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Abstract

We construct doubled lattice Chern-Simons-Yang-Mills theories with discrete gauge group G in the
Hamiltonian formulation. Here, these theories are considered on a square spatial lattice and the
fundamental degrees of freedom are defined on pairs of links from the direct lattice and its dual,
respectively. This provides a natural lattice construction for topologically-massive gauge theories,
which are invariant under parity and time-reversal symmetry. After defining the building blocks
of the doubled theories, paying special attention to the realization of gauge transformations on
quantum states, we examine the dynamics in the group space of a single cross, which is spanned by
a single link and its dual. The dynamics is governed by the single-cross electric Hamiltonian and
admits a simple quantum mechanical analogy to the problem of a charged particle moving on a
discrete space affected by an abstract electromagnetic potential. Such a particle might accumulate
a phase shift equivalent to an Aharonov-Bohm phase, which is manifested in the doubled theory
in terms of a nontrivial ground-state degeneracy on a single cross. We discuss several examples
of these doubled theories with different gauge groups including the cyclic group Z(k) C U(1), the
symmetric group S3 C O(2), the binary dihedral (or quaternion) group Dy C SU(2), and the
finite group A(27) C SU(3). In each case the spectrum of the single-cross electric Hamiltonian
is determined exactly. We examine the nature of the low-lying excited states in the full Hilbert
space, and emphasize the role of the center symmetry for the confinement of charges. Whether the
investigated doubled models admit a non-Abelian topological state which allows for fault-tolerant
quantum computation will be addressed in a future publication.

Keywords: Chern-Simons theory, Lattice gauge theory, Topological phases, Confinement,
Quantum information, Toric code

1. Introduction

With recent experimental progress the design and control of macroscopic quantum many-body
systems has become a reality [I,[2]. For the first time, this enables us to study intriguing many-body
phenomena that are otherwise difficult to realize in solid-state materials or to model with classical
computers. The vision of a universal quantum simulator [3] has become the primary motivation
for an impressive effort, both from the side of theory and experiment, to bring us closer to a
device that transcends the boundaries of classical computation. One of the fundamental challenges
towards reliable quantum computing is to defeat decoherence and other unavoidable errors that
arise during computation. Topological quantum computing [4] is a particularly intriguing proposal,
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which allows for the fault-tolerant encoding and processing of quantum information [5l [ [7]; while
information is stored nonlocally in topological states of a given many-body system, the braiding
of quasiparticles with fractional statistics (anyons) [8, @, [10, 1] implements unitary quantum
operations [4, 12, I3]. For non-Abelian anyons whose representation lies dense in the unitary
group, the representation of these braiding operations provide a universal set of quantum gates.

Kitaev’s toric code [4], which corresponds to a Z(2) Ising gauge theory in the low-energy limit, is
a prime example of a topological quantum memory [14], but it does not allow for the implementation
of a fault-tolerant universal set of quantum gates. Therefore suitable generalizations thereof need
to be considered if one desires a model with these qualities. Accordingly, the toric code has been
generalized to the non-Abelian variants [I5] and the comprehensive class of Levin-Wen models [16].
These and other theoretical developments have significantly contributed to our understanding of
the nature of different topological phases of matter, as well as their quasiparticle excitations,
and have helped us to advance the development of quantum algorithms [I7, I8 [19]. However,
the practical realization of such models, allowing for braiding operations on non-Abelian anyons,
remains elusive to date. From the side of experiment, the most promising evidence in favor of
non-Abelian anyonic quasiparticles has been presented for the v = 5/2 fractional quantum Hall
state [20, 211 22], but it is fair to say that, so far, the interpretation of these experiments remains
inconclusive. This raises the question whether one can design viable quantum systems that realize
topological phases with the sought-after non-Abelian anyonic quasiparticle excitations [23], [24].

In fact, there are two issues here. Of course, one needs to ask whether the given model allows for
universal quantum computing. For some of the proposed models, this can be answered affirmatively.
But we should also inquire whether the model lends itself to a practical implementation, i.e., is
it stable at nonvanishing temperature [14] 25 26] 27, 28, 29| [30] and most importantly, is there
an experimental platform which can quantum simulate the model? Although there has been some
progress in this direction [31], B2, B3] both of these questions have not been answered satisfactorily
so far and therefore it is desirable to consider a wider class of models. Motivated by a number of
recent works [34] [35], [36, 37, [38], [39] we inquire whether it is possible to directly engineer lattice
gauge theories [40] in the Hamiltonian formulation [4T], [42] 43] that feature topological phases with
the desired quasiparticle excitations. The proper theoretical framework is that of a Chern-Simons
theory [44] with finite (discrete) gauge group [45] [46] 47, [48]. Their lattice variants allow for a
finite Hilbert space, which can be mapped onto an atomic (gauge) simulator. The benefit of such
a bottom-up approach is that the behavior of the system is strictly controlled, both from the point
of view of theory and experiment.

Pure Chern-Simons gauge theory has a vanishing Hamiltonian — the properties of the physical
state space are dictated by topological properties of the manifold supporting the gauge degrees
of freedom [49, [50]. This makes it challenging (at best) from the perspective of experiments to
engineer physical states that are governed by such a theory. A standard way to address this problem
is to impose that the topologically nontrivial states of interest should span the physical state space
only in the low-energy limit. Instead of considering a pure non-Abelian Chern-Simons theory, one
might add a Chern-Simons term to the Yang-Mills action, which endows the gauge fields with a
mass [51), 52] 53] [54]. This allows the target topological field theory to be recovered in the limit
when the mass is sent to infinity (which corresponds to an infinite separation between distinct
energy levels). Such a theory can be solved exactly when the theory is projected onto the lowest
state in a given charge sector by examining the spectrum of the single-link electric Hamiltonian
[55]. This proves to be useful for the construction of Hamiltonians in the framework of lattice
gauge theories with discrete gauge group that might eventually be realized in experiment.

A natural way to construct lattice gauge theories with fractional statistics is to consider so-called
doubled models [56], 57, 58] [59] 60]. In addition to assigning gauge degrees of freedom to the links of
the (direct) lattice, these theories allow for independent degrees of freedom defined on the links of
its dual. A noncommuting algebra of group multiplication and projection operators is imposed on a



single link and its dual. In the Hamiltonian formulation this algebra, as well as its representation on
the state space, can be fully characterized in terms of a one-cocycle. The dynamics governed by the
corresponding electric Hamiltonian admits a simple quantum mechanical analogy in terms of the
motion of an abstract charged particle in the presence of an artificial U (1) x U(1) gauge field, which
implements a parallel transport between nearest neighbors in group space [61]. By the successive
hopping in the discrete group space this abstract particle might accumulate an Aharonov-Bohm
phase [62], which determines the degeneracies of the Hilbert space of a single pair of links. Here,
we consider a doubled lattice Chern-Simons-type theory for particular examples of finite Abelian
and non-Abelian gauge groups, which include the cyclic group Z(k) C U(1), the symmetric group
S3 C O(2) (i.e., the permutation group of three objects), the binary dihedral (quaternion) group
Dy C SU(2), and the 27-element group A(27) C SU(3) (see, e.g., Refs. [63, 64, [65, [66]). The
present work serves to extend the considerations of Ref. [61] to discrete non-Abelian groups.

The resulting lattice theory can be seen as a discretized version of two Chern-Simons theories
with opposite chirality. That is, the constructed doubled theory is invariant under parity and time-
reversal symmetry. Such theories were examined in Ref. [67] as low-energy effective models for
interacting electrons and similarly in Ref. [68] for lattice loop models, which have been proposed in
the context of spin liquids and topological fluids [69] [70} [71]. Here, we inquire about the properties
of the doubled lattice gauge theories and investigate under what circumstances these theories allow
for topological order. The presence and nature of excitations with fractional statistics (anyons)
will be addressed in a future publication. Finally, we mention that several proposals have been put
forward over the years based on a construction that employs the degrees of freedom of the direct
lattice without reference to its dual degrees of freedom; this includes pure Abelian Chern-Simons
models [72] in the Lagrangian formalism, as well as non-Abelian lattice Chern-Simons models in
the Hamiltonian picture [73] [74].

This article is organized as follows: In Sec. [2]we introduce the basic building blocks for standard
Wilson-type lattice gauge theories with discrete gauge group G in the Hamiltonian formulation.
This includes the link-based operator algebra, gauge symmetry and Gauss’s law, as well as the
electric and magnetic contribution to the Hamiltonian. In Sec. 3] we present the doubled lattice
gauge theories that are defined in terms of a one-cocycle, which specifies the nature of the noncom-
muting algebra of group multiplication operators on the Hilbert space of paired links, composed of
a link on the direct lattice and its dual. We classify all possible one-cocycles in the case of the finite
Abelian group Z(k) and the finite discrete non-Abelian groups Sz, Do, and A(27) and address the
role of the center symmetry for confinement. Our findings are summarized in Sec. [4

2. Hamiltonian Formulation of Standard Lattice Gauge Theories
with Discrete Gauge Group

In this section, we consider standard lattice Yang-Mills (YM) theories with discrete gauge
group in the Hamiltonian formulation for which the operator algebra is link-based. We discuss the
realization of gauge transformations and Gauss’s law and construct both the link-based electric
and plaquette-based magnetic Hamiltonian. Some background on the theory of discrete groups is
provided in This section serves to familiarize the reader with the basic properties of
lattice YM theories with discrete gauge group before the doubled theories are introduced in Sec. [

2.1. Link-based operator algebra

Let us consider a square spatial lattice A with periodic boundary conditions consisting of N
distinct sites separated by a lattice spacing a, as well as the set of links £(A) connecting nearest-
neighbor sites on the lattice. The generalization to other lattice geometries is straightforward but
not very illuminating in the present context.



The operator algebra of a standard lattice gauge theory is link-based, i.e., all operators of
the quantum theory are associated with a directed link (z,7) € ¢(A), ¢ = 1,2, connecting two
neighboring lattice sites from x — (a/2)i to x + (a/2)i, where x refers to the midpoint of the link
and i is the unit vector in the i-direction. The total number of degrees of freedom is given by
Nyay = 2Ny corresponding to the number of links on the lattice. Note that in the following we
will often suppress link (site) indices when it is clear that only single-link (single-site) quantities
are considered.

The basic dynamical variables of a lattice gauge theory are parallel transporters U = Uy,
associated with a single link, which take their values in the gauge group G. They define an
orthonormal basis B = {|U)|U € G} for the single-link Hilbert space H, which may be identified
with the vector space of dimension dg = ord(G) that is freely generated by the elements of G (i.e.,
H = C[G], the group algebra over the field of complex numbers). The orthonormal basis states
|U) can be viewed as “coordinate” eigenstates in the group space.

Alternatively, we may consider the conjugate “momentum” states |T'p, ab), with a,b=1,2,...,
dr,, where dr, is the dimension of the unitary irreducible representation I'j, of G. They define the
flux basis, which is obtained by a Fourier transformation on the group G, i.e.,

Tyat) = 3 [UNUIT,, ab). M)
UeG
Here, the matrix elements are defined as (U|I'y,ab) = \/dr,/dc T,(U)ap. Note that the unitarity

of the matrix elements, i.e., [',(U);, = Tp(U ™) ap, follows from the completeness relation

1/d d
S (T, ab|UNUITy ed) = Y200 N7 Ty (U2, T (U)ed = 6p,g8a.cOa, (2)

UeG veG

where * denotes complex conjugation. The conjugate “momentum” variables can be associated with
the electric field degrees of freedom. While for a continuous gauge group electric fields correspond
to infinitesimal Hermitian generators of group multiplications that induce an infinitesimal group
transformation on a single link, for a discrete gauge group it is most natural to introduce two
distinct unitary operators L and R that represent multiplications by group elements from the left
and from the right, respectivelyﬂ

LOQR(@)|U) = 1QUQ'™), (3)

where Q, Q' € G. Using Eq. and , we obtain the representation of the left and right operators
in the flux basis

LIR(Y)|Tp, ab) = ZF Jea |Tps cd)Tp(2) ap- (4)
Note that according to our conventions Fp(]l)ab = 0g,p-

We proceed by specifying the full operator algebra on a single link. We require that left- and
right-multiplication operators obey the group multiplication law

LIQ)L(Y) = L(QY), RQR(Q) = R(QL), (5)

and from the associativity of the gauge group, i.e., (QU)Q’f1 = Q(UQ/fl), it follows that the L
and R operators commute with each other

[L(2), R(Q)] = 0. (6)

1In the case of an Abelian gauge group there is no distinction between left and right multiplication and we may
define a single operator T(Q2) = L(Q) = R(Q™1), so that T(Q)|U) = |QU) = |UQ).



Apart from the left- and right-multiplication operators, we define the operator P, which implements
a projection on a single link

PQ)|U) = baulU), (7)

and satisfies the algebra
P(Q)P(Q) = g0 P(Q). (8)

Note that the projection operator does not commute with left and right operators, i.e.,

LIQR(Q)P(Q") = P(QQ"Q Y LQ)R(Y). 9)

2.2. Gauge symmetry and Gauss’s law

Under gauge transformations 2, € G, associated with lattice sites € A, the parallel transport
variables transform in the following way

-1
Um,i — Ql—%iUxﬂ Q$+%€ (10)
The corresponding gauge transformation on the full Hilbert space of the standard YM theory
Heny = HENew) is represented by the unitary operator V = ®(z,i)€€(/\) Vz.,i, where the single-link
operator V, ; is expressed in terms of a combination of left and right multiplications induced by
the local gauge transformations on adjacent sites

Vw,i = Lw,z(Q af)Rx,i(Qm+%{)- (11)

xfgz
Any physical (i.e., gauge invariant) state |¥) € H,y,) must obey Gauss’s law

VW) = ). (12)

2.3. Hamiltonian formulation

The Hamiltonian of a standard Wilson-type lattice gauge theory is given by the sum of an
electric and magnetic part
H=Hg+ Hp. (13)

For the following discussion it is useful to define orthonormal basis states on the set of links
£(A) of the spatial lattice A, i.e., [Pr) = @, sera) |Us,i) in the link basis, as well as [Ur) =
& (x,iyee(n) T'pia,ir ab) in the flux basis. Wy (and ¥r) denote a single configuration of parallel
transporters (fluxes) on the links of the spatial lattice. The magnetic contribution to the Hamil-
tonian Hp is given by
Hp :ZHB (Vo) Wy )(Yyl, (14)
Yy

while the electric contribution Hg reads

Hg = ZHE (Wr) [Wr)(¥r|. (15)

Diagonalizing the full Hamiltonian H is a nontrivial task in general that cannot be achieved
analytically.

In the following we provide the general form of Hg(¥y) and Hg(¥r) for arbitrary discrete
groups, while specific examples, i.e., the cyclic group Z(k) C U(1), the symmetric group S3 C O(2),
the binary dihedral group Dy C SU(2), as well as the finite group A(27) C SU(3), are considered
in Secs. 24— 27



2.3.1. Plaquette-based magnetic Hamiltonian

The magnetic energy Hp (¥ ) for a given link configuration Wy is naturally expressed in terms
of elementary plaquette variables Ug ,, € A, i.e.,

2
Hp (Vy)=+—= > hp(Un.), 16
B( U) (ea)gz B( O, ) ( )
rEA
where e is the unit of electric charge with engineering dimension [e] = 1 and hp(Upn,) is the

magnetic energy of a single plaquette. The plaquette variables are constructed by the group
multiplication of four link variables

Un.=U, U Ut (17)

-1
+31,1 $+a1+%2’2Ux+aQ+%i,l z+22,2’

where the initial and final link variables are attached to the site x € A. Under gauge transforma-
tions 2, € G they transform as
Un. — QU005 (18)

Since the magnetic contribution to the Hamiltonian has to be invariant under ([18)), it is clear
that hp should take constant values on the conjugacy classes of G [cf. . Thus, we
may express the magnetic energy of an elementary plaquette in terms of the character y, for a
given representation I' of the gauge group, i.e.,

XF(UD,I) = TI‘F(UD,JC)~ (19)

It is natural to use a “fundamental” (irreducible) representation I' from which one can gener-

ate other representations by tensor product reduction [cf. [Appendix A.3|. Furthermore, if the

considered group G has a nontrivial center Z(G) C G, then T" should also provide a nontrivial
representation if restricted to Z(G).

In the following, we choose the single-plaquette energy to be of the following form
ahp(Un) = dr — Rex, (Un), (20)
where the additional constant term is introduced so that the magnetic energy is zero for vanishing
magnetic flux, i.e., ahg(1) = 0.
2.3.2. Link-based electric Hamiltonian

While the magnetic energy is expressed in terms of elementary plaquette variables, the electric
energy Hg(Pr) for a given flux configuration ¥r is given by

(ea)?
Hg(¥r) = 5 Z he(Cpiwi), (21)
(w,i)€L(A)

where hg (F p;:v,i) is the electric energy of a single link. The latter is defined such that the Hamil-
tonian
single-link (ea)Q
HE’ & = T 5 ZhE(FP)|FPaab><FP7a'b|7 (22)
2 p,ab

describes a symmetric hopping between nearest neighbors in the group space G. If we change from
the flux to the link basis

2
(ca)?

ingle-lin 1 —
(U Hy e ) = %ZdehE (Tp) xr, (U'UTH), (23)
P



and require that the single-link Hamiltonian takes the form of a (negative) discrete Laplacian on

group space
2

%<U/|Hgnglc_ﬁnkw> = —dw,uy + Nudvur, (24)

then we obtain a condition that can be solved for the single-link energies. Here, §7 ¢y = 1 if the
group elements U and U’ are nearest neighbors, and .,y = 0 otherwise; Ny is the number of
nearest neighbors of U in . Whether or not U and U’ are nearest neighbors is determined by the
(pseudo)metric p(U,U’), which we define with respect to some unitary irreducible representation

T [cf. [Appendix A.4]. While there is no unique choice for T', it is natural to employ the same rep-
resentation that we have used to define the elementary-plaquette energy, i.e., a higher-dimensional

representation, which reflects the possibly nontrivial center properties of the gauge group.

Note that the single-link Hamiltonian Eq. is manifestly gauge invariant, i.e.,
(LR, HE"™) =0, (25)

where the left and right operators correspond to the action of a gauge transformation on both ends
of the link. This follows immediately from the representation of the left- and right-multiplication
operators in the flux basis [cf. Eq. ([{)].

2.4. Standard Z(k) lattice gauge theory

The group elements of the cyclic group Z(k) can be represented in terms of the k-th roots of
unity, ie., Z(k) = {z, = e>™/¥|n = 0,1,...,k — 1}, and every group element defines its own
conjugacy class Cp, with p=1,2,..., k. The group Z(k) admits k one-dimensional representations
'y, p = 1,2,...,k, that describe single-particle excitations with (p — 1) units of charge, i.e.,

I'y(2,) = 2271, Further properties of the cyclic groups are summarized in [Appendix B

To define the magnetic energy of a single (elementary) plaquette we use the irreducible repre-
sentation with unit charge, I's, whereby

ahp(Ug = z,) =1 — cos(2mn/k). (26)

The electric energy of a single link is defined such that the single-link Hamiltonian describes a

nearest-neighbor hopping in group space. We refer to for a discussion of the
distance between group elements in Z(k). By requiring that the single-link Hamiltonian should

take the form of a discrete Laplaciarﬂ

2 single-link
%<Zm‘HE & |Zn> = _6m,[n+1]k - 6m,[n71]k + 25m,n7 (28)

where [n]r = n (mod k), we obtain the spectrum of the single-link energies by diagonalization, i.e.,
ahg(Ty) =2[1 —cos(2n(p — 1) /k)] . (29)

Clearly, the spectrum is bounded from below, with lowest eigenvalue, ahg(I'1) = 0.

2The case k = 2 is special, since there is only one nearest neighbor to each group element. In that case, we define

2 s
£<zm|Hzmglc lmk‘zn> = _5m,[n+1]2 + dm,m, (27)

which yields the eigenvalues ahg(I'1) = 0 and ahg(T'2) = 2.



2.5. Standard Ss lattice gauge theory

The group elements of the symmetric group S3 can be expressed in terms of their action on the
set {1,2,3}. They can be divided into three conjugacy classes, which entail the identity element
C1 = {1}, the set of pair permutations Co = {Pi2, Pes, P51}, and the set of cyclic permutations
C3 = {P»31, P321}. This group admits two one-dimensional representations, I'y and T'y, as well as

a two-dimensional representation, I's. Further properties of S3 are provided in

Here, we define the magnetic energy of a single plaquette by using the character of the two-
dimensional “fundamental” representation I's, i.e.,

ahp(Un) =2 — Xy, (Un). (30)
Thus, we obtain
ahp(C1) =0, (31a)
ahp(C2) =2, (31b)
ClhB(Cg) = 3, (31C)

for the distinct conjugacy classes.

We determine the spectrum of the single-link Hamiltonian using the distance (A.18) on S3 [cf.
Appendix C.3]. We obtain the following matrix representation

2

62a<U/|H;ngle_lmk|U> = 0wy +3dvur, (32)

where the adjacency matrix d.y,py is given by

Swun = (1 —dcer) [1 — (1 = doracey,ame=) (1 — 50rd((3/),dglax)] - (33)

Here, we adopt the following short-hand notation: C,C’ € {C1,Cs,C3} denote the conjugacy classes
associated to the group elements U and U’, i.e., U € C and U’ € C’, while the order (cardinality)
of the largest conjugacy class is given by dg'®* = max, ord(C,). We emphasize that Eq. holds
only for the two-dimensional irreducible representation I's of S3, which enters the definition of the
distance p between group elements.

Eq. effectively identifies group elements in the conjugacy classes C; and Cs as far as the
dynamics of the theory is concerned — the Hamiltonian describes a hopping between group elements
of the two distinct sets C13 = C; U C3 and C2E| In fact, the same definition of nearest-neighbors,
Eq. , applies also for other finite discrete non-Abelian groups considered in this work, as
long as the representation I'" used to define the distance between group elements is chosen to be
an irreducible representation of maximal degree for the considered gauge group. Therefore, the
identification of different conjugacy classes with regard to the dynamics of the theory seems to be
a general feature of these theories.

Upon diagonalization of Eq. we obtain the following spectrum

ahg (Fl)) =3 [1 — Xr, (CQ)]’ (34)

3In slightly more mathematical terms: The definition of nearest neighbors given above implies that the single-
link Hamiltonian of the Ss gauge theory can be interpreted as a hopping between distinct group elements in
the Abelianization of S3, given by S3/Z(3) = Z(2). Recall that the Abelianization of the group G is defined as
Ag = G/|G,G], where [G, G] is the commutator subgroup of G, which is normal in G.



which yields

ahp(l'1) =0, (35a)
ahg(T2) =6, (35b)
ahp(T'3) =3, (35¢)

for the different irreducible representations of Ss.

2.6. Standard D lattice gauge theory

The group elements of the binary dihedral (i.e., quaternion) group Do can be represented in
terms of the 2 x 2 matrices £1 and +io,, o = 1,2,3, where o, denote the Pauli matrices. The
elements of Dy can be organized into five distinct conjugacy classes C; = {1}, Co = {1}, C3 =
{%io1}, C4 = {£ios}, and Cs = {+ios}. We have five (inequivalent) irreducible representations I',
four of which, I'y, I's, I's, and I'4, are one-dimensional while one of them, I's, is two-dimensional.
The theory of the binary dihedral group D> is presented in

We define the single-plaquette magnetic energy by using the character of the two-dimensional
fundamental representation I's, i.e.,

ahp(Un) =2 — Rex,_ (Un), (36)
and
ahp(C1) =0, (37a)
ahp(C2) =4, (37b)
ahp(Cp) =2, p=3,4,5. (37¢)

The distances between Dy group elements are discussed in [Appendix D.3] The corresponding
matrix elements of the single-link electric Hamiltonian take the following form

2 single-lin
%<UI|HE ey = —8(0 0y + 600,07, (38)

where 71y is given by the same expression as in Eq. . We find that the group elements in
the conjugacy classes C; and Co are identified by the dynamics, such that a hopping in the group
space of a single link is allowed only between elements of C12 = C1 U Ca, C3, C4, and Cs. The electric
energy of a single link reads

ahi(Ty) = 6 = 2[x, (Cs) + X, (C1) + X, (C5)] . (39)

and for the various irreducible representations I'y,, we have

ahg(T'1) =0, (40a)
ahp(Tp) =8, p=2,3,4, (40b)
ahE(F5) = 6. (40C)

2.7. Standard A(27) lattice gauge theory

The group A(27) consists of 27 elements that can be represented by 3 x 3 matrices, D(a,b),
Ul(a,b), and L(a,b), with a,b € {1,e*™/3 ¢=27/3} which are defined in The group
admits 11 distinct conjugacy classes C, and an equal number of irreducible representations I',
p = 1,2,...,11. In our conventions, the representations I'y, I's, ..., I'g are one-dimensional,



while T'1g and T'y; are both three-dimensional. Further properties of A(27) are summarized in the
appendix.

We define the magnetic energy by using the character of the three-dimensional fundamental
representation I'1g (or equivalently the anti-fundamental representation I'y; = I'1g), i.e.,

CLhB(UD) =3 —Re XFlo (UD), (41)
and
ahp(Cy) =0, (42a)
ahp(Cp) =9/2, p=2,3, (42b)
ahp(Cq) =3, g=4,5,...,11. (42¢)

The distances between A(27) group elements are discussed in [Appendix E.3| and the corre-
sponding matrix elements of the single-link electric Hamiltonian take the following form

(U B = 5107 + 24600 (43)
where (17, ¢7y is given by Eq. (33)). The group elements in Cy, Co, and C3 are combined into a single
set C123 = C; U Cy U C3, such that the dynamics can be viewed as a hopping between elements of
distinct sets Cyo3, C4, ..., C11 in group space. By the diagonalization of the single-link electric
Hamiltonian we obtain the spectrum

ahp(lp) =24 -3 [er (Ca) + -+ xr, (Cu)] ) (44)
which evaluates to
ahg(T1) =0, (45a)
ahg(Ty) =27, p=2,3,...,9, (45b)
ahg(ly) =24, ¢=10,11. (45¢)

3. Hamiltonian Formulation of Doubled Lattice Gauge Theories
with Discrete Gauge Group

In this section we introduce the doubled lattice gauge theories, which consist of two gauge fields
associated with the links of the original lattice A and its dual A. We examine the realization of
gauge transformations on quantum states when a noncommuting algebra of group multiplication
operators is imposed on a pair of links, i.e., a direct link and its dual. Thus, in contrast to
the standard lattice YM theories, the operator algebra is no longer link- but cross-based. The
noncommuting algebra is characterized in terms of a one-cocycle, which we determine explicitly
for the finite Abelian group Z(k) and the non-Abelian groups S3, D2, and A(27). We refer to earlier
work [6I] for an in depth discussion of the theory with gauge group Z(k). A full characterization of
one-cocycles for arbitrary discrete groups will be provided elsewhere [75]. Here, we list all possible
doubled theories for the finite non-Abelian gauge groups and investigate their spectra on a single
cross, which allows us to construct physical states of the doubled lattice theory in the strong-
coupling limit. Finally, we comment on the confinement of charges, emphasizing in particular the
role of the center symmetry.
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Figure 1: a) Doubled lattice as a combination of the original square lattice A and its dual A. Circles denote the
midpoints of pairs of links (crosses) on which the algebra of left- and right-multiplication operators is defined. b)
The two distinct types of crosses on the doubled square lattice.

3.1. Cross-based operator algebra

To construct the doubled lattice gauge theories we define the combined set of nearest-neighbor
links ¢(A) U £(A) from the square lattice A and its dual A. The basic dynamical variables in
the doubled theory are pairs of parallel transporters, which are defined on a single link and its
dual, i.e., (U, Uy, j), with i # j and 4,5 € {1,2}. We have two different types of crosses on the
doubled lattice, e.g., (Uy1,Us2) or (Uz2,Uy 1) [cf. Fig.[[]. To avoid an unnecessary complication
of notation we will drop the index (z,4) in the following when single-link (single-cross) degrees of

freedom are considered.

States on a single cross can be expressed in terms of linear combinations of orthonormal basis
states |U) ® |U’Y € H ® H, where H corresponds to the Hilbert space of a single link. As in the
standard lattice gauge theories that we discussed in the previous section, every link of the direct
lattice carries two unitary operators L and R that realize left and right group multiplications on
the associated link variable, as well as an operator PP, which implements projections on a single
link. They satisfy the operator algebra defined by Egs. - @ In addition, the operators L, R,
and ]3, are defined on the dual links and satisfy the same algebra. The projection operators P and
P commute, i.e., for Q, Q' € G, we have

[P(Q), P(Y)] =0, (46)

while the left- and right-multiplication operators associated with a direct link and its dual do not
commute in general B B

L(Q)L() = W, 7(Q,Q)L(Q)L(Y). (47)
Clearly, W5, (€,Q) = W, ;(9,€Q)~! and similar relations apply for the other unitary group

multiplication operators with an obvious adaption of notation. The set of W factors {W, 7, W, 5,

Wgi, Wgit fully define the noncommuting algebra on a single cross. However, note that they are
not necessarily independent.

Here, we employ the following operator representation

LR |U) ® |U") = wr(Q,U")wgr(Q,U)|QUQ™) & |U), (48a)
LI R(Q)|U) & |[U') = wi (Q,U)wr(Q,U)|U) @ |QU'Q™), (48Db)
which is defined in terms of U(1) phase factors wr, wg, wi, and wg- The latter depend both on

the group element by which the state of the direct (dual) link is acted upon as well as the original
state of the dual (direct) link. As we will show in the following section, Egs. (48a) and (48b) may
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lead to nontrivial W factors and therefore define possible realizations of a noncommuting operator
algebra of group multiplication operators. Certainly, one might also consider more complicated
representations of group multiplications (with a full dependence on the state of the cross, e.g.,
wr(Q,U,U"), wi(Q,U,U’) etc.) that would similarly yield a noncommuting algebra. However,
these considerations go beyond the scope of the present work and are left for future study [75].

Apart from the link-dual-link basis given in terms of pairs of parallel transporters, i.e., |[U) ® |U’),
we also introduce the flux-dual-link basis, which is defined by the set of orthonormal states
IT',, ab) @ |U) and the link-dual-flux basis states, given by |U) ® |I',, ab). Note, however, that the
noncommuting nature of group multiplication operators implies that we cannot (in general)
define states on a single cross by simultaneously specifying the flux I', on both the direct link and
its dual. This is only possible in the case of the naive (trivially) doubled YM theories. In addition
to Egs. and , we provide the action of the left and right operators in the flux-dual-link
basis, which will be useful later on

L(Q)R(Q) [T, ab) @ |U)
wr(Q, U)wr(Q,U) (Zr )iu Ty, cd)T (Q/)db>®|U>, (49a)

E(Q)E(Q’) Ty, ab) @ |U)

Vi \S i, (Z (9, U ), Uy (U )Ty (U >>|rq,cd> ® U,

q,cd U'eG

(49b)

3.2. One-cocycles and noncommuting operator algebra

The phase factors introduced in Egs. (48a]) and (48b|) essentially define the operator algebra of
the lattice theory with discrete gauge group and here we establish their basic properties. Specific
examples for the different discrete groups considered in this work are provided in the appendix.

Let us apply a sequence of left-multiplication operators on the state of a single cross in the
link-dual-link basis, e.g., |U) ® |U"), whereby

LQLU) @ |U") = wr,(Q,U)wr (Q,U)|QQVU) @ |U'). (50)
Using the group multiplication law and
LOQQ)|U) @ [U") = wi (20, U) (@) U) & [U7), (51)
we obtain the following consistency condition
wr(Q,U) = wr(Q,U)wr (2, U). (52)

Phase factors that satisfy this relation are called one-cocycles[f] Similar relations can be derived
for wg, wy, and wg. Thus, whenever possible, we will drop the L index, which refers to the type
of group multiplication. Eq. states that w is a one-dimensional representation of G. That is,
the one-cocycle w(f2,U) assigns a one-dimensional representation I',y to every element U € G,
ie.,

Distinct one-cocycles w; are defined in terms of the functions p;, 7« = 1,2, ..., which assign different
one-dimensional representations to a given group elementﬂ

4In fact, this defines a one-cocycle with trivial group action on the dual link.

5Since w(QQ,U) = w(2'Q, U), the one-cocycle w does not distinguish between noncommuting elements of G' and
therefore descends to a representation of the Abelianization Ag to itself. This observation is particularly useful in
the classification of possible one-cocycles for arbitrary discrete groups [75].
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Finally, we may derive an expression for the coefficient W, 7. We proceed by applying Eq. [47)),
its defining equation, to a given state |U) ® |[U’) of a single cross. It is easy to check that this yields
the following expression

W, 7(92,9) = wz (¥, QU)wz (2, U) 'wp (U wr(Q,QU) 1, (54)

which apparently depends on the chosen state. However, additional consistency requirements
remove this spurious state dependence. The group multiplication law for the left-multiplication
operators L and L implies that W, 7 (€, Q') should satisfy the group composition law with respect
to both of its arguments. As an example, let us consider the group multiplication law in the second
argument

W, (%, Q/)WLZ(Qv " = W, (9, 'Q", (55)
and substitute into this relation. This imposes another constraint on the one-cocycles, which
is of the following form

wr(Q, QLU wr(Q,Q"U) = wr(Q,U)wr(Q,Q2'Q"0). (56)
Note that we may solve this equation by requiring
wL(Q, U)wL(Q,U’) :wL(Q,UUI>. (57)

If a solution to this equation can be found, then it clearly satisfies Eq. . In fact, solutions
to Eq. provide all possible cocycles up to an overall phase factor, which we may set to one
(this corresponds to a particular choice of gauge; cf. Sec. . They yield a W factor, which is
manifestly state independent

W, 7 (9,9Q) =w; (2, Q)w(9, Q)L (58)
Similar expressions can be derived for the coefficients W, z, W7, and W .

So far we have given only a representation of the W factors in terms of the one-cocycles, but
have not derived an explicit expression. From the representation of one-cocycles , we may
derive an alternative form of the consistency condition (57]):

Lo () @ Tpwny () = Tpwun (92), (59)

which is a constraint on the function p. Solving this equation is a simple exercise in group theory
[cf. [Appendix C.2]. Explicit W factors for the different groups considered in this work are listed
in the appendix.

3.3. Gauge transformations and Gauss’s law

We have already introduced the unitary operator that realizes gauge transformations on the
links of the direct lattice, Eq. . Here, we provide the operator V = ®(w Her®) Vz,: that acts

on the set of dual links £(A) and is induced by gauge transformation on the dual sites z € A. On
a single (dual) link (x,%), we define the operator

Vei = Lo (Qg3) Roi (Qpy 33)- (60)

Gauge transformations on the full Hilbert space of the doubled theory are built from the successive
application of operators (V ® I) and (I ® V') on the direct and dual lattice, respectively, where
I denotes the unit operator on the Hilbert space of the direct and dual lattice. Both operators
associated to the gauge transformation on the direct and dual lattice commute, which is a direct
consequence of the imposed lattice symmetries.

States |W) € Hyn) ® H, 5 that satisfy

(VeI =(IeV)¥) =), (61)

define the physical Hilbert space of gauge-invariant states.
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3.4. Hamiltonian formulation

As in the case of the standard Wilson-type lattice gauge theories, the full Hamiltonian of the
doubled theory decomposes into an electric and a magnetic part H = Hg + Hp. In the following
we first provide the full Hamiltonian for the trivially doubled YM theory. Then, we turn to the
CS-type lattice gauge theories.

For the trivially doubled YM theory, the magnetic Hamiltonian is naturally expressed as a sum
of different plaquette contributions, both from the direct and dual lattice, i.e.,

Hp =Y {Ha(W0) (o) (u| @ 1+ Hs (Vo) I & [0) (¥} (62)
Yy

where Hp(¥yy) is defined according to Eq. and

Hp(Wy) = é > hp(Un.). (63)
xEK

Note that the same expression is used for the single-plaquette energy (and coupling) on the direct
and dual lattice respectively. This is not a necessary assumption for the following construction, but
we restrict ourselves to this scenario in the following. The electric contribution to the Hamiltonian
reads _
Hp = Z {HE(\I/F) [Or) (V| @1+ Hg(¥r) I ® \\I/F><\I/r|} , (64)
Yr

with Hg(¥r) given by Eq. and

ﬁE(\PF) _ (ea)?

> he(Tpa) (65)

(z,8)€l(A)
Again, we choose the same functional form and coupling strength for the direct and dual lattice.

Within the deformed, CS-type theories the magnetic part of the Hamiltonian remains
unaltered — only the electric contribution is modified. To outline the essential steps in this con-
struction, it is convenient to consider the electric Hamiltonian only on a single cross. It takes the
following form

. B 2
e = O S () {1y ab) (T b © T+ & [Ty, ab){Tpabl), (66)
p,ab

where, by a slight abuse of notation, I denotes the identity operator on the single-link Hilbert
space. If we change to the link-dual-link basis, we obtain

2 single-cross
=2 (ULl & (U3 HE"™ |U) @ |Us)
1 _ _
= = > dr,ahi (T) {bvng e, (UIUT ) + S0, X, (U305 )} (67)
p

= (=dw,,u1) + Nv,du, u1) duyug + (*5(U2,U§) + NU25U2,U;) Suy Uy (68)

where Ny, and J\N/'U2 denote the number of nearest-neighbor elements of U; and U; in the group
space of the direct and dual link, respectively. We see that in the trivially doubled YM theory
two hopping contributions are included — one on the direct lattice and another one on its dual.
To arrive at a doubled theory of CS type we need to account for the noncommutativity of the
single-cross algebra [cf. Sec. . Thus, we expect that the hopping on the link of the direct lattice
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will depend on the state of the dual link (and vice versa). Here, we consider the following class of
Hamiltonians

2 ingle-cr
= (Ul @ (U] HE™5 |Un) @ |U)

_ (761'80(91,U2)5<U1,U{> + NU15U1,U{) 5U2,Ué + (76i6(QZ’U1)5<U2,U§> + NUQCSUQ,U§> 5U1,U{7 (69)

where Q; = UJU; ! and Qy = UjU, ', The additional complex phase factors can be interpreted
as two independent U(1) artificial gauge fields, which manifest themselves as parallel transporters
connecting nearest-neighbor points in the discrete group space. We see that the dynamics governed
by the single-cross electric Hamiltonian admits a simple analogy in terms of the motion of a charged
particle in the presence of a U(1) x U(1) gauge field. By the successive hopping in the discrete
group space G x G this abstract particle accumulates a phase. Note that this picture is similar to
the one proposed in Ref. [61] for the doubled theory with Abelian gauge group.

Both phase factors, €9 and e'?, satisfy the group composition law and define a one-cocycle.
E.g., on the direct link we have

eiP(QU) fip(QU) _ eis&(QQ',U)7 (70)
with Q, €, and U € G. However, the individual phase factors have no physical significance; the
physically relevant quantity is an Aharonov-Bohm phase ®(€2;, Q5) [62], which is accumulated for
a sequence of nontrivial group transformations €, and s, i.e.

et (Q1,U2) i3(Q2, 0 U1) ie(Q 1 Q2U2) i3 (25 1 U1) _ i®(21,92) (72)

We recognize that the factor e® can be identified with the W factors introduced in the previous

section, which are similarly defined by a product of one-cocycles. Thus, any Hamiltonian
on a single cross is distinguished by an Aharonov-Bohm phase ®, which may be classified by
determining the admissible one-cocycles. Listing all possible W factors for a given group G, we
obtain the complete set of distinct doubled theories, either of YM or CS type. This outlines our
program for the remaining sections of this work.

It is always possible to choose a gauge, so that the accumulated phases ® are expressed in
terms of a single one-cocycle. In the following we impose the consistency condition

1P (QU) gio(QU) — (ie(@UU) (73)
for which the above expression becomes independent of the state of the cross, i.e.,
(1P(Q2,20) Lin(Q7 1 22) _ Li®(Q1.022) (74)

Using ¢(Q71,Q2) = —p(Q1,Q2) mod (27), which follows from the group property, we recognize
that the condition ¢(21,Q2) = @(Q2,€1) mod (27) implies that ®(2y,Q2) = 0 mod (27) and
therefore does not constitute a gauge choice. Instead, we employ the asymmetric gauge with

@(91,92) =0 mod (271'), (75&)
(D(Ql, Qg) = (Z(QQ, Ql) mod (271'), (75b)

6Note that such a phase cannot be accumulated on the direct (or dual) lattice alone, since the following identity

holds
1P(Q1,0) i (2,U) | gie(@nU) — giv(ITmy 2U) — 1, (71)

for group elements €; # 1,1 =1,2,...,n, with [T;"; @ = 1. The last equality in the above equation follows from
the group property, which states that ¢(1,U) = 0 mod (27).
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for all €24, Qs in G, which leaves no residual gauge degrees of freedom. Of course, the gauge choice
?(Q2,Q1) = 0 mod (27) is equally valid and there is no reason to prefer one over the other. In the
following the former will always be assumed.

An important consequence of the gauge fixing is that it also constrains the action of the left-
and right-multiplication operators. While Egs. and imply that a nontrivial one-cocycle
is introduced on the dual link in the Hamiltonian , the requirement that the Hamiltonian
should be invariant under gauge transformations

[L(Q)R(Q/),Hgngle—crOSS] _ [E(Q)E(Q/), HSEingle—CI‘OSS] — 07 (76)
completely determines the action of these group multiplication operators. In particular, we find

that for given e (and €* = 1) the one-cocycles associated with left- and right-multiplications
read

wi(2,U) = wr(,U)" = P, (77)
which yields wr, (2, U)wr(Q,U) = wr,(QQ 1 U) = wr(Q 1, U), and
UJZ(Q,U) :wE(Q,U)* =1. (78)

Finally, note that these relations imply the following identities among the W factors of the operator
algebra :
W, (Q,Q) = W (Q,Q) = W, 5(Q,Q) = W,5(Q,Q)* = e @), (79)

In summary, we can say that any choice of group multiplication operator algebra (consistent with
the above gauge fixing) determines a corresponding Hamiltonian (and vice versa). The admissible
theories are distinguished by a single independent W factor (or, equivalently, a single one-cocycle
wr = wp = e'?).

In the following sections, we determine the spectrum of the Hamiltonian , in the asymmetric
gauge (75a)) and , and in the strong-coupling regime, when the magnetic contribution to the
Hamiltonian can be neglected. In this limit, the dynamics is fully characterized by the electric part
of the Hamiltonian, which describes a hopping between group elements. For the CS-type theories
the hopping amplitude is complex in general, which arises through the coupling to an abstract
U(1) x U(1) gauge field [6I]. Distinct theories are defined in terms of the corresponding Aharonov-
Bohm phase, which is accumulated by a nontrivial set of group transformations on a single link
and its dual. We provide the spectrum of these theories on a single cross, given by the energies
E,, n=0,1,... and characterize the properties of the ground state and first excited states, with
spectral gap A = E; — Ey. Note that the energy gap becomes infinite in the strong-coupling limit
(ea)? — oc.

3.5. Doubled Z(k) lattice gauge theory

The allowed one-cocycles for the doubled Z(k) lattice gauge theory are derived in
Introducing a trivial cocycle, one obtains a doubled theory whose spectrum simply results
from the independent combination of the single-link spectra [cf. Eq. } A nontrivial doubled
CSYM theory is obtained when one applies one of the k— 1 nontrivial cocycles. While each of these
theories is associated with a different Aharonov-Bohm phase, they might not necessarily yield a
different spectrum.

3.5.1. Trivial one-cocycle

In the trivially doubled theory, the unique ground state Ey/(e2a) = 0 of the single-cross Hamil-

. single-cross . .
tonian H, is given by

1 k—1
|Eo) = ﬁ nz:% IT'1) ® |2n), (80)
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in the flux-dual-link basis, while the first excited state is always four-fold degenerate (with the
single exception of the Z(2) theory, in which case the first excited state has a two-fold degeneracy).

3.5.2. Nontrivial one-cocycles

Introducing a nontrivial one-cocycle in the doubled Z(k) gauge theory, the lowest-energy state
becomes degenerate. The properties of these states depend on the employed cocycle and whether
the order of the group k is prime. If k£ is prime, then the ground state of all CS-type theories are
k-fold degenerate. Here, we provide only the example of the gauge group Z(2), for which the two
degenerate ground states are given by

|Eo,a) = ———— [(1 +V2)IT1) ® [2(ag,) + T2) @ 2fa,) |+ (81)
2(2+2)

and a = 1,2. Similarly, the first excited states are modified in the presence of a nontrivial one-
cocycle. However, since their form depends on the particular case considered, we do not list them
here and refer to [61] instead for further details of the doubled Z(k) lattice gauge theories of CS

type.

8.6. Doubled S3 lattice gauge theory

The possible one-cocycles for the doubled S; lattice gauge theory are summarized in
[C4] Introducing a trivial cocycle yields a naively doubled YM theory. For the group Ss there
is only one doubled CS-type theory, corresponding to the single admissible one-cocycle, which is
nontrivial.

3.6.1. Trivial one-cocycle

The spectrum of the trivially doubled YM theory is summarized in Tab.

] H n=>0 \ n=1 \ n=2 \ n=3 \ n=4 ‘
E,/(e%a) 0 3/2 3 9/2 6
In 1 8 18 8 1
Table 1: Eigenvalues E,, and their degeneracies gn, n = 0,1, ..., of the single-cross electric Hamiltonian Hzngle'cross

for the doubled S5 lattice YM theory (with go = 1 ground- state degeneracy).

Its unique ground state, with energy Ey/(e?a) = 0, is given by the symmetric superposition in
the flux-dual-link basis
| Eo) = f Y Ity eu). (82)
UeSs
As it should, this state is invariant under group multiplication on the direct and dual link, respec-
tively. In addition, we provide the first excited states, with energy gap A/(e%a) = 3/2, that are
modified by the introduction of a nontrivial one-cocycle [cf. Sec. [3.6.2]. In the naive doubled YM
theory, these eigenstates are given by

By ab) = —= > [Tg,ab) @ |U), (83)

1
\/6U€S3
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which we label by the indices a,b = 1,2, corresponding to the two-dimensional, irreducible I'g
representation. Applying the left- and right-multiplication operators on these states, we obtain

L(QR(Y)|Ey, ab) = ng )i B, ed)T3(Y ) ab, (84a)
L(Q)R(Q )|E1,ab>:|E1,ab>, (84b)

cf. Egs. (49a)) and (49b)).

3.6.2. Nontrivial one-cocycle

The spectrum of the nontrivial doubled CSYM theory is summarized in Tab.

] H n=20 \ n=1 \ n=2 \ n=3 \ n=4 ‘
E,/(e%a) || 3/2(2—V2) 3/2 3 9/2 3/2(2 +V2)
In P 8 16 8 2
Table 2: Eigenvalues E,, and their degeneracies gn, n = 0,1, ..., of the single-cross electric Hamiltonian H;"gle»cross

for the doubled S5 lattice CSYM theory (with go = 2 ground-state degeneracy).

In the presence of a nontrivial one-cocycle, cf.
UJL(Q, U) ZOJR(Q, U)* ZOJQ(Q,U), (85)

the ground state energy is shifted to Fy/(e?a) = 3/2(2 — v/2) ~ 0.879 and picks up a two-fold
degeneracy. The corresponding orthonormal eigenstates are given by

1
|Eo, 1) = 1+2 Ty, 11) ® |U) T2, 11) @ [U) |, (86a)
’ 6(2+v2) ( )Uze; U;clg
1
|Eo,2) = ———|(1+V2 T, 1) @ |U) + ) [T2,11) ®|U) (86D)
6(2+v2) ( )Ugc:w Uze;

where the summation ) ;.. runs over distinct elements of the conjugacy class C. It is useful to
compare these states to those obtained in the CS-type Z(2) theory (81)), which show a similar
structure.

In the CS-type doubled theory, the action of the left- and right-multiplication operators on
these states is nontrivial. While the operators L(2), L(Q), etc. with Q € Cy3 leave each of the
ground states invariant, those operators that induce a shift € Cs in group space act as follows
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L(C2)|Eo, a) = R(C2)|Eo, a) = (=1)| Eo, a), (87a)
L(C2)|Eo, a) = R(C2)|Eo,a) = |Eo,[alz2 + 1), (87b)

where a = 1,2, and

L(C2)L(Cy) = —L(C2)L(Cs). (88)

Here, it is understood that L(Cy), L(Cs), etc. correspond to any operator L(f2), L(€2) with the
group element € in the set Co. We observe that the noncommuting algebra of group multiplication
operators yields the Z(2) toric code if restricted to the set of ground states. Thus, the non-Abelian
S3 lattice gauge theory of CS type effectively Abelianizes when it is projected to the lowest level.

The cocycle-deformed first excited states are given by

|Ey,11) = 7 ( M@ Uy + > [Ts,22) ®|U) (89a)

U€eCis UeCs

UeCis UeCs

(89¢)

By, 12) = % ( 3 12 @lu) - 3 T, 21) @ |U> (89D)

1
B2 = ( Yo menew) - Y [T 12)eu)

UeCis UeCs

|Ey,22) = 7 ( > rs22)@|U)+ > [Ts,11) ®|U>> (89d)

UeCis UeCs

with energy gap A/(e%a) = 3/2(v/2 — 1) =~ 0.621. These states of course still carry the same
irreducible representation of S3 as in the case of the trivial one-cocycle, i.e.,

L(Q)R(Y)|Ey, ab) = ng )il Er,ed)T3(Q) ap. (90)

However, we observe that the operators E(Cg) and E(Cg) now satisfy
L(Cy)|Ex, ab) = R(C2)|Ex, ab) = (=1)**| By, ([a]a + 1)([b]2 + 1)), (91)

where it is understood that a,b = 1,2 and (as before) the operators L(Cy3) and R(Ci3) act as
identity operators. In contrast to the lowest level, these states carry a two-dimensional (non-
Abelian) representation I's and the action of the left- and right-multiplication operators are clearly
different.

Finally, we remark that the other four first excited states as well as the higher-lying states,
which involve a I'3 representation, are not changed by the one-cocycle and are therefore not listed
explicitly.

3.7. Doubled Dy lattice gauge theory

The possible one-cocycles for the doubled D, lattice gauge theory are summarized in
Introducing a trivial cocycle yields a naively doubled YM theory. For the group Dj there are
15 CS-type theories (corresponding to the number of inequivalent nontrivial one-cocycles), which
can be divided in two sets with distinct spectra. Note that these theories similarly Abelianize when
they are projected to the lowest energy eigenstate. Therefore, we do not discuss the properties
of the low-energy states at length, but only list the level structure and the degeneracies of the
different levels.
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3.7.1. Trivial one-cocycle

As in the previous examples, the unique ground state of the trivially doubled lattice YM
theory with energy Ey/(e?a) = 0 is given by the totally symmetric superposition involving the I'y
representation. There are eight excited states above the ground state with energy gap A/(e?a) = 3.
The full spectrum of the single-cross Hamiltonian is summarized in Tab. Bl

’ H n=20 \ n=1 n=2 \ n=3 \ n=4 \ n=>5 ‘
En/(eQa) 0 3 4 6 7 8
In 1 8 6 16 24 9
Table 3: Eigenvalues E,, and their degeneracies g, n = 0, 1,. .., of the single-cross electric Hamiltonian H;ngle*cmss

for the doubled Dy lattice YM theory (with go = 1 ground-state degeneracy).

3.7.2. Nontrivial one-cocycles

For the nontrivial one-cocycles
wr(Q,U) =wr(Q,U)" € {w;(Q,U)]i=2,3,...,10}, (92)

[cf. [Appendix D.4], we obtain a two-fold degenerate ground state with an energy gap A/(e?a) =

2v/2 — 1 = 1.828 to the set of first excited states. The full spectrum of the corresponding theory
is summarized in Tab. [d] Note, while the spectrum of the theory is identical for each of the above
cocycles, the eigenstates may still differ.

|

[ n=0

\nzl\an\n:3\

\ n==>5

n==~0

E,/(e%a)

2(2 —/2)

3

4

6

7

9n

2

8

4

16

24

8

Table 4: Eigenvalues E,, and their degeneracies g, n = 0,1, ..

., of the single-cross electric Hamiltonian

for the doubled Ds lattice CSYM theory (with gop = 2 ground-state degeneracy).

In the case of the nontrivial one-cocycles

wr(Q,U) =wr(Q,U)" € {w;(Q,U)]i=11,12,...,16},

single-cross
Hsing
E

(93)

the ground state is four-fold degenerate and the energy gap to the eight-fold degenerate first excited
state is A/(e?a) = 1. The full spectrum of this theory is summarized in Tab. Bl

|

[

n=2~0

|

n=1

E,/(e%a)

2

w

In

4

single-cross

Table 5: Eigenvalues Ey, and their degeneracies gn, n =0, 1,.. ., of the single-cross electric Hamiltonian H
for the doubled D5 lattice CSYM theory (with go = 4 ground-state degeneracy).

3.8. Doubled A(27) lattice gauge theory

The possible one-cocycles for the doubled A(27) lattice gauge theory are summarized in
Introducing a trivial cocycle yields a naively doubled YM theory. For the group
A(27) there are 80 doubled CS-type theories (corresponding to the number of different nontrivial
one-cocycles) that define two distinct spectra. Again, we restrict ourselves to list the spectra of
the single-cross Hamiltonian and the structure of the ground states.
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3.8.1. Trivial one-cocycle

The unique ground state of the trivially doubled lattice YM theory with energy Ey/(e?a) = 0 is
given by the totally symmetric superposition involving the I'; representation. There are 36 excited
states above the ground state with energy gap A/(e?a) = 12. The full spectrum of the single-cross
Hamiltonian is summarized in Tab. 6l

’ H n=>0 \ n=1 \ n=2 \ n=23 \ n=+4 \ n=>5
En/(eza) 0 12 27/2 24 51/2 27
In 1 36 16 324 288 64

Table 6: Eigenvalues E,, and their degeneracies gn, n = 0, 1,. .., of the single-cross electric Hamiltonian H;nglc'cmss

for the doubled A(27) lattice YM theory (with go = 1 ground-state degeneracy).

3.8.2. Nontrivial one-cocycles

For the set of nontrivial one-cocycles
wr,(Q,U) =wr(Q,U)" € {w;(Q,U)]|1=2,3,...,9}, (94)

the ground state is three-fold degenerate and the energy gap to the 36-fold degenerate first excited
state is A/(e?a) = v/3/2(9 — v/3) ~ 6.294. The full spectrum of this theory is summarized in Tab.
m

’ H n=>0 \ n=1 \ n=2 \ n=23 \ n=4 \ n=>5 \ n==6
E,/(e%a) || 9/2(3 —V/3) 12 27/2 | 9/2(3 ++/3) 24 51/2 27
[ 3 36 12 3 324 288 63
Table 7: Eigenvalues E,, and their degeneracies gn, n = 0, 1,. .., of the single-cross electric Hamiltonian HSEingle’Cross

for the doubled A(27) lattice CSYM theory (with go = 3 ground-state degeneracy).

On the other hand, for
wr(QU) =wr(Q,U)" € {w;(Q,U)|i=10,11,...27}, (95)

the ground state is nine-fold degenerate and the energy gap to the set of first excited states is
A/(e?a) = 3. The full spectrum of this theory is summarized in Tab.

’ H n=20 \ n=1 \ n=2 n=3 \ n=4 \ n=>5 ‘
E,/(e%a) 9 12 18 24 51/2 27
In 9 36 9 324 288 63

Table 8: Eigenvalues E,, and their degeneracies g, n = 0, 1,. .., of the single-cross electric Hamiltonian H;ngle'cmss

for the doubled A(27) lattice CSYM theory (with go = 9 ground-state degeneracy).

3.9. Center symmetry and confinement

The considerations of the previous sections provide us with a picture of the admissible charge
configurations in the strong-coupling regime, when the magnetic part of the Hamiltonian can be
neglected. In particular, we observe that in contrast to the discrete non-Abelian group S3, the
discrete groups Dy and A(27) exhibit charge confinement. This is illustrated in Figs. f and we
discuss each of the different non-Abelian groups in the following.
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3.9.1. Charged states in the doubled S5 lattice gauge theory

The doubled lattice gauge theory with gauge group S3 has an Abelian and a non-Abelian charge,
in the I's and I's representation, respectively, as well as I'; representation which is associated to
vanishing charge. A physical state in the theory is uniquely specified by the corresponding charge
assignments at each point of the direct (or dual) lattice. In the nontrivial CS-type theory states
with only Abelian charges I'; carry the same energy as the vacuum — at least in the absence of
the magnetic part of the Hamiltonian. States containing non-Abelian charges I's are separated by
multiples of the energy gap A [cf. Sec. B.6]. Since the gap becomes infinite in the strong-coupling
limit, we inquire only about the lowest-energy states in a given charge sector. The group S3 has
trivial center and therefore the theory is not confining (in the sense of a linearly rising potential
or unbreakable string). That is, we may insert a single charge on the lattice. The lowest-lying
state in this sector consists of a closed loop of I's electric flux (see Fig. . Note that the trivially
doubled YM theory does not confine either.

Figure 2: (Left) A single I's charge is not confined because S3 has a trivial center. The energetically favorable
electric-flux configuration for a single I's charge consists of four units of I's electric flux along an elementary
plaquette. (Right) Two non-Abelian I's charges connected by a I's flux string on a single link.

In the sector consisting of two I's charges, the lowest-energy state is given by the particle/flux
configuration illustrated in Fig. 2] The required energy to separate these charges grows linearly
with the number of connecting I's electric flux links, until the flux string breaks and forms two
single charge excitations in the I's representation. Note, however, that there might be multiple
charged states with a fixed number of I's electric-flux links. An example is illustrated in Fig.
where a single I's flux string along two links connects either two I's charges, or three charges (of
which only two need to lie in the I's representation). Note, while in the CS theory the insertion
of a single I's charge comes at no additional cost, this does not hold true in the trivially doubled
YM theory.

Figure 3: Charged excitations for a CS-type theory with gauge group Ss. While the configuration shown on the left
connects two non-Abelian charges I's by two units of I's electric flux, the other two shown configurations include
an additional I's or I'z charge. All of these states carry the same energy.

3.9.2. Charged states in the doubled Dy lattice gauge theory

The doubled Dy gauge theory admits three types of Abelian charges, with one-dimensional
representations I's, I's, and I'y, and a non-Abelian charge in the two-dimensional I'; representation,
which transforms nontrivially under the Z(2) center. Thus, there are no single I's-charge states in
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the theory. A state consisting of two I'5 charges is connected by a single flux string with nonzero
string tension (see Fig. . In contrast to the S theory, the electric flux string cannot break — the
theory is confining.

Figure 4: Charged excitation for gauge group Da, consisting of two I's charges connected by a confining electric
flux string.

3.9.3. Charged states in the doubled A(27) lattice gauge theory

The doubled A(27) lattice gauge theory admits eight Abelian charges characterized by the one-
dimensional representations I's, I's, ..., I'g, and two non-Abelian charges in the three-dimensional
representations I'yp and T'y;. Similar to the Dy theory, the nontrivial center prohibits a single
T'yp or I'y; charge excitation in the theory. The lowest-energy excitations consist of a pair of
I'ig and I'y; = 'y charge particles, connected by a confining string of electric flux. Since these
representations are complex this leads to a directed flux string [cf. Fig. [5]. The center of A(27)
is Z(3) and therefore one may envision other bound states consisting of either three I'1g or T'yy
charge particles, connected by single connected string of electric flux. However, since such states
must involve at least three links carrying I'1g (or T'y;) flux, they are energetically less favorable
than the two-particle states. These particle/flux configurations are illustrated in Fig.

Figure 5: Charged excitations for gauge group A(27). The presence of the nontrivial center Z(A(27)) & Z(3) implies
that charges with nontrivial representation under center transformations (e.g., the irreducible representations I'1g
and I'11) are bound into two-particle, or three-particle states, where the individual components are confined by an
electric flux string.

4. Conclusions

In this work, we have addressed the properties of doubled lattice CSYM theories with discrete
non-Abelian gauge group, thereby extending previous work for Abelian groups [61]. We have
shown how to realize Hamiltonians for non-Abelian lattice gauge theories that are compatible
with a noncommuting algebra of group multiplication operators and therefore allow for theories
of the CS type. This construction relies on the identification of one-cocycles that represent the
action of gauge transformations on quantum states. They are in one-to-one correspondence with
an Aharonov-Bohm phase, which is introduced in the group space on a single pair of links (on
the direct lattice and its dual), and define the possible theories within the considered class of
Hamiltonians.
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We have constructed different Hamiltonians explicitly for the discrete group Z(k) C U(1), which
is Abelian, and the (finite) non-Abelian groups S3 C O(2), Dy C SU(2), and A(27) C SU(3).
Their characteristics were considered in the limit of strong coupling, in which case the theory can
be solved exactly. In particular, we have shown that the doubled lattice theories of CS type —
when projected on the lowest-energy eigenstate — map to a (generalized) toric code. At first, it
might sound rather surprising, why a discrete non-Abelian gauge theory may reduce to an Abelian
theory. However, one can make sense of this behavior, by noticing that the single-cross electric
Hamiltonian describes a hopping that does not distinguish between left- or right-multiplication in
group space. Thus, effectively, the considered theory Abelianizes and yields a ground state that
conforms with that of a lattice gauge theory with Abelian gauge group (in general, a product of
cyclic groups). We emphasize that the Abelianization only affects the ground state (i.e., zero-
charge sector) of the theory — higher-lying states still carry a non-Abelian representation of the
gauge group. Of course, one might ask whether these properties are tied to the particular way, by
which these theories were constructed. We refer the reader to Ref. [75] where such questions will
be addressed in detail.

For the investigated lattice CSYM theories with gauge groups Dy and A(27) the presence of
a nontrivial center implies the confinement of charges, which is a generic phenomenon at strong
coupling. One might wonder whether this may turn out to be a useful feature to mitigate errors at
finite temperature [14} 25| 26l 27, 28] 29, B0]. In particular, the confining string connecting non-
Abelian charges restricts their uncontrolled movement on the spatial lattice. This might prevent
computational errors that typically arise when a pair of non-Abelian anyons created from the
vacuum winds around any one of the nontrivial cycles of the base manifold and annihilate.

So far, we have not investigated the statistics of charged excitations and their braiding prop-
erties, which are of immediate interest to applications in topological quantum computing. The
presence and nature of excitations with fractional statistics will be addressed in future work.
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Appendix A. Basics of the Theory of Discrete Groups

In this appendix we review some important results from the theory of discrete groups [76].
We summarize in particular the properties of the cyclic group Z(k), the symmetric group Ss (the
permutation group of three objects), the binary dihedral (i.e., quaternion) group D, and finally
A(27), which belongs to the A(3n?) series of discrete groups (see, e.g., Refs. [63] 64, 66]).

Appendiz A.1. Group multiplication and center

A discrete group G is a set of dg group elements 2 € G endowed with a multiplication rule
QO = Q" (A1)
which satisfies associativity, i.e.,

Q)" = Q). (A.2)

24



Furthermore, there is a unit element 1 € G, which obeys
Q1 =10 =Q, (A.3)
and each element  has a unique inverse Q~! € G, such that
Q0 =00"=1. (A.4)

For an Abelian group the group multiplication is commutative, i.e., Q' = Q'Q, for all 2,Q’ € G.
The center Z(G) of a group G counsists of those elements z € G that commute with all group
elements, i.e., zG = Gz. Obviously, if G is Abelian, then G = Z(G).

Appendiz A.2. Conjugacy classes

Conjugacy classes, which we denote by C,, with index p = 1,2,..., are equivalence classes of
group elements. Two elements 2’ and ©” belong to the same conjugacy class if there exists a group
element €2 such that

Q' =00t (A.5)

The unit element always forms its own conjugacy class, C; = {1}, since

QIO =007t =1. (A.6)
The same is true for all center elements z, because

Q2071 =200 = 2. (A.7)

In an Abelian group every element forms its own conjugacy class, while non-Abelian groups possess
conjugacy classes that consist of more than just a single element.

Appendiz A.3. Irreducible representations and characters

A unitary representation I" of dimension dr € N associates a dr X dr unitary matrix I'(Q2) with
each group element 2, such that the group multiplication rule is realized by the multiplication of
the corresponding matrices, i.e.,

L)) = Q). (A.8)

Two representations I' and IV are unitarily equivalent if there exists a single unitary matrix V/,
such that for all elements Q) € G
Q) =vr@Qvt, (A.9)

where VT denotes the conjugate transpose of V. A dp-dimensional representation is irreducible
if there is no unitary transformation that simultaneously block-diagonalizes all T'(€2) matrices to
blocks of size smaller than dr. The number of (unitarily inequivalent) irreducible representations

'y, p=1,2,..., equals the number of conjugacy classes. In addition, the dimensions dr, of the
irreducible representations obey the sum rule
> di =da. (A.10)
P

Thus, an Abelian group has dg different one-dimensional representations, while non-Abelian groups
also have higher-dimensional irreducible representations.

The conjugate I of a representation I is realized by complex conjugation

T(Q) = D(Q)", (A.11)



which obeys the group multiplication rule
T(QT(Y) = T(Q)*T(Q)* = T(QQ)* = T(Q). (A.12)

A representation I' is real if I' = I'. It is pseudo-real if I' and T' are unitarily equivalent, i.e., if
there exists a single unitary matrix V' such that

Q) =vr@Qvf, (A.13)

for all 2 € G. The representation I' is complex, if its conjugate representation is not unitarily
equivalent to I.

The trace of the representation matrix I'(Q2) is known as the character
xr(2) = TrI'(Q). (A.14)

From the cyclicity of the trace it follows that the character x, is a class function (an invariant of
the conjugacy class), i.e., XF(Q’QQ’_I) = X (92). The characters of irreducible representations I',,
and I'; obey the orthogonality relation

1 .
di Z er (Q) qu (Q) = 517,11' (A15>
¢ gea

The tensor product of two irreducible representations I', and I'; can be reduced into a direct sum
of irreducible representations I',, i.e.,

FIU ® Fq = @ mp,q(rr)rm (A16)

where the multiplicities m, 4(I'y) € N are determined from the relation

X, (e, (@) =D mpg(To)xe, (2), Q€. (A17)

Appendiz A.4. Distance between group elements in G

We may define a distance between two group elements ) and €/
1
Q) =1- - ReTr [T, (A.18)
r

where I' corresponds to a representation of G. Depending on the properties of the representation
T, which might be complex (or real), Eq. effectively embeds the group G into the group of
unitary (orthogonal) matrices for which a concept of a distance is defined. Note that the distance
function satisfies the axioms of a pseudometric. While p(€2, ) = 0 always holds, u(€2, ') = 0 does
not necessarily imply that Q = /.

Appendix B. The Cyclic Group Z(k) C U(1)

Here, we summarize the theory of the Abelian group Z(k) and construct the possible one-
cocycles that define the noncommuting algebra of group multiplication operators in the doubled
theory. We refer to Ref. [61] for an in depth discussion of the doubled Z(k) lattice gauge theories.
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Appendiz B.1. Group multiplication and center

The group Z(k) consists of the k-th complex roots of unity, i.e.,
Z(k) = {zn = ¥k |n=0,1,... k- 1}, (B.1)
which form a group under multiplication
ZmZn = Z{m4nle (B.2)
where [m + n]; = (m + n) (mod k). The unit element is given by zy = 1, and the inverse of z, is
7l =z = ek = 2]y - (B.3)

The center of Z(k) equals the group itself.

Appendiz B.2. Conjugacy classes and irreducible representations

Due to the fact that Z(k) is Abelian, its conjugacy classes consist of individual group elements
Cp, p = 1,2,...,k, which follows immediately from 2z,,2,2,,! = z,. All its irreducible representa-
tions I'j, are one-dimensional. We have

Fp(zn) — Zz—l — eQﬂ'i(p—l)n/k — Z[(pfl)n]kv (B4)
which is indeed a representation
Lp(zm)Tp(2n) = 20 12070 = (2n20)P 7 = Tp(2mzn)- (B.5)

Appendiz B.3. Distance between group elements

The group Z(k) is naturally embedded in U(1). Using the distance between group elements
defined in Eq. (A.18) defined by the representation I'y carrying unit charge, we obtain

w(zm, 2n) = 1 — cos(2m(m — n)/k). (B.6)
Thus, we identify nearest-neighbor group elements z,, and z,, as those elements for which [m—n]; =

[£1]k.

Appendiz B.4. One-cocycles and W factors

A one-cocycle w assigns a one-dimensional representation I'y, p = 1,2,...,k, to every group
element in Z(k), i.e.,
w(Zm, 2n) = Lp(n)(2m) = Zg@(n)ila (B.7)

where p(n) = p(z,). There are k* such functions p on the group Z(k), which yield an equal number
of candidate one-cocycles. These cocycles should satisfy the consistency condition [cf. Eq. ]

W(2m, 2ny )W (Zms Zny ) = W(2m), 2ny Zns ), (B.8)
and this reduces to the following condition on the function p:
[p ([n1 + n2ly) — p(na) — p(n2) + 1], = 0. (B.9)
It is solved by the set of linear polynomials modulo &, i.e.,

p(n) = [an];, +1, (B.10)
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with nonnegative integer coefficient a = 0,1,2,...,k— 1. We therefore find k solutions that satisfy
the consistency condition (B.8)), which are labeled by the index i = 1,2,... k, in the following,
ie.,

wi<zmazn) _ Z%m]k _ eZ-rriaimn/k7 (B.ll)

and a; # a;, if and only if ¢ # j. The W factors for the group Z(k) are constructed from the
combination of two (possibly distinct) one-cocycles, as specified by the index pair (4, j). Using Eq.

(B.11)) and substituting this expression into Eq. , we geﬂ

_ 627Tiai]~mn/k, (Bl?)

W(Zmy Zn) = wi(zna Zm)wj(znu Zn)71

which depends only on the difference a;; = [a; — a;],. Note that both coefficients a,; and a; take
their values in the set {0,1,...,k — 1}. That is, to obtain all possible W factors, we may simply
apply the following gauge choice, a; = 1, i.e.,

w;(Q,U)=T1(Q) =1, (B.13)
to reduce the redundancy in (B.12]). Thereby, we finally obtain
_ 627Tiaimn/k:

, (B.14)

W(va Zn) = wi(zn7 Zm)

by which we see that the one-cocycles are in one-to-one correspondence to the inequivalent doubled
lattice gauge theories (as defined by W). For the gauge group Z(k) we obtain k distinct theories.

Appendix C. The Symmetric Group S; C O(2)

In this appendix we investigate the six-element non-Abelian permutation group of three objects,
which has a trivial center and only real representations.

Appendiz C.1. Group multiplication and center

The group S3 consists of the unit element 1, the pair permutations P2, Pa3, and P31, as well
as the cyclic permutations Pa31 and P39, i.e.,

S3 = {1, P12, Pa3, P31, Paz1, Pa12}- (C.1)

Tab. [C.9] summarizes the group multiplication properties. Only the unit element commutes with
all group elements, and therefore the center of Sj is trivial, i.e., Z(S3) = {1}.

’ | 1 [ Po] P3| P | Pasi | P |
1 1 Py | Py | P31 | Pazi | P32
Pro Pro 1 P31o | Pag1 | P31 | Pas
Py || Poz | Po3y 1 | Psi2 | P2 | P3
Ps P31 | Ps1o | Paan 1 P3| Pro
Po3y || Paz1 | Poz | P31 | Pio | Psio 1
Psyp || Paia | P31 | Pia | Po3 1 Ps3q

Table C.9: Multiplication table for the symmetric group S3.

"Here (and in the following) we simply drop the L and L indices and identify W = WLE'
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Appendiz C.2. Conjugacy classes and irreducible representations

The conjugacy classes follow readily from Tab. [C.9}
Ci={1}, Co={Pia, Po3, P31}, C3={P31,Ps12}. (C.2)

The set
Ci13 =C1 UC5 = {1, Pa31, P312}, (C.3)

corresponds to a normal subgroup of S3, which is isomorphic to Z(3). Identifying all group elements
that are related by Z(3) transformations, we may compactify the group multiplication table as
shown below in Tab. [C.10} This reflects the S5 /7Z(3) = Z(2) multiplication structure associated
with the signature of the permutations (even for elements in C13 and odd for elements in Cz). The
non-Abelian group Sj itself is a semidirect product of Z(2) and Z(3), i.e., S3 = Z(3) x Z(2).

L GG ]
Ciz || Ciz | Co
Cy || Co | Ci3

Table C.10: Compactified multiplication table for the symmetric group S3. The conjugacy classes C; = {1} and
C3 = { P31, P312} are combined into the set C13 = {1, P231, P312}-

L [[a]C [¢]
Xe, [ 1] L] 1
Xe, | 1| 1] 1
Xeo | 2] 0 | -1

Table C.11: Character table for the symmetric group Ss.

Since S3 has three conjugacy classes, it also has three irreducible representations. Besides
the totally symmetric representation I'; and the totally anti-symmetric representation I's, which
are both one-dimensional, there is a two-dimensional representation I's of mixed permutation
symmetry. The character table for S3 is shown in Tab. from which one can determine the
decomposition of products of irreducible representations:

r,or, =T, p=1,2,3, (C.4a)
My @Dy =T, (C.4b)
I'y®I'3 =T, (C.4c)
I3@T3=T1®Ty®Ts. (C.4d)

Appendiz C.3. Distance between group elements in Ss

The two-dimensional representation I's of the group Ss is real and consists of the orthogonal
matrices displayed in Tab. This representation realizes an embedding of S3 in the orthogonal
group O(2), which is non-Abelian (in contrast to the special orthogonal group SO(2) =2 U(1)).

Using the representation I's to define a distance between group elements Q,€Q € S; [cf. Eq.
(A.18)], we obtain

w(Q,Q)=1- %Tr [T3(Q)T5(2)7], (C.5)
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Table C.12: Real matrix representation I's for group elements in S3.

where 7' denotes the matrix transpose. This yields

1(Q,Q) =0, (C.6a)
p(L, Pyj) = p(Pors, Pij) = p(Pai2, Pij) = 1, (C.6b)

where P;; corresponds to an arbitrary pair permutation, while all other elements in the group are
separated by a distance of 3/2. Hence, we observe that different members of the same set Ci3 or
C, are separated by a larger distance than elements of Cy3 from elements in Cs.

Appendiz C.4. One-cocycles and W factors

A one-cocycle w assigns a one-dimensional representation, I'; or 'y, to each group element in
Ss3. In fact, the cocycle depends not on the group element U itself, but only on the associated
conjugacy class C = C(U), i.e.,

w(Q,U) =Tpe)(Q). (C.7)

Since S3 has two one-dimensional representations and three conjugacy classes, there are 23 = 8
candidate one-cocycles. Only two of them, which are listed in Tab. satisfy the consistency
condition . We find that the two allowed one-cocycles wi and ws associate the same represen-
tation to the conjugacy classes C; and Cs, i.e.,

wi(Q, U e Cl) = wi(Q, U e Cg), 1=1,2. (08)

This is a direct consequence of Eq. (57), which implies that the cocycles descend to a one-
dimensional representation of the Abelianization of Ss, i.e., Ag, = Z(2) (see Sec. and Ref.
[75] for further details).

L & fc]c]
wy || Ty [Ty | Ty
w2 Fl FQ Fl

Table C.13: Allowed one-cocycles w1 and ws for the symmetric group Ss.
With these cocycles we may construct the corresponding W factors for the group Ss
W(Q, Q) = w; (Y, Q)w; (2, ). (C.9)
Here, we employ the gauge choice w;(Q, ) =T1(2) =1, (j = 1), by which we obtain

W(Q7 Q/) = Fpi(C) (Q/)v 1=1,2, (CIO)
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where C = C(2) is the conjugacy class to which the group element Q belongs. Using the two
different solutions given in Tab. we may derive the two different types of theories, with
distinct W factors, for the symmetric group Ss. Inserting the one-cocycle w1, we arrive at

W(Q,Q) =1, (C.11)

for all 2,9 € S3, which corresponds to a naively doubled YM theory. On the other hand, we see
that the cocycle ws gives rise to a doubled CS-type theory, with

W(Q S 6279/ S CQ) = -1, (012)
and W(Q,Q) =1, if either Q & Co or ' ¢ Cs.

Appendix D. The Binary Dihedral Group Dy C SU(2)

In this appendix we discuss the properties of the eight-element subgroup Dy of SU(2). Just
as SU(2) itself, this discrete group is non-Abelian, it has the center Z(2) and a two-dimensional
pseudo-real representation.

Appendiz D.1. Group multiplication and center

The group D, can be represented by the following set of group elements
DQ :{]].,7]].,710’1,71'0'1,1'0'2,72‘0'2,2‘0'3,77;0'3}, (Dl)

where 1 denotes the 2 X 2 unit matrix and o4, @ = 1,2, 3, are the Pauli matrices. Obviously, the
center elements z € Z(Dg) = {£1} commute with all group elements and each of them defines its
own inverse, i.e., 22 = 1, while —io, is inverse to ic,. The group multiplication rules for Dy are

given in Tab. D14

y I 1 [ -1 [ oy [ —ioy | ioy | —ioy | ios | —ios |
1 1 -1 iO'1 —iUl iO’Q —iOz iO’g —iUg
-1 -1 1 —iUl iO’l —iO'Q iUQ —i0'3 i03
iO’l iO’l 7’L'O'1 -1 1 72'0'3 2'0'3 iUg 72'0'2
—iol —iUl iO’l 1 -1 i0’3 —’L'O'g —i02 2'02
iUQ 7:02 71'0'2 7:(7;; 7750'3 -1 1 7110'1 idl
—iO’g —’L'O'g i0’2 —iUg ’L'O'g 1 -1 iO’l —iUl
iO’g i(fg 7110'3 72‘02 iUQ iO’l 72‘01 -1 1
—iO’3 —’L'O'3 iO’g iO’Q —’iO’g —iO’l iUl 1 -1

Table D.14: Multiplication table for the binary dihedral group Do.

Appendiz D.2. Conjugacy classes and irreducible representations

Based on its multiplication table, one can convince oneself that the group Dy has five conjugacy
classes

C1 = {]].}, CQ = {—]].}, 63 = {:I:ial}, C4 = {ii02}7 C5 = {:l:ZUd} (D2)

Identifying all group elements that are related to each other by transformations in the center
Z(D3) = Z(2), we may combine the conjugacy classes C; and Cy into the set

612 = Cl UC2 = {:l:]l}, (D3)
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which plays the role of a single group element of Do /Z(2). The remaining conjugacy classes Cs,
Cy4, and Cs5 each contain two group elements, which are related by transformations in the center
7(2). The compactified multiplication table for Dy /Z(2) is shown in Tab. from which one
infers that Do/ Z(2) = Z(2) x Z(2).

| [Ca[C [C[GC |
Ci2 || Ci2 | C3 | Cs4 | Cs
C3 || C3 | Cia | C5 | Cy4
Cy || C4 | C5 | Cra | C3
Cs || C5 | C4 | C3 | Cio

Table D.15: Compactified multiplication table for the group D2 / Z(2) = Z(2) X Z(2). The conjugacy classes C; = {1}
and C2 = {—1}, which contain the individual center elements, are combined into the set C12 = {£+1}.

Since Dy has five conjugacy classes, it also has five irreducible representations. The represen-
tation I's, which is defined in terms of the 2 x 2 matrices +1 and +io,, o = 1,2, 3, is pseudo-real.
In addition, there are four one-dimensional representations I'y,, with p = 1,2, 3, 4.

L& [C |G [C][C]

Xe, 1] 1111
Xe, | L | 1 [ 1 | -1[-1
Xeo | L | 1 | 1] 1 [-1
Xe, | 1] 1 |1 -1]1
Xe. | 2] 2] 0 00

Table D.16: Character table for the binary dihedral group Da.

The character table for D5 is shown in Tab. While the two-dimensional representation I's
is pseudo-real and has nontrivial center properties (i.e., nontrivial duality sign I'5(C2) = —1), the
one-dimensional representations I'y, I's, I's, and I'y are real and have trivial duality (sign I',(C2) =
1, with p =1,2,3,4).

Based on Tab. one can reduce the products of irreducible representations. The products
involving the two-dimensional representation are given by

r,ols=Ts5 p=1,234, (D.4a)
4

Iy @05 = @rq. (D.4b)
q=1

The products of the one-dimensional representations are listed in Tab.

| [T [Te [Ty
Py ||y | T | T3 | Iy
Iy || T | Ty | Ty | T3
I3 || s | I's | 'y | T'g
Iy || Ty | T3 | To | I

Table D.17: Multiplication table of the one-dimensional representations I'p, p = 1,2,3,4, for the binary dihedral
group Da>.
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Appendiz D.3. Distance between group elements in Do

Applying the distance between group elements (A.18) defined by the fundamental representa-
tion I's of Dy realizes an embedding in SU(2) and we obtain

w(,Q)=1- %Re Tr [Ds5(Q)T5(Q)7] . (D.5)

This implies that two different members 2 and —2 of the same conjugacy class are separated by
a maximal distance p(2, —Q) = 2. The same applies to the center elements, i.e., u(1,—1) = 2.
Members of different conjugacy classes (except 1 and —1), on the other hand satisfy

(1, Hiog) = p(Lioy, £ios) = p(tioy, tios) = p(xios, tioy) = 1. (D.6)

Thus, members of different conjugacy classes (except 1 and —1) are separated by a shorter distance
than members of the same class.

Appendiz D.4. One-cocycles and W factors

A one-cocycle w assigns a one-dimensional representation I',, p = 1,2,3,4, to each group
element in Dy, i.e.,

w(,U) = Tye) (), (D.7)

where C = C(U). Since the group D, has four one-dimensional representations and five conjugacy
classes C;, ¢ = 1,2,...,5, there are in principle 45 = 1024 one-cocycle candidates. However, only
16 one-cocycles satisfy the consistency condition , the solutions to which we denote by w;,
i=1,2,...,16 [cf. Tab. . The conjugacy classes C; and Cy, which contain the center elements
+1, are always associated with the same representation, i.e., p(C1) = p(Cz2), such that C; and Cy
can be combined to Ci9 = C1 U Ca.

| G [C[CC[C ]
wr || Ty | Ty | Ty | Ty | Ty
we || T [Ty | Ty | Ty | I
wg || Th [Ty | Ty | T3 | T3
wg || T | Ty | Ty | Ty | Ty
ws Ly [Ty [Ty | Ty | T
we || T1 | T | Ta | To | I
wy || [T | g | Ty | T
wg || T |1 | T3 | T3 | T4
wo ||[T1 | T [Ty | T | Iy
wi || I1 | Ty [Ty | Ty | Ty
w11 Ly |y [T | T5 | Ty
wip || 1 | Ty | Te | Ty | T'3
wig || 1 | T [ T3 | Ty | Iy
wig || 1 | Ty | T3 | Ty | T
wis || T1 | T [Ty | T2 | I3
wie || 't | T | Ty | T3 | T2

Table D.18: Allowed one-cocycles for the binary dihedral group Da.
With the 16 allowed one-cocycles we may determine the W factors in the doubled D5 theory,

ie.,

W, Q) = wi(, Quw; (2, Q). (D.8)
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Proceeding along similar lines as in the case of the S5 theory, we choose the gauge w;(€,Q’) =1,
by which
W(Q,Q) =T, (), i=1,2,...,16, (D.9)

where C is the conjugacy class associated to €2. Thus, we obtain 16 distinct W factors, which
correspond to 16 different doubled Ds lattice gauge theories. Inserting the different solutions from
Tab. [D.I8] we find that only one of them yields a doubled YM theory with trivial W factor, i.e.,
for W; = Wi,
wW(Q,Q) =1, (D.10)
and Q,Q € Dy. The remaining one-cocycles w;, i = 2,3, ..., 16, give rise to CS-type theories with
W factors
wW(C,C") e {£1}. (D.11)

However, note that the single-element conjugacy classes C; and Co (that contain the center elements
+1) always yield W(C,C’) = 1.

Appendix E. The Discrete Subgroup A(27) of SU(3)

Here we discuss properties of a 27-element subgroup of SU(3), also known as A(27) [63] [64] 66].
This discrete group shares several important features with SU(3): it is non-Abelian, has the center
7Z(3), as well as two complex three-dimensional representations.

Appendiz E.1. Group multiplication and center

The group A(27) consists of 27 group elements, here represented by the following 3 x 3 matrices:

a 0 0
D(a,b)=( 0 b 0 , (E.1a)
0 0 a*b*
0 a 0
Ul(a,b) = 0 0 b |, (E.1b)
a*b* 0 0
0 0 a*b*
L(a,b)=| a 0 0 , (E.1c)
0 b 0

where the parameters a and b can each take any one of the three values in the set {1, e2mi/3 o—2mi/ 3}
Hence, there are nine elements in each of the three classes of matrices defined by D(a,b), U(a,b),
and L(a,b), such that

A(27) = {D(a,b%U(a,b),L(a,b) ‘ abe {1,62“/3,6—2“/3}} . (E.2)

The group multiplication rules are given in Tab. [E:I9and the inverses of the various group elements
are given by their conjugate transpose, i.e., D(a,b)™' = D(a,b)! = D(a,b)*, U(a,b)™ = U(a,b)t =
L(a*,b*) = L(a,b)*, and L(a,b)~! = L(a,b)! = U(a,b)*. The three group elements D(a,a) = al,
where 1 denotes the 3 x 3 unit matrix and a € {1, e2mi/3 6_2”/3}, commute with all group elements
and therefore the center is Z(A(27)) = Z(3).
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] I Dld ] Ul(e,d) \ L(e,d) |
D(a,b) D(ac, bd) U(ac, bd) L(be,a*b*d)
U(a,b) || Ulad,bc*d*) | L(bc*d*,a*b*c) D(ac, bd)
L(a,b) L(ac,bd) D(a*b*c*d*,ac) | U(a*b*d,ac*d)

Table E.19: Multiplication table for the group A(27).

Appendiz E.2. Conjugacy classes and irreducible representations

Based on the group multiplication rules one can identify 11 conjugacy classes, three of which
are defined by the center elements

€1 = {1}, (E.3a)
C2 = {Z]].} = 63, (E3b)
Cg = {Z*]l} = 62, (ESC)

where z = €2™/3 and C is the set of the complex conjugate elements of C, as well as those conjugacy
classes consisting of three elements

Cs=1{D(1,2), D(z,2*), D(z*,1)} = Cs, (E.4a)
Cs = {D(1,2%),D(z*,2), D(2,1)} = C4, (E.4Db)
Co ={U(1,1), U(z,2), U(z*,2*)} =Ce, (E.4c)
Cr={U(1,z2), U(zz2"), U(z*,1)} =Cs, (E.4d)
Cs ={U(1,2"),U(z*,2), U(z,1)} = Cr, (E.4e)
Co = {L(1,1), L(z,2), L(z*,2%)} =Cy, (E.4f)
Cio = {L(1,2), L(z2"), L(z",1)} = Cu, (E.4g)
Ci1 = {L(1,2%), L(z*,2), L(z,1)} = Cyo. (E.4h)

When one identifies all group elements that are related to each other by transformations in the
center Z(3), the conjugacy classes C1, Ca, and C3 are combined into the set

Ci23 =C1UC2UC3 = {1,21,2"1}, (E.5)

which plays the role of a single group element of A(27)/Z(3). The other conjugacy classes
C4,Cs,...,Cq1 each contain three group elements which are related by transformations in the cen-

’ [ Cuas| Ci [ C [ C [ Co | C | C | Cio] Cu |
Ci23 || Ci23 | C4 Cs Ce Cy Cs Co | Cio | Cia
Cy Cy Cs | Cia3 | Cr Cs Cé | Cio | C11 | Co
Cs Cs | Ciaz | C4 Cs Ce Cr | Cit | Cy | Cio
Cs Cs Cr Cs Co | Cio | Ci1 | Ciag | C4 Cs
Cr Cr Cs Ce | Cio | C11 | Cg Cy Cs | Cia3
Cs Cs Cs Cr | Cit | C | Ciop | C5 | Ciaz | Cy
Co Co | Cio | Ci1 | Cias | C4 Cs Cs Cr Cs
Cio || Cio | Ci1 | Cy Cy Cs | Ciagz | Cr Cs Co
Cii || Ci1 | Cg | Cio | C5 | Ciaz3 | C4 Cs Cs Cr

Table E.20: Multiplication table for the sets Ci23, C4, Cs, ...identified with the group elements of A(27)/Z(3) =
Z(3) x Z(3). The conjugacy classes C1 = {1}, C2 = {21}, and C3 = {2*1}, with z = €>™*/3 which contain the
individual center elements are combined to Ci23 = {1, 21, 2*1}.
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ter. The products of the conjugacy classes, identified with group elements of A(27)/Z(3), are
listed in Tab. From this multiplication table one infers that A(27)/Z(3) = Z(3) x Z(3).

Since A(27) has 11 conjugacy classes it also has 11 (inequivalent) irreducible representations.
The representation that we have used to define A(27) is three-dimensional and complex and cor-
responds to I'1g. Its conjugate representation I'y; = Tio (in which all representation matrices of
T'10 are complex conjugated) is also three-dimensional. In addition, there are nine one-dimensional
representations I'1, I'a, ..., I'g. The character table of A(27) is shown in Tab.

| [ €[ C [ C [Ci]C|C[Cr|Cs[Co|CulCul

Xr, = Xl*jl 1 1 1 1 1 1 1 1 1 1 1
Xr, = X;‘S 1 1 1 1 1 z | z z | zF | 2 z*
Xr, = Xﬁz 1 1 1 11 | 2528 | 2] 2 z z
Xr, = X; 1 1 1 z | 2|1 z | 2|1 z z*
Xr, = Xﬁg 1 1 1 -2 - - - I N - 1 z
Xrg = X7 1 1 1 z |22 1 2| 2| & 1
Xr, = XR 1 1 1 2| oz 1| 2¢]| 2 1 z* z
Xrg = X;‘G 1 1 1 2|z | z 1| 2] 2* z 1
Xry, = X; 1 1 1 2l z |2z 2z | 1| z 1 z*
X,y = X;n 313 (3|00 0] 0|01]0 0 0
Xr,, = ;m 31313 [0]0|0]0|01]0 0 0

Table E.21: Character table for the group A(27), with z = €27%/3,

All representations except the trivial one I'; = T'; are complex. The pairs of conjugate represen-

tations are B B B B -
Iy=T3, I'y=TI7, I's=TIy, TI's=TIs, TI'io=TI1. (E.6)

Based on the character Tab. [E:2] one can deduce the products of irreducible representations.
The products involving three-dimensional representations are given by

FP®F10 :F107 p = 1,2,...797 (E?a)
o ®@ Ty = 3T, (E.7b)
9
I'i®@Tho = @Fp; (E.7c)
p=1

while the remaining reduction formulas can be derived by complex conjugation using I'1g = I'y;.
The three-dimensional representations I';g and I'y; have nontrivial opposite triality, while the
one-dimensional representations have trivial triality. The tensor products of the one-dimensional
representations are listed in Tab.

Appendiz E.3. Distance between group elements in A(27)

Applying the distance between group elements Eq. (A.18) defined by the three-dimensional
fundamental representation I'1g (or equivalently I'11) of A(27), we obtain

p(0,2) = 1= 3 ReTr [[y()T10(0) ] (ES)

which realizes an embedding in SU(3). This implies that different members 2, 22, and z*Q of the
same conjugacy class, where Q € A(27) and z € Z(A(27)), are separated by a maximal distance

w(Q,2Q) = u(zQ, 2*Q) = u(z*Q, Q) = 3/2. (E.9)
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| T [To [Ty [Ty [T5 [T |7 | [Ty |
T, [[T; [ T2 | Ts | T4 Ds | L6 |7 Ts |y
Ty || Ty | T3 | 1 | Ts | Te | L4 | s | Ty | L7
Ty || T3 | Ty | Te | Tg | T4 | D5 | Do | Ty | Tg
Ty || T4 | L5 | T6 | T7 | Ts| Do | Dy | Ty | s
Ty || Ts | Tg | Ta | Ts | Ty |7 | Ty | T3 | Ty
T || T | Ta | T5 | Ty | 7 | Is | D5 | Iy | I3
T, || T; | Tg | To | Ty |Ts | D3| T4 5| g
Ts || Ts | Ty | T7 | To | I5 | Iy | T5 | g | L4
To || T | U7 | Tg | Ts | Ty | s | T | Ty | Ts

Table E.22: Multiplication table for the one-dimensional representations I'p, p = 1,2,...,9, of the group A(27).

Members of different conjugacy classes (except 1, z1, and z*1), on the other hand, are separated
by the distance 1. Hence, once again, members of different conjugacy classes (except 1, z1, and
2*1) are separated by a shorter distance than group elements, which belong to the same class.

Appendiz E.4. One-cocycles and W factors

A one-cocycle w assigns a one-dimensional representation I'y,, p = 1,2,...,9, to each group
element in A(27), i.e.,

w(,U) = Tye) (), (E.10)

where C = C(U). Since A(27) has nine one-dimensional representations and 11 conjugacy classes
C1, Ca,...,C11, there are 9! possible one-cocycle candidates. The conjugacy classes Cy, Ca, and Cs,
which contain the center elements 1, z1, and 2*1, are always associated with the same represen-
tation, i.e., p(C1) = p(C2) = p(Cs), so that Cq, Ca, and C5 can again be combined into the set Cya3.
We find 81 allowed cocycles w; by solving the consistency condition Eq. , a subset of which is
shown in Tab. Note that due to the conjugation symmetry of the representations of A(27),
also the one-cocycles will be related to each other.

’ JCi[C[C[Ci|Cs[Cs|Cr|Cs]Co]Cio]Cn
wl(Q, U) = wl(Q, U>* Fl Fl Fl Fl Fl Fl Fl Fl Fl Fl Fl
w2 (Q, U) == W3(Q, U)* Fl Fl Fl Fl Fl Fg FQ FQ Fg Fg F3
W4(Q, U) = w7(Q, U>* Fl Fl Fl F4 F7 Fl F4 F7 Fl F4 F7
Ws (Q, U) = WQ(Q, U)* Fl Fl Fl F5 Fg F5 Fg Fl Fg Fl F5
w6(Q, U) = OJS(Q, U)* Fl Fl Fl FG Fg Fg Fl FG F@ Fg Fl

wlo(Q, U) = Wll(Q, U)* Fl Fl Fl FG Fg Fg FQ F4 F5 F7 Fg
OJ12(Q, U) = OJ13(Q, U)* Fl Fl Fl Fg F3 F4 F5 F6 F7 Fg Fg
W14(Q, U) = W15(Q, U)* Fl Fl Fl FQ Fg F5 FG F4 Fg F7 Fg
OJ16(Q, U) = OJ17(Q, U)* Fl Fl Fl Fg F3 F6 F4 F5 Fg Fg F7
ng(Q, U) = wlg(Q, U)* Fl Fl Fl F4 F7 FQ F5 Fg Fg FS Fg
WQ()(Q, U) = WQl(Q, U)* Fl Fl Fl F4 F7 F3 F6 Fg FQ F5 Fg
[95P) (Q7 U) = OJQg(Q, U)* Fl Fl Fl F5 Fg F4 Fg F3 F7 FQ F(,
WQ4(Q, U) = O.)Q5(Q, U)* Fl Fl Fl F5 Fg F6 F7 FQ Fg Fg F4
OJQ(;(Q, U) = OJ27(Q, U)* Fl Fl Fl FG Fg F7 Pg F5 F4 Pg ].—‘2

Table E.23: 27 among the 81 allowed one-cocycles for the group A(27), for which we illustrate the conjugation

symmetry.

37




In complete analogy to the groups S3 and Dy, we observe that the W factors are in one-to-one
correspondence to the one-cocycles. Applying a suitable gauge choice (the asymmetric gauge), we
find one trivial doubled YM theory, associated to the cocycle wy, which yields

W(Q,Q) =1, (E.11)

for all 2, = 1. The remaining one-cocycles w;, i = 2,3,...,81 yield (potentially) nontrivial W
factors ) )
W(C,C') e {1,e?m/3 ¢~ 2m/31, (E.12)
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