View metadata, citation and similar papers at core.ac.uk

-

P
brought to you by .. CORE

15.3.2017

pe.cnh/91129/ | downloaded

//pboris.uni

source: nttp

provided by Bern Open Repository and Information System (BORIS)

Electron. Commun. Probab. 21 (2016), no. 69, 1-11. FLECTRONIC
DOI: 10.1214/16-ECP19 COMMUNICATIONS
ISSN: 1083-589X in PROBABILITY

Convex hulls of Lévy processes

Ilya Molchanov*' Florian Wespi*

Abstract

Let X (t), t > 0, be a Lévy process in R? starting at the origin. We study the closed
convex hull Z; of {X(¢) : 0 < ¢t < s}. In particular, we provide conditions for the
integrability of the intrinsic volumes of the random set Z, and find explicit expressions
for their means in the case of symmetric a-stable Lévy processes. If the process is
symmetric and each its one-dimensional projection is non-atomic, we establish that
the origin a.s. belongs to the interior of Z; for all s > 0. Limit theorems for the convex
hull of Lévy processes with normal and stable limits are also obtained.
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A number of existing results concern convex hulls of stochastic processes, especially
the Brownian motion and random walks, see [2, 8, 17]. In contrary, considerably less is
known about convex hulls of general Lévy processes with the exception of some results
for symmetric a-stable Lévy processes in R? with « € (1,2], see [6].

First, recall some concepts from convex geometry. Denote by K, the family of
convex bodies (non-empty compact convex sets) in R?. For K,L € K, denote by
K+L={r+y:z € K,y € L} their Minkowski sum. It is known that the volume
Va(K +tL) is a polynomial in ¢ > 0 of degree d, see [15, Th. 5.1.7]. The mixed volumes
V(K[j],L[d—j]), 7=0,...,d, appear as coefficients of this polynomial, so that

d
Va(K +tL) = Z <j> CIV(K[), Lld—j4]), t=>0. (0.1)

The mixed volume is a function of d arguments, and K[j] stands for its j arguments, all
being K. The intrinsic volumes of a convex body K are normalised mixed volumes

G

Rd—j

Vi(K) = ==V(K[j], BYld—j]), j=0,....d, (0.2)
where B? denotes the centred d-dimensional unit ball and x4_; is the (d — j)-dimensional
volume of B4~7. In particular, V;(K) is the volume (or the Lebesgue measure), V;_(K)
is half the surface area, V;_»(K) is proportional to the integrated mean curvature, V;(K)
is proportional to the mean width of K, and Vp(K) = 1, see [15, Sec. 4.2, 5.3]. The
Hausdorff metric between convex bodies is defined by

pu(K,L)=inf{r >0: K C L+rB% L C K +rB%}.
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Convex hulls of Lévy processes

The j-dimensional volume of the parallelepiped spanned by u;,...,u; € R< is denoted by
Dj(ul, cen ,Uj).
Let X (t), t > 0, be a Lévy process in R starting at the origin. We are interested in

Zs =cleconv{X(t): 0 <t < s},

where cl(-) denotes the closure and conv(-) the convex hull. It is easy to see that Z, is a
random closed convex set, see [10]. We shortly denote Z = Z;. In the case of a Brownian
motion, the expected intrinsic volumes of Z are known, see [2]. The integrability of
intrinsic volumes of Z for X being a symmetric a-stable Lévy process with independent
coordinates and the expected mean width of Z were obtained in [6].

We start by establishing the integrability of intrinsic volumes in relation to the
properties of the Lévy measure of the general Lévy process and then find explicit
expressions for their first moments of all intrinsic volumes for the case of symmetric
a-stable Lévy processes with « € (1,2]. For this purpose, we generalise results on
expected random determinants from [5, 16].

It is also shown that the origin a.s. belongs to the interior of the convex hull of
symmetric Lévy processes if the scalar product (X (¢), ) is non-atomic for each u # 0. As
a direct consequence, we prove that X (s) a.s. belongs to the interior of the convex hull
of {X(t): 0 <t < s}. We also consider expectations of the L,-generalisations of mixed
volumes and prove limit theorems for the scaled Z; as t — oo.

1 Integrability of the intrinsic volumes

The integrability of V;(Z,)P for some p >0, s >0, and all j =0,...,d is equivalent to
EVy(Zs + Bd)P < 0. Indeed, the Steiner formula [15, Eq. (4.1)] yields that

d
Va(Zs+ BY) = ka_;V;i(Zs).
j=0

Thus, the existence of the pth moment in the left-hand side is equivalent to the existence
of the pth moments of all (non-negative) summands in the right-hand side.
The Lévy measure of the process X(t), t > 0, is denoted by v. Denote

Bysup{ﬁ>0: /|| 1||x||ﬁl/(dx)<oo}.
z||>

Theorem 1.1. If0 < p < 3, then EV,(Z,)P < 0o forall j =0,...,d and all s > 0.

Proof. The result is obvious if X (¢), t > 0, is a deterministic process, so we exclude this
case in the following. The main idea is to split the path of the Lévy process into several
parts with integrable volumes of their convex hulls. The random variables 7Ty = 0 and

T, =inf{t > Tj_, : X(t) ¢ X(T;_1) + BY}, i>1, (1.1)

form an increasing sequence of stopping times with respect to the filtration generated by
the process, see [1, Cor. 8]. Since X (¢) has unbounded support for each non-trivial Lévy
process and any ¢t > 0 [14, Th. 24.3], these stopping times are a.s. finite. The random
variables T, = T; — Ti_y, i > 1, are independent identically distributed. We set Ty =0
and consider the renewal process

stmax{kZO:To—i—---—i—Tkgs}.
It is easy to see that ENJ < oo for all j > 1. Let I;, be the segment in R? with end-points
at the origin and X (min(7%, s)) — X (min(7Tx—1,s)), k > 1. The segments I, k > 1, are
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independent. Denote by ||/;|| the length of I}. It is obvious that || /x| < 2supg<,<, || X¢||-
If p < B,, then E||I||? < co by [14, Thms. 25.3, 25.18] and [14, Prop. 25.4].
Observe that Z, C B? if N, = 0 and otherwise

Z,CL+---+1Iy, + B

Thus,
Va(Zs + BY) < V(I + - + In, +2B%).

The right-hand side equals the linear combination of the mixed volumes

Vi=V((L+-+In)J,BYd—j]), j=0,....4d

of the sets I +--- 4+ Iy, and B9, see [15, Th. 5.1.7]. Therefore, it suffices to show that
E[f/lele] < oo forall j = 0,...,d. It is obvious that V; = V;(B?) is integrable, so
assume j > 1. For all £ < N, and N; > 1, let [—(k, (] be the scaled translate of I, that is
symmetric with respect to the origin and such that ||(x|| = 1. It is well known that the
mixed volumes are translation invariant. In view of (0.2), the McMullen-Matheron-Weil
formula [7, Eq. (1.4)] yields

p

. |

2 fog_ s .

E[V/1x.>1] = Z =LY el 127 Dy (G0 Gy) | Iv=n
p— J'(j) 1<k, k;<n

Since D;(Ck,,---,Ck;) < 1, we have

p

~ d—j)k
AN C e D LI W SR UNESEA) [t

1<ky,...,k;<n

(dij)!lid_' e j max
< (e >t EVB(] 4] L)
Since the lengths of the segments [, ...,I; are independent, E(||I1] - - ||Z;|)"" < oo,

where r > 1 satisfies pr < 8,. Hence, Holder’s inequality yields that

~ d— )Neg_i \’ =
E[V71x, 1] < ((]d)vd) (B )T Y nd = VPN, = n} e,

n=1
where 1/r +1/q = 1. Since all moments of N, are finite, the series converges. O

Corollary 1.2. If X is the Brownian motion, then EV;(Z,)? < oo for all p > 0, all
j=0,...,dandall s > 0.

An analogue of Theorem 1.1 holds for random walks. Let {&,,,n > 1} be a sequence of
i.i.d. random vectors in R? and let S,, = £, +---+&,, n > 1. Denote by C,, the convex hull
of the origin and S, ..., .S,. The following result can be proved similarly to Theorem 1.1.

Theorem 1.3. IfE||{||? < oo, then EV;(C,,)? < oo forall j =0,...,d and alln > 1.

2 Expected intrinsic volumes

Let X(t), t > 0, be a symmetric a-stable Lévy process in R?. In the Gaussian case all
moments of V;(Z), j =0,...,d, exist. If o < 2, then its Lévy measure is v(dz) = c|z| =4~
for a constant ¢ > 0, so that EV;(Z)? < oo for each p € [0, ). In this section we calculate
the expected intrinsic volumes of Z assuming that o > 1.
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Recall that the characteristic function of X (¢) can be represented as
Eexp{t(X (t),u)} = exp {—th(K,u)*}, ueRYLE>0, (2.1)
where (X (t),u) is the scalar product and
h(K,u) = sup{{(z,u) : x € K}, u € R,

is the support function of a convex body K called the associated zonoid of X (1), see
[6, 11]. Zonoids are convex bodies that are obtained as limits (with respect to the
Hausdorff metric) of zonotopes, i.e. Minkowski sums of segments.

Recall that a random compact set Y in R? is said to be integrably bounded if || Y| =
sup{|lu|]| : © € Y} is integrable. Its selection expectation EY is defined as the convex
body with support function Eh(Y,u), u € R, see [10, Sec. 2.1]. Each zonoid K can be
obtained as the selection expectation of the segment [0, ] with a suitably chosen &.

We start by proving an auxiliary result on the expected j-dimensional volume of a
parallelepiped spanned by random vectors &1, ..., &; € RY.

Theorem 2.1. Let j € {1,...,d}. If&,, ..., & € R? are independent integrable random
vectors, then

d!

V(E[0,&],...,E[0,&], BYd - j]) = ( ki jBD;(&1,. .., &)).

Proof. Forallk=1,...,j, and u € RY,

hE[=&, &), u) = El (&, u)| = E [[(€/ 1€kl w] 1€k 1111, 120] -

We define the measure p;, on Borel sets A in the unit sphere $¢~! by letting

pi(A) = E [L¢, e jeallell] -

Then
MEP&é&u%{/ (v, u)ldpr(v),  ueRY,

gd—1

meaning that py is the generating measure of the zonoid E[—¢;, ], see [15, Th. 3.5.3].
Note that

V(E[0,&],...,E[0,&], BYd — j]) = 279 V(E[-&1, &1, . .. E[=&5, 5], BYd — j)).

By [15, Th. 5.3.2],

V(E[0,&],...,E[0,&], BYd — 4])

d— j)!
= ( y ) Kd—j /Sdil-.. . Dj(uh"'?’u’j)dpl(ul)"'d/)j(Uj).

It remains to identify the integral as ED;(&1,...,¢&;). O

Let M; be a d x j matrix composed of j columns being i.i.d. copies of a random vector
£ c R4

Corollary 2.2. If¢ € R? is an integrable random vector, then

1 T )
Vi(B0.8)) = B\ det MM, =1
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Proof. In view of (0.2),

1 .
‘/}(E[O,g]):ﬁEDj(é‘l,...,é‘j), j=1,...,d,
where &;,...,¢; are i.i.d. copies of the random vector { € R¢. It remains to note that

Theorem 2.3. Let X(t), t > 0, be a symmetric a-stable Lévy process in R? with a > 1.
Then, forallj=1,...,d,

T(1—1/a)’T(1/a)’
BV;(2) = mT(j/a+1)

where K is the associated zonoid of X (1).

Vi (K),

Proof. The main idea is to approximate the Lévy process with the random walk §; =
X(i/n),i=0,...,n. Denote by C,, the convex hull of Sy, Sy,...,S,. It is shown in [17]
that

1 1 m J .
EVi(Co) == > - .E\/det(<s§,n%ss>>) L=l
J0 . A 11015 m,l=1
i1+-+i;<n
i1yt > 1
where S,(Ll), ce S,(,d) are i.i.d. random walks that arise from i.i.d. copies X1, ..., X (4 of

the Lévy process. The determinant is known as the Gram determinant and is always
non-negative, so that the absolute value can be omitted.
Since X (t) coincides in distribution with ¢!/ X (1) for any ¢ > 0,

E\/ det ((5077,8)) =By Jdet (X0 (i /), XOlir/ )],

= By et ({(im /) X (1), i)/ X))

m,l=1
- \1/«
;)

= ) g e ((xom (1), XO))),

(iy---1i;) _
= ———2—j!V;(E[0, X (1)),
where the last equality follows from Corollary 2.2. It is shown in [11] that
1 1
E0,X(1)]=-T(1-— | K,
™ «
where K is the associated zonoid of X (1). Thus,

. 1 1
EV,(C,) =n"7/ ,(f ( ff) ) gl : ]
5(Cn) =0V (T (1~ K | Z (i ---1ij) — EVj(Z) asn — oo
i1+ +i;<n
TR IS |
It follows from the Stolz-Cesaro theorem [12, Th. 1.22] that
; —j/a el
nh_{rolon Z (41 ---15)

i1+ +i;<n
i1,eiy 1

= ((n+1)7/* —pi/oy~1 S (i)t T = YT i)t

i1+ 415 <n+1 i1+-+i;<n
1yeenyig 21 1yeenyig >1
ECP 21 (2016), paper 69. http://www.imstat.org/ecp/
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Since
1) — n®
iy (DT —n”

n—00 zn®—1

=1
for all x > 0, it remains to find the limit of

(0] .

- 1 . 1/ a—1
Qpilat } ( (iy i)

J i1+ +i;=n+1

i1ty >1

Qe iy i 1/a=1 Jag (M)
— )/ J/a—g3 [
S (tE) e ()

J i1+ +ij=n+1
01500y 2>1
. . 1/a—1 j—1
(e} Z SRERY Y /o 1\’
j _ nJ n '
i1+ +ij=n+1

Pyeerig>1

As n — oo, the limit can be written using the multinomial Beta function related to the
Dirichlet distribution, see [4, p. 11], as

I'(1/a)l I'(1/a)
@ (ty - t)) o aty . dt; = & (/) _L(/e)
j Jatett=1 (/) I'(j/a+1)
t1,...,t; >0
Finally,
L(1/a) 1 1
EV,(Z) = ———V;|-T'|1-— | K
&= (3T (1-3) %)
and the result follows from the homogeneity of the intrinsic volumes. O

Remark 2.4. By the self-similarity property, Z, coincides in distribution with s'/*Z for
s > 0, whence EV;(Z,) = s’/*EV;(Z).

Example 2.5. If X is the standard Brownian motion, then a = 2 and K = %Bd, so that
we recover the result of [2]

C(d\ (m\i2 T((d—j)/2+1) o
EWZ)(') (5) T(j/2+ DI(d/2+ 1)’ J=be

J
Example 2.6. If X (1) is spherically symmetric, then

E exp{t(X (1), u)} = exp {—c|ul["}
for ¢ > 0, see [14, Th. 14.14]. Then K = ¢!/ B¢, so that

/e i
d) fa DA = 1/alPT(1/a) o oy

E‘/](Z) = (] Kd—j er(j/a + 1)

3 Interior of the convex hull

It is well known that the convex hull of the Brownian motion in R¢ contains the origin
as interior point with probability 1 for each s > 0, see [3]. We extend this result for
symmetric Lévy processes.

Theorem 3.1. Let X(t), t > 0, be a symmetric Lévy process in R¢, such that (X (1), u)
has a non-atomic distribution for each u # 0. Then P{0 € Int Z,} = 1 and P{X(s) €
Int Z;} = 1 for each s > 0.

ECP 21 (2016), paper 69. http://www.imstat.org/ecp/
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Proof. Note that
P{0entZ,} =1-P{0€ 0Z,},

where 0Z; is the topological boundary of Z,. We approximate Z, with the convex hull
Cp = conv{X(is/n),i =0,...,n} of the random walk embedded in the process. Observe
that the sequence of events {0 € 9C,,} is decreasing to {0 € 9Z,}. Denote by Y, the
number of faces of C), that contain the origin as a vertex. Since X (¢) is symmetric and,
in view of the imposed condition, P{X(t) € H} = 0 for any affine hyperplane H in R?
andt > 0, [17, Eq. (14),(15)] yield that

. d-1 -
EV. — 9 Z (2n —2ig — D! H 1 N 2(logn)?~! aS 11— 0o
I<igosia<n i2(2n — 2id)” s Th+1 — Lk /TN

Thus, EY,, — 0 as n — oo, so that
P{0€dZ} = li_>m P{0€aC,} =0.

Now we prove the second statement and make the convention that X (0—) = 0. The
time reversal of X (¢), ¢ € [0, s, is defined as

Xt)=X((s—t)—)—X(s), te]o,s].

It is well known that X (¢) coincides in distribution with —X(t), see [1, Sec. II.1]. By
symmetry of the process and the fact that the origin almost surely belongs to the interior
of the convex hull,

0 € Intconv{X((s —t)—) — X(s), t €[0,s]} a.s.
This relation is equivalent to
X(s) € Intconv{X((s—t)—), t €[0,s]} CInt Zs; a.s. O

The distribution of (X (1), u) is non-atomic for each u # 0 if projections of the Lévy
measure v on any one-dimensional linear subspace of R¢ is infinite outside the origin,
see [14, Th. 27.4], or if X (1) has a non-trivial full-dimensional Gaussian component.

4 L,-geometry of the convex hull

For convex bodies L and M that both contain the origin and p € [1, ), the L,-sum
L 4, M is defined via its support function as

h(L +, M,u)P = h(L,u)? + h(M,u)?,  ueR%
If p =1, one recovers the Minkowski sum.
Based on (0.1), the mixed volume V(L[d — 1], M[1]) can be defined as

V(L ~ 1, M[1)) = &t Y2 = ValE)

The L,-generalisation of this mixed volume is defined by

V(L M) = © g Yol b £7M) = Vall)
d tlo t
where it is required that L and M are convex bodies with the origin as interior point,
see [15, Eq. (9.11)].

We generalise the expression for EV(L[d — 1], Z[1]) from [6] for the L,-case and
symmetric a-stable Lévy processes in R? with a € (1,2]. The case a = 2 is considered
separately, since the integrability condition is different and in this case we obtain an
explicit expression.
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Theorem 4.1. Let L be a convex body in R? with the origin as an interior point and X (t),
t > 0, be a symmetric a-stable Lévy process in R? with a € (1,2), such that (X (t),u) is
nondegenerate for all u # 0. Then, for allp € [1, o),

EV,(L,Z) = E( sup R(1))"V,(L, K),
0<t<1

where R(t) is a symmetric a-stable Lévy process in R with the same parameter « as X (t)
and scale parameter 1, and K is the associated zonoid of X (1).

Proof. It follows from the definition of a-stability that the one-dimensional Lévy process
(X (t),u) is symmetric a-stable. In view of (2.1),

Eexp{is(X(t),u)} = exp{—t|s|*h(K,u)*}.

The finite-dimensional distributions of the process (X (t),u), t > 0, coincide with those of
the process h(K,u)R(t), t > 0, and

Eh(Z,u)? = E(sup{(X(t),u) : t € [0,1]})P
= h(K, u)pE(Oitzgl R(t))P.

The last expectation is finite if p < a.
It is shown [15, Eq. (9.18)] that

1
%@Jﬂ:ESMﬁme&MLm%

where S}, o(L, -) is a measure on the unit sphere. It follows from Fubini’s theorem that

E%@¢02E<;L“hwwwaw@@m>

1 / Eh(Z,uw)P S, o(L, du)
Sd*l

( sup R(t))pl/ MK, u)P Sy o(L, du)
0<t<1 d Jga ’

E
=E( sup R(t))?V,(L,K). O

0<t<1

Theorem 4.2. Let L be a convex body in R? with the origin as an interior point and
X(t), t > 0, be the standard Brownian Motion in R%. Then, for all p € [1,0),

or/2 1
E%@Jnr(p;)VﬂLBﬂ

NS
Proof. 1t is obvious that the finite-dimensional distributions of the process (X (¢),u),
t > 0, coincide with those of the process h(K,u)R(t), where R(t) = v/2W (t) for the
Brownian motion W in R. Then, forall p > 1,

B R0 =B sup VOW () = 77 (P51,

so that the result follows by repeating the arguments from the proof of Theorem 4.1 and

noticing that the associated zonoid of X is K = B9//2. O
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5 Limit theorems for scaled convex hull

Recall that 7} denotes the first exit time of the process X from the unit ball. It is
obvious that ET} < Emin{j > 1: || X(j)|| > 1} < oo, see [13, Th. 1].

The standard (Skorohod) metric on the space D([0,1],RY) of all right-continuous
R%valued functions with left limits defined on [0, 1] is defined by

dr, (£(t),9(2)) = inf {[f(A®) = 9(O)lloc + [1AE) = tlloc ),

where A is the set of strictly increasing functions A mapping [0, 1] onto itself, such that
both X and its inverse A~! are continuous.

Lemma 5.1. The map that associates with a function f € D([0, 1], R?) the closed convex
hull of its range {f(t) : 0 <t < 1} is continuous in the Hausdorff metric on K.

Proof. It suffices to note that the Hausdorff distance between the closed ranges of f,g €
D([0,1],R%) is dominated by d, (f, g), and the Hausdorff distance between the convex
hulls of compact sets equals the Hausdorff distance between the sets themselves. O

Theorem 5.2. Assume that X (t), t > 0, is a Lévy process in R? such that X (T) lies in the
domain of attraction of a strictly a-stable random vectorn, that is the sum of n i.i.d. copies
of X (T) scaled by (n'/“¢(n))~" with a slowly varying function ¢ converges in distribution
ton. Then (t'/*((t))~'Z; converges in distribution to conv{Y(s) : 0 < s < (ET})"'},
where Y is a Lévy process such that Y (1) coincides in distribution with .

Proof. Without loss of generality assume that ¢(n) = 1 for all n. As in the proof of
Theorem 1.1, split the path of the Lévy process into several parts using the stopping
times defined in (1.1) and consider the renewal process N;. Then S, = X(T;,), n > 1,
forms a random walk embedded in the process and

conv{0, S1,...,Sn,} € Z C conv{0,51,...,Sn,} + B?

for all ¢ > 0, so that

conv{0, Sy,...,5x,} [ Ny “”‘C 2y conv{0,51,...,Sn,} ( Ny Ve pd
Nl/a 7 = tl/a — Nl/a T tl/a’
t t

In the square integrable case, the convergence of n~1/2 conv{0, S1,...,S5,} to the convex
hull of the Brownian motion is established in [18, Th. 2.5]. In the general case, Donsker’s
invariance principle with stable limits [19, Th. 4.5.3] implies that n_l/aSLmJ, 0<t<
1, converges weakly to the process Y(¢), 0 < ¢t < 1, in (D,d;,). Using the single
probability space argument, the convergence holds if n is replaced by N; and ¢ —
oco. Lemma 5.1 and the continuous mapping theorem yield the weak convergence of
Nt_l/a conv{0,S1,...,Sn,} to conv{Y (t) : 0 <t¢ <1} in K4 with the Hausdorff metric.
The final statement follows from N;/t — (ETy)~! a.s. as t — oo, taking into account
the scaling property of the process Y and the fact that t~'/*B? — {0} as t — co. O

Recall that v denotes the Lévy measure of X.
Theorem 5.3. (i) If

/ l|z||?v(dz) < oo, (5.1)
Jzll>1

then X (T1) belongs to the domain of attraction of the Gaussian law.

ECP 21 (2016), paper 69. http://www.imstat.org/ecp/
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(ii) Assume that (5.1) does not hold, v({z : ||z| > r}), r > 0, is a regularly varying

function at infinity with exponent —« for o € (0,2), and
v({z: ||z 2 ra/|z] € A}) | A(A)

v({z: [z = r}) A5

as r — oo

for all Borel subsets A of the unit sphere $9~! such that A(OA) = 0, where A is a
finite Borel measure on the unit sphere which is not supported by any proper linear
subspace. Then X (T}) belongs to the domain of attraction of an a-stable law.

Proof. It is well known that a Lévy process X can be expressed as the sum of three
independent Lévy processes X1, X5, X3, where X, is a linear transform of a Brownian
motion with drift, X5 is a compound Poisson process having only jumps of norm strictly
larger than 2 and X3 is a pure jump process having jumps of size at most 2. This
decomposition is known as the Lévy-It6 decomposition. It is obvious that

X(Th) = X(Th—) + Xo(Th) — Xo(T1—) + X3(Th) — X3(Th—).

Since the norm of X (7} —)+ X5(T1)— X3(71—) is at most 3, it is in the domain of attraction
of the normal distribution.
The compound Poisson process

Xo(t)= ) &

i T, <t

is given by the sum of i.i.d. random vectors &;, ¢ > 1, with the distribution given by
v restricted onto the complement of the ball of radius 2 and normalised to become a
probability measure. Here {7;,7 > 1} is a homogeneous Poisson process on R.. Thus,
T; <7 a.s., and Xo(T1) — Xo(T1—) is zero if Ty < 71, while otherwise it equals &;. If (5.1)
holds, then E||¢;||? < oo, so that X(7}) — X2(71—) belongs to the domain of attraction of
a normal law. Otherwise, the conditions of the theorem guarantee that X»(7}) — X2(T1—)
belongs to the domain of attraction of an a-stable law, see [9, Th. 8.2.18]. Then X (T})
also belongs to the domain of attraction of the same law. O
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