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Abstract — Within the framework of finite element methods, the paper investigates a
general approximation technique for the nonlinear convective term of Navier — Stokes
equations. The approach is based on an upwind method of the finite volume type. It
has been proved that the discrete convective term satisfies the well-known collection
of sufficient conditions for convergence of the finite element solution. For a particular
nonconforming scheme, the assumptions have been verified in detail and the estimate
of the semidiscrete velocity error has been proved.

2000 Mathematics Subject Classification: 656N15, 656N30, 76D05.

Keywords: Navier — Stokes equations, nonconforming finite elements, upwind stabi-
lization, finite volume methods.

1. Introduction

The system of incompressible Navier — Stokes equations is one of the most interesting and
challenging models in computational fluid dynamics (CFD). A particular problem is the
choice of stabilization approaches for the case of high Reynolds numbers.

The present paper focuses on this and describes a general approach to the design and anal-
ysis of discretization methods for the Navier — Stokes equations of viscous incompressible
homogeneous fluids, where the stabilization effect is based on so-called FVM-based upwind
methods.

For particular discretizations of the stationary system, a lot of work on error analysis
(including numerical illustrations) has been done by Schieweck, Tobiska and co-workers
[17-21]. Kanayama and Toshigami [12] have applied Ikeda’s “partial upwind scheme E” [11]
(see also [5]) to the Navier — Stokes equations and Miller and Wang [14] have described
an exponentially fitted finite volume method for the streamline-vorticity formulation, but
in both papers no analysis is given. In the papers by Feistauer and co-authors [4,8-10],
the so-called “combined method” has been investigated, where the finite volume method is
applied to the convection terms and the resulting formulation is interpreted in a variational
context as within the finite element method. However, these papers mainly treat the case of
simplicial finite element partitions with finite volumes of the barycentric type.

For the present work, the papers [2] and [3] served as starting points. In the first of these
papers, an attempt was made to extract the underlying principles of FVM-type discretiza-
tions for the stationary Navier — Stokes equations. In the second paper, an overview on
certain problems in the full discretization of linear parabolic problems is given for the case
where the semidiscretization in space is done by finite volume methods.
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240 L. Angermann

Here, some ideas of both papers are merged to get a result on the non-stationary Navier —
Stokes equations. In this respect the proposed discretization can be viewed as a variant of
the “hybrid” or “combined” finite volume-finite element method. In addition to [2], we will
investigate in more detail a particular discretization method. This is based on the second
part of the preprint [1], the first part of which has been published as [2].

The key point of the approach is the treatment of the convective term which is usually
considered in a variational context as a trilinear form. In fact, a detailed study of Sect.IV.2
in [17], where a complete convergence analysis is given for the spatial discretization of the
stationary Navier — Stokes equations by means of the Crouzeix and Raviart element, shows
that there are three distinguished properties of the discrete trilinear form that guarantee
(first-order) convergence, provided the family of finite element spaces satisfies a discrete inf-
sup condition. These properties are (a precise formulation will be given in the next section):

(7) semidefiniteness,

(1) Lipschitz-continuity,

(7i1) (linear) consistency.

The basic principle of the discretization method for the trilinear form such that these
properties can be fulfilled stems from finite volume methods which have been successfully
applied in many situations, especially when it is important to have a discrete conservation law
or a discrete maximum principle. In contrast to many standard approaches for finite volume
methods, where the design of the control volumes follows narrow rules, in our approach
the control volumes can be chosen relatively free. In particular, the correlation to other
partitions of the domain is not very strong.

The paper is subdivided into four parts. The introductory section is followed by a tech-
nical section where the basic notation is described and both the weak and semidiscrete
problems are formulated. In the third section, we discuss the discretization of the convective
term. The main part illustrates the basic aspects of the theory by demonstrating the appli-
cation to a finite element method due to Schieweck [19], where the particular treatment of
the trilinear form slightly differs from Schieweck’s originally proposed one. We will demon-
strate an estimate of the semidiscrete velocity error measured in a discrete Lo-norm without
use of any linearized stability theory. As long as the numerical solution satisfies a certain
smallness assumption, the stationary pendant of which is widely used (cf. [17, Sect.1V.2]),
it will be shown that the constant in the error estimate is time-independent and of order

O(e7?) = O(VRe) but not O(exp(e™!)) = O(exp(Re)).

2. Notation and preliminaries

2.1. Formulation of the problem. Let ¢ > 0 be a real number,  C R? with d = 2
or d = 3 be a bounded, polyhedral domain with Lipschitz-continuous boundary, t,, > 0

and f: (0,t) x © — R4 ug : Q — R? be given vector fields. The following nonlinear
system of partial differential equations with respect to the d + 1 variables u = (u!,...,u4)" :

(0,00) X 2 — R% p: (0,15) X Q — R is considered:

ou—eAu+ (u-V)u+Vp=f in (0,tx) X €,
V-ou=0 in (0,t) x Q,

u=0 on (0,ty) x OS2,

u=muy on {0} x

(2.1)
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Transport-stabilized semidiscretizations of the incompressible Navier— Stokes equations 241

(Navier — Stokes equations of viscous incompressible homogeneous fluids with homogeneous
nonslip boundary condition).

In order to give a weak formulation of this problem, we introduce the function spaces
V= Wi(Q)7 Q i= Lap(Q) := {g € L2(Q) : (¢.1) = 0}, W= {v € Lo(Q)? : (¢,V - v) =
0 Vg € Q} and define a trilinear form n : V3 — R by

n(w,u,v) = ((w- V)u,v), (2.2)

where (-, -) denotes the Ly(Q)- or Lo(Q)%inner product.

If the symbol V is applied to a vector field, say v € V, then, as usual, it will be understood
as a tensor of order two with elements (Vv)j; = 9;v', j,l = 1,...,d, where 9; denotes
differentiation with respect to the j-th spatial variable.

Finally, for two vector fields v, w € V, the bilinear form (Vv, Vw) is defined by (Vv, Vw) :=
S (Vol, Vwt). Then, given f € Ly((0,t),V*) and ug € W, the corresponding weak
formulation of (2.1) reads as follows:

Find (u,p) € Ly((0,ts), V) x L2((0,ts), Q) such that

(Oyu,v) + &(Vu, Vo) + n(u,u,v) — (p, V-v)+ (¢, V-u) = (f,v) VY(v,q) €V xQ,

u=mwuy on {0} xQ, (2.3)

where the variational equation holds, on (0, ¢.,), in the sense of distributions.

Now let us suppose that there are given two finite-dimensional spaces V;, C Ly()%,
Qn C Ly(9)) approximating, in a certain sense, the spaces V, Q. In general, these discrete
spaces need not be subspaces of V' and @), respectively.

Typically, they consist of piecewise polynomial functions with respect to certain partitions
of the domain 2. While it is not difficult to replace the forms

(Vu,Vv) and (p,V-v)

by their “broken” counterparts on the underlying partitions 7T}, of {2

(Vu, Vo), = Z (Vu,Vo)r and (p,V-0v), = Z (p, V- v)p

TeT, TeTy,

and to analyze the resulting properties, the trilinear form n has to be defined in a more careful
way for stability reasons. In the above formulas, the subscript 7" indicates the restriction of
the integration domain on the subset T' C Q.

It was pointed out in [17, Sect.IV.2] that if the finite element spaces V}, x @)}, are stable
(i.e., they satisfy a discrete inf-sup condition), then essentially the following three properties
of the discrete form n; : V;> — R are sufficient conditions for establishing convergence of
the numerical method for the stationary incompressible Navier — Stokes equations:

semidefiniteness: ny(wp, vy, vy) = 0,

Lipschitz-continuity: |ns(wp, un, vn) — na (20, un, vn)| < Cllwy, — zpllnl|usl|sl|on|n,

consistency: |n(w,u, vy) — np(Ihyw, Iyu,vy)| < Chllw|22.0llul22.0(vn]n,

Up, U, Wh, 21, € Vi, u,w € WEHQ)ENV,
where || - || is a norm on Vj, and I, : V — V}, denotes some interpolation operator.

Here we will show that these conditions allow to formulate a similar result for a non-

stationary situation.
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242 L. Angermann

We consider the following semidiscrete formulation, where (-, -); denotes a discrete Ly(£2)%-
inner product that is different from (-,-);, in general: for the given approximation ug, € Vj,

to ug, find (up,pn) € La((0,t00), Vi X Qp) with Oyuy, € Ly((0,ts), L2(£2)?) such that
(Ovun,vn)i+e(Vun, Vo) p+nn (wn,un,on) —(0r: V-or)n+(qn, V-ur)n = (fon)r Y(vn, an) € VixQn,

up = up, on {0} x Q. (2.4)

In order to give an overview on what follows we will sketch the typical steps of the
proof of convergence of the semidiscrete solution uy, (provided it exists uniquely) to the weak
solution wu.

If the weak solution (u,p) of (2.3) additionally belongs to

Ly((0, o), W (2)7) x La((0, to0), W5 (), (2.5)

the variational equation in (2.3), restricted to the test space V' x {0}, can be written as
follows:
(Opu,v) — e(Au,v) + n(u, u,v) + (Vp,v) = (f,v) YoeV (2.6)

i.e., by Sobolev’s embedding theorem, the first equation of (2.1) is satisfied in space in the
Ly(Q)%-sense. Therefore, since Vj, C Ly(2)?, equation (2.6) makes sense for test functions
from V}, too. After a simple manipulation, we arrive at the following equation:

(8tu, Uh) + €<VU, Vvh)h + ((u . V)u, Uh) — (p, V- Uh)h = (f, Uh) + <]Eh, Uh> Yo, € Vi, (27)

where (fh, vp) = e(Au,vp) + e(Vu, Vop)n, — (Vp,vn) — (p, V - vp) .

Remark 2.1. Rewriting the terms (Au, vy) and (Vp,vy), where v, € V},, in the element-
by-element manner and integrating by parts locally on each element T' € T}, the consistency
error functional can be represented as follows:

(faron) =) {6(%&}1)(% —(p,v- Uh)aT}

TeT
where (Ou/dv, vp)or = S0, (v - Vul, v} )or.
Finally, for the following it will be convenient to use an element-by-element version ny,

of n:
np(w,u,v) = Z ((w- V)u,v)r.

TeTy

Then the above equation (2.7) reads as
(Opu, vn) + &(Vu, Vo) + i (u,u,v) = (p, V- o)y = (fyon) + (frsvon) Vo € Vi (2.8)

Restricting the semidiscrete formulation (2.4) to the test space Vj, x {0} and subtracting the
result from (2.8), we obtain

(Oyu, vp) — (Oyup, vp) + e(V(u — up), Vop)n = np(up, up, vp) — np(u, w, vp)+

(=0, Voon+ (fovn) + (froon) — (o)t Vou € V. (2.9)

For arbitrary elements vy, wy, € Vi, (Qyu,vy) = (Ogu, vp)1+ (0w, vp) — (Opw, vp); = (Ogwn, vp )1+
(Op(u — wp), vp) + (Opu, vy) — (Opu, vy,); holds.
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Transport-stabilized semidiscretizations of the incompressible Navier— Stokes equations 243

Thanks to u — up = (wp, — up) + (u — wy), we get from (2.9) that
(Or(wn — un), vn)i + e(V(wp — un), Vop)n =np(un, wn, vp) — fn(u, w,vn) + (0 — Py V- 0)n—

(0 (w—wn)vn)1+ (Drtt,vn )1 — (Oryvn) —&(V (u—1wp), Vor ) w+ (f0n) +(Fayvn) — (Fon) Yon € Vi
(2.10)
Furthermore, we have

nh(uha Up, Uh) - nh(wh7 Wh, Uh) + nh(uha Up, Uh) - nh(wh7 Wh, Uh) -

Ny (Why Wiy V) + N (Upy Uy V) — N (Why Up, V) — N (Wh, W — Up, V),

hence we finally arrive at the following velocity error equation:

(Op(wp, — up),vp) + e(V(wp, — up), Vo )p =
np (W, Wi, v) — Ap(u, w, vp) (2.11)
+ np(up, up, vp) — np(wp, up, vy) (2.12)
— np(wp, Wy — Up, vp) (2.13)
+ (P —pn Vo) (2.14)
— (Oy(u — wp),vp); (2.15)
+ (Opu,vp); — (Opu, vp) (2.16)
— &(V(u—wp), Vo) (2.17)

(2.18)

(2.19)

+ (fron) = (f,vn)s
+ <fh,Uh> Vvh € Vh.

If we set vy, := wy, — uy, with w, = Iu, we can apply a standard energy argument
provided we are able to estimate the terms (2.11)—(2.19) in an appropriate manner. That
is, in the subsequent sections we have to investigate the following aspects:

e definition of n; and the three properties mentioned above,

e definition of the interpolation operator I, : V — V} and its properties,

e definition of the interpolation operator J, : (Q — @), and its properties,

e definition of the lumping operator Ly, : C(Q)¢ + Vj, — Ly () generating (-,-); and its
properties,

e consistency error caused by the use of the broken inner product (-, ).

2.2. Geometrical definitions and relations. The discretization procedure is based
on three different families of partitions of €. An element of the first family of (primary)
partitions is denoted by Tj and is either a triangulation (i.e., it consists of d-simplices)
or a block-partition (i.e., it consists of convex quadrilaterals (d = 2) or convex hexahedra
(d = 3)). It is assumed that Tj, is admissible in the usual sense, i.e., two elements of the
partition are allowed to have in common either a vertex or a complete edge or, if d = 3, a
complete face. Using the notation T for the elements of T, the parameter h of the partition

is defined as follows: If T" has the diameter Ay, then h := max hr. Notice that this partition
€Jn

is related to the approximation u; of the unknown wu; in certain situations the partition for
the discrete unknown p, may differ from Tj,.

Next, on each partition Tj a (not necessarily conforming) finite element space is defined,
whose elements are piecewise polynomials of maximal degree [ € N [J{0}. In particular, the
polynomial space on T' may be incomplete, especially for quadrilateral /hexahedral elements.
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244 L. Angermann

Given some finite element space, the corresponding set of functionals (global degrees
of freedom) naturally splits into Langrangian functionals and others, where a Langrangian
functional is defined via the point values of its argument. Therefore, considering these
Langrangian functionals, a collection of (global) nodes, called Langrangian nodes, can be
associated in a natural way. For example, Langrangian nodes may be the vertices of trian-
gles or the barycenters of faces of hexahedrons, where the above admissibility assumption
allows to identify nodes with the same geometrical position. This collection of nodes can
be subdivided into the class of nodes lying on element boundaries and the class of nodes
belonging to the interior of some element.

Let A, denote the set of indices of all Langrangian nodes from the first class. The subset
A, C A, contains, by definition, the indices of interior (w.r.t. ) nodes only. Finally, declare
oA, :== A, \ A, and let A;z C A, contain the (global) indices of the nodes belonging to
the element 7. Due to the boundary conditions in (2.1), the above finite element space is
restricted to elements satisfying a discrete boundary condition, i.e., we set

Sh = {’Uh : (’Uh|T € Tl(T) VT € ‘Th) VAN (’Uh(ﬂfi) =0Vi e 8Ag)} .

The distance between two nodes z;, =; (i,j € A,) is denoted by d;;.

Now, an important observation is that the index set A, can be decomposed into two
disjoint subsets A, A° such that Kg = KUKA and KHKA = @. Such a decomposition can
be generated, for example, by a hierarchical decomposition of the finite element space Sy,
into a “lower degree part” and its linear complement. Then A corresponds to the nodes of
the first part and A% to the nodes of the complement. Obviously, this decomposition induces
similar decompositions of A,, A, and Ayp, respectively. If Sy, is a space of elements of low
degree, then it is allowed that the decomposition is trivial, i.e., the complement may be the
trivial space consisting of the zero element only. In this case, A% s empty by definition.

To describe the discretization of the trilinear form n, a further family of partitions of
2 is needed. The element T; of the second family consists of subdomains €2; C (2, whose
boundary part () 0€; is a union of subsets of (d — 1)-dimensional hyperplanes.

The incidence relation between these two partitions is defined with the help of the nodes
of T3, i.e., each €); should correspond to one node x; and vice versa.

So we assume that a collection of points N := {z;};,cx C Q, where A C N is a finite
index set, is given. Furthermore we assume that A is split into two disjoint subsets A C A,
OA := A\ A such that N := {z;};ea C Q. Then we also have the decomposition N = N JON
with ON := {z; }icon-

Remark 2.2. In this setting, the situation that ON ({2 # & is not excluded. In some
applications, ON may consist of points close to the boundary 02 as well as of points lying
at the boundary.

The set Ty = {€;},.x of control volumes €); is assumed to satisfy the following properties:
(A1) 77 is a partition of €.
(A2) (i) Vie A:x; €€,

(A3) Vi € A : Q0% is a union of a finite number of subsets of (d — 1)-dimensional
hyperplanes.
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Transport-stabilized semidiscretizations of the incompressible Navier— Stokes equations 245

For all indices Z,j € K, j 7& i, let Fij = ﬁiﬂﬁj, m;; ‘= mean_1<Fij) and Tij =
(x; +x;)/2. The distance between two nodes z;, z; is denoted by d,;. Then it makes sense to
introduce the index set

Ni={jeA\{i} : my >0}, i€l

As a consequence of these definitions, for i € A the following representation of 0€2; is
valid: 09; = ien, L'ij- Moreover, there are obvious symmetry relations

dji = dij,  Lji=TLi my = my;. (2.20)

If, in addition, the primary partition T, = {T;}", , ns, € N, has the node set Kg =N, then
a natural correlation between the two partitions 73, T} exists and some further assumptions
are necessary. Before formulating these assumptions, some additional notation has to be
introduced.

Er is the set of all faces (i.e., (d — 1)-dimensional hypersurfaces) E C 9T of the element
T. Ar C A denotes the set of indices of the nodes of the element 7' € T;,. For a face E € &
of some element T € T, Ag C Ar denotes the set of indices of the nodes of E. Finally, for
i € Ap, we set Q; p:= ;[T for the element control volume induced by €;.

(Ad) Vie N: Q% C Upey,,

Ar>i T
(A5) VT € Tj, Vi € Ap : Q; 7 is an open, simply connected, strongly Lipschitz set.

(A6) VT € Ty Vi € Ay : The set  (Qir) NOT \ Upee,.nps B consists of at most one
point! of 9T.

(A?) VT € ‘Ih Vi € AT VJ € AT ﬂAz © T € 3Qi,T.

Obviously, for T € Ty, i € Ar and j € Ar ﬂ A;, the boundary parts I';; can be structured

in a finer way: F =I';; (7. Analogously, m U = measd_l(Fg).

(A8) There exists a third partition {QF TeT, iehr dehr (AgmT >0 of © such that the subdo-

mains ; have the following properties:

() & =9,
N 1T ~ OT T
(i) T'j; CQy, xi € QU, i € Q.
(141) Each QT can be decomposed into a finite number l of pairwise disjoint open d-
T
simplices Qj’ such that Q ﬁ 1 QZ; and, for any l e [1,il]n Qij’ is the image

of a fixed (reference) 51mplex T under a regular affine transformation, where the
pre-image [ of F-T»’l =T ﬂﬁzl does not depend on particular values of ¢, 5, T, [.

(iv) On each I'', the unit outer (w.r.t. €;) normal 1/;‘5’[ is constant.

zg’

The diameter of the simplex QTl is denoted by th Furthermore, we set mTl =
=T
measg_ 1(F ) and €;; := lnt(UTe‘Th:FiTj;é@ sz)

Finally, in some cases certain regularity conditions are also needed.

'The (stronger) condition (1) NOT C Ugee,. AEaiE is not satisfied for Voronoi diagrams on
Friedrichs — Keller triangulations.
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246 L. Angermann

A9) There exists a constant C' > 0 such that for all 4, j € A, d> < Cm;; holds.
( J 1) J

(A10) There exists a constant C' > 0 such that for all 4, € A,

2
dij( max max h-T-’l) < COmy;

T
TeTy :mL>0 e[l
holds.

(A11) There exists a constant C' > 0 such that for all 4,5 € A, T € Ty, [ € [1,15]y,

9 ’Lj
T, T,
m;; di; < Cmeasq($;;)
holds.

(A12) There exists a constant C' > 0 such that for all 3,5 € A, T € Ty, [ € [1, lg;]N,

(hz;-’l)4 < C’measd(Q;Tg’l)
holds.

Remark 2.3. Dimensional analysis of the quantities that appear in Assumptions (A9),
(A10), (A12) easily shows that these conditions are not very restrictive.

3. Discretization of the trilinear form n

Using the decomposition
d

n(w,u,v) = Z((w - V)ul,oh),

=1

the description of the discretization can be reduced to the scalar case. So let w € Wi(Q2)4

be such that V -w = 0 and define, for u,v € V%/é(Q), the form
ns(w,u,v) == ((w- V)u,v) = (w- Vu,v).

The transport stabilization will be controlled by some control function r : R — [0, 1] satis-
fying the following properties:

(P1) r(z) is monotone for all z,

(P2) lim r(z) =0, lim r(z) =1,

Z——0Q zZ—00

P3) 1+ zr(z) > 0 for all 2,

P4) [1 —r(z) —r(—2)]z =0 for all z,

(P3)
(P4)
(P5) [r(z) —1/2]z > 0 for all z,

(P6) zr(z) is Lipschitz-continuous on the whole real axis.
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Transport-stabilized semidiscretizations of the incompressible Navier— Stokes equations 247

The choice of exactly this control function dictates the upwind strategy of the numerical
method. Typical examples of such control functions are:

r(z) = [sign z + 1]/2  (full upwind scheme),

r(z)zl—l{l— ©

] (exponentially fitted scheme).
z

expz — 1
It is wellknown that the full upwind scheme introduces too much artificial diffusion. Although
the exponentially fitted scheme should be preferred for theoretical reasons, in practice the
full upwind scheme is frequently applied, in particular, in connection with an additional
correction procedure such as Patankar’s power law scheme ([15], [16]).

Now, for wy, € Vj, := S, up, vy, € Sy we define

- Vijdij
Yij = mij1 Z /1/ cwpds, 1= r(%)

. T
TeT, ‘mij>0 Fg;_
and set

1 1 1
Ron (W, un, Un) = 3 > [(w—i) (Uhi—uhj)(vhi—vhj)+§(uhjvhi—uhivhj)}%’jmij- (3.1)

€A ]'EA»L'

Returning to the original form n, we set for wy,, up, vy € V3,
d
~ o 11
n(w, u,v) = ny(wpy, up, vy) == E N (Wp, wy, vy,)-
=1

Collorary 3.1 (Semidefiniteness of ny). If the control function r satisfies (P5), then
there holds

Ywp, v € Vi, o np(wp, v, o) 2 0.

Proof. Follows immediately from the above definition (3.1) of ng, and from (P5). O
Finally, some discrete norms and operators have to be introduced. For u,v € V + V},

we set
Wln =V (Vo, V), vlln =/ lvl§20 + V]

By I, : Wi(Q) — Sy, the interpolation operator is denoted, whereas Lj, : C(Q) + Sy —
Lo () stands for the so-called lumping procedure. That is, the image of L; is a subspace
consisting of functions being constant on the elements of the secondary partition J;. The
application of I;, or Lj, to a vector field from V or [C(Q) + Si]?, respectively, should be
understood in a componentwise manner.

Concrete properties of these operators will be included in the subsequent assumptions.
We also recall for completeness some results from [2] related to the remaining two properties
of ny, i.e., the Lipschitz-continuity and consistency.

One group of assumptions ((A13)—(A15)) establishes relations between different semi-
norms or norms on Vj, the other group ((A16)—(A19)) includes requirements for the oper-

ators I, : W3(Q) — Sy and Ly, : C(Q) + Sp — Loo(Q2) mentioned at the end of Section 3.
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248 L. Angermann

(A13) There exists a constant C' > 0 independent of h such that for all v, € Sy,

SN o — o) < Cloa.

i€A jEA,;

holds.

Collorary 3.2. Under Assumption (A13)

m..
Z Z |wh; — Wil |Vni — vnyl d‘llj < Clwp|p|vp| -
ij

TSN jEAi

holds.
Proof. Elementary. O

(A14) There exists a constant C' > 0 such that for all v, € Sy,

lvnllos.a < Cllonlln-

holds.

Collorary 3.3. Under Assumption (Al4), for arbitrary p € [1, 6],

[onllop.c < Clivnlla:

holds.
Proof. Elementary. 0

(A15) There exists a constant C' > 0 such that for arbitrary p € [1,6] and for all v, € S,

[ Lnvnllope < Cllvnllopa-

holds.

Remark 3.1. Since A® is nonempty, in general, || Lyvp|lo,.q is only a seminorm on Sp;.
Both assumptions (A13) and (A15) are weakened versions of properties that do hold in many
standard cases (cf. [11]). A more essential assumption is the discrete Sobolev inequality
(A14). Frequently, its proof requires more involved arguments.

The above set of assumptions provides sufficient conditions for the proof of the Lipschitz-
continuity of n;, (see Lemma 3.1 below). However, the rest of the assumptions about I, and
Ly, will be given here, too.

(A16) There exists a constant C' > 0 such that
(1) for arbitrary p > d and for all v € W, (), [[(I — Ly)vl|op.e < C hlv|1 0 holds,
(ZZ) for all vy, € Shl; H([ — Lh)’l}hHQQ’Q < Ch|U|h holds.

(A17) There exists a constant C' > 0 such that
(7) for all v € WZ(Q), [[Inv]jo.co0 < C'||v]|22.0 holds,
(ii) for all v € WZ(Q) and all T € Ty, |[v]127 < C ||v]|2,27 holds,
(#17) for arbitrary p € (d, 6], v € W, (Q) and all T € Ty, |Iyv|1 57 < Cv][1,p,r holds.
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(A18) There exists a constant C' > 0 such that
(i) for arbitrary p € (d,6], v € W2(Q) and all T € Ty, |(I — In)v|ipr < C hy'vll1prs
[ =0or =1, holds,
(i) for all v € W2(Q) and all T € Ty, |(I — In)v|ior < Ch3 Hv|oor, I =0o0r 1 =1,
holds.

(A19) There exists a constant C' > 0 such that for all v € WZ(Q2) and all T € Ty,
ILW(I = In)vllozr < C Rz |vl2z.
holds.

All the assumptions (A16)—(A19) are rather typical properties of the interpolation and
lumping operators I, and Ly, respectively. They do not imply essential restrictions on the
applicability of the method. In particular, in many standard finite volume methods, the
left-hand side of inequality (A19) simply vanishes.

Lemma 3.1. Suppose (A8) —(A15). Then, for arbitrary wp, z, € Vi, and uy, v, € Sy the
estimate
s (Why Uny V) — Tsh (20 uny V)| < Cllwn — znl|nllunl|nl[vnlln

holds, where C' > 0 is a constant which does not depend on h.
Proof.  See [2, Lemma 3]. O
Lemma 3.2. Suppose (A8), (A1l), (A13) —(A15), (A16) (i), (A(17) - (A19). Then, for

any w € WEHQ)YNV satisfying V - w = 0, any u € WQQ(Q)HVCI)/%(Q) and any element
v, € S, the estimate

Ing(w, u,vp) — ng(Ihw, Iyu, vy)| < Chllwll22,0lull22.0llvn ||k

holds, where C' > 0 s a constant which does not depend on h.

Proof.  See [2, Lemma 4]. O

4. Discretization by quadrilateral/hexahedral elements

4.1. Definition of the finite element space. We consider one of the four finite elements
introduced by Schieweck [19], namely the so-called P;-parametric element, and apply the
above discretization method to the trilinear form n. The resulting discrete form ny differs
from Schieweck’s one in two aspects: The internal geometry of the control volumes €2; and
the choice of upwind parameters are different.

Each partition T, h € (0,hg], ho > 0, of Q@ C R? consists of convex quadrilaterals
(d = 2) or hexahedra (d = 3), where the faces (i.e., the two-dimensional boundary surfaces)
of the hexahedra are plane.

We define

pr:=sup {p : B(er,p) CT}.

Remark 4.1. In his original work [19], Schieweck did not require the convexity of 17" €
Th. He defined pr by

pr = Sup {,0 : T is star-shaped w.r.t. B(xr, ,0)}
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By hp, the length of the shortest edge of 1" is denoted. Finally, let a; be the smallest
angle between neighbouring edges and, for d = 3, also between neighbouring faces, and let
ar be the corresponding largest angle.

Definition 4.1. The family F := {Th}he(o,ho] is called shape-reqular iff there exist posi-
tive constants 7, v1, g independent of any particular element 7" € T} such that
hr hr

VI, edF VI'eTp: — <7, — <7, 0<a<apr<oar <m—ap.
QT Pr

holds.

Now, let T" € T}, be fixed. Denote by & the set of all its faces and let xg € E be the
barycentre of the face &/ € Ep. Using local enumeration of the 2d faces I/ € £ such that £
and E;,4 are opposite to each other, j € [1,d|n, it is possible to define an affine mapping
Fr in such a way that

FT(éj) = TE;, FT<_éj) = TEj4q
holds, where ¢é; denotes the j-th canonical unit vector in R®.

It is not difficult to give this mapping explicitely. In fact, if By € R%? is a matrix with
column vectors br; := xg; — xr, then the transformation Fr(Z) := BpZ + xp possesses the
indicated properties.

The fundamental difficulty in the analysis of this approach is, unfortunately, that the
“reference” element T := F7(T) does not form the unit d-cube, in general. The only
statement that can be given about the “family of reference elements” is as follows.

Remark 4.2. All the reference elements T have the same face barycenters (and, there-
fore, the same element barycentre 0).

Proof. Simple calculation. ([l
Lemma 4.1. Assume that F is shape-reqular. Then there exist constants depending only
on F such that

VI, €F VT €Ty: ||Br| < Chy, ||BFY| <Chz', ¢ 'h$ < det By < ¢ 'hi,

holds, where || - || is an arbitrary but fized matriz norm.

Proof.  Omitted. 0
Collorary 4.1. Under the assumptions of the above Lemma 4.1, there exists some num-
ber p > 0 such that
VT, € FVT €T, : Tr = F7Y(T) € B(0, p).
Proof. By the lemma,

12| = || Bz (@ — z7)|| < ||BRHhr < C =t p.

Now we turn to the description of the finite element space. Starting with the local badid
on T, it will be transformed to the original element 7" by means of Fp.
We set

P = span {1,2;,37 — 37, } (4.1)
jE[l,d]N,kE[l,d—l}N

Obviously, dim(?P) = 2d. For simplicity in what follows, the basis polynomials used in (4.1)
are denoted by pi, k € [1,2d|n (as they appear there). To define the local basis elements
(shape functions), the following functionals on P (local degrees of freedom) are used:

A

(@) == g(p),
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where iE‘j = éj, jE‘jH = —é;, j € [1,d|n. Then the system (iDj(géi) = 0;5, 4,j € [1,2d]n,
gives 2d conditions for the canonical determination of {gﬁi}ie[l,Qd]N. If the representation
Gi(2) = D ke 2dn c,(;)ﬁk(fc) is used, then due to the above Remark 4.2 the matrix

(Dr(Z ;) jken 2din (4.2)

of the system is the same for all elements Tr. Therefore, in order to prove that the pairing
({@:}, {®;}) is P-unisolvent, it is sufficient, to consider a particular situation, namely the unit
cube T := (—1,1)% Then it easily turns out that the matrix (4.2) of the system is regular.

Furthermore, we set Qp, := {qn € Q@ : qu|lr € Po (VI € Tp,)}.

4.2. Discretization of the trilinear form. For any 7' € T}, and any 7 € A7, we have to
define the contributions Q27 to the element €; € T} associated with the local nodes z; € 9T.

To meet Assumption (A8), we first of all describe the subdomains le

So let xp,, zp, be the barycenters of two neighbouring faces Ej, E; (i.e., they have in
common d — 1 vertices ygk of T, k € [1,d — 1]n, and consider the midpoint z;; of the line
segment connecting both points, i.e., z;; := (; + x;)/2. Since T is convex, z;; € T. Then
x;;, x7 and the common vertices determine d (d — 1)-simplices which have the point z;; in
common and form the boundary parts Fz;-’l.

Namely, for d = 2 (see Fig. 4.1, left),

F?j’l = conv{xij,yg;-’l}, FiTj’Q = conv{z;j, rr};
for d = 3 (see Fig.4.2),

T1 . 71 T2 . T2
[ = conv{zy;, or, y; }, 157 o= conv{wy, o7, ;57 },

T3 . _ 71 T2
L= conv{a:l-j,yij s Ui }.

The convex hull of z;, ; with each of these boundary parts generate the subdomains Qz;l

- - - /
- / - /
\ / \ |
\ . \
i T1 T2 \ ... | \
Fig. 4.1. The case of d = 2 : I';;", T';;7 (left, finely \ e \
dotted lines) and Q?;’l, QZ;Q (right, bounded by con- \ / \
tinuous lines) e — — L
Ve 1 P 1 . 1
e | P | . I
7 ] _ .
g - ! - |
g ! - ! - |
7 P .
{ | ( ' ( |
% | | & ~\ ' o | [
\ | | N ‘.[_.‘ . | \ |
\;.— o 1®--- T S I e
rd - \“\’: _ - - s - T \ B _ - P o —_ = = — "_ - 7///

Fig. 4.2. Boundary parts FiTj’l in the case of d = 3 (finely dotted lines)
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That is, for d = 2,
QTl mt(conv{xz,:cj,yij’l}), 952 = int(conv{z;, x;, x7});
for d = 3 (see Fig.4.3),
le = int(conv{a:i,:Uj,xT,yg’l}), QT2 1nt(c0nv{xl,xj,a:T,ym b,
QT3 mt(conv{xl,xj,ygl,yw 1.

b

4
I
- I
!
!
[

Fig. 4.3. Subdomains Qz;l in the case of d = 3 (bounded by continuous lines)

4.3. Verification of the assumptions. First of all we will show that the local quasi-
uniformity of the family of triangulations generated by the simplices le (see Assumption
(A8)) is a sufficient condition to satisfy the collection of geometrical assumptions (A9)—
(A12).

That is, we assume that there exists a constant ¢ > 0 depending only on F such that

VoLt e (h)? < measy(Q7)) < () (4.3)

holds.

4.8.1. Assumption (A9). We show that dj; < Cm
follows from the trivial estimate’ mTl < myj.

U ; then the statement immediately

From (4.3) we conclude that the length of any edge of the simplex Q;‘gl lies within the

interval® [¢ h;‘gl, th] where ¢ depends on ¢ from (4.3). In particular,

df;l € [¢ hgl, th] (4.4)

In the case of d = 2, m;";l is not smaller than the height of the triangle corresponding to the

edge connecting x; to x;, and that height is not smaller than the diameter of the inscribed
circle, i.e.,
chiit < mi. (4.5)

1)

Tl 1
So we get d;; < hzy <é m

the statement follows.
In the case of d = 3, we introduce the temporal notation yg’d := xr and observe that
the central projection of the inscribed ball from the vertex to the opposite face gives a circle

i !, Since we may assume, without loss of generality, that d;; < 1,

1 . . . . . .
In fact, it is sufficient that in the set {(T, l)}Te“Ih:mZ;>0,le[1,lZ;'l]N there exists one element for which the

relation d5 Cm is valid.

2 éhz; is the dlameter of the inscribed ball.
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which is contained in that face. Therefore, the length of the edges of the face as well as
the face-heights corresponding to these edges are not shorter than the diameter of the circle
which itself is not smaller than the diameter of the inscribed ball.

The area m L of the triangle F is equal to the half of the length of the line segment

connecting x;; Wlth one of the Vertlces yg;-’l multiplied by the height in the triangle F?j’l.
The first factor is not smaller than the height of the face formed by z;,z; and ygl
corresponding to the base line given by x;, z;; hence it is not smaller than EhiTj’l.

The second factor is not smaller than the height of the tetrahedron le corresponding
to the face, i.e. it is not smaller than the diameter of the inscribed ball either.

In the final analysis, we get

1, .
Leth? < (40

thus d? < (hj;")? < 2¢7m];'. From this relation the statement follows.

4.8.2. Assumption (A10). We show that dij(hz;’l)d_l < C’m;g’l. But this is a consequence
of the above relations (4.4), (4.5) and (4.6). Indeed, for d = 2 the first two estimates imply
dijhiTl th < c‘lmgl, whereas for d = 3, (4.4) and (4.6) they yield

dij(hi)')* < (h)? < 267°m).
4.8.8. Assumption (A11). Obviously, we have
mit < (b (4.7)
It follows by (4.4) mg;-’ldij < (hz;»’l)d, and (4.3) results in mz;»’ldij < measd(Qz;’l).
4.3.4. Assumption (A12). This relation is a consequence of (4.3):
(hi)* < (hi)* < Cmeasq(Q)).
In the next step, the embedding relations (A13) and (A14) will be verified.

4.8.5. Assumption (A13). This assumption can also be verified by using (4.3). Namely,
we decompose the double sum that appears on the left-hand side in a finer manner as
Tl

)IPIIEIHLLES 35 SEND SIND DR I 8

1€A jEA; €A JEA TeTy, :ml>0 le[1il]n

Now we transform Qz;l into the reference simplex and get (for the restrictions on vy, into Qz;l)

|Uni — vnj| = [Oni — Ong| =

1
/ n(@5 + (@i — 25)) ds| < 118 — 51 | Vonllg e 7
0

Since Vo, € [P1(T)])%, the norms vahH()ooT” and |\Vvh||02T~ are equivalent (as norms on
the finite-dimensional space [P1(7)]%). Consequently, |vp; — vp;| < C’HVvhHO’Q’T, and the
back-transformation implies

T,
4 |

asd(Qg;’l)lﬂ

|Uhi - Uhj' <C VUhH(JQ qTil-
4345
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Since it holds, by (4.4), (4.7), (4.3),
mz;,l(hg;,l)Q 1 mTlth

dijmeasd(QiTj’l) h cmeasd(Qg;-l)

hT,ld
(hij") <
dijmeasq($2;;)

nzl»—l
(o1 NeY

we conclude that

Z Z Uni — Unj) % CZ Z Z HVUhHg,z,Qg;. <C Z vahHg,Z,T = Clonlz-

i€ jen; diy i€A JEN; TeTy, :mT>0 TeT)

4.8.6. Assumption (A14). Verification of this assumption completely follows the lines of
[19, Lemma 4.4 there]. That is, based on the design of the auxiliary interpolation operator
acting in a conforming finite element space, the sharper estimate

[onllop.0 < Clonln (4.8)

is obtained by using the standard embedding result (w.r.t. the conforming part) and a
suitable interpolation error estimate. The result is valid under the assumption that the
basic family F of partitions is shape-regular (cf. Definition 4.1).

4.8.7. Assumption (A15). We introduce the following lumping operator L; : C(Q) +
Shl — LOO(Q) via

v Lpv = ZU(%‘)XQN (4.9)
ieA
where xq, is the indicator function of the element €2; of the secondary partition T;. This
defines

()i == (Ln*, L) (4.10)
Then we can write

Ll =33 Y % / Lyonl? de.

i€A jEA; TeTy :mf>0 1e[L]]N oI
i

Now the following estimate is trivial: [,za [Lyvp|P do < [ora [opi|P dz + [za |op;|P do. Trans-
(%] ] v

forming the integrals into the reference element T, we get for the first integral

» measd QTZ »
|vp|Pdx = " |vm| dz.
a(T
oLt

On P, the mapping ¢ — { [ 1¢(&)|? dZ}'/7 is a seminorm (cf. Assumption (AS) (ii)). Since
in a finite-dimensional space a seminorm can be estimated by the norm (up to some multi-
plicative constant), there exists a constant C' > 0 such that

A . measg (€2
/ il < C 7” / (@i < Clanll o

measy (T

A similar estimate is true for the second integral. After summation, we arrive at the desired
relation.
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4.8.8. Assumption (A16).

[EESAEIHED S SUED DIND SN RIS ATLE

€A jEA TeTy, :mI>0 le[Lil]n N QT
ij

holds. Now we have

/|(I—Lh)v|pdx: / |v—v;|Pdx + / |v—vj|pdx</|v—vi|pdx+/|v—vj|pdx.
QT T, T,

T, T, s 5
ol N ol ne; of ol

Due to symmetry relation Qz;l Qszl, see Assumption (A8) (i), it is sufficient to estimate
one of the integrals.
By Assumption (A8), we can write, for any fixed w € Lq(Qg’l), qg=p/(p—1), that

Q>
/(v —w)wds = %(J)) /(@ %) d.

measy (T

QT T
ij

It follows that

(0 = 0 di| < [1900,5 + 10ilo2] 100,

T
Since [[0ily, 7 < measd(T)HﬁHO’OO’T and, by Sobolev’s embedding theorem, [|0[[, 7 <

Clloll , 7> we obtain
o
T

The integral on the left-hand side is a linear continuous functional of the argument ¢ €
W,(T), and it vanishes for constant arguments. Hence the Bramble — Hilbert lemma

implies that
I=
T

and the back-transformation results in the estimate

’ /(v —v)wdz| <

Tl
Q5

2| < Cllollypzll@llo gz

t| < Clo]yp pll@llo g,

T,
Oh |U|1pQTleH(]qQTl

Therefore,
(v — v, w) o
% C’th|v

|lv—w sup

| 7.
weLq(Q;thl) HwHQ%QTz Lp,Q;

iHl,p,Qg;.’l =
In the final analysis, we get the first estimate

||(I Lh) OpQ Chp Z |U »,T = th|vlzl7,p,ﬂ'
TeT
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To verify (ii), we proceed as in the first part and arrive at the estimate

’/(f)h — f)}m)UA} dz
T

Since [|0pql[y ¢ is a seminorm on P, we obtain

’/(@h — tpe) dit| <

T

< [18mloz + Nonally 2] el

Cllonllopzll@llo g7 < Cllonllypzll@llo g 2

The integral on the left-hand side is a linear continuous functional of the argument v, € P
and it vanishes for constant arguments. Hence the Bramble — Hilbert lemma implies that

‘/vh—vhzd} dz

and the back-transformation results in the estimate

< Olonly 7 ll0llg 47

T,
\Oh |Uh|1pQTlHU)HO QTz

’ (v, — vpi)w dx

T,
Q,;

Therefore, [lvy, — vpill,, o < th|vh|1 ot In the final analysis, we get
H([ Lh)vhHOp Q= < COw Z |’Uh|zl7,p,T7
TeTy

which gives for p = 2 the desired result.

4.8.9. Assumption (A17). The interpolation operator I, : V' — V}, is defined according
to [19, Definition 4.5], i.e

1
1X% _ V; @ W1 (% mean_1<Ei) /U S
€Ay E;

It is clearly sufficient to consider only one component. As a consequence, we get for v €
WZ(Q)

1 1nv]]0.00.0 = %I,leaé 1 1nv]0,00.77 = |80 0,00,T
for some element T € T),. Now,
Il < 3 Il < (maxlal) 3 oo
i€Ag i€y
holds. From |v;| < [[v]lom) < [[vlc@) < Cllvll220 we get [[1h0]|0,00,r < Cllv]l22,0, thus,
[ 1hv]l0,00,0 < Cllv][22,0-
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Relation (77) of the assumption is a simple consequence of Assumption (A18) (i7) :

|12 < [Vliar + (I — In)v|iar < [1+OhT]H l|2.2.1,

where 3
hT = hT + ar, (411)

and ag is defined as follows: For d = 2, it is the largest angle between two opposite edges.
For d = 3, such a quantity, say ap now can be defined for any face £ of T. Then we set

Qr = max ap.
EeoT

To verify (iii), we use a similar argument. In view of (A18) (i), we have
[ nvlipr < [0lipr + (I = Tn)vlpr < [1+ Clfjvflpr.

4.3.10. Assumption (A18). To prove (i), we first of all introduce two additional interpola-
tion operators. The first one is the natural interpolation operator Iy, : [WI}(Q)} I AV -V,

defined via
Iy, v = Z v(x;) ;.
i€Aqy
Again, it is sufficient to consider one component of it. Moreover, we use for any v € Wpl(Q)

the linear interpolant I1v of v on T' (for example, an averaged Taylor polynomial [6, Ch. 4]),
for which we have the estimate [6, Lemma4.3.8],

(I = I)v|ipr < Chy'vlipr, veW, (), =0 or I=1 (4.12)
Now we make use of the following simple inequality:

|(L = In)vlipr < | — W)vlipr + (I = v, ) 1wipr + |(Tv, — In) 1lipr + [T — D)ol

Due to (4.12), it remains to estimate the last three terms. It is not difficult to verify (by a
slight modification of the proof of [19, Lemma 2.14]) that

(I = Iy, ) 1olipr < Chy Lol p e

holds. Now, in order to keep the presentation clear, let w be the restriction on [ v into T
Le, w:= lv|,. Forz €T,

Iy, — In)w(x) = Z [w(@;) — wilpi(x)

1€AgT

holds, where w; = {meas,_1(E;)} ™" [ p, Wds. In the case of d = 2, the midpoint rule integrates
the linear polynomials exactly, hence w(x;) — w; = 0 simply holds. In the case of d = 3, for
any w € P1(T), we have
w(z) = w(z;) + Vw(z;) - (x — ;)
on 7" since Vw is constant on 7'
It follows that

5 /Vw(xi) (@ — 2)ds| < byl V()| <
E;
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hlw] oo < hp{measy(T)} 7wl 1.
Thus, we arrive at
(I, = In)wlipr < Chy {mease(T)} 7 [wlipr > |@ilipr
iGAgT

The estimate

|@ilipr < Chy' {measa(T) /7 [@ilo o < Chy' {measy(T)}”

implies
(I, = In)wlipr < Chy ' wlipr.

It remains to take into consideration the above estimate (4.12) for I; to get

|w|1,p,T < |U|1,p,T +[(I = I)v |1pT C|U|l,p,Ta

hence
|(Iv, = In)wlipr < Chy'o]ypr.

In order to prove the fourth estimate, we first consider the stability of I, in W!(€). By a slight
modification of the proof of [2, Lemma 2|, where it is necessary to take into consideration
the fact (see [7]) that we have no unique reference element, but the constant in the Bramble-

Hilbert lemma only depends on the diameter of T'r which can be bounded for all TT, we have
for w € W(T)

1

_ Ch <
measg(T) [lwllo,1. 7 + Chrl|wloa,r]

measq(T) "7 [lwlop.r + Chr|wlopr] -

Consequently (cf. a similar argument above),

[ Thwlipr < measy(T) ™7 [[wllopr + Chrlwlopr] Y leilipr <

iEAgT
lwllopr + Chrlwlopr] Y |ilicor-
iGAgT
With the particular choice w := (I — I)v] , and the above error estimate (4.12) we obtain
[In(Iy = Dolipr < Chrlvlipr D |@ilicer < Chy'[olipr.
’LGAgT

Thus, the desired estimate has been proved.
To verify (i), we simply refer to [19, Lemma 4.10]:

|<I_Ih) |12T OhThT |U|22T

4311 Assumption (A].g) HLh(I_Ih) ||0,2,T HLh(I Ivh) ||0,2,T+HLh(IVh _Ih)UHO,Z,T'
holds. The first term vanishes, since

Lyv(x;) = v(z;) = Ly, v(z;) = Lpdy, v(z;).
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To estimate the second term, we apply Assumption (A15) locally to see that

| Ln(Lv, — In)vllogr < Cll(Lv, — In)vllogr < C[[(I = Iy,)vlozr + [[(I = In)vllogr] -

The first term in this relation can be estimated by means of [19, Lemma 2.14] (again with
h2. replaced by hyphy), whereas for the second one we use Assumption (A18) (i7).

In the final analysis, we have proved the following result.

Theorem 4.1. Assume that a shape-reqular family F of partitions for Pj-parametric
elements satisfies Assumption (A8) and that the family of triangulations generated by the
subsimplices le is locally quasi-uniform (see (4.3)). Then, the discrete form ny has the
following properties:

semidefiniteness: np(wp, vp, vp) = 0;

Lipschitz-continuity: |n,(wWh, un, va) — mp(2n, un, va)| < Cllwn — 2u|nllusllnl|vslln;

onsistency: |n(w,u, vy,) — np(Iyw, Iyu,vy)| < Chllwl|22.0llull22.0|vk]h,

Up, O, wy, € Vi, u,w € W2(Q)ANV,
where h = maxreg, hy and hy is defined according to (4.11).

4.4. Error estimates. Now we return to the estimation of terms (2.11)—(2.19) in the
error equation.

4.4.1. Estimation of (2.11)—(2.13). If the solution (u,p) satisfies the smoothness as-
sumption (2.5), then we can apply Theorem 4.1, i.e., for w := u, wy, := Iyu and arbitrary
Vp € Vh, ~

[ (wny why on) = T (u, w, 0p)| < Chllull3 5 0lvn |,

[ (Wn, Uny V) — o (Why wn, v4)| < Cllup — wallallunlpllvalln,  7a(wh, vr, vr) =0
hold.

4.4.2. Estimation of (2.14). To estimate this term, we introduce the L;-lumping operator

Jn: Q@ — Qn by .
e — T .
Jnq(z) measa(T) /qdaz, VeeT eTy,
T

Then, by [19, p. 67], we get the desired result:
(0=, Vv = (0= Jup, V- vn)n < Chlplizallvalls

4.4.3. Estimation of (2.15). By the definition (4.9), (4.10) of the discrete Lo(£2)-inner
product (+,-);, we have

<8t(u - wh),vh)l = (Lh([ - [h)atU,LhUh) < HLh([ - [h)atuHO,Q,QHLh”h”o,Q,Q»

where we have used the fact that the differentiation commutes with lumping and interpola-
tion.
For v € Wpl(Q), p > d, it is possible to prove the following estimate:

HLh<[ — [h)/UHQZT < OhTule,p,T? T e ‘Th, (413)

where C' is a positive constant independent of 7" and v. This can be done by a nearly
word-for-word transfer of the arguments used in the above verification of Assumption (A19),
including the necessary modifications of the corresponding passages in [19, Sect. 2.3].
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Using (4.13) with v = Jyu and (A15), we get

|(Op(u — wp), vp)i| < Chlowulipallvalloz.0-

4.4.4. Estimation of (2.16). By the triangle inequality, there holds
|(Opu, vp )1 — (O, vp)| = [(LnOyu, Lyvy) — (Opu, vp)| < |((Lp— 1) Opu, Lpvp) |+ |(Opu, (L —I)vp)|.
For the first term, we have
[((Ln = DBy, Lyvp)| < [[(Ln = 1)Opullo 2.0l Lnvnlloze <

measy(Q) "2 (Ly, — D)yullop.ol Luvalloze-
Now we use (A16) (i) and (A15) to get

(L = I)Byu, Lyvp)| < Chldguly pallvnlloz.o-
To estimate the second term, we apply (A16)(ii). As a result of both estimates, we get
| (Byu, vp) = (Bpu, o) | < Ch[|1Opulypallvnlloze + [|Owulloz.allvnlln] -
Since ||0yullo2.0 < C|0rullopa and ||vallo2.0 < ||vn]ln, we finally get

|G, v )i = (Bru, vn)| < Chl[Ovull1p.allvnln:

4.4.5. Estimation of (2.17). For we have, by (A18)(ii),

|€<V(U — wh), Vl)h)hl < €Ch||u||2’2,Q|Uh|h.

4.4.6. Estimation of (2.18). This estimate runs as in the estimation of (2.16) with dyu
replaced by f, i.e.

|(f, o) = (f,on)il < Ch fll1pallvnln-

4.4.7. Estimation of (2.19). The estimate (2.19) was proved in [19, Lemma 4.14 and
Lemma 4.15 together with the remark on p. 47]:

[(fh vn)| < Chlllullz2.0 + Pl 20lllvalla:

4.4.8. Summary. Collecting all the above estimates of terms (2.11) —(2.19) together, we
obtain with vy, := wy, — up, wy, := Iru the following inequality:

(Ovns vn)i + (Von, Vo) < U (w, p, f)llonlln + Ta(un)|onll7, (4.14)
where
Uy (u,p, f)=Cle+1+[Jull220)|ull22.0+ 0wl po+Ipll2o+ [ fllipal,  Walun):=Cllupnn

with constants C' > 0 independent of u, p, f, up, vy, h.
By (4.8) and Corollary 3.3, there holds

[vnlloz,0 < Cplvnln (4.15)
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with some constant C'p > 0, and thus

[onlln < /1 + Chlonln. (4.16)

Furthermore, Assumptions (A15) and (4.15) imply that there is a constant 8 > 0 independent

of h such that with ||vp|o.n = v/ (vn, vn)1,

lvnllon < Blonla- (4.17)
Because of the relation
1d 1d
(Orvn(t), va(t)) = 3 %(Uh(t)avh(t))z =3 d—||Uh( IG5
it follows from (4.14) and (4.16) that
1d -
5 dtth( Won +elon®)]s < hy/1 4+ CRW(u, p, flonln + (1 + Cp)Wa(up)|vali <
-, 14+ C? €
h? Py (u,p, f) + [Z + (1 + CI%)\Ilg(uh)} o2 (4.18)

If (4.17) is used to estimate one half of the term e|vy,(#)|?, a simple rearrangement of (4.18)
leads to

d

£ 1+ C%
IO+ SOl + |5~ 20+ Cvatun) | < 2222

U (u,p, f).
Multiplying this relation by €7, where v := ¢/3?, the identity

d d
g ®IGs) = e Zon@ G + ¢ lon(®)

leads to

d € -
S on(®) 1) + |5 — 21+ C3)Wa(wn) | e unf} < 257

If ||up|p is sufficiently small so that the term in square brackets becomes nonnegative (the
precise formulation of this assumption is given in (4.20) below), then

U3 (u,p, fe™.

1+C3%
£

d ~
S n(t)]) < 28

and the integration over (0,¢) results in

1+ C?
TP\IJ%(U,]), f)e’Yta

2
+C2
9

t
e a5 = Non(0)[55 < < 22! /‘Pf(u,p, f)erds
0
for all t € (0,1). Multiplying this by e™7*, we get the relation
t
@1 < RO e + 25 [, pert-as,
0

In the final analysis, we have proved the following result for the case where ||uy||, is
sufficiently small.
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262 L. Angermann

Theorem 4.2. Assume that the shape-regular family F of partitions for Pj-parametric
elements satisfies Assumption (A8) and that the family of triangulations generated by the
subsimplices le is locally quasiuniform (see (4.3)).

Further assume that the unique weak solution of (2.3) with ug € WV satisfies (2.5),
i.e.,

(u,p) € La((0, o), W5 ()7) X La((0, 1), W5 (),
and, for some p > d, the condition

t

/ (e + 1+ [lullop0)lullaon + 10l p0 + [Ploo + [ flipel® e/ ds < 0o, (4.19)
0
is met, where [3 is the constant from (4.17).
Finally, let the semidiscrete problem (2.4) with uo, = Inug have a unique solution

(un, pr) € Vi X Qp such that ||ugl|p is sufficiently small in the following sense:
There exists a sufficiently small constant c¢g > 0 independent of h such that

sup ||unlln < coe. (4.20)

7too

Then the following error estimate for the semidiscrete velocity field holds on (0,t.):

- | 1+ C?
[ 1hu(t) — un(t)]lon < hy/2 L

Clu,

where the quantity Cy, is the square root of the left-hand side of (4.19).

5. Conclusion

In this paper we discussed a general framework for the finite-volume-based discretization
of the nonlinear convective term in the incompressible Navier — Stokes equations. The
proposed approach makes it possible to derive an estimate of the semidiscrete velocity error
measured in a discrete Ly-norm without use of any linearized stability theory. As long as the
numerical solution satisfies a certain smallness assumption, the stationary pendant of which
is widely used (cf. [17, Sect.IV.2]), it has been shown that the constant in the error estimate
is time-independent and of order O(¢~/2) = O(v/Re), but not O(exp(e~")) = O(exp(Re)).
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