 − V (φ)

2M2
P

+

(
Π2
φ + φ′2

)

4a2‖M
2
P

, (9d)

Π̇φ = 2Ky
yΠφ +

1

a‖
φ′′ +

(
2a′⊥
a‖a⊥

−
a′‖
a2⊥

)
φ′

− a⊥∂φV (φ), (9e)

φ̇ =
Πφ

a‖
. (9f)

There are also two constraint equations, the Hamiltonian
(H) and momentum (P) constraints, given by:

H =
2a⊥a′‖a

′
⊥ − a‖a′2⊥ − 2a‖a⊥a′′⊥

a3‖a
2
⊥

+ 2Kx
xK

y
y

+Ky
y
2 −M−2P

(
φ′2 + Π2

φ

2a2‖
+ V

)
, (10a)

P = Ky
y
′ − a′⊥

a⊥
(Kx

x −Ky
y)− φ′Πφ

2a‖M2
P

. (10b)

Both the Hamiltonian and momentum constraints should
be zero for exact solutions to Einstein’s equations. Nu-
merically, we require that they remain as small as possi-
ble.
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