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ABSTRACT. The cyclic bar construction in symmetric spectra and Bokstedt’s
original construction are two possible ways to define the topological Hochschild
homology of a symmetric ring spectrum. In this short note we explain how to
correct an error in Shipley’s original comparison of these two approaches.

1. INTRODUCTION

When topological Hochschild homology was first introduced by Marcel Bokstedt
in the unpublished manuscript [Bok85], a good point set level model for the smash
product of spectra was not yet known, and THH was defined for functors with smash
products. One can implement Bokstedt’s definition for a symmetric ring spectrum
R by defining THH(R) to be the realization of the simplicial symmetric spectrum
(1.1) [k] » THH(R) = hocolim Q" [ F(R, A...ARy,).

(no,...,ng ) ETXk+1
Here 7 is the category of finite sets and injections, L is a level-fibrant replacement
functor in symmetric spectra, and Fj is the suspension spectrum functor. The
functoriality of Q"0+ LEFy (R,  A...ARy,) in the product category Z***! comes
from the structure maps of R, and the simplicial structure maps of [k] — THH(R)
arise from the multiplication and unit of R; see Construction below.

When viewing a symmetric ring spectrum R as a monoid with respect to the
smash product of symmetric spectra, one can also define its topological Hochschild
homology as the realization of the cyclic bar construction [k] — B} (R) = R"*1.,

These two approaches are compared by Shipley in [Shi00, Theorem 4.2.8]. The
first step in her argument is to construct a chain of stable equivalences relating
B (R) and the simplicial object

(1.2) [k] = hocolim,,c7 Q" LFy(RN+1),, .

Next Shipley shows that there are canonical stable equivalences relating the simpli-
cial degree [k] parts of (1)) and (IZ). However, it is erroneously stated in [Shi00,
Theorem 4.2.8] that these maps form a morphism of simplicial objects. The problem
is the compatibility with the last face map: The permutation of the Z-coordinates
that goes into the last face map of the simplicial object (II]) has no counterpart in
the simplicial structure of (I.2)). We make this precise in Example 23] below.
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2 IRAKLI PATCHKORIA AND STEFFEN SAGAVE

In Theorem below we provide a comparison of these two definitions of THH
that avoids this problem. Our strategy is to use a cofibrant replacement that allows
us to replace homotopy colimits by colimits in the critical part of the argument.

1.1. Conventions. We assume familiarity with symmetric spectra and refer to
[HSS00] and [Sch12] as useful references for this topic. We will often index spheres
and the levels of symmetric spectra by finite sets n = {1,...,n} rather than by
natural numbers. This helps to keep track of permutation actions.

2. Two MODELS FOR THH

Let Z denote the category of finite sets m = {1,...,m}, m > 0, and injective
maps. It is symmetric strict monoidal under the ordered concatenation of ordered
sets mUn = m + n. The empty set 0 is the monoidal unit, and the block permu-
tation T(m n): mUN — nUm provides the symmetry isomorphism for L.

As explained in [DGMI13], 2.2.2.1 and 4.2.1.1], applying the cyclic bar construc-
tion in the category of small categories (cat) to Z provides a functor

BJT: AP — (cat), [k] = Tk FL,

The simplicial face and degeneracy maps act by

and

...,n; LUng 0<i<k
di(n07~--,nk) = (no’ s I i1, 7nk) . S?
(nkunow"unkfl) 1=k

Si(no, . .,Ilk) = (nﬂa .- 'ani,Ovni+17 . ',nk)'

Recall from [Tho79, 1.1 Definition] that the Grothendieck construction on a functor
F: C — (cat) is the category whose objects are the pairs (C; X) with C' € Ob(C)
and X € Ob(F(C)). A morphism (C;X) — (D;Y) is a pair («; f) of morphisms
a:C—=DinCand f: F(a)(X) =Y in F(D).

Definition 2.1. Let BYZ be the Grothendieck construction of B¥Z: A° — (cat).

Let Sp” be the category of symmetric spectra of simplicial sets and let L =
Sing| — |: Sp™ — Sp™ be the level fibrant replacement functor given by forming the
singular complex of the geometric realization in each level. Let S, be the category of
pointed simplicial sets, and let Fy: S, — Sp™ be the suspension spectrum functor.

The next construction is a reformulation of [Shi00} 4.2] and [DGM13], 4.2.2.3].

Construction 2.2. Let R be an associative symmetric ring spectrum and let M
be an R-bimodule. Let
D(R; M): BYT — Sp*
be the functor which is defined on objects by
([k]; o, . . ., ng) — Map(SPe ™ LE (Mpy A Rny, A... A Rp,)).

The morphisms in Z#*! act via the symmetric group actions on the levels of R and
M and the structure maps of the spectra R and M [DGMI13| Definition 4.2.2.1].
The morphisms in A act as in [DGM13| 4.2.2.3]. For example, the last face map
gives rise to a morphism

(2.1) ([k];no,...,nx) = ([k — 1];nxUnog, ..., nx_1)

in BYZ which acts by using the symmetry isomorphism that moves Ry, to the
front of the iterated smash product, the multiplication Ry, A Mpn, = Mn, Ling, and
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THH AND THE CYCLIC BAR CONSTRUCTION 3

the corresponding permutation of the sphere coordinates. The universal property of
the Grothendieck construction and [DGMI3| Lemma 4.2.2.2] imply that this does
indeed define a functor on B¥Z. (The benefit of indexing D(R; M) by BVYT will
become apparent in the next section.)

Writing Dy (R; M) = D(R; M)([k]; —): Z**+1 — Sp*, we get a simplicial object
in symmetric spectra

[If} — hocolimzxx+1 Dy (R, M) =: THHy, (R, M)
where a: [k] = [I] in A acts by
hocolimzxi+1 Dj(R; M) — hocolimzxi+1 Di(R; M) o a* — hocolimzxi+1 Dy (R; M).

Here the first map is induced by the functoriality of D(R; M) in BY¥Z. As discussed
in the introduction, the realization of THH4 (R; M) is Bokstedt’s model for THH.
Now let

BY(R; M): A® — Sp™  [k] — M A RM,
be the cyclic bar construction in (Sp™, A,S); see e.g. [DGMI3] 4.2.1.1]. Let
0F,: Sp” = (5p7)7,  (9§,)(X)(m) = Map(5™, LFy Xun),

be the functor where isomorphisms m — m in Z act by conjugation and inclusions
m — 1 — m act via the structure map of X. Then hocolimz Qgp: Sp”~ — Sp” is
Shipley’s detection functor [Shi00, Definition 3.1.1]. It is shown in the first part of
the proof of [Shi00, Theorem 4.2.8] that there is a zig-zag of degreewise stable equiv-
alences of simplicial objects in symmetric spectra relating hocolimz Qngfy(R; M)
and BgY (R; M). To relate the former object to THH4(R; M), we note that there is
a canonical map

(2.2) Mpo ARy Ao .ARpy = (MARA...AR)ngui...Uny-

(The map arises for example from identifying (X AY'),, for symmetric spectra X
and Y with colimy: n, 1ng—sn Xn, A Yo, A SM\@M1U02) where the colimit is taken
over the comma category — LI — | n.) Writing ppyq: Z*¥1 — T for the iterated
concatenation, the map (Z2)) induces a morphism of symmetric spectra

(23) THHk (R, M) = hOCOlime k41 Dk (R, M)
— hocolimz ks i 5, (M A R™) — hocolimz QF (M A RF).

The problem with the proof of [Shi00, Theorem 4.2.8] is that this map fails to
provide a map of simplicial objects:

Example 2.3. We examine how the comparison maps in simplicial levels 0 and 1
interact with d;. To simplify the exposition, we here ignore the suspension spectrum
functor and the level fibrant replacement. Let f: S™0"™1 — M, A Ry, represent
a 0-simplex in hocolimzx2 D1(R; M). First applying the map (23]) and then the
simplicial structure map dy of B¢’ (R; M) to f amounts to forming the composite

(24)  SmoUm L ar ARy = (M A R)nguimy = (RAM)ng ng 5 Mug U, -
Applying first d; and then the map (23] sends f to the composite

(2.5)  gmabmo Towmoly gnotine L v A Ry T Ray A Mag 2 Moy no-
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4 IRAKLI PATCHKORIA AND STEFFEN SAGAVE

However, inspecting the commutative diagram

smotny Lo nr AR (M A R)nguny = (RA M)ng iy — Mg i,

J/T(novnl) \LT \J/T("01"1) lT(noynﬂ

Snlun0—>Rn1/\MHQ (R/\M)n1UHoi>Mn1Un0)

we deduce that the two maps (2.4) and (2.3]) differ by the conjugation action of the
block permutation 7(n4 n,): NolUny; — nyUng. In fact, this is already indicated
by the order of ng and n;. Hence the points in hocolimz Qgp(M A RMNF) represented
by the two maps (Z4]) and (23] do not coincide in general. Instead, they are only
connected by the 1-simplex represented by the morphism 7(n, n,) in Z.

This shows that the maps ([23]) fail to be compatible with the simplicial structure
maps and do not induce a morphism on the realization.

3. DIAGRAMS INDEXED BY THE CYCLIC BAR CONSTRUCTION ON Z

We now return to the setup of Definition Il Let us for a moment view the
iterated concatenation in Z as a functor

g1 TFTE 5 AP T (no,...,nk) — ([k],noU...Uny).
We claim that each a: [k] = [I] in A induces a natural transformation

Q: 1 = pey1oa’

such that for 3: [I] — [m], the following composition rule is satisfied:
Ba = (@B*)(B) : fans1 = pis1 0@ 0 5 = g1 0 (Ba)*.

To define @, we set @ = (a,id) if « is a degeneracy map or a face map that is not
equal to the last face map, and @ = (@, T(ng U... Uny_1,ny)) if @ is the last face map.
Writing a general a as a composite of face and degeneracy maps, we can define @
by the above composition formula. This is well defined since our definition of @ for
the face and degeneracy maps is compatible with the simplicial identities. By the
universal property of the Grothendieck construction [Tho79) 1.3.1 Proposition], we
thus get a functor

(3.1) p™: BYLT — A x T
sending ([k];ng,...,nk) to ([k],no ... Uny).
Definition 3.1. Let E: A°® — (Sp™)T be a simplicial object in Z-diagrams of
symmetric spectra. Viewing it as a functor E: A° x T — Sp™, we let
E™: BYT — Sp~
be the composite E o u'" of E with the functor (3.1)).

We note that for E: A°? — (Sp*)7, there is a canonical map

. tw . = : * _ 3 _
(3.2)  hocolim E™([k]; =) — hocolim 1.y, E([k], =) — hocolim E([], ).
Analogous to Example 23] the maps (82 do in general fail to be compatible with
the last face map di and thus do not assemble to a map of simplicial objects.
However, composing with the map from the homotopy colimit to the colimit, this
can be resolved.

Licensed to Radboud University Nijmegen. Prepared on Thu Jun 9 05:45:38 EDT 2016 for download from IP 131.174.17.24.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THH AND THE CYCLIC BAR CONSTRUCTION 5

Lemma 3.2. The morphisms [B2) become compatible with the simplicial structure
maps after composing them with the canonical map hocolimz — colimz.

Proof. Since the map from the homotopy colimit to the colimit is natural with
respect to the change of the index category, it is sufficient to show that «: [k] — [{]
in A induces a commutative diagram

colimzxi+1 B ([l]; —) — colimz E([l], —)

l l

colimzxw+1 E™([k]; =) — colimz E([k], —).

This is easy to verify for the degeneracy maps and all face maps but the last one. Let
82 [ —1] — []] be the last face map in A, and let * € E™([l];no, . .., nj) represent
a simplex in one of the levels of the spectrum colimzxiy1 E™([l]; —). Then the
composite through the upper right hand corner sends x to the simplex represented
by (69)*(x) € E([l — 1],ngU...Uny), while the other composite sends it to the
simplex represented by

(T(no u... unl,hn]))*(((sl)*(ﬂ?)) e E(l—-1],mUnoU...Uny_1).

These represent the same simplex in the colimit. O

We need some preparation to apply the lemma in a useful way.

Definition 3.3. Let R be an associative symmetric ring spectrum and let M be
an R-bimodule. Then the twisted cyclic bar construction is the B®YZ-diagram

BY (R; M)™ = QF,(BY (R; M))™: BYT — Sp”
where Qf and BJY(R; M) are as in the last section.

Recall that a symmetric spectrum X is semistable if it admits a 7,-isomorphism
to a symmetric Q-spectrum [HSS00, 5.6], and that it is flat if it is S-cofibrant, i.e.,
cofibrant in the S-model structure developed in [Shi04]. We call a symmetric ring
spectrum flat if its underlying symmetric spectrum is flat.

Proposition 3.4. The canonical maps to the smash product [2.2) induce a natural
transformation of B ZI-diagrams D(R; M) — BY(R; M)™. Fizing a simplicial
degree [k], the induced map

THH,(R; M) = hocolimzxx+1 Dg(R; M) — hocolimzxx+1 BY (R; M)™ ([k]; —)
is a stable equivalence if R is flat and R and M are semistable.

Proof. 1t follows from the definitions that there is an induced map. The argument
given in the proof of [Shi00, Theorem 4.2.8], which is in turn based on [Shi00L
Proposition 4.2.3], shows that the composite of the map in the statement of the
proposition with the map [8.2) for £ = Qgp(ny(R; M)) is a stable equivalence.
Hence it is enough to show that

hocolimg 1 py 41 (5, (B (R; M))) — hocolimz QF (BY (R; M))

is a stable equivalence. This follows from Lemma B.10] and Lemma [3.T2] below since
by [Sch08, 4.10 Theorem]|, our assumptions on R and M imply that B¥(R; M) is
semistable. O
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6 IRAKLI PATCHKORIA AND STEFFEN SAGAVE

To apply Lemma to the cyclic bar construction, we employ the projective
model structure on the diagram category (Sp~)2""*Z = ((Sp*)2"")Z. This is the
model structure where a natural transformation f: X — Y of A°P x Z-diagrams of
symmetric spectra is a weak equivalence or fibration if f([k], m) is a weak equiva-
lence or fibration in the absolute projective stable model structure on Sp™ for all
objects ([k], m) of A°P x Z. Let

(3.3) C —— O, (B (R; M))

be a cofibrant resolution in this model structure. Inspecting the generating cofibra-
tions of the projective model structure on (Sp*)2"*7, it follows that for each [k],

the map C([k], —) —» Qgp(Bzy(R; M)) is a cofibrant replacement in (Sp~)Z.

Proposition 3.5. The cofibrant replacement and the natural map from the homo-
topy colimit to the colimit induce a zig-zag of stable equivalences

hocolimgzxxt1 BY (R; M)™ ([k]; —) <= hocolimzxk+1 C™([k]; —)
= colimz C([k], —) <= hocolimz C([k], —) = hocolimz QF (B (R; M))
that is compatible with the simplicial structure maps.
We prove the proposition at the end of the section.

Theorem 3.6. Let R be a flat symmetric ring spectrum, let M be an R-bimodule
spectrum, and assume that R and M are semistable. Then there is a zig-zag of de-
greewise stable equivalences of simplicial objects relating B¢ (R; M) and
THH,(R; M). It induces a chain of stable equivalences after realization.

Proof. This follows by combining Propositions 3.4 and B8l with the chain of degree-
wise stable equivalences relating Be¥ (R; M) and hocolimz QF, (Bs¥ (R; M)) from the
proof of [Shi00, Theorem 4.2.8]. O

Remark 3.7. One can use the argument outlined in [Shi00, Remark 4.2.10] to get to
a more general statement that avoids the semistability assumption in the previous
theorem.

Remark 3.8. When M = R, both B¢ (R; M) and THH,(R; M) are cyclic objects,
i.e., they extend to functors A°? — Sp™ on Connes’ cyclic category A. Replacing
A in our constructions by A leads to a chain of stable equivalences relating these
cyclic objects and therefore to a cyclic version of Theorem After realization
of the cyclic objects involved, we thus obtain a chain of stable equivalences of
symmetric spectra with S'-action relating B%Y(R) = |BsY(R; R)| and THH(R) =
| THH,. (R; R)|-

In view of the cyclotomic structure on the cyclic bar construction (of an orthogo-
nal ring spectrum) recently established by Angeltveit et al. [ABG™15], one may ask
if this zig-zag of stable equivalences induces a zig-zag of stable equivalences relat-
ing the resulting topological cyclic homology spectra. We don’t have evidence that
this follows directly from the present result. In fact, already the zig-zag of stable
equivalences B%(R) ~ hocolimz Qgp(BCy(R)) from the proof of [Shi00, Theorem
4.2.8] does not appear to be well behaved with the passage to fixed points.
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THH AND THE CYCLIC BAR CONSTRUCTION 7

3.9. Semistability results. An Z-space X is a functor X : Z — S, from Z to based
simplicial sets. Let A/ C Z be the subcategory given by the standard inclusions. A
map of Z-spaces X — Y is an N -equivalence if the induced map of based homotopy
colimits hocolima X — hocolima Y is a weak equivalence of spaces. An Z-space
X is semistable if there is an N-equivalence X — Y with Y homotopy constant,
i.e., every a: m — n induces a weak equivalence a,: Y (m) — Y (n). This notion
of semistability is studied in [SS13| 2.5] in the case of unbased Z-spaces.

Lemma 3.10. Let X: 7 — S, be a semistable T-space. Then the canonical map
hocolimzxx pj(X) — hocolimz X
is a weak equivalence.

Proof. Suppose first that X is homotopy constant. Then the canonical maps
X(niU...Unk) — hocolimzxk 7 (X) and X(nyU...Uny) — hocolimz X

are weak equivalences since the classifying spaces of Z and Z** are contractible; see
e.g. [Dug01] Proposition 5.4]. This implies the result for a homotopy constant X.
For a semistable X, it is now sufficient to show that an N-equivalence X — Y
induces weak equivalences

hocolimz X — hocolimz Y and hocolimzxr £} (X) — hocolimzxx pj (Y).

For the first map this follows from [Shi00), Proposition 2.2.9]. The claim about the
second map follows since there is a weak equivalence
hocolim p} (X) = hocolim hocolim X ((nq U...Unk_7)Un
Tk Mk( ) (n1,...m_1)€ET*k—1 n€eL (( 1 k 1) k)
and restriction along (ny U...Unyg 1)U —:Z — Z preserves N -equivalences by a
cofinality argument. (|

Remark 3.11. Since the classifying space of the undercategory 1 | ps has two path
components, the functor py is in general not homotopy cofinal, and the last lemma
does not hold without the semistability hypothesis.

Lemma 3.12. Let E be a semistable symmetric spectrum. Then Qgp(E) s a
semistable L-space in every spectrum degree.

Proof. Let E — F be a m,-isomorphism to a symmetric Q-spectrum F. Then
in spectrum level 0, the induced map Qgp(E) — Qgp(F ) is an NM-equivalence to
a homotopy constant Z-space. The Z-space in spectrum level k& > 0 of Qgp(E)
is isomorphic to the Z-space in spectrum level 0 of the Z-symmetric spectrum
Qgp(Sk A E) associated with the symmetric spectrum S¥ A E. Since S* A E is
semistable if E is [Sch08, 4.6 Example], the level 0 case implies the general case. O

Proof of Proposition 3.5 The compatibility with the simplicial structure maps fol-
lows from Lemma It is clear that the first and the last map are stable
equivalences. The third map is a stable equivalence because C([k],—) is cofi-
brant in (Sp™)%. Using once more that hocolims C([k], =) — colimz C([k], —)
is a stable equivalence reduces the claim about the second map to showing that
hocolimzxx+1 C™([k]; —) — hocolimz C([k], —) is a stable equivalence. In view
of Lemma B0 it is sufficient to show that C([k], —) is semistable as an Z-space
in every spectrum degree. Since the cofibrant replacement (B3] is an objectwise
level acyclic fibration of symmetric spectra, this follows from Lemma since our
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8 IRAKLI PATCHKORIA AND STEFFEN SAGAVE

assumptions on R and M imply that B;” (R; M) is semistable; see [Sch08| 4.10 The-
orem)]. O
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