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Abstract

The retina confers upon us the gift of vision, enabling us to perceive the world in a manner unparalleled by any other tissue.
Experimental and clinical studies have provided great insight into the physiology and biochemistry of the retina; however, there
are questions which cannot be answered using these methods alone. Mathematical and computational techniques can provide
complementary insight into this inherently complex and nonlinear system. They allow us to characterise and predict the behaviour
of the retina, as well as to test hypotheses which are experimentally intractable. In this review, we survey some of the key theoretical
models of the retina in the healthy, developmental and diseased states. The main insights derived from each of these modelling
studies are highlighted, as are model predictions which have yet to be tested, and data which need to be gathered to inform future
modelling work. Possible directions for future research are also discussed.

Whilst the present modelling studies have achieved great success in unravelling the workings of the retina, they have yet
to achieve their full potential. For this to happen, greater involvement with the modelling community is required, and stronger
collaborations forged between experimentalists, clinicians and theoreticians. It is hoped that, in addition to bringing the fruits
of current modelling studies to the attention of the ophthalmological community, this review will encourage many such future

collaborations.
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1. Introduction

The retina is a complex and highly structured tissue. Cover-
ing the inner surface of the back of the eye, it captures incident
light, generating electrochemical signals, which, after some ini-
tial processing, are transmitted to the brain via the optic nerve,
giving rise to visual perception. As such, it is arguably the most
important means by which we gain information about the world
around us.

The last two decades have seen a rapid increase in the use
of mathematical and computational modelling techniques in the
biological sciences, due, in part, to an increase in computational
resources. These methods have been applied to a plethora of
systems, across a range of spatial and temporal scales, from the
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ecological, through to the molecular scale and from the evolu- s
tionary timescale to the rapid firing of neurons [59, 60} [87, 88]]. o
As a consequence, a wealth of insights have been generated o
that would have been difficult, and in many cases impossible, s
to achieve through the use of experimental or diagnostic tech- s
niques alone. o
The revolution in mathematical and computational biology ss
has not left eye and retinal research untouched, with a host s
of models exploring the biomechanics of the eye [14, 38}, 96, s
glaucoma, flow within the aqueous and vitreous humours [7, s
102,108 and the dynamics of the tear film [11,[12,/61]. A num- s
ber of models of the retina have also been developed, thoughio
modelling in this area has been less extensive than that devotedio
to other aspects of the eye. The purpose of this review is toie
highlight insights that have been gained from theoretical stud-ios
ies of the retina and to stimulate further modelling work andios
theoretical/experimental collaborations in this area. 105
Whilst experimental and clinical studies can reveal many ofis
the physiological and biochemical details of the retina, there areior
limits to the questions that can be answered using these tech-1os
niques alone. Mathematical and computational modelling al-10
lows us to extend these horizons in at least three ways. Firstly, o
it allows us to understand and predict the behaviour of systemsi1
which involve nonlinearities, such as those generated by feed-1:2
back mechanisms in biochemical reaction networks, or thoseis
which arise in the mechanics of fluid flow (see Sections[3.3]and 1
for examples). The sensitivity of the system to alterationsis
in each component can be tested, and the range of qualitativers
behaviours that it may exhibit, together with the conditions un-17
der which they are realised, may be determined. Thus, by plac-11s
ing a problem in a modelling framework, we gain insight intors
why a system behaves as it does, when it does. Secondly, mod-1z
elling allows us to isolate mechanisms, or manipulate a system,qes
in ways that may not be possible experimentally. An exampleiz
of this is discussed in Section [5.1.3] where oxygen toxicity iss
assumed to be the only cause of photoreceptor death in retinitisis
pigmentosa. Lastly, modelling allows examination of a widerizs
range of scenarios than would be possible experimentally, sinceiz
in silico (computer simulation) studies are not subject to theies
same financial and time constraints as those performed in vivoies
or in vitro. This is seen clearly in Section [5.2] where the ef-120
fects of a range of inter-cell adhesivities on the progression ofizo
choroidal neovascularisation are investigated. 131
How, then, can mathematical and computational models be1s:
integrated with experimental and clinical studies? In Figure [T}
we sketch out the basic contours of this relationship. We beginiss
with the system to be modelled and all that is known about it.ss
Upon this foundation, and guided by a set of well-defined ques-1ss
tions, we build our theoretical model. In so doing, we makers
a series of simplifying assumptions, including only those fea-1s
tures of the system which are thought to be significant and ofiss
relevance to the questions under consideration. The nature of
the system and the questions we bring to it will also inﬂuence140
the type of model we develop (see Section [2| for a discussion
of model types). Having formulated our model, we use math-1s
ematical analysis and/or computational simulations to deriveis
solutions. Comparing these solutions with our current knowl-14s

2

edge, we find that the model is either successful or unsuccess-
ful in replicating its known behaviours. If unsuccessful, the
model is revised and fresh solutions generated; if successful,
the model is then used to make predictions that lie outside our
knowledge domain, in an attempt to answer our earlier ques-
tions. These predictions may then be tested experimentally. If
the experiments match with model predictions then we may
have some confidence that we have answered our questions,
whilst if they do not, then we must revise our model and com-
pare it once more with known system behaviour, returning to
an earlier point in the modelling/experiment cycle. Insight is
gained at two main stages during this process. Firstly, insight is
gained at the benchmarking stage (see Figure [T, which reveals
whether or not the mechanisms included in the model are suffi-
cient to replicate known behaviour. Secondly, insight is gained
when experimental/clinical studies confirm model predictions
(see Figure ).

The above description does not perfectly represent the ap-
proach taken in all of the modelling studies presented below,
but it serves as a basic framework. Depending upon what data
are available, it may be difficult to benchmark the model and
many modelling predictions are left to gather dust without ex-
perimental confirmation. It is important to note that it is unhelp-
ful to simply characterise models as either right or wrong, since
any model is a simplified representation of reality and hence al-
ways, in some sense, wrong. A more fitting way of classifying
them would be as useful or useless. A model is useful if it repli-
cates current data enabling us to make predictions, or if it fails
to replicate current data, but in such a way as helps us to iden-
tify missing or unwarranted features of the model. It is useless
if it fails in both of these respects.

The process of constructing a mathematical model is itself
informative, as it forces us to think about the biological system
in a new way, formalising and consolidating the questions being
addressed. Whilst the primary motivation for modelling arises
from questions raised by experimentalists, it is often not until
this stage, or those which follow, that many of the questions that
we wish to pose to the model occur to us; insights emerging
unexpectedly and unlooked for, as a result of this new way of
thinking.

The remainder of this paper is structured as follows. In Sec-
tion [2} we review some of the mathematical and computational
techniques used in the modelling studies discussed in this pa-
per. In Sections 3H3] we examine a set of retinal models from
across a range of healthy, developmental and diseased states. In
each case, we describe the problem, the model and the results
generated, comparing them with experimental and clinical data.
Testable model predictions are highlighted, as are areas where
more experimental data are needed to inform future modelling
studies. Lastly, in Section@, we summarise the state of the field
and suggest directions for future research.

2. Mathematical and Computational Modelling

In seeking to mathematically describe a biological system,
we must choose between a range of model types. Whilst there
may be no unique best model, our selection will be guided by
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Figure 1: The experiment/modelling cycle. Mathematical and computational models are derived to answer questions arising from what is known about the biological
system. Model solutions are then compared with known data and refinements to the model are made where necessary. Once successfully benchmarked, the model
is used to make predictions which may then be tested experimentally. Further model refinements may be necessary at this stage. Agreement between modelling
predictions and experimental results gives us confidence that we have gained reliable new knowledge about the system.

the form of the system and the questions which we aim to ad-
dress. Each type of model has advantages and disadvantagesiz
and will involve making simplifying assumptions. Table ] pro-i
vides an overview of the available options. In what follows, wei7s
summarise some key model types. This is not intended as aizs
comprehensive overview; rather, it is tailored to the modellingi7
studies that are presented in the remainder of this paper. 177

Phenomenological models are designed simply to fit withizs
experimental data, and neglect the underlying mechanisms thatizs
gave rise to them, whereas mechanistic models are designed to1so
describe the underlying processes, such that, if they are accu-res
rate, behaviour consistent with the data will emerge naturally+e:
from the system. In practice, no model is fully mechanistic, itsiss
components reducing at some level to the phenomenological.iss
The models presented below are all mechanistic. 185

As the title of this paper indicates, we distinguish betweeniss
mathematical and computational models, though we note thatier
this is not a sharp distinction, there being areas of overlap be-1ss
tween the two model types. Broadly speaking, computationaliss
models require simulation to reveal their behaviours, whereasiso
the behaviour of mathematical models can be revealed by theior
application of analytical techniques (see the discussion of ana-s
lytical techniques below). Typically, mathematical models com-ss
prise only a few equations (the trophic factor model in Sec-1s
tion[5.1.1] contains no more than 4 governing equations), whilsties
computational models involve either a large system of equa-iss
tions and/or an algorithmic component (see, for example, theis

3

choroidal neovascularisation model in Section [5.2] where the
movement of cells is described algorithmically). Thus, compu-
tational models tend to be more comprehensive, whilst mathe-
matical models allow for a more intuitive understanding of the
system.

If a system is homogeneous or spatial variation is unim-
portant, then a well-mixed, spatially-independent model may
be used (this is the case in the trophic factor model in Sec-
tion 5.1.1] where the spatial distribution of rods and cones is
ignored), the focus being the temporal evolution of the system.
If, however, spatial structure is important, then either a com-
partmental or spatial model is required. Compartmental mod-
els decompose the system into a set of spatially homogeneous
compartments, with terms to describe how material may be ex-
changed between them (for instance, the toxic substance model
in Section [5.1.2] identifies each photoreceptor with an individ-
ual compartment, governed by its own equation), whilst fully-
spatial models allow for spatial heterogeneity within the same
compartment (see, for example, the models of retinal oxygen
distribution in Section [3.I} where the oxygen concentration is
allowed to vary across each model layer).

If we are interested simply in the resting state of a system,
then a steady-state model (in which the system does not change
with respect to time) can be used, whereas, if the dynamic be-
haviour of the system is important, then a time-dependent model
is needed (where the system evolves over time). For example,
the oxygen distribution models in Section[3.T]are of the steady-



198

199

200

201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

Table 1: Model types. Contrasting types of models are described and their advantages and disadvantages noted.
Model Type Description/Assumptions Advantages Disadvantages
Phenomenological vs Designed to match the experimental data Close fit to data Little insight
Mechanistic Designed to capture the underlying processes  Insight generated Loose fit to data

Mathematical vs

Fully described by a set of mathematical

Analytically tractable

Lacks detail

equations
Relatively simple

Computational
Typically complex

Well-mixed vs
Compartmental/Spatial
are accounted for

Steady-state vs
Time-dependent

The system does not vary in time
The system may evolve over time

Continuous vs

Discrete
in space and time

Deterministic vs
produce the same solution
Stochastic

produce different solutions

Require simulation to reveal their behaviour

Spatial structure and effects are neglected
Spatial distributions and compartmentalisation

The system is continuous in space and time

The system moves between discrete states

Simulations run under the same conditions

The model contains a probabilistic component
Simulations run under the same conditions

and generally

not computationally
expensive

Detailed Not analytically
tractable and

often computationally

expensive

More tractable
Spatial effects captured

Spatial effects neglected
Less tractable

More tractable
Dynamics captured

Dynamics lost
Less tractable
More analytically Details lost
tractable and generally
not computationally
expensive

Many details captured ~ Less analytically
tractable and

often computationally
expensive

Substantial analytical Does not account

insight for noise
Accounts for noise Little analytical
insight

state form, oxygen profiles being assumed to change very lit-216
tle under normal conditions, whilst the photoreceptor modelsa7
in Section [3.4] are time-dependent, so that they can capture thez:s
time variation in outer segment length. 219

If the objects being modelled (e.g. cells or molecules) arezzo
numerous and small in relation to the spatial domain in whichzz:
the model is being solved, then cell populations may be treatedzz-
as continuous densities and chemicals as concentrations (see,zes
for example, the oxygen toxicity models in Section[5.1.3] wherezz
photoreceptors are treated as densities and oxygen as concen-zs
tration). Continuum models may be analytically tractable, al-2s
lowing us to derive analytical solutions (see below) and hencezz7
predict how a system will behave under different conditions.zes
If the above assumptions do not hold, then a discrete modelzes
is appropriate. Discrete models may incorporate more detailszso
than continuous models, but are more computationally expen-zs
sive, with computational costs increasing dramatically as thezs
number of objects is increased. For example, the retinal an-zs

4

giogenesis model in Section[4.T]treats blood vessels as discrete
entities, allowing it to capture their intricate spatial structure.

Lastly, a distinction may be made between deterministic
and stochastic models. Deterministic model simulations run
under the same conditions always produce the same solution
(see, for example, the choriocapillaris blood flow models in
Section [3.3), whilst stochastic models incorporate a probabilis-
tic element, capturing the ‘noise’ of a biological system, as a
result of which, each simulation is different (an example be-
ing the stochastic apoptosis of photoreceptors in the toxic fac-
tor model in Section see de Vries et al. 34l for a de-
scription of stochastic techniques). In recent years, continuous-
deterministic and discrete-stochastic models have been com-
bined in what are known as hybrid models (as in the retinal
angiogenesis model in Section {.T).

Continuous-deterministic models are typically described in
terms of ordinary differential equations (ODEs) and partial dif-
ferential equations (PDEs). ODEs are used in well-mixed and
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compartmental models, where they describe the evolution of the
system with time (e.g. Sections [5.1.1] and [5.1.2)), and are also
used in one-dimensional (1D) steady-state models (e.g. Section

[3.I). PDEs are used for dynamic spatial models in 1D, 2D or

3D and for steady-state models in 2D or 3D (e.g. Section[5.1.3).

In defining a problem, a number of factors must be taken
into consideration. Firstly, where the model is spatial, we must
describe the (1D/2D/3D) geometry of the domain on which the
problem is to be solved. Governing equations must be imposed
in the domain, and combined with initial conditions (to describe
the state of the system at time ¢ = 0) and boundary conditions
(to describe the behaviour of the problem at the domain bound-
aries). Lastly, values must be assigned to the model parameters,
using experimentally measured data where possible.

Having defined a model, we may investigate its behaviour.
Typically, the models which arise from biological problems do
not admit explicit analytical solutions. That is, we cannot find
algebraic expressions for the dependent variables (e.g. cell den-
sity or chemical concentration) in terms of the independent vari-
ables (space and time) together with the model parameters. In-
stead, we must proceed in one or both of the following two
ways. Firstly, we may solve our equations numerically. For
ODE and PDE models, this may involve methods such as the
finite difference method (or method of lines) and the finite ele-
ment method, which involve discretising our equations in space
and time [see 85, [111} for details]. Secondly, we may use an-
alytical methods to systematically reduce the governing equa-
tions to a simpler form. Commonly used analytical methods
include asymptotic analysis, which reduces the system to its
dominant components, and steady-state and bifurcation anal-
yses, which allow us to determine the stability properties of,
the system i.e. whether the system behaviour is insensitive to,
small perturbations, and how such responses vary as parame-,
ters are altered [see 53} [110, for details]. Often, a Combination291
of numerical and analytical techniques is used to provide a more,,
complete picture, consistent results giving an added degree of, |
confidence in the model and solution methods. Lastly, since the,,
parameter values in our models are frequently estimated and of-_,
ten subject to variability, sensifivity analyses may be performed,
to determine the effect of parameter variation on model predic-, .

tions. 208

299
3. Health 300
301

3.1. Retinal Oxygen Distribution a02

The mammalian retina has a multilayered structure consist-%03
ing of numerous cell types (see Figure[2). The outer retina con-+
tains two cellular layers: the retinal pigment epithelium (RPE)3s
and the light-detecting photoreceptors, which can be charac-%
terised as either rods or cones, whilst the inner retina also con-37
tains two cellular layers: a layer consisting of bipolar, horizon-3
tal, amacrine and Miiller cells, and the ganglion cell layer. Thes3®
inner layers are responsible for preprocessing of visual informa-t°
tion and its subsequent transmission to the brain, via the optic3"
nerve and are separated from the vitreous humour by the inner®2
limiting membrane (ILM). 813

Retinal pigment
epithelium

Photoreceptor layer — ==
Outer limiting

membrane
Outer nuclear layer —— (©)

Outer plexiform layer —{_ )

Inner nuclear layer

Inner plexiform layer —<{{&

Ganglion cell layer

Nerve fibre layer ——— =—EEH

Inner limiting membrane { e co S BRERES o o o o o o o e e e e e o

Figure 2: Diagram of the human retina. The retina is composed of four cellular
layers: the outer retina contains the retinal pigment epithelium and photorecep-
tor layers, whilst the inner retina contains bipolar/horizontal/amacrine/Miiller
glial cell and ganglion cell layers. The diagram is oriented such that the top
lies outermost and the bottom innermost in the eye. R: rod photoreceptor. C:
cone photoreceptor. H: horizontal cell. B: bipolar cell. M: Miiller glial cell.
A: amacrine cell. G: ganglion cell. Figure reproduced, with permission and
modifications, from Swaroop et al. [[112], where modifications are reproduced,
with permission, from Roberts et al. [93]].

The retina consumes oxygen at a higher rate than most other
tissues in the mammalian body [4} IS, [118] [126]. To meet this
need, it is equipped with an extensive vasculature. The outer
retina is supplied mainly by the choroid, which lies outward
from the retina, separated from the RPE by Bruch’s Membrane,
whilst the inner retina is supplied by retinal capillary layers,
of which there are typically two, one deep and the other su-
perficial. The magnitude of oxygen supply and demand render
the retina vulnerable to both Aypoxia (oxygen deprivation) and
hyperoxia (toxically high oxygen levels). Therefore, it is of in-
terest to understand how the retina is maintained in normoxia
(favourable oxygen levels) in health, and how and why the oxy-
gen profile changes in disease states such as vascular occlusive
diseases, diabetic retinopathy, retinopathy of prematurity and
retinitis pigmentosa [[118]].

Oxygen sensitive microelectrodes have been used to mea-
sure the partial pressure of oxygen across the width of the retina,
from the ILM to the choroid, in a variety of mammals and un-
der a range of conditions [see 118 126} [128] [129] for reviews].
Whilst it is helpful to determine the oxygen profile (compar-
isons between profiles providing insight even in the absence of
a model), the measurement does not, by itself, help us to un-
derstand why the profile takes the shape that it does. In order
to explain the profile, we must determine the rates of oxygen
supply and demand, and how these vary across the retina.

A number of mathematical models have been developed to
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describe and explain retinal oxygen measurements. These mod-sss
els typically assume that the system is at steady-state (i.e. nOtass
varying with time) and are posed on a one-dimensional Carte-sn
sian geometry, across the width of the retina, perpendicular tosr
the wall of the eye. Using a Cartesian geometry, rather thanaz
a spherical geometry, is justified, since the width of the retinaszs
is much smaller than the radius of curvature of the eye. It iss
further typically assumed that the rate of oxygen consumptionars
is piecewise constant across the retina. As such, the retina isaszs
decomposed into a series of n discrete intervals 0 < x < Ly,s77
Ly <x<Ly,..., Loy <x < L, (see Figure [3), where x is thesss
distance from the choriocapillaris (CC, the innermost layer ofsrs
the choroid). Within each interval, the rate of oxygen uptake issso
given by a constant, Q; (for i = 1,...,n). Therefore, invokingss:
Fick’s second law, these models reduce to the following ODEs:as
383
2 384
g = Q,, fori=1,...,n, (1) s
where c(x) is the oxygen concentration and D is the diffusivity**
of oxygen. These equations may be solved to give %
388

2
)= v ax+ B, fori=l...n )
2D 390
where the constants of integration, A; and B; (i = 1,...,n), aress
determined by imposing boundary conditions at all external andss2
internal boundaries. As such, the profiles are piecewise linearss
(for Q; = 0) and quadratic (for Q; # 0), where Q; > 0 indicatessss
a net uptake and Q; < 0 a net supply of oxygen. 395

To date, most models have restricted their attention to thesss
avascular outer retina [35, 52, [68]]. Since the inner retinas ofss
most mammals are penetrated by deep and superficial retinalas
capillary beds, it is not possible, using these models, to distin-ass
guish between oxygen supply and consumption in this region.ao
Two resolutions to this problem have typically been considered: o
use animals with avascular inner retinas such as the rabbit or
guinea pig [32] [107], or occlude the retinal capillaries [[10} 35]].40s
In this way, the models can be extended to describe the entiresos
retina, and the oxygen consumption of each layer determined.«os
Other authors include the inner retina without occlusion, but
cannot distinguish between supply and uptake [33]].

In many theoretical studies, the number of model layers is
varied to determine the minimum number required to obtain a
good fit to experimental data, the number being increased un-*°
til the improvement in fit is deemed insignificant, or the model”
becomes sensitive to noise in the data [10}[52} [68]. The earliest*™
such models are those of Dollery et al. [35] who used single®’
layer models for the outer retina and the whole retina. Later,”
Linsenmeier [68]] and Stefinsson [107] developed two layelr41
models for the outer retina and for the inner and outer retina“
respectively. This was followed by a three layer model of the*"
outer retina [52]], to which a fourth layer was later added, to en-*'
compass the inner retina [10]. The most detailed model of this*"®
type to date is that due to Cringle and Yu [33]], who decompose*'
the retina into eight layers. Model layers representing either”'
entire cellular layers (e.g. the ganglion cell layer), or subcom-*'
partments within cellular layers (e.g. the photoreceptor inner*
segment layer). =

406

7

1
2

3
5
7
8

9

0

6

Once the number of model layers has been fixed, the mod-
els may be fit to the experimental profiles by varying the L;s
(except L,, the total retinal width), Q;s and oxygen concentra-
tions on the external boundaries upon which Dirichlet bound-
ary conditions (at which the oxygen concentration is held at a
fixed value) have been imposed. In this way, one can determine
the (net) oxygen consumption in each layer of the retina and
thereby explain why the profile takes the shape that it does.

This approach has led to some important discoveries. For
example, it has been shown that the photoreceptor inner seg-
ments (ISs) are the dominant oxygen consumers in the outer
retina, consuming approximately twice as much oxygen under
dark adaptation (DA) as under light adaptation (LA) [52, 168]].
Meanwhile, the outer region of the inner plexiform layer (IPL)
dominates consumption in the inner retina, exceeding that of
the photoreceptor ISs [33]]. Other discoveries include an expla-
nation for how inner retinal normoxia is maintained when the
oxygen content of inspired air increases, via increased uptake
by the outer plexiform layer (OPL) and the outer region of the
IPL, and how outer retinal anoxia (complete oxygen depletion)
is prevented under DA in the rat, through increased oxygen de-
livery from the CC and deep retinal capillary layer [33| [127].
[Seel1181126, (1281 [129] for detailed reviews.]

Whilst the above models have proved fruitful, they have two
key limitations. Firstly, they do not distinguish between uptake
and supply in the vascular inner retina, and, secondly, they do
not account for the variation in oxygen uptake with local oxy-
gen concentration, this effect becoming significant in those re-
gions where the oxygen profile approaches hypoxic levels.

Roberts et al. [93]] have developed a model which addresses
these limitations (see Figure [3} where layers 6 and 7 are com-
bined in this case, reducing the model to 7 layers). Uptake
and supply are distinguished by accounting for the retinal capil-
lary layers through boundary conditions between model layers,
whilst the dependence of oxygen uptake upon the local oxygen
concentration is accounted for by replacing the constant uptake
term, Q;, with a Michaelis-Menten term, Q;c/(y + ¢), so that
equation (I)) becomes

d’c _ QOic
dx2  y+c

s fori=1,...,7, 3)
where vy, the Michaelis constant, is the oxygen concentration
at which the oxygen consumption rate is half maximal (Q;/2).
The model describes the mid-peripheral human retina (with seven
layers required to account for the spatial variation in oxygen
consumption and the presence of capillary layers), though it
could be adapted to model any mammalian retina by adjusting
the number and arrangement of layers and the boundary condi-
tions between layers. As with the previous studies, this model
could also be fitted to experimental profiles. Unlike equation
(1), equation (@) does not have an analytical solution and so
must be solved numerically.

Mathematical analysis of Roberts et al.[s model reveals that
the earlier piecewise linear and quadratic models (equations (]
and (2)) are valid, provided the oxygen concentration does not
approach hypoxic levels, oxygen levels below 1 mmHg being
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Figure 3: |Roberts et al.[s retinal oxygen distribution model. Bottom: diagram to show the model geometry. Oxygen is supplied to the tissue via the CC and retinal
capillaries, whilst the net-flux of oxygen at x = Lg is zero. The concentration and flux of oxygen is continuous across all other boundaries. The flux of neuroglobin
(Ngb) between layers is zero, except at those boundaries marked with stars, across which the concentration and flux of Ngb is continuous. In the case where Ngb is
not included, layers 6 and 7 may be combined, reducing the model to 7 layers. Top: simulation results showing the oxygen distribution in the healthy human retina
under LA and DA in the absence of Ngb. The spatial extent of the model layers is depicted by the dashed vertical lines. The oxygen concentration in the outer retina
(layers 1-5) and layer 6 is significantly lower under DA, due to the increased rate of oxygen uptake by the photoreceptor ISs. CC: choriocapillaris, RPE: retinal

pigment epithelium, ONL: outer nuclear layer, OPL: outer plexiform layer, INL: inner nuclear layer, IPL: inner plexiform layer, GCL: ganglion cell layer, NFL:
nerve fibre layer. Figure reproduced, with permission and modifications, from Roberts et al. [93].

considered hypoxic [[78,193]]. Quadratic approximations are alsoass
valid in hypoxic, or near-hypoxic regions; however, the coeffi-s
cients must be modified as described in Roberts et al. [93]]. Thisass
analysis therefore places the previous models on a stronger the-s

oretical foundation, whilst also enabling them to be extended toss7

account for a broader range of scenarios. 438
Whilst [Roberts et al.ls model resolves some of the weak-ss0

nesses in previous models, it has limitations. In particular, byaso
placing capillary layers along the boundaries between models:
layers, it assumes that the capillaries lie in a plane. Whilstse
this is reasonable for the two retinal capillary layers in the mid-4s

periphery of the human retina and in the retinas of many other
mammals, some capillary layers, such as the additional layers
found in the peripapillary area of the human retina, are more
diffuse [23) 164} 81} 190, 104, [113]. In these cases, it would
be more appropriate to incorporate a distributed oxygen source
term into those layers that contain capillary beds. Provided the
capillary surface area, permeability and oxygen concentration
could be measured, it would still be possible to distinguish be-
tween uptake and supply.
In addition to considering oxygen levels within the retina,
modellers have investigated oxygen transport within the retinal
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vasculature. In particular, Liu et al. [70] constructed a model ofass
the flow distribution and oxygen transport within a 2D retinalsoo
arterial network. The central retinal arterial geometry was re-soi
constructed from an image of the human fundus and the periph-so
eral circulation added using a structured tree model, allowing ases
prediction for the oxygen distribution within a retinal network.so
Further, Ganesan et al. [45] 46| created a network model of thesos
murine retinal vasculature, incorporating all three layers (thesos
superficial layer, containing veins and arterioles, and the inter-sos
mediate and deep capillary networks). The veins and arteriolessos
of the superficial layer were modelled directly using data fromsos
the image analysis of the murine retina, whilst the capillary lay-sio
ers were represented using uniformly distributed meshes. Thiss
model produced a number of interesting further results; for in-si
stance, it was found that the blood haematocrit (the ratio ofss
red blood cell volume to total blood volume) is smaller closesis
to the optic disc and greater toward the periphery. While suchsis
modelling frameworks do not describe oxygen levels in the sur-sis
rounding tissue, it would be feasible to couple vascular oxy-si7
gen transport models with tissue oxygenation models to exploresis
how retinal vascular disease disrupts oxygen supply. 519
Finally, we note that theoretical studies have also consid-

ered the transmural transport of oxygen to the retina, as wellszo
as oxygen transport and consumption within the vitreous [see,sz:
40, 143198, for further details]. 522

523

3.2. Neuroglobin 524

Given the retina’s extensive oxygen demand, any factor whic¥
contributes to the supply of oxygen could be vital in preventing®®
hypoxia. It has been suggested that the protein neuroglobin®
(Ngb), which is present in high concentrations in the retina,
could enhance the retinal oxygen supply [[17]. A number of**®
lines of evidence indicate such a role, most notably its simi-*®
larity in structure and molecular mass to myoglobin; however,*
opinion about its role remains divided [see [13| [15} [16, 39, [89]5%
for reviews]. 533

In theory, Ngb could enhance the oxygenation of retinal tis-%*
sue via two distinct yet related processes, namely transport and>®
storage: Ngb could transport oxygen from regions where it is%®
plentiful to others where it is scarce and provide a temporary*”
supply of oxygen during periods of decreased supply or in-%%®
creased uptake. The first scenario (transport) is best considered®®
using a steady-state (ODE) model, whilst the second (storage)®°
requires a time-dependent (PDE) model. o4

To date, only two modelling studies have been conducted>*
to investigate the oxygen transport and storage properties of>*
Ngb. Fago et al. [39] developed a three layer model of the outer®
retina, consisting of a central region that consumes oxygen and®*
contains Ngb, and two outer layers that do not consume oxy-%%¢
gen and are devoid of Ngb. The proportion of Ngb molecules®’
in their oxygen-bound and unbound states is assumed to be at®*®
quasi-steady-state at all times (that is, the two species are in®*®
equilibrium). Their results suggest that the concentration of*®
Ngb in the middle layer would need to exceed 100 uM for Ngb®'
to be effective in storage and to exceed 300 uM to be effective®?

in transport. Since they assume that the local Ngb concentration®®
554
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could not exceed these values, they conclude that Ngb does not
play a significant role in transport and storage.

Given that the average Ngb concentration across the retina
has been estimated to lie in the range 100-200 uM, Roberts
et al. [93] have argued that, since Ngb is confined to the cy-
tosol of retinal cells and since it is more highly concentrated in
some retinal layers than others, the local cytosolic concentra-
tions in some layers could significantly exceed 200uM. They
constructed an eight layer model, spanning the full width of
the (human) retina and relaxing |[Fago et al.’s quasi-steady-state
assumption (see Figure [3). The model confirmed that Ngb is
unlikely to play a significant role in oxygen storage, demon-
strating that whilst it will delay a drop in oxygen levels, it will
also delay recovery [92]]. However, the model suggests that Ngb
could prevent hypoxia in the ISs and IPL via transport, increas-
ing oxygen uptake by up to 30—40% in these regions. Further, it
was demonstrated, using a simplified, single layer model, that
the lower affinity for oxygen of Ngb than myoglobin may be
advantageous for oxygen transport, contrary to the prevailing
view [15} 116} 39]. Indeed, many of the measured Ngb oxygen
affinities appear to be close to optimal.

3.3. Choriocapillaris

Zouache et al. [131] have developed a model to describe
the blood flow within the choriocapillaris (CC). The CC is the
inner layer of the choroid, responsible for supplying the outer
retina with oxygen and other nutrients, and for removing waste
products. It is subdivided into independent tessellating polyg-
onal units known as lobules. These compartments are essen-
tially planar, and are supplied and drained by microvessels, ly-
ing deeper in the choroid, via inlets and outlets, which feed into
the outer surface of the lobules, perpendicular to their plane
[131]]. Blood is supplied at the centre of each lobule by an arte-
riole, and drained at the surrounding vertices by venules. Whilst
these compartments are not physically divided from each other,
neighbouring outlets are connected by separatrices (streamlines
which divide the flow into regions with different kinds of mo-
tion) in the blood flow, on which the residence time is long,
forming an effective barrier between adjacent lobules [[131]].
Lobules are interspersed by avascular septal pillars, which stretch
between the inner and outer boundaries, interrupting blood flow.
The pillars are randomly distributed, with a uniform distribution
[131].

Rather than model the entire CC, Zouache et al. [[131]] con-
sider an individual lobule. The model is further simplified by
decomposing lobules into triangular prisms, with the inlet at
one vertex and outlets at the other two (see Figure a)). For
simplicity, the triangle is assumed to be isosceles, the inlet be-
ing separated from the outlets by sides of equal length. The
internal angle at the inlet and the septae volume fraction (the
proportion of the domain occupied by septae) are varied to rep-
resent lobules at different geographical locations within the eye.

Since the height of a lobule is much smaller than the width
of the septal pillars, the component of the flow perpendicular
to the inner and outer boundaries can be neglected. Averaging
the fluid velocity across the height of the lobule, the model is
reduced to a planar (2D) flow. The flow is further assumed to
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Figure 4: [Zouache et al's model of blood flow in the choriocapillaris. (a) diagram to show the model geometry, including septae (represented by circles). Lobules
are decomposed into isosceles triangular prisms, the inlet (top corner) being separated from the outlets (bottom corners) by sides of equal length (L). The internal
angle at the inlet is denoted by w. Figure adapted from Zouache et al. [131]]. (b) and (c) flow streamlines (showing the paths followed by fluid particles, (b)) and
pressure field (c) in the absence of septae (w = 45°). (d) and (e) flow streamlines (d) and pressure field (e) in the presence of septae (w = 60°). Figures (b)—(e)

reproduced, with permission pending, from Zouache et al. [131]].

be passive, driven by the pressure gradient between the inletsss
and outlets. Blood cells are not modelled explicitly, rather theysss
are assumed to be passive tracers. 587
The model is used to determine how the pressure drop (be-sss
tween the inlet and outlets) and average fluid particle residencesss
time (average time spent by blood corpuscles in the lobule) de-se
pend upon the internal angle at the inlet and the septae volumeso
fraction. 592
In the absence of septae, a separation (stagnation) stream-sss
line divides the triangle in two, running from the inlet, to ase
stagnation point on the opposite side of the triangle, midwaysss
between the two outlets (see Figures Ekb) and (c)). The pressuresss
drop is minimised, and the average residence time maximised,ss
when the inlet angle is 90°, whilst the pressure drop increasessss
and the residence time decreases as the inlet angle approachesse
0 or 180°. The residence time is lower along streamlines closeso
to the walls of the domain, and increases along streamlines ap-soi
proaching the stagnation streamline. As the septae volume frac-ec
tion increases, the pressure drop and bulk flow velocity increasesos
and the average residence time decreases (see Figures [4(d) andsos
(e)). However, the septae also increase the residence time in theeos
stagnation regions created on their surfaces where the stream-eos
lines separate. 607
As lobule geometry varies across the eye, so too does the
pressure drop, blood velocity and residence time. It may besos
that this variation in geometry is the means by which the ex-_,
change of oxygen and other nutrients is modulated to match,,,
supply with demand. This spatial variation could also help,,,
to explain the geographical heterogeneity in vulnerability seen,,
in retinal diseases such as retinitis pigmentosa (RP) and age-,,

related macular degeneration (AMD) [131]]. It has been noted
that drusen tend to form near venular openings in AMD [44].
This model suggests a possible explanation, since it predicts
that the residence time of fluid particles is greatest here [131].

Whilst this model provides a useful first step in mathemati-
cally describing the CC, it has several limitations. In particular,
it does not capture the movement of fluid between the CC and
the retina, nor does it account for the three-dimensional nature
of the flow, which could have a significant effect on residence
time. are now developing a 3D Navier-Stokes,
advection-diffusion model to address these limitations [131]]. A
further interesting extension would be to couple models of the
CC to models of the retina in disease states such as RP and
AMD, where the supply of oxygen and other nutrients may be
critical in driving the disease progression.

Zouache et al.s work has also served to highlight short-
comings in existing experimental data. In particular, the inte-
rior angle at the inlet has not been investigated and, as yet, only
one measurement for the pressure drop between inlet and outlet
has been published. [Zouache et al.[s models show that both of
these features are of critical importance for blood flow within
the CC and, as such, their accurate measurement should present
a promising direction for future experimental research.

3.4. Photoreceptors

A number of models considering either individual photore-
ceptors or groups of photoreceptors in health have been devel-
oped. These models focus on processes such as retinal light
adaptation, phototransduction [see in particular [63] [113],
photoreceptor and horizontal cell interactions, circadian rhythms
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[19]], information processing [105} [106] and receptive fields.e
Many of these studies are reviewed in Keener and Sneyd [60],¢7
Chapter 22, to which the reader is referred for further details. &7

Here we discuss more recent work by Macdougall [[74],e7
which provides a potential explanation for the observed diur-7s
nal variation in rod photoreceptor outer segment (OS) length.ezs
Each rod OS is composed of a stack of approximately 700—e7
1200 membranous discs [[122]. Discs are continuously replen-szs
ished from the base of the OS, where it meets the IS, whilsters
groups of discs at the outer tip of the OS are intermittentlysso
shed and subsequently phagocytosed by the underlying RPE,es:
the most significant shedding event occurring at the onset of LAss2
[121} 1221 [123] [124]. As a consequence, the OS is completelyess
replaced over a period of 9-13 days [as measured in the rhe-es
sus monkey and assumed to hold true in humans [122]]. Rod OSess
length varies over a daily cycle, growing under DA and shrink-sss
ing under LA, indicating that the shedding and renewal rateses
vary with illumination [1]. 688

Macdougall [74] construct three spatially-resolved contin-sss
uum models, each testing a different hypothesis, proposed toeso
explain the observed differences in OS length under DA andss
LA. The first model tests the hypothesis that the observed dy-es
namics can be explained by changes in the oxygen landscapesss
between DA and LA, whilst the second tests the hypothesisess
that the dynamics can be explained by changes in the phospho-ess
creatine shuttle-derived ATP concentration in the OS betweensss
DA and LA. Both models fail in important respects (see be-ess
low). Therefore, the third model proposes that a combinationss
of changes in the oxygen and phosphocreatine shuttle-derivedsss
ATP concentrations is sufficient to explain the OS dynamics.7o
All three models consist of PDEs and ODEs, where the PDEs7o1
are defined on a 1D domain spanning the region between there
inner end of the IS and the outer end of the OS, the formeros
boundary being fixed in space and the latter free to move (seeros
Figure[5[a)). In each case, it is assumed that the choroid is thezs
sole supplier of oxygen. 708

The first model consists of a PDE for oxygen concentra-7o
tion and an ODE for OS length. Oxygen diffuses freely acrosszs
the photoreceptor and is taken up at a baseline level acrosszs
the domain, with an additional consumption term in the IS tozio
model mitochondrial uptake there, which increases under DA71
(see Section [3.I). The OS length increases or decreases at ar:
rate proportional to the difference between a predefined thresh-s
old concentration and the oxygen concentration at the inner endr1s
of the IS. The length increases when the oxygen concentrationzis
at the inner tip of the IS is above the threshold (i.e. in abun-7i
dance), and decreases when the oxygen concentration is belowzi7
the threshold (i.e. in short supply). 718

The model admits unique, positive, steady-state solutionszs
for OS length under both DA and LA. Simulations capture a 2470
hour cycle, starting with the light adapted steady-state solutionzz:
att = 0 hours, followed immediately by DA, switching to LA at7
t = 12 hours. The only parameter which changes between DA7zs
and LA is the rate of oxygen uptake in the IS. It is found that OS72s
length increases under LA and decreases under DA, behaviourzzs
which is the reverse of that seen in vivo. This result is robustzzs
under parameter sensitivity analysis and suggests that oxygenzzr

10

cannot be the sole regulator of OS length.

The second model focusses on how the spatial distributions
of creatine phosphate, creatine, free phosphate, ATP and ADP
change over time and regulate OS length (see Figure[5(a)). ADP
combines reversibly with phosphate to form ATP. The dominant
source of ATP is assumed to be that formed by oxidative phos-
phorylation in the IS mitochondria, rather than that formed by
glycolysis throughout the photoreceptor. Consequently, ATP
production is neglected in the OS. Dephosphorylation is as-
sumed to be negligible in the OS under DA. However, the de-
mand for ATP in the OS increases under LA, such that dephos-
phorylation occurs under LA. The diffusion rates of ATP and
ADP are slow and, hence, neglected. Therefore, in order for
IS-produced ATP to reach the OS, it must do so via the phos-
phocreatine shuttle: creatine binds ATP reversibly to form cre-
atine phosphate and ADP, the forward reaction being favoured
in the IS and the reverse in the OS. Creatine phosphate, crea-
tine and phosphate are all free to diffuse across the photorecep-
tor, resulting in a net flux of creatine phosphate from the IS to
the OS, and of creatine and phosphate from the OS to the IS.
Since the ATP and ADP concentrations evolve on a much faster
timescale than those of the other reactants, they are assumed to
be at quasi-steady-state, so the system comprises 3 PDEs for
phosphocreatine, creatine and phosphate. The OS is assumed
to grow at a constant rate and to shed discs only when the ATP
concentration at the outer tip of the OS falls beneath a thresh-
old value, corresponding to a critical OS length, at which point
shedding proceeds at a rate proportional to the amount by which
OS length exceeds this critical length.

Simulations for the 24 hour dark/light cycle predict that the
OS will shed discs under LA, causing it to shrink towards a
steady-state (after about 2 hours), in agreement with in vivo
observations. The OS length increases linearly under DA; how-
ever, it does not reach steady-state, growing unboundedly if DA
is maintained indefinitely. These results suggest that the phos-
phocreatine shuttle is sufficient to regulate OS length under LA,
but not under DA.

The third model combines the hypotheses of the two pre-
vious models. Simulations of the combined model show OS
growth under DA and shrinkage under LA, in agreement with in
vivo observations (see Figure[5{b)). The decrease in IS oxygen
consumption leads to growth under LA; however, rapid shed-
ding dominates growth at the onset of LA [as observed in[123]]
leading to net OS shrinkage (see Figure [5(c)). The shedding
rate subsequently decreases, balancing growth, such that the
system approaches, and effectively reaches, steady-state under
LA. Growth under DA is both linear and bounded, improving
on both of the previous models; however, OS growth does not
reach steady-state until approximately 100 hours. Whilst one
would expect growth to stall earlier than this in vivo, these re-
sults are supported by a study carried out by Bassi and Powers
[9] on goldfish, which showed that OS length increases at a con-
stant rate when dark conditions are sustained for 7 days. In an
ordinary light/dark cycle, the onset of LA interrupts growth un-
der DA, such that continued growth beyond the physiological
norm is not realised.

Many retinal diseases (e.g. AMD and RP) are associated
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Figure 5: [Macdougall[s model of photoreceptor shedding and regrowth. (a) diagram showing the model geometry, the oxygen distribution, and the kinetics and
dynamics of the phosphocreatine shuttle. The photoreceptor IS has a fixed length, spanning the region between x = —L;s < 0 and x = 0, whilst the OS length
varies with time, ¢, spanning the region between x = 0 and x = Lps(f) > 0. Oxygen, phosphocreatine (CrP), creatine (Cr) and phosphate (P) diffuse freely across
the domain, whilst none of the species can leave the photoreceptor. Diffusive transport of ATP and ADP is neglected. ADP and P combine reversibly to form ATP,
whilst CrP and ADP react reversibly to form Cr and ATP. Larger arrows show the dominant direction of each reaction. (b) simulation results for the third (combined)
model, showing the growth and shrinkage of the OS over a 24 hour dark/light cycle, where the heat map represents the oxygen profile (in units of uM) internal to
the photoreceptor. The simulation is initiated at the LA steady-state, grows under dark conditions for the first 12 hours and shrinks under light conditions from 12
to 24 hours. (c) graph to show the evolution of the shedding rate over time for the simulation depicted in (b). Shedding is absent under DA, but occurs under LA,
reaching its highest rate shortly after the onset of LA. Figures (a) and (b) reproduced, with permission and modifications, from Macdougall [74], where the diagram
of the photoreceptor in (a) is adapted from Young [121]. Figure (c) supplied by Macdougall and reproduced with permission.

with a decrease in OS length. One possible cause of decreasedss
OS length is mitochondrial inefficiency, or inefficiency in OS
energy utilisation. This may be represented in the model by’
decreasing the IS ATP production rate or increasing the ATP7ss
threshold. Both changes decrease OS length, suggesting thatss
these factors are sufficient to explain the OS shrinkage observedsss
in diseased states. The above inefficiencies could also be rep-7ss
resented by increasing the rate at which the ISs take up oxy-z7
gen or reducing the oxygen threshold; however, this has an in-7ss
significant effect on OS length, since, although it decreases thezss
steady-state OS length, the steady-state is not reached during azeo
standard diurnal cycle.
The above study illustrates the way in which mathematicalve:
models can be used to isolate mechanisms in a way that wouldzes
be difficult, if not impossible, experimentally; examining theirzes
sufficiency in explaining observed behaviours. Future modelses
could incorporate the effects of Ngb in oxygen transport (seerss
Section [3.2), or signalling between the photoreceptor and therer
RPE [74]. The model could also be developed to consider dis-7es
ease states. For example, it could be combined with the oxygenzss
toxicity mode for RP, described in Section[5.1.3] to account forro
the increased oxidative damage incurred by the IS as they ap-7
proach the choroid, following shrinkage of the OS.
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4. Development

4.1. Retinal Angiogenesis

The retinal capillary layers, also known as the retinal vas-
cular plexus (RVP), colonize the retina via the process of an-
giogenesis (the development of new blood vessels from pre-
existing vessels). Astrocytes migrate from the optic nerve, over
the surface of the inner retina, in response to a gradient in platelet-
derived growth factor A (PDGF-A), which is produced by the
underlying retinal ganglion cells. Astrocytes in turn guide the
formation of the RVP, producing vascular endothelial growth
factor A (VEGF-A), which attracts endothelial cells to move up
spatial gradients in its concentration, from the optic nerve, to-
ward the retinal periphery. Astrocyte migration begins shortly
before birth, whilst endothelial migration begins on post-natal
day 0 (P0), reaching the retinal periphery by P8 [6} [77,[119].

Aubert et al. [6]], McDougall et al. [77] and Watson et al.
[119] have created a series of models, produced alongside an
accompanying experimental program, to capture the dynamics
of the angiogenesis of the superficial RVP, in the developing
murine (mouse) retina. The mammalian retina is an ideal sys-
tem for studying angiogenesis, since the vascular architecture
can easily be imaged using retinal whole mounts. Furthermore,
development can be split into a well-defined sequence of events
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and the vessel network has an ordered architecture, facilitatingsss
comparisons between in vivo and in silico results. 832

In Aubert et al. [6], two 1D PDE models are developed, de-sss
fined on a domain spanning the region between the centre ofsss
the optic nerve and the position of the retinal periphery oncesss
fully-grown, starting from PO (for model 1) or E17 (embry-ss
onic day 17, or P-4, for model 2) and running to P8. The firstss
model focusses on capillary tip density, blood capillary densitysss
(which follow behind the capillary tips) and VEGF-A concen-sss
tration, whilst the second accounts also for astrocyte densitysso
and PDGF-A concentration. 81

In the first model, an initial VEGF-A gradient is imposed, s«
whilst in the second, the VEGF-A gradient is initially set toss
zero, and evolves over time as it is produced by astrocytes andss
consumed by endothelial cells, matching the in vivo situationsss
more closely. Sensitivity analysis of the first model shows thatss
chemotaxis has a significant influence upon RVP development,ss
confirming the importance of the more realistic chemotacticss
gradients in the second model. The simulation predictions forss
capillary tip and astrocyte migration from the second model aresso
in good agreement with the in vivo results, providing experi-ss
mental support for the model and showing that the factors ac-ss
counted for in the model are sufficient to explain the observedsss
dynamics. 854

In later work, a 2D hybrid model was used to simulate thesss
complex, branched structure of the RVP [[77, [119]. The modelsss
contains discrete-stochastic and continuous-deterministic ele-ssz
ments and is posed on a domain spanning the surface of thesss
inner retina. As before, PDEs are defined for the astrocyte andsss
endothelial cell densities (the distinction between capillary tipssso
and blood capillaries being dropped at the level of the PDEs)ss
and for the PDGF-A and VEGF-A concentrations. Four ad-ss
ditional PDEs are also included to account for the density ofsss
the matrix-bound proteins vitronectin and fibronectin, both ofsss
which are produced by astrocytes, and the concentrations ofsss
astrocyte and endothelial cell produced matrix degrading en-sss
zymes, which degrade vitronectin and fibronectin respectively.sss
Astrocytes and endothelial cells move up adhesion gradients insss
vitronectin and fibronectin respectively, via haptotaxis (see Fig-sss
ure [6[()). 870

In order to capture the migration of individual astrocytessr
and endothelial cells, and hence the formation of discrete cap-sz
illary vessels, the PDEs for these equations are discretised. Thesrs
direction of movement of each individual cell is determinedss
stochastically, integrating the effects of diffusion (random move-sss
ment), chemotaxis and haptotaxis. Both astrocytes and endothe-sz
lial cells also undergo stochastic branching, the probability ofss
branching increasing with increasing PDGF-A and VEGF-Aszs
concentrations respectively, whilst anastomoses occur when-szs
ever a sprout tip meets either another sprout tip or an existingsso
capillary. 881

Blood is a biphasic fluid, composed largely of erythrocytesss:
and plasma. The model accounts for the separation of these twosss
phases at bifurcations in the vascular bed. The model also ac-ss
counts for changes in vessel radius due to wall shear stress, in-sss
travascular pressure, conducted and convected metabolic stim-sss
uli and a shrinking tendency which dominates in the absence ofss
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growth stimuli. The conducted (acting upstream) and convected
(acting downstream) stimuli help to prevent shunt formation by
favouring the dilation of vessels that are part of extended flow
pathways.

Lastly, the model contains PDEs to describe the oxygen dy-
namics in the tissues and within the blood vessels. It is also as-
sumed that erythrocytes are the only source of oxygen. Vessel
pruning occurs when the oxygen concentration in the surround-
ing tissue and vessel age exceed critical thresholds and in the
absence of any flow-related stimuli.

Simulations including astrocyte and endothelial cell migra-
tion, but neglecting perfusion, produce cell front migratory dy-
namics that match well with in vivo experiments (see Figure
[6lc)); however, they do not reproduce the highly structured vas-
cular trees seen in vivo. When perfusion, plexus remodelling
and oxygen delivery, without convected and conducted stimuli,
are included, capillary shunts develop, such that the haemat-
ocrit only takes non-zero values in the regions neighbouring the
optic nerve. As a result, oxygen delivery to the peripheral retina
is negligible. When convected and conducted stimuli are in-
cluded (see Figure[6(d)), the haematocrit is spatially heteroge-
neous, and the entire retina receives a reasonable supply of oxy-
gen, demonstrating the importance of these stimuli for adequate
oxygen delivery. Interestingly, the haematocrit is predicted to
increase toward the retinal periphery, exceeding 0.75 in some
regions around the periphery (this is as compared with the in-
put value of 0.45), in good agreement with Ganesan et al. [45]
(see Section [3.1)) and being most highly concentrated around
dilated arterio-venous loops. This phenomenon is due to phase
separation, which causes the haematocrit to increase along the
arterial side of each bifurcation. In the absence of phase sepa-
ration, the peripheral retina would be oxygen starved. Also in
agreement with|Ganesan et al.|is the development of arterial in-
let segments that are narrower than those of the venous outlet
segments. Visual comparison of in vivo and in silico vascular
architectures reveals that they are qualitatively similar, the main
differences being that in silico, the vascular plexuses are a little
denser and the vessels remain dilated up to the growth front,
rather than narrowing toward the periphery (see Figure[6{b)).

Having benchmarked their model against normal develop-
ment, it can be used to predict what would happen if one or
more developmental mechanisms were altered. For example,
increasing or decreasing the VEGF-A diffusion coefficient 10-
fold slows the rate of capillary growth, due to the loss of sharp
gradients in VEGF, suggesting that the usual isoform (VEGF-
Ajes) is more effective for retinal angiogenesis that its lighter
and faster diffusing (VEGF-A1,), and its heavier and slower
diffusing (VEGF-A g3) isoforms.

Increasing the input arterial haematocrit, or decreasing the
tissue oxygen consumption rate causes large capillary-free zones
and hyperoxia to develop, these effects being more extensive in
the latter case. The former case is equivalent to retinopathy of
prematurity and the latter to oxygen-induced retinopathy.

If capillary pruning is reduced, the spatial distribution of di-
lated vessels is not significantly affected, but phase separation
is reduced, causing haematocrit levels across the retina to be-
come more heterogeneous, with erythrocytes being more con-



888

889

890

891

892

893

894

895

896

897

898

899

900

901

902

903

904

905

906

907

908

909

910

911

Retinal
Ganglion Cells

Matrix
Degrading
Enzyme

Fibronectin

Astrocytes

T

Oxygen

t

Endothelial
Cells

Matrix
Degrading
Enzyme

2500 4

2000 4

1500 4

1000 4

—A— in vivo astrocyte migration
—¥— in vivo RVP migration
5001 === in silico astrocyte migration

radius (from optic nerve, tm)

=== in silico RVP migration

o

-2 0 2 4 6 8
post-natal day

&
L

12um
L 0.60

0515
043
0.345
0.26

0175

Figure 6: McDougall and co-workers’ hybrid model of retinal angiogenesis [[77,[119]]. (a) diagram summarising the key components and processes included in the
model. Pointed arrows indicate production or attraction, whilst flat-headed arrows represent degradation or inhibition. Figure adapted from McDougall et al. [77].
(b) comparison between in silico (i) and in vivo (ii) vasculatures at P7.7 and P8 respectively (using the full model). Brighter colour in the in silico image represents
wider vessels, corresponding with the colour bar in (d)(i). The results are qualitatively similar, the main differences being that, in silico, the vascular plexuses are
slightly denser and the vessels remain dilated up to the growth front, rather than narrowing toward the periphery. Figure reproduced, with permission pending, from
Watson et al. [119]. (c) graph comparing the in vivo and in silico (neglecting perfusion) migration of astrocyte and endothelial cell fronts. The in vivo results are
represented by black triangles (upward: astrocytes, inverted: endothelial cells), whilst the in silico results are represented by red (astrocytes) and green (endothelial
cells) lines. The results show good agreement. Figure reproduced, with permission pending and modifications, from Watson et al. [119]. (d) simulation results from
the full model at P7.7 showing (i) vessel radii, (ii) tissue oxygen concentration, (iii) haematocrit and (iv) vessel oxygen concentration. Figure reproduced, with
permission, from McDougall et al. [77]. PDGF-A: platelet-derived growth factor A, VEGF-A: vascular endothelial growth factor A, P: post-natal day, RVP: retinal

vascular plexus.

centrated around the dilated arteriolar segments. These resultssi2
suggest that capillary pruning is important in ensuring that all
regions of the retina receive an adequate supply of oxygen.  _,
The above results illustrate how computational models can,,
be used to examine scenarios and isolate mechanisms in a way,,,
that would be technically challenging, if not impossible, to re-,,
produce experimentally. This is particularly true for the simula-,,
tions in which the convected and conducted stimuli are switched,,,
off. .
Extending the hybrid mode to 3D would allow studies of,
later developmental stages (between P8 and P16), during which,,,
vertical sprouting from the superficial RVP leads to the forma-,,
tion of two additional RVP layers deeper within the retinal tis-,,
sue [77, [119]. This would require a fully 3D model. It would,
also be interesting to test whether the model could be adapted,,,
to account for the curved vascular arcades seen in humans (as,,
opposed to the radial pattern found in the murine retina). The,
effects of mechanical signalling upon vessel formation and mat-
uration could also be incorporated. Lastly, the model could be
adapted to study diabetic retinopathy and the critical develop-,,
mental period in the early stages of RP [[7/9], providing a tool,
for testing potential treatment strategies. o5
Finally, we note that recent modelling studies have also con-,,
sidered angiogenesis within the cornea [see, 31} 154].
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4.2. Retinal Mosaic Formation and Retinogenesis

A number of theoretical modelling studies have explored
the formation of retinal photoreceptor and ganglion cell mo-
saics, using a combination of phenomenological and mecha-
nistic approaches. Typically focussing on the processes of lat-
eral migration, cell fate and cell death, these studies seek to
explain how a regular arrangement of neurons emerges from an
initially random distribution. These studies are reviewed in de-
tail in Eglen [36l 37], to which the reader is referred for further
details.

More recently, Salbreux et al. [97] have developed a com-
putational model to explain the ordered packing of cone pho-
toreceptors in the zebrafish retina, in terms of the coupling of
mechanical deformations and planar cell polarity. Their model
reproduces many behaviours observed during development in
vivo, as well as elucidating how this process may break down
in mutants. In addition, Jiao et al. [58]] have constructed a multi-
scale model for the packing of avian photoreceptors. The model
indicates that short- and long-range repulsive forces between
photoreceptors are sufficient to explain the observed patterns.

Barton and Fendrik [8] have used a stochastic model to
explore vertebrate retinogenesis, the process by which differ-
ent retinal cell types derive from multipotent retinal progenitor
cells. The model, which assumes that a single factor regulates
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both division and competency, reproduces the timings at whichss;
different cell types are produced, as measured in rats, suggest-sss
ing that a single regulatory factor is sufficient to explain thissss
process. 990
991
992

5. Disease
993

The various diseased and damaged states of the retina have®*
received a significant proportion of the theoretical modelling®®
community’s attention. Models cover a range of topics includ-*%
ing laser-induced damage [114]], blast injury [95], retinal de-*"
tachment [57, 80], proliferative retinopathy [75} [76], retinitis®®
pigmentosa and age-related macular degeneration. In what fol-°**°
lows, we focus on the latter two conditions, where modelling®®

studies are most highly concentrated. 100t
1002

5.1. Retinitis Pigmentosa 1003

The term retinitis pigmentosa (RP) denotes a group of in-""*
herited retinal diseases which cause the progressive degeneri005
ation of photoreceptors and, hence, loss of vision. The most ™
common inherited retinal degeneration, RP is currently untreat-”
able [100]]. RP usually occurs as a rod-cone dystrophy, in which”™”
rod function and number are diminished earlier and more severéf§19
than for cones [49]. Cone-rod dystrophies, in which cone loss”"
precedes rod degeneration, can also occur and, rarely, rod and”"
cone loss may occur simultaneously [51]]. Whilst the initial loss™”
of rods (or cones) may be attributed to genetic mutations, the™”
cause of the secondary loss of cones (or rods) is unknown. o

Histological studies in humans and rats suggest that phol015
toreceptor degeneration initiates in patches, which presumatbl}}016
spread and coalesce over time [24} 47, 156, 166, [130]. RP prol0 ’
gression in animal models is largely homogeneous in space oe
however, in humans, photoreceptor loss has a distinct spatzo- e
temporal pattern, typically initiating in the mid-periphery, with™
the central retina being the last region to degenerate [51]]. Whi le1021
the phenomena driving this pattern remain to be determined,
three hypotheses have been proposed to explain them: the troph}nc23
factor, toxic substance and oxygen toxicity hypotheses. Mathe1024
matical modelling has proven valuable in evaluating the strengths
and weaknesses of these hypotheses and in suggesting potentiai026

. 1027
treatment strategies.
1028

1029

5.1.1. The Trophic Factor Hypothesis

It has been suggested that rods may release chemicals that
are essential for cone survival [41} [82] [83] [84]. Rod loss Would -
remove the source of these factors, leading to cone degenera—
tion. One such factor, rod-derived cone viability factor (Rd—0
CVF), identified by Léveillard et al. [67], has been shown tc1>035
slow cone degeneration and to preserve cone function in chick1,036
mouse and rat models [41} 167,82} 183 184, [120].

Camacho, Wirkus et al. have developed a series of spanally-
averaged ODE models to investigate the role of RACVF in both
the healthy and diseased retinas.

Their first model considers the healthy retina, describing the041
dynamics of rod and cone OS number, and RPE cell number o

1043
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[equivalent to the trophic pool, 20, note that we use the interpre-
tation given in the subsequent papers]. Their equations describe
the shedding and renewal of the photoreceptor OS, where the
renewal involves the conversion of trophic pool (which is con-
tinuously replenished) into new OS discs. Rods produce Rd-
CVF, which is mathematically distinct from the trophic pool, at
no cost to themselves, augmenting the supply of trophic factor
to the cones (see Figure [/(a)). The presence of RACVF makes
it possible for rods and cones to coexist indefinitely, suggest-
ing that this factor may be necessary for their mutual survival
[20]. We note that earlier modelling work by Camacho and col-
leagues led them to predict the existence of such a factor, before
its discovery by [Léveillard et al.|in 2004 [see [30], though they
were not the first to predict such a factor |82, [84].

Mathematical analysis and numerical simulations suggest
that, for certain parameter values, the system will exhibit mul-
tiple stable oscillatory solutions, of various amplitudes, corre-
sponding to the rhythmic shedding and renewal of photorecep-
tors observed in vivo (see Figure[/[(b)). The period of oscillation
ranges from 8-9 hours, for small amplitude oscillations, to 26
hours, for large amplitude oscillations. The range of parame-
ters for which this behaviour occurs is larger, and hence these
dynamics are more probable, when more RACVF is produced
by rods and when photoreceptors convert trophic factor into OS
more efficiently. Outside this parameter range, rods, cones and
RPE cannot coexist.

The model further predicts that rod and cone OS lengths os-
cillate in phase. This has been observed in vivo, but is not true
of all species [see[20, and references therein]. It would be inter-
esting to investigate ways in which the model might be modified
to induce out-of-phase oscillations, for example, by introducing
an explicit time delay in the aid supplied to the cones via Rd-
CVF, capturing the in vivo delay [20].

Camacho and Wirkus [22] extended their model to describe
the disease state of RP by distinguishing between normal and
mutant rods, where both types of rod are genotypically mutant,
but only the latter type has had its functionality compromised
(represented in the model by altered rates of shedding and re-
newal of OS). Normal rods can become mutant, but not vice
versa, whilst both normal and mutant rods consume trophic fac-
tor and contribute RACVF to the cones. The RPE equation is
also modified so that, neglecting the terms involving photore-
ceptors, it obeys logistic, rather than exponential, dynamics, the
number of RPE cells remaining bounded under all conditions
(see Figure[7(a)).

Mathematical analysis reveals that, for any given set of pa-
rameter values, there exist seven equilibrium (steady-state) so-
lutions, each corresponding to a different stage in the disease
progression, from healthy to completely degenerate. Four pa-
rameters, which are key in determining the form of the disease
progression, are identified, namely the ratio of shedding to re-
newal in normal rods, mutant rods and cones, and the carrying
capacity of the RPE (in the absence of photoreceptors). All
of these parameters must remain fixed in order for an equi-
librium solution to remain stable, whilst changes in parameter
values can drive disease progression between the different equi-
librium solutions, where equilibrium solutions exchange stabil-
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Figure 7: Camacho and Wirkus et al.’s trophic factor model of RP. (a) diagram showing the components and processes in the Camacho et al. [21] model. (The
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etal. model, demonstrating the rhythmic shedding and regrowth of rod and cone OS in the healthy retina. Figure reproduced, with permission and modifications,
from Camacho et al. [20]. (c) diagram showing two alternative paths (marked with arrows) that may be traced through parameter space, leading to different cone-rod
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Camacho and Wirkus [22]].

ity through (transcritical) bifurcations. Variation of these patoss
rameters allows a variety of paths to be traced to total blind+oss
ness, passing through different combinations of equilibrium so+o70
lutions, corresponding either to the rod-cone, cone-rod or Si+or
multaneous form of RP (see Figure Ekc)).
The above results suggest potential therapeutic strategiesors
that could halt disease progression. For example, the modelo
predicts that progression of rod-cone RP requires a decrease inozs
the ratio of shedding to renewal in cones. Therefore, a treatmentos
designed to maintain this ratio might prevent disease progres+or
sion in patients whose rods and cones are degenerating via thisors
pathway.
This model generated two other, noteworthy results. Firstlyoso
small changes in parameter values can lead to markedly differos:
ent pathways to blindness, helping to explain the differencesos:
in disease progression seen in closely related patients with the
same mutation. For example, an increase in the ratio of shed-oss
ding to renewal in cones can change the disease progressiongss
from one in which all photoreceptors are lost simultaneously;es
to one in which cones are lost before rods. Secondly, the modelgg
suggests that the reduction in photoreceptor OS length observedos;
in RP is an emergent property of the nonlinear interactions be-gs
tween rods, cones and RPE, rather than simply due to changesos,
in shedding and renewal rates.
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Lastly, Camacho et al. [21] modified their RP model to
include an RACVF treatment term (see Figure [7[a)). Using
optimal control theory, they determined a treatment level that
will achieve the desired degree of cone preservation, whilst
minimising the RACVF dose. This is important, since using
too large a dose of RACVF could impair retinal function. A
two week treatment period is considered for comparison with
Léveillard et al. [67]]s experimental results. Simulations, start-
ing from different stages in the disease progression, reveal that
treatment will have a negligible effect on rod loss, but can sig-
nificantly reduce cone loss during the later stages of the disease
(when all the rods have been lost), provided the treatment is
aggressive enough. It is also possible, using the model, to es-
timate the minimum treatment required to achieve the approxi-
mate 40% sparing of cones reported in Léveillard et al. [67].

5.1.2. The Toxic Substance Hypothesis

Another mechanism by which photoreceptor cell death could
spread is via the release of toxic substances by dying photore-
ceptors. These substances are most likely released into the in-
terphotoreceptor matrix, where they are taken up by and, thus,
poison neighbouring photoreceptors. It has been suggested that
toxic substances may be transmitted between photoreceptors
via gap junctions; however, this hypothesis is now in doubt,



1091

1092

1093

1094

1095

1096

1097

1098

1099

1100

1101

1102

1103

1104

1105

1106

1107

1108

1109

1110

1111

1112

1113

1114

115

1116

1117

1118

1119

1120

1121

1122

1123

1124

1125

1126

1127

1128

1129

1130

131

1132

1133

1134

1135

1136

1137

1138

1139

1140

1141

1142

1143

1144

1145

1146

1147

since disruption of gap junctions does not seem to affect dis+s
ease progression [63} [91].
Clarke et al. [25] have suggested a one-hit model of neu+iso
ronal cell death for a variety of conditions including RP [seess:
also 26, 27, 28]]. Guided by experimental observations whichisz
suggest that the risk of (photoreceptor) cell death is either con+iss
stant of decreases exponentially with age, Clarke et al. [25] as+is
sume that the time at which a neuron dies is random.
This assumption can be justified at the biochemical level byiss
the mutant steady-state (MSS) hypothesis, which suggests thatis
mutations result in elevated levels of a pre-apoptotic compound;ss
placing it closer to a critical threshold, above which apoptosisiss
is induced [28]]. Random fluctuations in the concentration ofieo
this compound may cause it to exceed this threshold, resultingqer
in cell death [28]].
Burns et al. [18] incorporated the MSS hypothesis into aies
spatially explicit 1D model, consisting of a pair of PDEs, intes
which a diffusible foxic factor, produced by dying photorecep+iss
tors and released into the interphotoreceptor matrix, upregulatesies
the production of pre-apoptotic factors in the surrounding pho+er
toreceptors. Assuming that toxic factor uptake is effectively lin-
ear, the toxic factor PDE can be solved analytically, so that the1ss
problem reduces to solving a single PDE for the pre-apoptotiGie
factor. Since the pre-apoptotic factor is unable to move between,
photoreceptors, its PDE lacks terms for diffusion or transport;;s,
containing only kinetic terms. Thus, it may be split into N spasz
tially dependent ODEs, one for each of the N photoreceptors:s;
spanning the domain. 174
In the absence of toxic factor, each of the ODEs is bistable; s
such that the pre-apoptotic factor concentration can exist Stayz
bly at either of two steady-state values (see Figure [8(a)). The
solution with the lower value (zero) corresponds to the MSS;i7
in which all photoreceptors are assumed to start, whilst thgz
upper (strictly positive) value corresponds to a state in whichg,
the photoreceptor is committed to apoptosis. These two stass
ble steady-states are separated by an unstable steady-state. Inqg,
creases in the concentration of the toxic factor above a criticalis;
threshold cause the lower stable and unstable steady-states tQiss
approach one another, coalesce and annihilate, such that the up+igs
per stable steady-state becomes the attractor for the whole Sysqgs
tem. Provided the toxic factor concentration remains elevated;s;
for long enough, the system will become irreversibly trapped iniss
this steady-state’s basin of attraction (such that it continues tQig
move towards the steady-state), at which point the photorecep1is
tor is considered to be committed to apoptosis. 1191
A stochastic simulation algorithm is used to determine whens.
a photoreceptor in the commitment state will undergo apoptoses
sis, where the lifetime of each photoreceptor in the commitmentg,
state is drawn from either a normal or an exponential distribuies
tion. Upon apoptosis, a photoreceptor releases toxic factor intQiss
the extracellular space where it evolves over time according tQis,
the analytical solution to its associated PDE. The degeneration;s,
process is initiated by selecting a single photoreceptor to unsyg
dergo apoptosis. When the lifetime in the commitment statgs
is normally distributed, the decline in photoreceptor numbesy,
is slow and sigmoidal. However, when it is exponentially dis1xe
tributed, photoreceptors are lost more rapidly, declining expo-
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nentially, in agreement with the experimental studies mentioned
above [2528]]. This suggests that photoreceptor lifetimes in the
apoptosis commitment state are exponentially, rather than nor-
mally, distributed. Simulations also demonstrated that when
multiple photoreceptors undergo apoptosis at points that are
close in space and time, the released toxic factors may have
a synergistic effect, committing more photoreceptors to apop-
tosis than would occur if the effects were more separated (see
Figure [§b)).

The model also predicts a patchy pattern of photoreceptor
loss, similar to that often observed in the early stages of RP
(see above), with patch diameters similar to those seen in vivo,
providing a potential explanation for these patterns (see Figure
[Blc).

More recently, Lomasko et al. [71} [72] and Lomasko and
Lumsden [73] have extended the work of [18]] by constructing
stochastic models of cytoskeleton-induced neuron death. While
these models were not developed specifically for the retina, it
is noteworthy that they replicate the exponential and sigmoidal
patterns of cell loss measured by Clarke et al. [25].

5.1.3. The Oxygen Toxicity Hypothesis

The final hypothesis suggests that the initial loss of pho-
toreceptors results in a rise in oxygen levels, due to decreased
demand, creating a toxic environment for those that remain
[LO9L 116l [117]. These oxygen levels are maintained, since the
CC, which is the main source of oxygen for the photorecep-
tor containing outer retina, autoregulates poorly in response to
hyperoxia [109, 125, [128]]. An increase in oxygen levels above
normal physiological levels (normoxia) is harmful to retinal tis-
sue, since it upsets the redox potential, resulting in increased
production of reactive oxygen species which cause damage to
lipids, protein and DNA [2} 3} 162} 99].

Roberts [92] has created a series of models examining the
oxygen toxicity hypothesis. The models are formulated as sys-
tems of PDEs, for oxygen concentration, photoreceptor density
(or rod and cone densities taken separately) and capillary (CC)
surface area per unit volume. The models incorporate the het-
erogeneous distribution of rods and cones, whilst a spherical
polar coordinate system is used to capture the geometry of the
eye. For simplicity, the retina is assumed to be symmetric in
the azimuthal direction (for rotations about the axis, passing
at a right-angle to the wall of the eye, through the foveal cen-
tre) and hence the optic disc is neglected. Oxygen supplied
by the CC diffuses freely across the domain and is consumed
by photoreceptors at a rate proportional to their density, whilst
photoreceptors either remain at or approach their healthy local
density under normoxia (unless they are absent, in which case
their density remains at zero), but decay exponentially when
local oxygen levels rise above a defined hyperoxic threshold.
The CC dynamics follow those of the photoreceptors; however,
since their rate of decay and regrowth is generally slower than
that of the photoreceptors, their dynamics lag behind those of
the photoreceptors.

The first set of models are posed on a 1D domain, spanning
the region between the centre of the fovea and the ora serrata.
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time. PACF is released at (x, 1) = (20, 0), (40, 10) and (60, 5). The light grey surface shows the evolution of PACF concentration in space and time, whilst the dark
grey surface is the c(x, ) = c.i; plane. The black curve on the c(x, f) = 0 plane delimits the photoreceptors which have committed to apoptosis. The PACF bursts act
synergistically, such that more photoreceptors are recruited to apoptosis than in the case where the bursts are more distantly separated in space and time. (c) stochastic
simulation in which photoreceptors in the apoptosis commitment state undergo apoptosis after a time drawn from an exponential distribution. Upon undergoing
apoptosis, a photoreceptor releases a burst of PACF, committing neighbouring cells to apoptosis. Grey regions represent photoreceptors committed to apoptosis and
black regions represent photoreceptors which have undergone apoptosis. The recruitment cascade is initiated by a single PACF burst at (x, f) = (250, 0). The results
demonstrate a patchy loss of photoreceptors, similar to that which is often seen in the early stages of RP. Figures reproduced, with permission (and modification in

(a)), from Burns et al. [18]].

Numerical solution and mathematical analysis of the steady+zs
state 1D problem without capillary loss reveals the conditionszes
under which a patch (corresponding to an annulus in 2D) ofzs
photoreceptor degeneration will spread or remain stable. It i8Sz
found that the retina may be divided into a series of 5 concentrigzer
stability regions, centred on the fovea (see Figure[D[a)). Startingzes
from the centre of the retina these regions are: the central un+zz
stable region, the near-central stable region, the para/perifovealzso
unstable region, the mid-peripheral stable region and the pe+es
ripheral unstable region. Wide patches (with width greater thanzs
about one-hundredth of the width of the domain) remain Sta-ess
ble to small losses of photoreceptors, provided both boundarieszs
lie within a stable region, and will expand otherwise. There+zss
fore, provided a patch can be classified as wide, its stabilityiss
properties do not depend upon its width, only the position of itszs
boundaries. Narrow patches (with width less than about one+zss
hundredth of the width of the domain, that is, less than aboutss
40 photoreceptors across) are stable within the ‘stable’ regionssz«o
and are also stable within ‘unstable’ regions, provided they arezs:

sufficiently narrow. 1242
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Simulations of the dynamic (time-dependent) 1D problem
without capillary loss and with an initial patch of photoreceptor
loss, together with mathematical analysis, reveal that the wave
speed of photoreceptor degeneration is a decreasing function of
the photoreceptor density local to the degenerating wavefront.
This prediction awaits experimental/clinical confirmation.

Numerical solution and mathematical analysis of the steady-
state 1D problem including capillary loss, reveals the counter-
intuitive result that a patch of capillary loss must be essentially
coincident with a patch of photoreceptor loss in order to sta-
bilise it, in those cases where it would otherwise be unstable
(given the assumption that the capillary loss does not extend
beyond the degenerate photoreceptor patch). This is surprising,
as it would have been natural to assume that a substantial region
of capillary loss, within a patch of photoreceptor loss, would be
sufficient to prevent further hyperoxia-driven photoreceptor de-
generation. However, the above result suggests that this is not
the case. This prediction could be tested experimentally in an
animal model by using a laser to ablate the choroid within a
patch of photoreceptor loss and also suggests a potential treat-
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Figure 9: [Roberts]s oxygen toxicity model of RP. (a) diagram to show the arrangement of stable and unstable regions within the retina. (b) diagrams to show some
of the in vivo patterns of visual field loss. Scotomas (blind spots) are shaded and areas of preserved vision are shown in white. (c) in silico results. Graphs show
the photoreceptor density at earlier (left) and later (right) stages (the calibration of the heat map is given by the colour bar on the right, where 1 corresponds to
1.11 x 10° photoreceptors/mm?). The problem is solved on a spherical surface and projected onto the x-y plane for visualisation. Pattern 1B and the later stage of
pattern 3 are replicated; however, pattern 2 cannot be replicated (in the example shown, a partially degenerate disc recovers fully, in the sense of regaining vitality),
the retina being resistant to the spread of photoreceptor degeneration in the mid-peripheral stable region. Figures reproduced, with permission and modifications,

from Roberts [92]].

ment strategy to arrest the progression of the disease in humans:zz

Dynamic simulations including capillary loss in 1D demon-rs
strate that capillary loss may prevent, halt, delay or partially re+z7s
verse (in the sense of restoring photoreceptor vitality, given thates
new photoreceptors cannot be generated) photoreceptor loss:zzs
Further experimental work is required to quantify the rate ofzr
CC degeneration and hence to determine its effect on photore+zrs
ceptor degeneration.

The second set of models extends the previous models tazso
2D, spanning the region between the centre of the fovea and thezs
ora serrata, whilst assuming that the capillary density remainszs:
constant. Simulations of the dynamic 2D problem demonstratezss
the spatio-temporal patterns of degeneration that the oxygeness
toxicity hypothesis can give rise to. In addition to the initial re+ess
moval of annulus and disc shaped patches of photoreceptorsizss
the hyperoxia-independent mutation-induced degeneration ofzsr
either rods and/or cones is also included in some simulations;sss
to represent the rod-cone, cone-rod and simultaneous forms ofass
RP. The patterns formed are compared with those classified by
Grover et al. [48] in their study of visual loss in RP patientsiesr
identified three characteristic patterns or visualzs:
field loss: pattern I involves concentric loss of visual field;ess
sometimes accompanied by a perifoveal or parafoveal ring sco+zes
toma (blind spot); pattern 2 begins with a nasal or temporaless
restriction, out from which an arcuate (bow shaped) scotomasss
winds through the mid-periphery; lastly, pattern 3 starts with azs
mid-peripheral ring scotoma, which expands either temporallyzss
or inferiorly, leaving a U- or n-shaped peripheral visual fieldysss
the arms of which retract until peripheral vision is lost (see Fig+soo

1279
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ure Ekb)). In all cases, central vision is best preserved, though
it is eventually lost unless preceded by patient mortality.

It is found that mutation-induced rod degeneration results
in pattern 1 degeneration, including a para/perifoveal ring sco-
toma (see Figure[9c)(top)), whilst patch loss in, or overlapping,

the para/perifoveal region may also spread to form a para/perifoveal

ring scotoma. Patch loss near the ora serrata spreads around the
periphery of the retina, mimicking the latter stage of pattern
3 degeneration (see Figure Ekc)(bottom)). Mutation-induced
cone loss results in degeneration of the central retina and may
in some cases also result in degeneration of the peripheral un-
stable region. These results are consistent with the cone-rod
dystrophy degeneration patterns described by Hamel [30]. It is
not possible, with this model, to stimulate preferential loss from
the middle of the mid-periphery associated with the intermedi-
ate stage of pattern 2 and the initial stage of pattern 3 (see Figure
Plc)(middle)). By isolating the oxygen toxicity mechanism, in
a way that would not have been possible experimentally, these
models highlight the strengths and weaknesses of this hypoth-
esis. The replication of patterns seen in vivo demonstrates the
sufficiency (though not the necessity) of this mechanism to gen-
erate certain patterns of degeneration, whilst the failure to repli-
cate other patterns indicates that other mechanisms are likely to
be at play here. This provides a useful insight for the develop-
ment of future treatment strategies.

Both 1D and 2D models predict that treatment with antiox-
idants and/or trophic factors could prevent, halt, delay or par-
tially reverse (in the sense of restoring photoreceptor vitality)
photoreceptor loss, depending upon the strength and timing of
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the treatment. Since the analysis and simulations indicate thatss,
the para/perifoveal and peripheral unstable regions are the mostsss
susceptible to hyperoxic degeneration, this suggests that, if pos-sss
sible, treatment should preferentially target these regions.

A natural way to extend this modelling work would be toss:
adapt the modelling framework, with its incorporation of thess
distribution of rods and cones, to consider the dynamics of dis+sss
ease progression under the trophic factor and toxic substancasss:
hypotheses. These models could perhaps explain the other ob-sss
served patterns of photoreceptor loss in RP. The latter hypoth+ses
esis has particular potential to explain the preferential loss ofser
photoreceptors from the middle of the mid-periphery seen inas
progression patterns 2 and 3, as it is here that the toxin produc+ss
ing rods are most densely packed. This could then be followedsno
by more comprehensive models which combine the three RBar
hypotheses. Following sufficient benchmarking, such modelssz
could be used to inform treatment decisions, parametrising theszs
model to make it patient specific.

Perhaps the most useful data, for informing future mod-+srs
elling studies, could be derived from a detailed longitudinalsze
clinical study, measuring the precise positions of the bound+s7
aries of degenerate photoreceptor, RPE and CC patches, at reg+s7s
ular intervals throughout the disease progression, together withars
the rod and cone densities across the retina at each stage, insso
a range of patients. This could be done using optical coher+ss:
ence tomography and adaptive optics scanning light ophthal+ss2
moscopy [69,86]. Combining this with visual field tests, multi+sss
focal electroretinograms and autofluorescence imaging wouldsss
enhance these studies still further [94]. This would yield bettetsss
parametrised models, which have the potential to more accu+ss
rately predict the pattern and speed of degeneration. Presentas
studies tend to focus on the patterns of visual field loss, rathersss
than changes in the photoreceptor density, making it difficultsss
to determine precise measurements for the retinal locations af+sso
fected. In addition, the early stages in the disease progressionss:
are often not recorded (largely because symptoms tend not tass
manifest until later in life) and the intervals between measure+sos
ments are too long (it would be helpful if observations could besss
made on at least an annual basis).
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5.2. Choroidal Neovascularisation 1307

Choroidal neovascularisation (CNV) is a process which oc+ass
curs during the advanced stage of neovascular (wet) AMD [55]]:a0
It involves the growth and spread of the choroid past Bruch’sao
membrane (BM), which in health forms a barrier between theso
choroid and the RPE, into the retina. The choroidal vesselsaso
penetrating the retina are abnormally permeable and fragilejsos
leading to the build-up of fluid and subsequent damage to theaos
retina. The physiological and biochemical mechanisms under+4os
lying CNV are not well understood, whilst present treatmentas
strategies show limited success [29].

Flower et al. [42]] have constructed a model which relatessos
the blood flow in the CNV to that in the underlying CC. Theaos
CC is modelled as a (2D) planar porous medium, with a setsio
of sparsely distributed inflows and outflows (arranged accord+an
ing to the histology of a sample human eye), which supply anda:2
drain blood from deeper within the choroid, whilst the CC i3s3
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connected to the CNV via capillary-like vessels. The model
predicts that reducing the blood flow in an arteriole/venule, feed-
ing/draining the CC, by as little as 50% could be sufficient to
significantly reduce or halt blood flow in an overlying CNYV,
whose penetrating vessels neighbour the arteriole/venule.

The model has clear implications for potential treatment
strategies. Flower et al. [42] suggest that it may be better to
target the underlying choroid, rather than destroying the CNV,
which often results in recurrence. At present, treatment only
targets arterioles, whereas the model suggests that ablating venules
could be just as effective. If the model could be tailored to in-
dividual patients, then it could potentially be used to determine
which arterioles and venules to target, optimising treatment.

Shirinifard et al. [101] have developed a 3D computational
model of the choroid and outer retina in which they investigate
the role played by adhesion in CNV progression. The model is
of the cellular Potts type, where each model ‘cell’ is composed
of a set of (simply) connected points on a pre-defined lattice.
The model ‘cells’ may either represent biological cells, parts of
cells or fluid-containing regions, their positions being updated
stochastically over time, subject to energy (e.g. adhesion ener-
gies) and other constraints. The model accounts for vascular
cells (of the CC), stalk cells (of the CNV), tip cells, RPE cells,
photoreceptor OS cell parts, photoreceptor IS cell parts, BM,
medium (which fills the spaces unoccupied by cells or BM),
oxygen, VEGF and matrix metalloproteinases (MMP).

Each simulation begins either with or without a single tip
cell (an endothelial cell which leads other endothelial cells upon
activation of sprouting angiogenesis), which degrades the BM
via the secretion of MMP, allowing it to penetrate the retina. In
each case, the simulation time covers a year’s disease progres-
sion, the first three months of which are regarded as the early
phase and the last three months of which are denoted the late
phase.

In both the early and late phases, one of three patterns of
vascularisation may occur: fype I (sub-RPE) CNV, with a vas-
cular layer between BM and the RPE; fype 2 (sub-retinal) CNV,
with a vascular layer between the RPE and the photoreceptors;
and type 3 (combined pattern) CNV, which combines both of
the above vascular layers. The model accounts for the adhesion
between RPE cells and BM (RPE-BM), between neighbouring
RPE cells (RPE-RPE) and between RPE cells and photorecep-
tor OSs (RPE-POS, see Figure[I0|a)). All three pairings involve
labile adhesion (without junctional structures), whilst the first
two also involve plastic coupling (with junctional structures).
The combination of these two types of adhesion is known as
Jjunctional adhesion. This gives rise to five adhesion parame-
ters, corresponding to each of the adhesion types between each
sort of structure. By varying these parameters, the effects of ad-
hesion failure upon disease progression can be determined (see
Figure[I0(b)).

A total of six scenarios are observed, as judged by the pat-
tern of vascularisation at the early and late phases: stable type
1 (early and late type 1), early type 1 to late type 2 (see Figures
[[0[c) and (d)), early type 1 to late type 3, stable type 2 (early
and late type 2), early type 2 to late type 3, and stable type 3
(early and late type 3). It is found that the combination of the
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Figure 10: [Shirinifard et alJs model of CNV. (a) diagram showing the adhesive coupling between retinal components. Plastic coupling involves junctional structures,
whilst labile adhesion does not. Junctional adhesion is the combination of plastic coupling and labile adhesion. (b) sensitivity analysis showing the dependence of
the CNV initiation probability upon the strength of the RPE-POS, RPE-BM and RPE-RPE adhesive coupling. Red corresponds to a probability of 1 and purple to a
probability of 0. The black region (top-front corner) demarcates the locus of normal adhesion. The isosurfaces correspond to initiation probabilities of 025, 0.5 and
0.75, from front to back. (c) and (d) snapshots from a simulation showing type 1 (sub-RPE) to type 2 (sub-retinal) CNV progression. PIS and POS are light purple,
RPE is brown, stalk cells are green, vascular (CC) cells are red and BM is light blue. (c) 3D snapshot at month 6. The open arrow indicates a location at which stalk
cells have migrated into the sub-retinal space. (d) 2D snapshot at month 12. The black arrow marks the sub-RPE capillary network, whilst the open arrows mark
the sub-retinal capillary network. PIS: photoreceptor inner segment, POS: photoreceptor outer segment, RPE: retinal pigment epithelium, BM: Bruch’s membrane,
RBaL: basal lamina of the RPE, RBaM: basement membrane of the RPE, CC: choriocapillaris. Figures reproduced, with permission (and modifications in (a) and

(b)), from Shirinifard et al. [TOT]].

presence of a tip cell and the occurrence of adhesion failuresazs
are both necessary and sufficient for CNV to initiate, and thatser
severe impairment of any one of the three adhesion pairings canss
independently induce CNV. In particular, reduced RPE-BM ad+s2s
hesion results in early type 1, reduced RPE-RPE or RPE-POS:3
adhesion results in early type 2, and simultaneous reduction ofuss
RPE-RPE and RPE-BM results in either early type 1 or earlyas
type 2, which may often progress to late type 3. Simulationsass
also reveal that the plastic coupling strengths have a relativelyiss
minor effect on the ability of the retina to resist CNV, with labilesss
adhesion playing the most important role.

Many previous studies have suggested that CNV results eia7
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ther from the overexpression of VEGF or holes in BM [101].
Simulations demonstrate that overexpression of VEGF increases
the probability of CNV initiation, but that the early and late vas-
cular patterns do not change, whilst holes in BM are insufficient
to initiate CNV when all the adhesions are normal. In addition,
neither the threshold for RPE hypoxia, nor RPE hypoxic sig-
nalling, affects the results. Thus, the model provides important
insights into CN'V.

Simulations show good agreement with experimental and
clinical data, though there are some discrepancies. For exam-
ple, the type 1 to type 2 progression has not been observed clin-
ically. It may be that this progression does occur, but that it is
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difficult to detect, requiring more frequent observations over asss
longer period of time [1O1]].

Future modelling work could include blood flow and its ef+ss
fect on capillary development in a similar way to McDougallsss
et al. [[77] and Watson et al. [119] (Section and perhaps alsass7
blood flow within the CC as in Zouache et al. [T3T] (Section[3-3}«ss
noting that|Shirinifard et al.Js model assumes that oxygen levelsass
are constant throughout the blood vessels). Additionally, basalseo
deposits such as hard and soft drusen, together with fibrosis (theso:
formation of extracellular matrix) could also be included in fu-se
ture models [101]].

Experimental quantification of the adhesivities between thesos
cells of the retina and how these change under pathologicalses
conditions would allow more effective validation of the model;sos
together with more clinically accurate predictions. |Shirinifardso
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ceptor, but that neither of these factors in isolation is sufficient
to explain this variation. It is shown that inefficiencies in mi-
tochondrial function or OS energy utilisation give rise to OS
shortening, a phenomenon observed in many retinal diseases
such as RP and AMD.

In the developing state, mathematical and computational
models of retinal angiogenesis have captured the in vivo dy-
namics of retinal vascular plexus formation with a remarkable
degree of accuracy. The importance of perfusion, plexus re-
modelling, and convected and conducted stimuli for the devel-
opment of highly structured vascular trees is demonstrated. The
model is also used to predict the effect of various parameter val-
ues and model components upon development. For example, if
the input arterial haematocrit is increased, or the rate of tissue
oxygen consumption is decreased, hyperoxia develops, leading

et al. suggest that these measurements could be made non-invasisely to the formation of large capillary-free zones. The former case

by examining changes in RPE and CC morphology, or changesses
in autofluorescence due to lipid accumulation.

In time, and following extensive trials, this model, or a re+si
fined version thereof, could become a useful clinical tool, al+s:2
lowing for more accurate determination of each patient’s patholssis
ogy and, hence, inform the selection of the most appropriatesis
treatment strategy (i.e. personalised medicine). Further,|Shirini+sis
fard et al.| suggest that the model could be continuously imssie
proved using data from each clinical or experimental case tasi
which it is applied (e.g. using machine learning).
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6. Perspective and Future Directions 1920
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The mathematical and computational models discussed insz
this paper have uncovered a wealth of insights into retinal phys+szs
iology and biochemistry, across a range of scenarios, spanningses
the healthy, developmental and diseased states. Whilst modelsszs
are developed with a particular state in mind, it is often the casases
that they may be adapted to examine one or both of the othefser
two states. In particular, many of the models of the healthy andszs
developing retina can be used to explore pathological scenarios:szs

In the healthy state, theoretical models have enabled us tasso
explain the retinal oxygen distribution in terms of the variasss
tion in oxygen demand between different retinal layers, allow+ss
ing the identification of the chief oxygen consumers and anss
investigation of how consumption varies between light adap+ss
tation and dark adaptation. Further, it has been demonstratedsss
that the protein neuroglobin may play an important role in thess
prevention of hypoxia within the retina, through its ability tass
transport oxygen from regions where it is rich to those wheresss
it is poor, its oxygen affinity being near-optimal for this pro+sss
cess. Modelling of blood flow within the choriocapillaris hass«
demonstrated the effect of lobule geometry upon the flow prop-ses
erties within each lobule, suggesting how blood flow will varyis
across the eye with geographical variation in lobule geome1ss
try. This may also be a factor in the spatially heterogeneouss
progression of diseases such as retinitis pigmentosa (RP) andsss
age-related macular degeneration (AMD). Lastly, it has beenss
demonstrated that the diurnal variation in photoreceptor outefss
segment (OS) length may be regulated by the oxygen and phos+sss
phocreatine shuttle-derived ATP landscape within the photore+sss

21

is equivalent to retinopathy of prematurity and the latter to oxy-
gen induced retinopathy, producing similar predicted outcomes
to those seen in these conditions.

In the diseased state, mathematical and computational mod-
els have been used to investigate RP and choroidal neovascular-
isation (CNV). In RP, models have explored the trophic factor,
toxic substance and oxygen toxicity hypotheses. Trophic factor
models demonstrate the rhythmic shedding and renewal of pho-
toreceptors seen in vivo. The photoreceptor (cone, normal rod
and mutant rod) shedding to renewal ratios and trophic factor
carrying capacity are found to be key in determining the ad-
vancement of RP through various disease states, providing po-
tential clues to treatment. The toxic substance model is able
to replicate the exponential decline in photoreceptor number
seen in experiments, together with the patchy photoreceptor
loss seen in the early stages of RP. The oxygen toxicity model
suggests that this mechanism is sufficient to explain some, but
not all of the in vivo spatio-temporal patterns of degeneration,
demonstrating the strengths and weaknesses of this hypothesis.
Lastly, the CNV model demonstrates that adhesion failures be-
tween outer retinal components, together with the presence of
a tip cell, are necessary and sufficient conditions for CNV to
initiate.

The above studies demonstrate the power of mathematical
and computational modelling in investigating the structure and
function of the retina. Despite the advances which have been
made, theoretical modelling has yet to achieve its full potential
in this area, current work representing merely the tip of the ice-
berg, given the possibilities which have yet to be explored. In
the healthy state, much work remains to be done in modelling
processes such as the visual cycle, photoreceptor-RPE interac-
tions, pre-processing of visual information by the retina and
aging of the retina. In development, there is scope for exten-
sive work targeted at understanding how the complex layered
structure of the retina arises, including retinal mosaic forma-
tion, together with the establishment of the full 3D structure of
the retinal capillary layers. Many retinal diseases start to take
effect during the developmental stage, therefore extensive mod-
elling of retinal development will be required in order to fully
understand these pathologies. Substantial further work remains
for RP and AMD, whilst other disease states such as diabetic
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retinopathy, retinopathy of prematurity and retinoblastoma arees2
largely untouched. Ultimately, the aim would be to produce d5'3

collection of validated models, individually detailing an impor’*

tant aspect of the retina, which can subsequently be coupled, as,q
required, to enable retinal modelling that can encompass devel+e7
opment, health and the full range of disease states. These could®'®
then be used as clinical tools, to inform personalised treatmenﬁ;z
strategies. 1621

In order to achieve these aims, greater attention to this areasz
is required from the mathematical and computational modelling®*®
communities, together with an increase in ophthalmic clini%::
cians and experimentalists ready to work with theoreticians tQess
parametrise and validate their models and to test model predicse2
tions (thus completing the experiment/modelling cycle, see Flg1628

ure[). At present, whilst a lot of data are available on the retma'zzo

many of the parameters which are key to forming accurate mod-ess
els have yet to be precisely measured, despite advances in ex263
perimental, diagnostic and imaging techniques rendering thesé:z
measurements tractable. As experimental/theoretical collabos,,
rations increase, so too will the insights which can be obtainedess
into the retina, making possible discoveries which neither set of¢?”

. . . . . 1638
disciplines could have achieved on its own. oo
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