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Cut Finite Element Methods for Coupled Bulk—Surface Problems
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Abstract We develop a cut finite element method for a second order elliptic coupled bulk-surface
model problem. We prove a priori estimates for the energy and L? norms of the error. Using
stabilization terms we show that the resulting algebraic system of equations has a similar condi-
tion number as a standard fitted finite element method. Finally, we present a numerical example
illustrating the accuracy and the robustness of our approach.
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1 Introduction

Problems involving phenomena that take place both on surfaces (or interfaces) and in bulk domains
occur in a variety of applications in fluid dynamics and biological applications. An example is given
by the modeling of soluble surfactants. Surfactants are important because of their ability to reduce
the surface tension. Examples of applications where the effects of surfactants are important in the
modeling include detergents, oil recovery, and the treatment of lung diseases. A soluble surfactant
is dissolved in the bulk fluid but also exists in adsorbed form on the interface. A computational
challenge is then to properly account for the exchange between these two surfactant forms. The
coupling between the dissolved form in the bulk and the adsorbed form on the interface involves
computations of the gradient of the bulk surfactant concentration on a moving interface that may
undergo topological changes, see e.g.[1]. In this context computational methods that allow the
interface to be arbitrarily located with respect to a fixed background mesh are of great interest.
We consider a basic model problem of this nature that involves two coupled elliptic problems
one in the bulk and one on the boundary of the bulk domain. The coupling term is defined in
such a way that the overall bilinear form in the corresponding weak statement is coercive. A finite
element method was proposed and analyzed for a similar model problem in [8]. See also [7], and
the references therein for background on finite element methods for partial differential equations
on surfaces. In [8] a polyhedral approximation of the bulk domain was used and its piecewise
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polynomial boundary faces served as approximation of the surface. In this contribution we develop
a method that is unfitted, that is, the surface is allowed to cut through a fixed background
mesh in an arbitrary way. Such a finite element method was proposed in [16] for the Laplace—
Beltrami operator. An overview of a general framework for this type of computational methods
using finite element methods on cut meshes, so-called CutFEM methods, was recently given in [3].
The CutFEM approach is convenient since the same finite element space defined on a background
grid can be used for solving both the partial differential equation in the bulk region and on the
surface. However, a drawback of this type of methods is that the stiffness matrix may become
arbitrarily ill conditioned depending on the position of the surface in the background mesh. In
the case of the Laplace—Beltrami operator this ill conditioning has been addressed in [15] and [5].
For results on the stability of the bulk equation on cut meshes see [4,12,14]. We finally mention
the application to advection diffusion equations on surfaces [17] and the extension to higher order
methods [13] for bulk problems.

We use continuous piecewise linear elements defined on the background mesh to solve both
the problem in the bulk domain and the problem on the surface. To stabilize the method we add
gradient jump penalty terms as in [4,5] that ensure that the resulting algebraic system of equations
has optimal condition number. We also consider the approximation of the domain and prove a
priori error estimates in both the H'! and L? norms, taking both the approximation of the domain
and of the solution into account.

The remainder of the paper is outlined as follows: In Section 2 we introduce the model problem
and state the weak form, in Section 3 we introduce a discrete approximation of the domain, in
Section 4 we prove a priori estimates for the energy and L? norm of the error, in Section 5 we prove
an estimate of the condition number, and finally in Section 6 we present a numerical example.

2 The Continuous Coupled Bulk-Surface Problem
2.1 Strong Form
Let 2 be a domain in R? with C? boundary I" and exterior unit normal n. We consider the

following problem: find ug : {2 — R and ug : I" — R such that
-V - (kgVup) = [B in 2 (2.1)
—n-kpVug = bgup — bsug on I’
—Vr - (ksVrug)=fs—n-kgVug on I
Here V is the R? gradient and V is the tangent gradient associated with I" defined by
Vr=PrvV (2.4)
with Pr = Pr(x) the projection of R? onto the tangent plane of I" at x € I, defined by
Pr=I-n®n (2.5)

Further, bp, bs, kp, and kg are positive constants, and fg : 2 — R and fg : I’ — R are
given functions. As mentioned above, this problem serves as a basic model for the concentration
of surfactants interacting with a bulk concentration; it also models other processes, e.g., proton
transport via a membrane surface [18].

2.2 Weak Form

Multiplying (2.1) by vg € H'(§2), integrating by parts, and using the boundary condition (2.2),
we obtain

(fB,’UB)Q = (kauB,V’UB)Q— (TL'kBV’LLB,UB)F (26)

= (kBVUB,VUB)Q+(bBuB 7bsus,’UB)p (27)
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and thus we have the weak statement

(kBV’LLB,V’UB)Q + (bBuB — bSuS,UB)p = (fB,UB)Q Yug € Hl(ﬁ) (2.8)

Next multiplying (2.3) by vs € H(I'), integrating by parts, and again using (2.2) we obtain

(ksVrus,Vrvs)r = (fs —n-ksVup,vs)r (2.9)
= (fs + (bpup — bsus),vs)r (2.10)

and thus
(ksVrus, Vrvs)r — (bgup — bsus,vs)r = (fs,vs)r Vvs € H(I') (2.11)

We note that the solution to this system of equations is uniquely determined up to a pair of
constant functions (c¢p, cg) such that bgep —bscs = 0. To obtain a unique solution we here choose
to enforce [, ug = 0.

Introducing the function spaces

Vg = H'(2), Vsg=HYI)/{1p), W =VgxVs (2.12)

and choosing the test functions bgvp and bgvg we get the variational problem: find u = (up, ug) €
W such that
a(u,v) =1l(v) YveW (2.13)
Here
a(u,v) = ap(up,vp) + as(us,vs) + aps(u,v) (2.14)
with

ap(up,vp) = bp(kpVup,Vug)e
as(us,vs) = bs(ksVrus, Vrvs)r (2.15)
aBS(u,v) = (bBuB — bsus, bB’UB — bsvs)p = (b - u, b . v)p

where we also introduced the notation b = (bg, —bg) and
l(v) =1p(vB) +1s(vs) = bp(fB,vB)0 + bs(fs,vs)r (2.16)

Introducing the energy norm
ulll* = a(u, u) (2.17)

we directly obtain coercivity and continuity of the bilinear form a(-,-) and continuity of I(-). Using
the Lax-Milgram lemma there is a unique solution in W. If I" is C® we additionally have the
elliptic regularity estimate

lupllm20) + llusllazry S I1fBllz2) + 1 fsll2 (2.18)

see [8] for details. Here and below < denotes less or equal up to a constant, || - ||z (.) denotes the
standard Sobolev norm in H*(w) on the set w, and || - || 1»(.) denotes the LP(w) norm.



4 E. Burman, P. Hansbo, M. G. Larson, S. Zahedi

U

Fig. 1 Illustration of the domain 2, 2y, U(I"), and I". The domain U(I") is the yellow region where for each
z € U(I") there is a unique closest point on I.

3 The Finite Element Method
3.1 Approximation of the Domain

Let '€ C?andp:R? >z argminyep|y —z| € I" denote the closest point mapping. Then there
is an open neighborhood U(I") of I" such that for each z € U(I") there is a uniquely determined
p(z) € I'. We let p be the signed distance function, p(z) = |p(z)—z| in R*\ 2 and p(z) = —|p(z)—z|
in £2. We define the extension of a function v defined on I' to U(I") as follows

ve=wvop (3.1

We refer to [11], in particular Appendix 14.6, for background on distance functions and closest
point mappings.

Let {29 be a domain in R? that contains 2 U (") and let Ko be a quasiuniform partition
of {2y into shape regular tetrahedra with mesh parameter h. See Fig. 1 for an illustration of the
different domains. We consider a continuous piecewise linear approximation I}, of I' such that
I', N K is a subset of a hyperplane in R? for each K € Kg .

We assume that I, C U(I") and that the following approximation assumptions hold:

||p||L°°(Fh) < h? (3-2)

and

[n® = nnllLee(r,) S h (3.3)
where nj;, denotes the piecewise constant exterior unit normal to I}. Finally, we define {2}, as the
domain enclosed by I',. The assumptions (3.2) and (3.3) are consistent with the piecewise linear
nature of the discrete surface. For instance, a common construction, is to let I}, be the zero levelset
of a a piecewise linear approximation pj, of the exact distance function p. Then (3.2) and (3.3)
follows directly from the approximation estimate

lp = ol L@y + PIV(0 = pr)ll L= @iry S B2 (3.4)

which holds for common interpolants, since V(p — pn) = n — nj,. We return to this construction
in our numerical examples.
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Fig. 2 Illustration of the surface and bulk meshes and the internal faces where stabilization is employed. Right:
the shaded domain shows ./\/’gh and edges in Fg ), are marked yellow. Left: the shaded domain shows N}, and
edges in Fj ;, are marked yellow.

3.2 Finite Element Spaces

We define the following sets of elements

ICBV}L:{KEIC}LQ : KNy, 7&@}, /CSh:{KEICh70 KNIy 7&@} (3.5)

)

and the corresponding sets

Now= |J K, Now= |J K (3.6)

KGKB)},, KGKs,h,
We let V , be the space of piecewise linear continuous functions defined on Ko 5. Next let
Ve.n = Vo nss Vs.n = Voulns, /(1) Wi =V xVsn (3.7)

be the spaces of continuous piecewise linear polynomials defined on N, and Ng;, respectively,
where we also enforced [ 1, vs =0 for v € Vg .

3.3 The Finite Element Method

The finite element method takes the form: find uj, = (ug n, us,n) € Wy, such that
Ap(up,v) =Ilp(v) Yve Wy, (3.8)
Here the bilinear form is defined by
Ap(v,w) = ap(v,w) + jn(v, w) (3.9)
with
an(v,w) = ap n(ve, ws) + asn(vs, ws) + apsn(v, w) (3.10)

and
ap,n(up,vp) = bp(kpVug, Vug)a,
a57h(uS,Us) = bs(kszUs, vas)ph (3.11)
aps,n(u,v) = (bpup — bsug,bpvg — bsvs)r, = (b-u,b-v)p,

where Vp, = P,V and P, = I —nj, @ ny,. Next jn(v, w) is a stabilizing term of the form

Jn(v,w) = 7ph*jp(vE, wE) + Tsjs(vs, ws) (3.12)
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where 75, Tg are positive parameters and, letting [z]|r denote the jump of = over the face F,

Jp(vp,wp) = Z ([nF - Vog], [nF - Vwp])r (3.13)
FeFp.n

Js(vs,ws) = Z ([nF - Vog), [nr - Vws])r (3.14)
FeFsn

with Fg, the set of internal faces (i.e. faces with two neighbors) in Kgj and Fp ), denotes the set
of faces that are internal in Kp ), and belong to an element in Kg , see Fig. 2. Finally, the right
hand side is defined by

Ih(v) =l n(ve) +lsn(vs) =ba(fB,h,vB) 2, + bs(fs,h,vs) . (3.15)

with fpn and fg) discrete approximations of fp and fg that will be specified more precisely
below.

The purpose of the stabilization terms is to ensure that the resulting algebraic system of
equations is well conditioned.

4 A Priori Error Estimates
4.1 Outline of the proof

The main steps in the derivation of the a priori error estimates are as follows:

— We construct a bijective mapping F}, : {2 — 2y that maps the exact domain to the approximate
domain, more precisely F},(£2) = (2, and Fjy(I') = I},. The mapping F}, is used to lift the
discrete solution onto the exact domain where the error is evaluated. The construction of Fj,
is based on a representation of the discrete boundary I}, as a normal function over the exact
boundary I" together with an extension to a small tubular neighborhood, with thickness §, of the
boundary. In the complement of the tubular neighborhood F}, is the identity mapping. In order
to get control of the size of the derivative DF}, of Fj, we find that the best choice of the thickness
¢ of the tubular neighborhood is § ~ h. As a consequence of the approximation assumption
(3.2) this choice of ¢ is indeed also possible for small enough mesh size. If the boundary has
large local curvature the meshsize must be smaller in order to resolve the boundary in the same
way as for a standard finite element method using a triangulations of the domain.

— Next a Strang type lemma relates the error in the computed solution to an interpolation error
and quadrature errors emanating from the approximation of the domain.

— Using the assumptions on the approximation properties of the discrete surface we derive bounds
of the quadrature errors. The surface quadrature errors are O(h?) while the bulk quadrature
error is O(h) in the ¢ tubular neighborhood and zero elsewhere.

— To establish an optimal order energy norm error estimate only first order estimates of the
quadrature errors are needed but for L? error estimates second order estimates are necessary.
To achieve second order estimate of the bulk quadrature error we utilize the fact that § ~ h
together with control of derivatives of the dual problem and an additional assumption on fp
that provides control of the H! norm of fz in the vicinity of the boundary.

4.2 Mapping the Exact Domain to the Approximate Domain

In this section we define the mapping Fj, and prove estimates of its derivative DF}, and Jacobian
JFy,. We refer to [11], in particular Appendix 14.6, for useful background on surfaces described by
distance functions.
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The Mapping Fp,: For 6 > 0 let Us(I") be the open tubular § neighborhood
Us(T) = {z € R : |p(z)| < §} (4.1)

For 0 < § < §p, where §p is a constant, that only depend on the domain, chosen such that
Us,(I") C U(I"), the mapping

Us(I') >z — (p(x), p(x)) € I' x (=6,0) (4.2)
is a bijection with inverse
I x (=0,9) 3 (z,2) — x + zn(x) € Us(I") (4.3)
We next note that there is a function 7y, : I' — R such that the mapping
qn: I's>z—x+n(@)w(z) €Iy (4.4)

is a bijection. Since for x € I, there holds p(z) = © — n®(z)p(x) we may deduce that gp,(z) is the
inverse mapping to p(x) : I}, +— I

Using the assumptions on the approximation properties (3.2) and (3.3) we obtain the following
estimates (see Appendix for details)

[l SH% IVrmllper) Sh (4.5)
Assuming that h is sufficiently small so that I, C Us/3(I") we may define the mapping
Fa: 0052 3+ x(ple)n* (@) (@) € % (4.6)

where x : (—=4§,6) — [0,1] is a smooth cut off function that equals 1 on (—§/3,§/3) and 0 on
(=0,0)\ (—26/3,25/3) and the derivative Dy satisfies the estimate

DXl poe (5,5 S 07 (4.7)
We note that by construction F}, : 25 — {2y is a bijection such that
F,(02) = 2y, E(IN) =1, (4.8)

and
F, =1 in 20\Us(I") (4.9)

The Derivative DFy,: The derivative DFy,(z) € L(R3,R3) of F}, at x € {2 is given by

DEy(x) = I+ (x(p())n‘(2) ) D(5(x)) (4.10)
+ (DOx(p(@)nc () )7 ()
= I+ (x(p(@)n(@)) (D) () Dp() (4.11)

+ ((DX)(p(@)) Dp()ne (2) ) 75 (x)
+ (X(p@) (Dn)* (@) Dp(a) ) 75 ()

where we used the product and chain rules. Here and below Dv(z) € L(R™,R™) denotes the
derivative (or the tangent map) at x € U C R™ where L(R™, R™) denote the vector space of linear
mappings R” — R™ and U is an open set, see [6], Chapter VIII, for background on differential
calculus. Next we note that

Dp = n°, Dn="Hr, Dp = P{ —pHr (4.12)

where we used the identity p(z) = x — p(z)Dp(z) = = — p(z)n¢(z) to conclude that Dp(z) =
I—(Dp(x))@n(x)—p(x)D?p(z) = I-n(x)@n(z)—p(x)D?p(z) and also introduced the curvature
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tensor Hp(z) = D?p(z) = V @ Vp(z),z € I'. Note that it holds ||H | pe @,y S 1 for § small
enough. Using these identities in (4.11) and the fact that (Dyp,)¢(x)Dp(z) = (PrVy,)-(Pg—pHr)
we obtain

DFy(2) = I+ x(p(2))n"(z) @ (V) (x)(Pr(z) — p(z)Hr(z)) (4.13)
+ 7 (@)(DX) (p(x))n (z) @ n®(z)
+ x(p(@)p (@) HE () (Pr(2) — p(2)Hr(2))

which is the expression for the derivative or (tangent map) in Cartesian coordinates. On the surface
I" we have the simplified expression

DFy(z) =1+ n(z) ® Vry(x) +yn(x)Hr(z) (4.14)

since x = 1 and Dy = 0 in a neighborhood of I" and p(z) = 0 for x € I'. We note that DF},(z)
maps the tangent space T;.(I") into the piecewise defined tangent space T, ()(I%). In other words
we have the identity

DFth = (Pph o Fh)DFth (415)

and the mapping
DFhﬁp((t) : TI(F) DY (Pph o Fh)DFhP['y S TF;L(x)(Fh) (416)

is invertible.
Next we have the following estimate

{DFh =1+0(h) +6710(h*) + O(h?) € Us(I) (4.17)

DF, =1 € 20\ Us(I)

since the last three terms in (4.13) are zero in 29 \ Us(I") and in Us(I") they can be directly
estimated using (4.5) and (4.7) as follows
(

IX(p(2))n(2) @ (Vryn)(2)(Pr(z) — p(z)Hr(z))]
S Ix(p(@)] [0 (@) [(Vryn)“(@)|(|1PF(2)] + |p(@) | [Hr (2)] < h (4.18)

175 (2)(Dx) (p())n (x) @ n®(2))|
< i @Dx(p(@)| In ()| [0 (2)] < 67" (4.19)

IX(p(2))7h () HE (2) (Pr(2) — p(a)Hr(2))|
< @) i @) IHE (@) (| PE()] + |p(2)] [Hr()]) < b (4.20)

uniformly for all z € Us(I"). The estimate (4.17) holds for any 0 < § < §y and h such that
Iy C Ug/g(F) (4.21)

Recall that (4.21) is required in the definition (4.6) of the mapping F},. Now, if there is a constant
C7 > 0 such that C1h < 6 < dg, then there is a constant hg > 0, independent of d, such that (4.21)
holds for 0 < h < hg, since we have the estimate ||vp|| L) < Coh? < (Cahg)h < C1h/3 < 6/3,
where we may choose hg such that Cyhg < C/3. We therefore conclude that we may choose § ~ h,
(6 < hand h < ¢) and that the following estimate holds in that case
{DFh =1+0(h) inUs(I) (422)

DFh:I m Qo\u(s(F)

From here on the parameter § in the definition (4.6) of F}, will be chosen such that 6 ~ h
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Using the estimate (4.22) we conclude that, for small enough h, we have the bounds

| DER|| Loe (20,23 73)) S 1, IDF; | oo (020,05 R2)) S 1 (4.23)

and starting from (4.16) estimating the norm of the composition of maps in terms of the norms of
the individual maps, and using the fact that the projections have norm one together with (4.23)
we obtain

IDE,rll o (12 (0,7, oy () S 10 IIDEFy Pl (52, o () () S 1 (4.24)

Below we simplify the notation as follows || DF}, || (o) = [[DFnl| Lo (02,c(r3,r8)) for the mappings
DF}, and DFj, r and their inverses.

The Jacobian Determinants JFy and JFn r: We have the following relations between the mea-
sures on the exact and approximate surface and domain

A2, = JFpdS2, dl'y, = JFy rdI’ (4.25)
where the Jacobian determinants are defined by

JFy(z) = |det(DFy ()] (4.26)
JFy r(z) = |DFy r(x)é1 X DFy ()] (4.27)

and {&1,&} is an orthonormal basis in T, (I"). We note that JF, = 1 on {2y \ Us(I") and recall
that DFy, =1+ O(h) in Us(I"), see (4.22). Thus we have the following estimates in the bulk

11— JFn|oesryy Sh inUs(I)

, (4.28)
||1 - JFhHLoo(uS(F)) =0 in Qo \Ug(F)

[Tz (0) S 1, NTE, (o) S 1, {

Here we used the fact that the determinant is given by det(DFy) = ), g, sen(o) H?:1 DFy, i i
and S3 is the group of pertmutations of {1,2,3}. In our case the diagonal elements are of the form
14 O(h) and the off diagonal elements are O(h). It is then clear that all contributions to the sum
except the product of the diagonal elements are (at most) O(h) and the product of the diagonal
elements are 1 + O(h) and therefore JF}, = |det(DF)| =1+ O(h).

On the surface we note that

DFyr(x)¢ =&+n(E- V) +mHr & VEeT(I) (4.29)
where the last term is O(h?). The Jacobian determinant J F},.r is the norm of the cross product

|DFy r(z)61 X DFy p(2)&| = (&1 +n(é1 - V) X (&2 +n(&2 - V)| + O(h?)
=[n—&(& - Vrm) = &(& - V)| + O(h?)
1/2
= (1 + (& V) + (& VF%)2> +0(h?)
=1+ 0(h?) (4.30)
where we used the identities & X & =n, n X & = =&, & X n = —&, n x n = 0, the fact that
{&1,&,n} is a positively oriented orthonormal basis in R? to compute the norm, and finally the

estimate (14 7)'/? <14 7/2, Vy > 0 in the last step. We thus have the following estimates for
the surface Jacobian

ITFnrllpery S, IFplleery S1, 11 = JFupllpery Sh? (4.31)
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4.3 Lifting to the Exact Domain

We define the lifting or pullback of v¥ with respect to F}, of a function v defined on 2 as follows
vl i=voF, (4.32)

We note in particular that any function defined on 2, and I, may be lifted to a function on {2
and I'. Using the chain rule

Dvl' = D(vo F,) = (Dvo F,)DF), = (Dv)*DF, (4.33)
and thus we obtain the identities

Vol = DEF (Vv o F,) = DFF(Vv)* (4.34)

Vol = Prvvt = PrDFF (Vo)*

= PrDF]' Pk (Vv)* = (PpDFL PE ) (Vr,v)t = DEL H(Vi,0)" (4.35)
where DFj, i was defined in (4.16). Summarizing, we have the relations
Vot = DEF(Vv)®, (Vo)l = DF, Tvo*r (4.36)
and
Vot = DR (V)" (V)" = DF, [V " (4.37)
Using the bounds (4.23) and (4.24) we conclude that the following equivalences hold
Vo llzace) S 1V lr2ee) S 1V0" (120 (4.38)
and
rvllLy(r) S V)72 S IVrv©llnz(n) :
IV otz < 1V, 0)Ellzzry S 1Vrv”| (4.39)

4.4 Interpolation

Let Eg : H?(2) — H?(£2) be an extension operator such that

IEBv|H2(00) S l0llm2(02) (4.40)
see [10] for details, and Eg : H*(I') — H?(U(I")) be the extension operator such that Esv = vop.
Then we have the estimate

IEsvllm2@scry S €72 l0llzcry (4.41)
for any € > 0 such that U.(I") C Us,(I"). We finally define the extension operator
E:H?*(2)x HXI') 3 (up,us) — (Epup, Esus) € H*(£2y) x H*(U(I")) (4.42)

When suitable we simplify the notation and write v = Eu. We let gz, : LQ(QO) — Vo,n denote
the standard Scott-Zhang interpolation operator and recall the interpolation error estimate

|lv— WSZ,h“”HW(K) < Ch2_mHUHHz(/\/(K))7 m=12 KekKyp (4.43)

where N (K) C {25, is the union of the neighboring elements of K. We then define the interpolant

Thu = (TppUB, TS,hUS) (4.44)
where
B.huB = (TszhEBuB)|ng , € VB.a (4.45)
and
Tsns = (TsznEsus)|ns, € Vsn (4.46)
We use the notation
miu = (mpu)t = (mpu) o F, (4.47)

for the pullback of mpu to §2 by F},. With these definitions we have the following lemma:
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Lemma 41 The following estimate holds
lw = miulll S Bllwll g2y« 2oy (4.48)
Proof Using a trace inequality we obtain

lu = miull|* = bekg||V (up = 75 pup)ll72 () + bsks||V (us — 7§ yus) |72 (4.49)
+ b (up — 75 jup) — bs(us — 7§ yus) |72

S llup — Wé,hUBHJqu(Q) + [Jlus — Wg,huS”%Il(F) (4.50)

—I+1I (4.51)

Term I. The first term may be estimated as follows

I=|lup— Wéﬁ“BHHl(Q) = [jup — (WSZ,hEBUthh)LHHl(Q)

< |lup — (Epusle,) " |u @) + (I = 7sz4)Epusle,) " a1 )
S hllupllaz (o) (4.52)

Here we used the Sobolev Taylor’s formula, see [2], to estimate the first term: consider first a
function v € H2(£2); then we have

lo = vo Fullr2(a0) S I = Fulloe ) VollL2(20) S B30l (a0) (4.53)
and for the derivative

V(v —wvo Fy)llL2(0)

= [|Vo = DF} (Vv o Fy)| 12() (4.54)
< IVo = (Vv o F)llz2(ay + I(DF = 1)(Vvo Fy)llr2(0) (4.55)
S = Fallze 2o VOl a1 (20) + I(DF = Dl g (20) IVl 22 (020 (4.56)
S W2 [[vll a2 (20) + Bl VO L2(20) (4.57)
S hllvll 220 (4.58)

Now we may apply these inequalities with v = Fpup and finally use the stability (4.40) of the
extension operator Ep.

The second term in (4.52) is estimated by mapping to the discrete domain using the interpo-
lation estimate (4.43) and then using the stability estimate (4.40).

Term II. Changing domain of integration from I' to I}, and then using an element—wise trace
inequality we obtain

IV r(us = 7&pus)|zacry = |1 DLV, (u§ = wspus)| T Fnrl ™2 22r,) (4.59)
S D hTMug = mspuslla ) + hllug - mspusl e (4.60)
KeKsn
S Z hHueS”%i?(J\/(K)) (4.61)
KeKs,n
< h?lus |%12(F) (4.62)

Here we used the interpolation estimate (4.43) followed by the stability estimate (4.41) for the
extension operator with € ~ h, which is possible since it follows from quasi uniformity that there
is € ~ h such that Uger, , N (K) C U (D).
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We also need the face norm

[olllF = Pj(vBh,vB.4) + ds(Vsh, vs,n) (4.63)
Z W3\ - VUB}”%?(F) + Z [[nF - VUSH%z(F) (4.64)
FeFp,n FeFs,n

for which we have the following interpolation error estimate.
Lemma 42 The following estimate holds

llw = mrulllr < Bllull 20y xm2cr) (4.65)
Proof This estimate follows directly by using the element wise trace inequality |[v]|% < h™Y|v||% +

h||Vv||% for all v € HY(K), where F is a face of element K, followed by the 1nterpolat10n estimate
(4.43), and finally the stability estimates (4.40) and (4.41) for the extension operators.

4.5 Strang’s Lemma

Lemma 43 The following estimate holds

1/2 1/2
(e = w2+ e = wnllF) S (e = mhull + fl = mo3) (4.66)
a(ul, v —ap(up, v
+ sup (up )Lh(h )
v, M=
I(vl) — 15 (v)
+ sup ———--—-
vewn V7l

Proof Adding and subtracting an interpolant Wﬁu, defined by (4.47), and using the triangle in-
equality we obtain

L2 . 2 1/2< L2 . 5\ /2 4.67
=k 112 + e = wnlld) " < (llw = mfull® + llu = maull (4.67)
L L 2 Y
+ (lfrw =k 1+ lmn = wall)

To estimate the second term we start from the coercivity

1/2 a(miu —ul,vl) + 5 U — Up, v
(k= w1+l = wn3) < s AT VT Tt 2 v) g

i/
vEW\ {0} (|||UL|\|2 + ||Iv|H'j’r)

Adding and subtracting the exact solution, and using Galerkin orthogonality the numerator may
be written in the following form

a(mhu — uy,v") + jn(Thu — up, v)

= a(rFu —u, ") + a(u — ul, vl + jn(mpu — up, v) (4.69)
= a(rku —u,v") +1(v") — a(uk, v") + jn(mhu — up, v) (4.70)
= a(rFu —u, ") +1(vY) = 1, (v) (4.71)

+ ap(up,v) + jn(up,v) — a(u;LL,vL) + Jn(mhu — up, v)
)

Jh
= a(rFu — u, ") + ju(mpu — u,v) (4.72)
+ (ah(uh,v) — a(u£71}L)) + (Z(UL) - lh(v))

Using (4.68) and estimating the first term using the Cauchy-Schwarz inequality the lemma follows
directly.
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4.6 Estimate of the Quadrature Errors

Lemma 44 If h is small enough and § in the definition (4.13) of Fy, is chosen such that § ~ h,
it holds

L) — ap(v,0)| £ RV ro§lieom IV rws | 2oy (4.73)

+ R3[| o™ L2 (ryllb - w22 ()

la(v

+ hIVUBl L2y (rne) IVWB | 2@ (ryne)  Yo,w € Wy

Proof Using the definition of the bilinear forms we have

a(v®, wh) — ap(v,w) = ap(vh, wh) — apn(ve,wp) (4.74)

1

+as(v§, w§) — asn(vs,ws) +aps(v,w) — aps,n(v, w)

II II7
=T+ IT+1II (4.75)

We now proceed with estimates of the three terms.

Term I. Starting from the definition of the forms (2.15) and (3.11), changing domain of integration
to £2, and using (4.36), we obtain the following identity
(bskp) ™ (ap(vg, wg) — apn(ve, wp))
= (DE (Vup)", DR (Vwp)*) o — (Vvg, Vug)a,
= (DF (Vog), DET (Vwg)") o — (Vus)®, (Vws) T Fy) e
= (DFyDF;| — JF,I)(Vug)", (Vwg) )a
= (An o(Vve)", (Vws)") o (4.76)

In order to estimate Ay o = DF,DF — JF,I we note that Aj, o = 0 in £ \ Us(I') and in
Us(I") we have the identity

Ano = DF,DFl — JF,I (4.77)
= (DF, — I)(DFy, — )" + (DF, + D)) — I — JF,1 (4.78)
= (DF, — I)(DFy, — )" + (DFy, = I) + (DF, — )T + (1 — JE,)I (4.79)

Estimating the right hand side we obtain

1An, 2l L s (o) S IDFy = I @y (ryne) (4.80)
+ | DEy = Il Lo s (ryne) + 11 = T Full Lo s (ryne)
§h2+h+h§h (4.81)

where we used the estimates (4.22) and (4.28), and at last the fact that h € (0, hg]. Using the
bound (4.81) for A;, » we obtain the estimate

lap(v", w") = ap.n(v,w)| < BI(VO) | L2y (ryney (V) Xl 2wy (rne) (4.82)
S MV L2y (ryna) V0P| L2 s (ryne) (4.83)

Here we used (4.23) to conclude that
(Vo) | L2is(ryne) = IDE, T (Vo) | L2 @y (ryne) (4.84)

= | DE; " || oo s (ryne) | VO | L2 @i (ryne) (4.85)
S IVl 2wy (rne) (4.86)



14 E. Burman, P. Hansbo, M. G. Larson, S. Zahedi

Term II. Proceeding in the same way and using (4.37) we obtain

(bsks)71 <a5(’0§5, wg) — CLS,h(’US7 ws))

Vv, Viws)r — (Vr,vs, Vi, ws)r,

= (
= (DF}LT,F(VDLUS)La DF;LT,F(VF;LUJS)L)F — (V)" (Vr,ws)*JFnr)r
= (

(DFy,,rDF} - — PF JFu r)(Vr,vs)", (Vi,ws)")r
= (Arn(Vrvs)", (Vo,ws)")r
where we introduced

Ary, = DF, pDF . — P, JF, r

(4.91)

Using the definition (4.16) of DF}, i and the expression (4.14) for DF}, we have the identity

DFy r = P DF,Pr
= PE(I+n®Vry+wHr)Pr
= Pf, Pr+ (Pf,n) © Ve + v Pf, HrPr
Here the second term can be estimated as follows
I(PF,n) @ VrmllLeery S I1PE nll Lo IV Lo (ry S h*
where we used the estimate
I1PE nllLeery = I1PF, (n = ni) Loy S lInop = nnllpen,) Sh
For the third term we have the estimate
6 P, HrPrllpe iy S vl ey 1PE, e (ry) IHr | oo (| Prll e ry S B2
Thus we conclude that
DFy, r = Pf Pr+O(h?)
Inserting this identity into the expression (4.91) for Apj and using the identity
Pl JF,r =P + PE (JF,r—1) = Pl +O(h?)
where we used (4.31), we obtain
App = Pl PrPE — PL 4+ O(R?)
Now the following identity holds
PII_“hPFPIQh - Pléh = _Pléh(PF - Pléh)(PF _Pléh)PII"lh
which leads to the estimate
|PE, PrPf, — P |y < I1PE 17y |1Pr = P Ty S B°
where we used the bound
1Pr = Pfi [l (ry = In @n = ng @ ny || L=
S =nk) @ nllery + lIng @ (n—ni) |l L)
S [Inf - nh||L°o(rh)
<h
Thus we finally arrive at

I ArallLoery S B

~

and therefore we have the estimate
las(v", w") = agn(v,w)| S PV, 0) |20y (Vi w) | 2 1y
S RV o 2y IV rw® || 2oy

where at last we used (4.24).

(4.92)
(4.93)
(4.94)
(4.95)

(4.96)

(4.97)

(4.98)

(4.99)

(4.100)

(4.101)
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Term ITI. We have

aps(v¥, wh) —apsp(v,w) = (b- v b-w)p — (b-v,b-w)p, (4.110)

= (1= JFprp)b-v" b-wh)p (4.111)
and thus we obtain the estimate

|aBS(ULa wL) —aps,n(v,w)| < h2|b- UL||L2(F)||b ) wLHL?(r) (4.112)

Conclusion. Combining (4.75) with the estimates (4.83), (4.109), and (4.112) of Terms I — II]
the proof follows.

Lemma 45 If h is small enough and § in the definition (4.13) of F}, is chosen such that § ~ h,
and the right hand side fr, = (fp.n, fs,n) satisfies the estimate

If8 = fEnll2ce) + I fs = fonllzary S B° (4.113)
then it holds
L") = 1n(0)| S B2 [[0"]|L2@yxL2cry + Rl Bl L2@sn) 105 | 2@ (rney - Yo € Wi (4.114)
Proof We have

l(UL) - lh(v) = bB(fBaUé)Q - bB(fB,m'UB)Q,L + bs(fs,vé)p — bs(f&h,vg)ph (4.115)
=bp(fB — fEpIFnvB) 0 + bs(fs — f§ I Fur,v§)r (4.116)

which immediately leads to the estimate

L") = ()| S P2 [0" [l L2y xc2(ry + Pl Bl L2 @s (ryne) 105 | L2@is (ryne) (4.117)

4.7 Error Estimates

Theorem 41 The following error estimate holds

1/2
(= e 12 + e = wanllF) ™ S Pllulrz(aycaracry (4.118)
for small enough mesh parameter h.

Proof Using the Strang Lemma, Lemma 43, in combination with the quadrature error estimates
in Lemma 44 and 45, we obtain

L2 2 1/2 L 2 2 /2
(e =k 12 + M = ) S (U = el + e = mullfy) (4.119)
4 sup a(ul, vl — ap(up,v) v sup 1(vl) — 1, (v)
vew, el vew, o7l
1/2
< (1l = wfull + e = maull %)+ Bllufl] +h?  (4.120)
Sh (4.121)

Here we used the interpolation error estimates in Lemma 41 and Lemma 42, and the stability
estimate

ur Il S N flL22)x L2 (4.122)

in the last inequality.
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Theorem 42 If fp satisfies the additional assumption
I fBllm ws, (ryne) S 1 (4.123)
then the following error estimate holds
lu— uiLLHLz(Q)xL2(F) S h2Hu||H2(Q)><H2(F) (4.124)
for small enough mesh parameter h.
Proof Let ¢ be the solution to the dual problem: find ¢ € W such that
a(v, ) = (v,¥)L2(@)xL2(ry Vv EW (4.125)
where 1) = (¢¥,vs) € L*(£2) x L*(I'). Then we have the regularity estimate

181|202y x 2 (1) S 1€l L2(2)<22(r) (4.126)
Setting v = u — u{;, and adding and subtracting suitable terms we obtain
(up = uf V)0 + (us — ugy, ¥s)r = alu — uy, 6) (4.127)
=a(u—ul, ¢ —71Ep) +alu—ul 7ko) (4.128)
= a(u—uf, ¢ = 7k6) + (Urfd) — In(mno))
I I

+ (ah(uh77rh¢) - a’(u£77r}[;¢)) +jh(uh77rh¢)
v

II7
— [+ T+ I +1V (4.129)

Term I. Using Cauchy-Schwarz, the energy norm estimate (4.118), the interpolation estimate
(4.48) we obtain

1] < Nllu = ugllHle = 75 ¢l S h2[19 ]l 2 goyx 2y (4.130)
Term II. Using Lemma 45 we immediately get
1| S W2 \\m; ¢l L2 ) <2y + PUSBI 2 @s(myne) 175 188 || L2 s (r)ne) (4.131)
To show that the second term is actually of second order we shall use the Poincaré inequality
0ll 22 s (ryne) S (8/60) 210l i1 sy (rynsy, 0 <6 < o (4.132)

see [8] for a proof of this inequality. We proceed in the following way

75 108l L2wsryne) < ITBrdB — ¢BllL2ws(rne) + |68l L2ws ) (4.133)
S (0 + 865l 12 s, (rn2) (4.134)
< (B + 1216820 (4.135)

where we added and subtracted ¢, used the interpolation error estimate (4.48) for the first term
and the Poincaré inequality (4.132) for the second term, and finally we used the fact that ¢ ~ h,
see Section 4.2. Next using the assumption(4.123) on fp and again using the Poincaré inequality
(4.132) together with 6 ~ h we get

£l L2 @sryne) S 821l m @srne) S A 218 ws, (rne) (4.136)

Collecting the bounds (4.131), (4.135), and (4.136), we obtain
111 S 12NSll 2 ) x 2y + B2 (0% + 22| ol s, (ynsy |68 ]| 22(2) (4.137)
< P2l 22y 2 (4.138)

where we used L? stability of 7% and the stability (4.126) for the dual problem.
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Term III. Using Lemma 44 we obtain
la(uf,, 7k @) — an(ur, 7 ¢)| < W2V ru§ |l 2|V red péslie ) (4.139)
+ B2)b g L2y 10 - 7 @l 2
+ BIIVuB 2@ () IVTE 0Bl L2 s (rne)

To show that the third term is of second order we use the Poincaré inequality (4.132) in a similar
way as for Term II. More precisely, we proceed in the following way

V7B 108 L2ws (rne) < IV (T 08 — 68) |l L2@s(mne) + VOB L2 ws ) (4.140)
S (h+ 6168 2 ws, (rne) (4.141)
S (h+hY2)|6Bl H2(0) (4.142)

where again we used the fact that § ~ h, and the interpolation error estimate (4.48). The term
HVug, nllL2@s(ry) can be estimated using the same technique but we employ the energy norm error
estimate (4.118) instead

Hvué,hHLQ(Us(F)ﬂQ) S HV(ULB,h - uB)”H(LL;(F)mQ) + HVUB”L?(Z,{(;([‘)QQ) (4.143)
S e = unll +51/2||VUB”L2(L{5(I‘)O.Q) (4.144)
S (h+ )l g0y cmzry (4.145)

where we also used 0 ~ h. Combining (4.139) with estimates (4.142) and (4.145), and finally the
stability estimate (4.126) for the dual problem we obtain

I11] S (B + h(h + B2)2) [0l L2 yx 2y S PPN L2 (@) xz2 () (4.146)

Term I'V . Using the fact that the jump term is consistent we obtain

[IV] = [jn(u = un, ¢ = m09)| < |[llu = unll#lll¢ = madlllz < B¢l 22y <2y (4.147)
where we used the energy estimate in Theorem 41 and the interpolation estimate in Lemma 41.
Conclusion. We conclude the proof by estimating the right hand side of (4.129) using the triangle

inequality together with estimates (4.130), (4.138), (4.146), and (4.147) of Terms I — IV, and
finally taking the supremum over all ¢ such that ||| z2(0yxr2(r) = 1.

5 Estimate of the Condition Number

Due to the different dimensions of the two coupled differential equations at the surface we shall
see that it is natural to precondition the system in such a way that we seek (vp j,vs ) such that
the solution (up.p,us) of (3.8) is given by

(uB,p,usp) = (Vg p, B ?vs ) (5.1)

The corresponding variational problem for v, = (vp p,vs,p) takes the form: find v = (vg,vg) € W),
such that } R
Ap(v,w) =l (w) Yw e W, (5.2)

where the bilinear forms are defined by
Ap(v,w) = Ap((vp, h?vs), (wp, K Pws)),  In(w) = Ih((ws, b ws)) (5.3)

We shall now estimate the condition number of the stiffness matrix A associated with the bilinear
form Ap(-,-). Let {@B,i}il\g and {gpsyi}ﬁv:sl be the standard piecewise linear basis functions in Vg j



18 E. Burman, P. Hansbo, M. G. Larson, S. Zahedi

and Vs 5, ®(1p, ), respectively. Note that we have added the one dimensional space (11, ) of constant
functions on I7,. Define the following basis in the product space Vi X Vg, @ (1s):

(¥B.i,0) 1<i<Np
i = . (5.4)
(0,¢si-~N5) 1+ Np<i<N=Np+Ns
The expansion v = Zi\;l v;p; defines an isomorphism
Ven X Vsu/(1n,) ® (Lsp) = RYE X RYS /(1gng) ® (Igns) (5.5)
(vB,vs ®Vslsn) — (U, Vs ® Vslpns) (5.6)

where vg is the unique element in the equivalence classes of Vg /(1p,) with f r, Vs = 0 and
Vg = |[[},]71 f r, Us is the meanvalue of vg. If we introduce the mesh dependent L? norm

vllh = lvBllZ2 o ) + lvsllZe s ) (5.7)
where the sets N, and Ng, are defined in (3.6), we have the following standard estimate
ch™ vl S [l S Ch™ 4ol (5.8)
Let A be the stiffness matrix with elements a;; = flh(goi, ;) + Jn(@i, ¢;). The stiffness matrix
is symmetric and has a one dimensional kernel consisting of a constant functions v = (vp,vs),

that satisfy b-v = bpvg — bgvs = 0. We shall estimate the condition number of A as an operator
on the invariant space V = RM2 x R¥s /(1png) defined by

r(A) = |Alv|A™ |y (5.9)
where |z|%, = vazl 22 for z € RN and |A|y = SUPLev\ {0} % for A € RN*N_ Next we introduce
the discrete energy norm

Il = An(v,v) = an(v,v) + jn(v,v) (5.10)

The proof of the estimate of the condition number follow the approach presented in [9] and rely
on a Poincaré and an inverse inequality which we prove next.

Lemma 51 (Poincaré inequality) Independently of the mesh/boundary intersection it holds that
1(vp,vs)lln S Ml (ws, B 20s)llln - V(vp,vs) € Wi (5.11)

Proof We have the following estimates

sl e wsny S Plvsliecr,) + his(vs,vs) (5.12)
S hIVrvslie(r,) + his(vs,vs) (5.13)
SV Pusllie i,y + ds(B 2o, h Pug) (5.14)
S (ws, h'2os)l17 (5.15)

where inequality (5.12) is provided by Lemma 4.4 in [5], in (5.13) we used the fact that th vg =0
to apply a Poincaré inequality on I}, see Lemma 4.1 in [5] for a proof, in (5.15) we wrote the
estimate in terms of the scaled variable h'/?vg, and finally in (5.15) we estimated the left hand
side by the full energy norm for (v, h'/?vg).
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Next using the control, see (5.23) below, provided by the jump term jg(:,-), and then adding
and subtracting the L?-projection Pyvg of vg onto constant functions on §2), followed by a Poincaré
inequality we obtain

lvslZeny ) S I0Bl22(0,) + B2 (vE, vB) (5.16)

S Powsliz(a,) + IVUBlZz(g,) + i (vs, vs) (5.17)

S I1PowslZa(r,) + (v, k' us) (5.18)

S = Po)vslliaqr,) + vslIEer,) + ll(ws, B 2vs)I (5.19)

S IVoslia(a,) + b5 Ibsvs — bsh'us|Zs r, ) (5.20)

+ 05" 0510 Pos 12, + [l (s, 2os) 7
S b2l 2os|Ra ) + Nl (vs, B 20s) |17 (5.21)
Here and we added and subtracted vp in order to control Pyvp using the coupling term together

with the estimate ||h1/2vs||%h < |ll(vp, R %vs)|||2, provided by (5.12)-(5.15), and the fact that the
constant bg > 0. Furthermore, in (5.16) is a consequence of the inverse inequality

Iz (1) S W0ll72 i) + PPN np - VOlllT2my Vo € Vi (5.22)

that holds for each pair of elements K7 and K5 that share a face F. Iterating the inequality (5.22)
we may control the elements at the boundary in terms of the elements in the interior of 2, as

follows
N-1

||U||2L2(K1) S ||’UH%2(KN) + Z W3\ - VU]H%%E-) Vv e VBn (5.23)
i=1

see [14] for further details. Note that for sufficiently small mesh size the length N of the shortest
chain of elements that share an edge between an element that intersects the boundary and an
interior element is uniformly bounded.

Combining the two estimates (5.15) and (5.21) the lemma follows directly.

Lemma 52 (Inverse inequality) Independently of the mesh/boundary intersection it holds that

(s, B 20s)lll5 <

~

h=2 (v, vs)lln V(vs,vs) € Wi (5.24)
Proof Using standard estimates we obtain the following three estimates

bpkpl|Vop|720,) + 78R i8(vE,v8) S B 2 lusllT v, ) S (0B, vs) (5.25)
bsvs — bsh'*vs|l72r,) S h T bllval e, + bsllvsTas,) S 21 (s,0s)ll7 (5.26)

bsksh||Vr,vsT2(r,) + Tshis(vs,vs)) S (bsks +75)[[Vuslliang ) S b 2 llvslF2vg
and thus the proof is complete.
Finally, we are ready to prove our final estimate of the condition number.

Theorem 51 The following estimate of the condition number of the stiffness matriz holds inde-
pendently of the mesh/boundary intersection

k(A) < B2 (5.27)
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Proof We need to estimate |Aly and |A~!|y. Starting with |A]y we have

|AT|y = sup — (5.28)
gev\{or |@lN
Ly A0 ) (wp b ) [l )l [wpws)lh (g )
weW,\ {0} 1(ws, b 2ws)lln (ws,ws)|ln @]y
< K272, 0/ 205) (530
< B2 o]y (5.31)
where at last we used the estimate
(s, b 2os)llln S B I(0p,svs)lln S h22 (0N (5.32)
together with (5.24) and (5.8). Thus
|Aly < h?2 (5.33)
Next we turn to the estimate of |A~|y,. Using (5.8) and (5.11), we get
B < b7l (s, ko)l S B~ An((v, Y/ ?vs), (vg, h' vs))
S h@, Av)y < b ol | AD|x (5:34)
and thus we conclude that 0]y < Ch~%|AD|y. Setting o = A~'@ we obtain
Ay S he (5.35)

Combining estimates (5.33) and (5.35) of |A|x and [A~!|y the theorem follows.

6 Numerical results

We consider an example where the domain (2 is the unit sphere, kg = kg = 1, bg = bg = 1, and
fB and fs are chosen such that the exact solution is as in [8] given by

up = e—a@=D=y(y=1)

ug = (1+ (1 — 2z) + y(1 — 2y))el~=E@"H=yy=1) (6.1)

We study the convergence rate of the numerical solution up, = (up,p,us,,) and the condition
number of the system matrix using the proposed finite element method. A direct solver is used to
solve the linear systems. The stabilization parameters 73 = 79 = 10~2. We use a structured mesh
for {29 and the mesh parameter h = h, = hy, = h..

To represent the boundary I we use the standard level set method. We define a piecewise
linear approximation to the distance function on Ky j and I is approximated as the zero level set
of this approximate distance function. Thus, I7, is represented by linear segments on Ky . The
normal vectors are computed from the linear segments.

The solution ugj; with h = 0.13125 and the triangulation of I}, are shown in Fig. 3. The
convergence of uy, in both the L? norm and the H' norm are shown in Fig. 4. We have as expected
first order convergence in the H' norm and second order convergence in the L? norm. The spectral
condition number of the matrix A associated with the bilinear form Ay(,-) (see equation (5.3))
is shown for different mesh sizes in Fig. 5.
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Fig. 3 The solution ug j with h = 0.13125.
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Fig. 4 Convergence of up and ug. Upper panel: The error measured in the L? norm versus mesh size. Lower panel:
The error measured in the H! norm versus mesh size.
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Fig. 5 The spectral condition number of the matrix A versus mesh size. The dashed line is proportional to h~2.

Appendix

Here we will give some details on the inequalities (4.5). First we recall that
gn(z) =z +y(x)n(x) zel (6.2)
Now using the definition of the closest point mapping

y=py) +p(y)n°(y) vye (6.3)

Setting « = p(y) in (6.2) we have

y =p(y) +mp)n(y) ye Il (6.4)

and therefore, by uniqueness, p(y) = v (p(y)), Yy € I},. Thus we have v, = p~ and we immediately
obtain the first inequality in (4.5) since

vl zoery = llp ooy = ol ooy S B (6.5)
Next using (4.37) we have the identity
Vi = Vrp® = DF] (V5 p)* = DF] (Pr,n®)" (6.6)
Estimating the right hand side using (4.24) and (4.96) we finally obtain
INeyvullr S IV el S 1Prnln, S (6.7)

which is the second bound in (4.5).
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