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ANALYSIS OF BLENDED ATOMISTIC/CONTINUUM HYBRID
METHODS

XINGJIE HELEN LI, CHRISTOPH ORTNER,
ALEXANDER V. SHAPEEV, AND BRIAN VAN KOTEN

ABSTRACT. We present a comprehensive error analysis of two prototypical atomistic-to-
continuum coupling methods of blending type: the energy-based and the force-based quasi-
continuum methods.

Our results are valid in two and three dimensions, for finite range many-body interactions
(e.g., EAM type), and in the presence of lattice defects (we consider point defects and
dislocations). The two key ingredients in the analysis are (i) new force and energy consistency
error estimates; and (ii) a new technique for proving energy norm stability of a/c couplings
that requires only the assumption that the exact atomistic solution is a stable equilibrium.

1. INTRODUCTION

Atomistic-to-continuum coupling methods (a/c methods) are a class of concurrent multi-
scale schemes coupling molecular mechanics models of atomistic processes with continuum
mechanics models of long-ranged elastic fields. A recent extensive overview and benchmark of
a/c schemes for material defect simulation is presented in [28]. These schemes can, broadly,
be categorised into sharp-interface couplings and blending methods. Each of these categories
can further be divided into energy-based (conservative) and force-based (non-conservative)
a/c couplings. In the present paper we develop a comprehensive error analysis of both energy-
based and force-based a/c couplings of blending type, which forms the theoretical background
for the optimised formulations in [26, 21].

Precisely, we will consider (i) the B-QCE scheme formulated in [38, 26|, which is closely
related to methods proposed in [41, 2, 1]; and (ii) the B-QCF scheme formulated in [24, 20, 21],
which is closely related to methods proposed in [1, 2, 3, 14, 22, 35, 37, 41]. While our results
are not be immediately applicable to these related schemes [41, 2, 1, 3, 14, 22, 35, 37|, we
expect that many of the techniques we develop can be employed to develop such extensions.

In recent years a comprehensive numerical analysis theory of a/c methods has begun to
emerge, which is summarized in the review article [25]. In one dimension, the foundations
of this theory are largely completed [25]. In two and three dimensions only partial results
exist to date: in [32] sharp error bounds for an energy-based coupling scheme are proven,
in the presence of point defects. However, the scheme itself is restricted to two dimensions
and pair interactions, and moreover, the analysis makes an assumptions on the magnitude
of the atomistic solution in order to establish stability of the a/c scheme. In [24] a sharp
error estimate is established, which is valid in two and three dimensions and for general
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2 X. LI, C. ORTNER, A. V. SHAPEEV, AND B. VAN KOTEN

interatomic potentials; however, to establish stability of the scheme it is assumed that the
atomistic solution is globally smooth, which therefore excludes the presence of lattice defects.
Our starting assumption is that the error analysis ought to be performed in the energy-
norm as this provides, to the best of our knowledge, the only route at present to include
crystal defects in the analysis following [32, 12, 25].
Thus, there are two key difficulties in extending the one-dimensional analysis in [25] (and
references therein) to two and three dimensions:

(1) Energy-norm consistency: While consistency error estimates in LP-type norms are
readily obtained from elementary Taylor expansions, consistency error estimates in
the negative energy norm are more difficult to obtain, since they require an analyt-
ically convenient “weak form” of the forces. The different interaction ranges of the
continuum and atomistic models make this non-trivial as can, for example, be seen
from the analysis in [30], which develops such a “weak form” for energy-based sharp
interface a/c couplings. In the present paper we draw from ideas in [34] to establish
sharp consistency error estimates; see § 4.3 and § 4.4.

(2) Stability: A key observation in [24] was that force-based blending (the B-QCF
scheme) with a macroscopic blending width yields a “universally stable” a/c coupling
in the terminology of [33]. However, stability is proven under conditions which, to our
understanding, make it impossible to extend the analysis to situations with crystal
defects, and the required blending width makes the scheme prohibitively expensive. In
[20] it was then shown that the B-QCF scheme is also stable in a natural energy-norm,
and that only a moderate blending width is required. However, this result required
the assumption that a related B-QCE scheme is stable, which was still unknown.

In the present work, we develop a new technique that allows us to prove stability
of the B-QCE scheme; see § 4.5. After extending results from [20] and employing
regularity estimates for the elastic fields generated by crystal defects [12], we are able
to also conclude stability of the B-QCF scheme; see § 4.6. Aside from technical condi-
tions, our stability results only require the assumption that the atomistic equilibrium
we are aiming to approximate is itself stable, but no assumptions on the magnitude
or smoothness of the solution as in [32] or [24] are required.

The paper is structured as follows: In § 2 we introduce a number of concepts that we
require in order to formulate the B-QCE and B-QCF schemes (§ 3.1.2 and § 3.1.3), and to
state the main results in § 3.2. Our concluding remarks are also contained in that section,
in § 3.3. In § 4 we present the key ideas and intermediate results that are required to prove
the main results. Finally, in § 5-§ 7 we present the technical details of the proofs.

2. PREREQUISITES

2.1. Generic notation. Functions are normally maps from R? — R™ or Z? — R™ for some
d,m € {1,2,3}. Vectors in RY, R™ or vectorial functions are normally denoted by the symbols
Y, z,u,v,w, f. Lattice sites, i.e. elements of Z¢ are normally denoted by &, 7, while points in
the continuous reference configuration are denoted by x € R%. We also identify x with the
identity map.

Matrices or matrix-valued functions are normally denoted by A, B, S, R and so forth. Ten-
sors of fourth or higher rank are normally denoted by A, B, C, and so forth.

If a function f: R? — R™ is (weakly) differentiable, then we denote its jacobi matrix at z
by Vf(x). If f is scalar-valued, then V2 f(z) denotes the hessian matrix. In general, V’ f(z)
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FIGURE 1. Subdivision of the cube [0, 1] into 6 tetrahedra Ty, ... ,Tg, so that
the resulting partition .7 is 1nvar1ant under reflection about any lattice point
EeZs.

denotes a tensor of order m x d x --- x d. Partial derivatives with respect to some variable
s are denoted by % or Js. If @ = (au,...,qq) is a multi-index, then d, = 0., --- Ora,-

Directional derivatives are denoted by V,f := Vfp, p € R%. If R C R? then we define a
collection of directional derivatives Vg f(z) := (V,f(2))per-

Our use of tensor notation is intuitive and not crucial to follow the main ideas. Nev-
ertheless, for the sake of completeness we formally define our notation. The symbol ®
denotes the usual tensor product: if A = (A;, ;) € R and B = (B, . k) €
Rmcexms Sthen A @ B = (Ajy,. 4, Bry,k,) € R mexmuceams - If A = (A .)€
Rm1x i X Xty B = (Bj,,.j,) € R then the contraction operator is denoted by
(A:C)y Z"l 2" Ay desitsenin Bi .- I particular, if A, B have the same rank,
then A : B E R denotes the euclidean inner product.

The symbol (-, -) denotes an abstract duality pairing. If X, Y are normed linear spaces and
# : X — Y has well-defined directional derivatives at a point v € X, then we denote the
first of second derivatives, respectively, by

(0.7 (u),v) = grét_l (F(u+tv) — F(u)) and
(82.F (u)v,w) := 12% 0T (u+ tw) — 5.7 (u),v).

Higher variations are defined recursively, e.g., (§°.Z (u)vy, vg, v3) = limy ot 1 {(62.F (u+tvs) —
62.7 (u))vy,v2), whenever the limit exists.

We use the standard definitions and notation LP, W*?_ H* for Lebesgue and Sobolev spaces,
and /7 for sequence spaces on Z? or subsets thereof.

The closed ball with radius r and center x is denoted by B, (z). Further, we set B, := B,.(0).

2.2. Lattice functions and function spaces. For d € {2,3},m € {1,2,3}, we denote the
set of vector-valued lattice functions by

U = U L) = {v: Z" - R™}.
We interpret the lattice Z? as the vertex set of a simplicial grid .7, as follows:

e in2D, 7 = {£+T E-T|€Ee7? WhereT—conV{O €1, e2};
ein3D, 7 ={6+T;|E€Z3j=1,...,6}, where T}, ..., Ts subdivide the cube [0, 1]?
as dlsplayed in Flgure 1.

Let ¢ € WH*(R% R) be the P1 nodal basis function associated with the origin; that is ¢
is continuous and piecewise affine with respect to .77, ((0) = 1 and (&) = 0 otherwise. We
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can then write the nodal interpolant as
o(z) = v()l(x—¢), forvew. (2.1)
£ezd
Clearly, 7 € W,2°(R%) and ©(€) = v(€) for all £ € Z2.
Using the previous definition, we introduce the discrete homogeneous Sobolev spaces

%1’p::{u€%‘Vﬂ€Lp}, for p € [1, 0],

and the associated semi-norms |u|z1 := ||V zr. This semi-norm fails to be a norm since
it does not penalize translations, but this issue will not enter our analysis. For p € [1,0),
the space of compact displacements,

U = {u € % |supp(u) is compact}
is dense in % 1 in the sense that, for each u € % *? there exists u,, € % ¢ such that Viu,, — Vi
strongly in LP. [31, Prop. 9].

2.2.1. Smooth interpolant. Since we will be primarily interested in approximation results,
we require some information about the regularity of lattice functions. Higher-order finite
differences, a natural measure of local smoothness of lattice functions, are cumbersome for our
analysis, hence we introduce a C*!'-conforming multi-quintic interpolant whose derivatives
will provide equivalent information. To construct it we define the second-order nearest-
neighbour finite differences

D™ u(€) = u(8),
D™ u(g) = 3 (u(€ + ) — u(€ — ),
D™ u(€) = u(€ + &) — 2u(€) + u(§ — e,
for ¢ € Z%i € {1,...,d}. For a multi-index o € Z%, |a|o < 2,0a; > 0, we define
Diu(€) = D™ - D u(),

I~

The smooth interpolants are now defined through the following lemma. Closely related
and in some respects stronger results can be found in [7, 36], but not of the specificity that
we require (in particular not for d = 3).

Lemma 2.1. (a) For each uw € % there exists a unique i € C*'(R%R™) such that
4 € Qs(E+4 (0,1)) for all £ € Z% and 8,a(§) = D2 u(E) for a € 24, |alw < 2, € € Z°.
(b) Moreover, there exists a universal constant C such that, for p € [1,00], 0 < j < 3,

IV Lo g0,y < CIID?ullen(es{—1,0,1,23)- (2.2)

In particular, it follows that |Va||r» S |[|Val|re, where D is the collection of first-order finite
differences defined in (2.4).

Proof. The proof is given in § 5.2. U

2.3. The atomistic model. We review an atomistic model from [12] for a defect in a
homogeneous crystalline environment, which will form the “exact problem” that we will
subsequently aim to approximate using atomistic/continuum blending schemes.

We will consider atomistic models for two classes of crystallographic defects: point defects
and screw dislocations.
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2.3.1. Far-field boundary condition. We fix domain and range dimensions d € {2,3},m €
{1,2,3}. We call Z% the reference configuration and, with some abuse of terminology, a map
y € % a deformed configuration or deformation. For example, if d = m = 3, then y(&) is the
position of atom &.

We shall impose a far-field boundary condition y(§) ~ yo(§) as || — oo, by specifying a
reference deformation vy : R? — R™ and admitting only deformations from the space

Y = {yE%|y:yo+uforsomeue@/1’2}.

We explain how to choose yy to model various types of defects in § 2.3.3 and § 2.3.4 below.
It will later become important that yq is defined on all of R
For future reference, we extend the definition of the two lattice interpolants as follows:

y:=yo+u and ¢:=vyo+ u. (2.3)

(Strictly speaking, this represents a clash of notation. However, henceforth we will always ap-
ply the smooth interpolant to elements of % or %' and therefore adopt the latest definition

(2.3).)

Remark 1. To justify how we impose the far-field boundary condition we note that, in
all our model problems we will have that yy(£) scales linearly as || — oo, while u € %12
implies that |u(§)| = o(|€]) [31, Prop. 12]. Thus, we have that y(&) ~ yo(&) + o(|yo(§)]) as
€] — oo,

The choice of the % 12 space for the relative displacements u is due to the fact that these
are precisely the “finite-energy displacements”. ]

2.3.2. Energy difference functional. We now define an energy (difference) functional on the
space of deformations. First, we choose a finite interaction range R C B, NZ*\ {0}, where
reat > 018 a cut-off radius, and we define the finite difference operator and finite difference
stencil

Dyv(§) == v(& + p) —v(§), forve#, &peZf, and

Dv(§) = (Dpv(g))pe727 for ¢ € 7. (2.4)

We additionally make the technical assumption, without restriction of generality, that e; € R

fori =1,...,d. Then, for y € %, we define an atomistic energy difference functional of the
form
E(y) = Y V(Dy(€) = V(Dyo(€)), (25)
gezd

where V € C4((R™)®) is a site potential. If y — yo € ¢, then £2(y) is well-defined, and we
will show in Lemma 2.2 (see also §2.3.3 and §2.3.4) that, under natural conditions on ¥, &
can be extended to y € #'.

We denote the partial derivatives of V at a stencil g € (R™)® by

oV (s) 0*V(g)
v = 2B o Rm’ v = c m><m7
,P<g> agp ,pg(g> agpagg
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and so forth. For p € R’ we also write V,,..,, = V,, € R™ ™ The first and second
variations of &, for test functions v, w € ¢, and writing V¢ , = V,(Dy(&)), are given by

(66°(y),v) = > _(SV(Dy(£)), =YY Ve, Dyu(€), and

gezd ¢czd peR
(8 (Yo, w) = Y (FV(Dy(€)Do(€), Dw(€)) = > > Dyv(€) - (Ve Dew(€)).
I/ £ezd pseER

We require throughout that R and V' are point-symmetric. —R = R, and if g € (R™)®
and h = (—g_,),er, then V(g) = V(h). In particular, this requirement implies that

V_,(FR) = (-1)'V,(FR) for pe R),j>1, FeR™ (2.6)

Lemma 2.2. Suppose that Dyy € (°°(Z%; (R™)R) and 6&*(yo) € (% 12)*, that is, (§&%(yo), v)
c||Vo||L2 for allv € %°, then there exists a unique continuous and translation invariant ex-
tension of u — E*(yo + u),u € % tou € U2 The extended functional is four times
continuously Fréchet differentiable in % 2.

IN

Proof. This result is a simplified variant of [13, Thm. 2.3] or [34, Thm. 2.8]. O

We now specify further details of the atomistic model for two interesting situations: point
defects and screw dislocations.

2.3.3. Model for point defects. Strictly speaking, point defects occur only in 3D models, how-
ever we also admit 2D toy models. Moreover, some combinations of topological defects such
as infinite vacancy-type dislocation loops or dislocation dipoles with small separation distance
may occasionally also be treated as point defects, at least from an analytical perspective.

Thus, we admit d € {2,3},m € {1,2,3}. We choose a macroscopic strain A € R™*?
non-singular, and the far-field boundary condition yo(z) := Az. (The matrix A encodes the
lattice structure, say BZ<, as well as an applied macroscopic deformation z +— Fz; in this
case A = FB.)

Some point defects, such as Frenkel pairs, dislocation dipoles, can be modeled as local (but
not global) minimisers of &. Other types of point defects, such as vacancies, interstitials
and impurities, can be modeled (to some extent) by adding an external defect potential
P € CH¥) to the total energy (see [13]). We shall assume throughout that

(A.P1) & is localised: there exists Rz > 0 so that & depends only on (y(§);]¢] < R»).
(A.P2) & is translation invariant: & (y) = Z(y + ¢), where ¢(§) = c € R.

The total energy for point defects is then given by
y— & y) + P y).

Remark 2. For slightly more complex defect geometries, such as multiple interstitials,
it is convenient to augment the reference configuration, Z?, by a finite number of points.
Conceptually, our analysis is easy to extend to such cases, but we keep our simplifying
assumptions for the sake of a convenient notation. We refer to [13] for details of the ideas
required to carry out this extension. U
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2.3.4. Model for screw dislocations. Consider a straight screw dislocation in a Bravais lattice
BZ?, with Burgers vector b € BZ3. By rotating and dilating BZ3, we may assume without
loss of generality that b = |blez and that ez is the shortest vector belonging to BZ? which is
parallel to b. We assume, without loss of generality, that |b| =1, i.e., b = e3. In [19, 13] it is
shown that a straight screw dislocation can be modeled by an energy of the form (2.5) with
m = 3 and d = 2 and a reference deformation yy given by a linearised elasticity model. We
briefly summarize the construction:

We seek a reference deformation of the form yo(z) = Az + u'™(z), where A € R3*2, full
rank. The matrix A incorporates the underlying lattice structure and any applied macroscopic
in- and anti-plane deformation, while u'™ is the displacement map according to linearised
Cauchy-Born elasticity: Let W : R**? — RU{oo} be the Cauchy—Born strain energy density
defined by W(F) = V(FR) (see § 2.4 for more details), and let C := 92TV (A) € R3*2*3%2 he
the corresponding linearised elasticity tensor. Then we require that u'™ € C°°(R? \ I'; R?),
where I' := {(z1,0) | 1 > 0} is the “glide plane”, and solves

3 2
) Chow0nui(x) =0 forallz € R*\T. (2.7)
71=1 a,B=1

In addition »"™ must have Burgers vector b; that is, we require

Yo(21,0—) — yolx1,04) = u™(x1,0—) — u™(21,04) = b for all z; > 0, (2.8)

or in other words, [, Vu'™. dz = b for any closed path C' winding once around 0 in R?.
In [17, Sec. 12-3] and in [13, Sec. 2.4] it is shown that, if the deformation Ax is strongly
stable, i.e., there exists ¢y > 0 such that

(26> (Az)v,v) > || VD32 Yve %, (2.9)

then a solution ™ € C*°(R?\ {0}; R?) satisfying (2.7) and (2.8) exists, and moreover, that
Vul™ € C°(R?\ {0}; R3*2?) with

ViUl (2)| < O] for j > 1. (2.10)

In addition to the assumptions on V made in § 2.2 we require invariance under lattice slip
by a Burgers vector:

(A.Vper) V is periodic in the direction of b; that is, if g,h € (R*)® and g, — h, € bZ for all
p € R, then V(g) = V(h).

Remark 3. 1. Our assumptions on gy and V' are compatible with projecting a full 3D
model; see [13, Sec. 2.4] for the details.

2. One may also formulate an anti-plane model. In this case, we set m =1, W : R — R
and u!'™ now solves a scaler elliptic equation; again see [13] for the details. ]

2.3.5. The atomistic variational problem. Throughout the remainder of the paper we assume
that all assumptions stated in § 2.2 hold. Moreover, we make one of the following two sets
of standing assumptions:
(pPt) Point defect problem: yo, = Ax for some A such that lattice stability (2.9) holds, and
assumptions (A.P1), (A.P2) are satisfied.
(pDs) Screw dislocation problem: yq is given by (2.7), (2.8) where A is such that lattice
stability (2.9) holds, and in addition assumption (A.Vper) is satisfied. We set &2 = 0.
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Unless an argument applies equally to both cases (usually this is the case), or it is clear from
the context which of the two problems we are considering, then we will always specify which
set of assumptions are are employing.

In either case, we seek to compute

y* € argmin {&*(y) + P(y) |y € ¥}, (2.11)

in the sense of local minimality with respect to the metric dist(y, z) = ||Vy — VZ|| 2.

As usual, we shall require stronger assumptions on the solution than mere local minimality.
Namely, we assume that y* is a strongly stable equilibrium, by which we mean that there exists
v* > 0 such that

(6&*(y*) + 62 (y*),v) =0 Yv e we©, and

_ (2.12)
(6" + PP o) 2 7 IVolE. Voe 2

The existence of a strongly stable equilibrium is a property of the lattice and the interatomic
potential (possibly even of the physical material). Except in some special circumstances (e.g.,
when the perturbation & is “small”) it is difficult to establish under the generic assumptions
we are making.

However, given the existence of a strongly stable equilibrium, we can estimate its reqularity
away from the defect core.

Lemma 2.3. Let either (pPt) or (pDs) be satisfied and let y* = yo + u®, u* € %2, be a
strongly stable equilibrium. Then, there exists ¢ > 0 such that, for 7 = 1,2,3, and for a.e. x,
|z > 2,

Ja 4C’x|1_d_jv case (th)7
V7@t ()] < { cle|7tlog|z|, case (pDs), d =2. (2.13)
Proof. The proof is a straightforward corollary of [13, Thm. 3.1]. O

2.4. The Cauchy—Born model. The final concept we need to introduce before formulating
a/c coupling schemes is the Cauchy—Born model. The idea, briefly, is that if y varies slowly
then D,y(¢) =~ V,g(¢) and hence V(Dy(¢)) ~ W(Vyg(¢)), where the map W : R™*¢ —
R U {400}, W(F) := V(FR), is called the Cauchy-Born strain energy function. In the
absence of defects, it is therefore reasonable to approximate the sum of site energies with an
integral over the energy density,

= (W(vy) - (Vo)) dz. (2.14)

This model has been analyzed in considerable detail, e.g., in [4, 11, 27, 34]. Subject to suitable
technical conditions the results in these references demonstrate that, if y* is a “sufficiently
smooth” stable equilibrium of &2, then there exists a stable equilibrium y¢ of (2.14) such
that

IVye = V|| o S IVPG e + V2517

That is, the Cauchy—Born model is second-order accurate.
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3. MAIN RESULTS

3.1. Formulation of the B-QCE and B-QCF methods. We wish to approximate the
atomistic model using a hybrid atomistic/continuum description. The approximation is
achieved in three steps: 1. We replace the infinite domain with the finite computational
domain €2;. 2. In those parts of €2; where the Cauchy—Born approximation has sufficient
accuracy we replace the atomistic model with the Cauchy—Born model. 3. We restrict defor-
mations to a coarse-grained finite element space.

The key ingredient in this process is the coupling between the atomistic and continuum
models, which we achieve using a blending formulation.

3.1.1. Coarse-grained function spaces. Let Qj be a polygonal (if d = 2) or polyhedral (if d =
3) domain in RY. Let R > 0 be maximal and R° > 0 be minimal such that B C ), C Bpo.

Let .7}, be a regular partition of €2, into closed triangles or tetrahedra. For T' € 7}, let
hr := diam(T") and ry the diameter of the largest ball contained in T. For z € €, let
h(x) := maxreg, zer hr. The associated space of P1 finite element functions is denoted by
P1(7,). If A}, denotes the set of finite element nodes, then the nodal interpolant of a function
v : A, — RF is the unique function Iv € P1(.7;,) such that I,v = v on A},

For a function v : Uy, int(T) — R*,k € N let Quv € P0(7,) denote the piecewise
constant mid-point interpolant, Q,v(z) := v(xr) for v € T € J},, where zr = f, x dx.

Exploiting the structure y = yo + u,u € Z? of admissible deformations, we define the
coarse-grained displacement and deformation spaces, respectively, by

02/}1 = {Uh € C(Rd7Rm) ‘ Uh’Qh < Pl(’ﬁl),uh‘Rd\Qh = O} and
%, = {yh:ﬁUO‘i‘Uh’uh G%h}-

3.1.2. The B-QCE method. Let 3 € C*(R?) be a blending function then the B-QCE energy
difference functional is defined by

&) =Y (1= 8(9) (V (D) = V(Dyo(©)))
e (3.1)
+ ; Qn [5' (W(Vyh) — W(Vyo))] duz, for v, € %,.

We assume that 1 — 8 has compact support, hence the lattice sum is finite, while the integral
is taken over a finite domain; thus éa,fg is well-defined. The application of the mid-point
quadrature rule to evaluate the integral makes (3.1) fully computable.

In the B-QCE method we approximate the atomistic variational problem (2.11) with

Y, € argmin {8 (yn) + P () | yn € %} (3.2)

The B-QCE method, as we formulated it, was introduced for one-dimensional lattices
in [38], and was later extended to two and three-dimensions in [26] in a formulation which
differs only marginally from the one given in (3.1): in [26] the operator @), defined a trape-
zoidal rule instead of a midpoint rule. As a matter of fact, all of our results can be adapted
to this case.

B-QCE shares many features with the bridging domain method [41], the Arlequin method [2],
and the AtC coupling [1]. The bridging domain method and the Arlequin method differ from
B-QCE primarily in that they couple the atomistic and continuum degrees of freedom weakly
using Lagrange multipliers. The AtC coupling is a very general formulation which includes
B-QCE and many other methods as special cases.
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R? I -\‘Bi

F1GURE 2. Visualisation of the definitions and assumptions made in § 3.2.

3.1.3. The B-QCF method. While the B-QCE method blends atomistic and continuum ener-
gies the B-QCF method blends atomistic and continuum forces. We first define the Cauchy—
Born finite element functional

& (yp) = g Qn[W(Vyn) — W(Vyo)] du, for yp, € %,. (3.3)

Assume again that 8 € C*!(R?) is a blending function, then the B-QCF operator is the
nonlinear map 35,16 2 %, — U, defined by

(TP (yn),vn) = (6 (yn), (1 — B)on) + (6&¢ (yn), In[Bon]), (3.4)

where (1 — )v;, and Svy, are defined in terms of pointwise multiplication. ﬁ,f is well-defined
since v, and vy, are defined as functions on all of R and v, has compact support.

In the B-QCF method we approximate the atomistic variational problem (2.11) with the
variational nonlinear system

<gfhﬁ (quGf) + 59(yEqu),vh> =0 \V/Uh € %h- (35)

Remark 4. Suppose we define a blended a/c force via

9™ (yn) 95 (yn)
F, =(1-0)———=+ B(v for v e A, \ 0Qp, € %,
(yn) = (1= B()) ) Bv) Jun() W\ O, yn €D
then — > c 4 \a0, Fv(yn)un(v) = (ZP(yn),vn). Thus, the nonlinear system F,(yr%") +
Oy P (") = 0, v € M, \ OQy,, is equivalent to the variational form (3.5). O

The B-QCF method (3.5) is essentially the same method as those proposed in [24, 21]. It
also has many parallels with methods formulated in [1, 2, 3, 14, 22, 35, 37, 41].

Both in [24] and [21] the main motivation of force-blending was that stability of the scheme
can be proben, while the stability of sharp-interface force-based a/c couplings is entirely open
at this point [8, 9, 10, 23]

3.2. Approximation Error Estimates. To formulate our approximation results, and for
the subsequent analysis, we require additional assumptions on the computational domain
and the mesh. See Figure 2 for a visualisation of the following definitions.
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In addition to the radii R», R, R° defined in § 2.3.3 and in § 3.1.1, we define R? to be the
largest and R® to be the smallest numbers satisfying

supp(3) D Bpaiosva  and  supp(l—B) C Bps o, _va-

We specify atomistic, blending, continuum and exterior regions

O :=supp(l — B) + By, +va C Brs,

QP .= supp(Vp) + By, .yvaiC Bgrs \ Bra,

Q° :=supp(B8) N + By, /g C Bro \ Bra, and

Q™ :=R*\ Bgis.
Further, we define discrete atomistic and blending regions
A*:=Z9 0 (supp(1 — B) +R) and A° = {€ € Z': DB(E) # 0}.

The fact that the various regions overlap is simply for the sake of convenience of the analysis
and notation.

We assume throughout that there exist fixed constants C7; , C’f , 025 such that the following
conditions are satisfied:

Ry <R*<R’ and R°’<C/RY (3.6)
Bec*, 0<B<1 and  ||[VB|p~ <CHRY T, j=1,2,3; (3.7)
I, is fully refined in Q* and jrng( hr/rp < Cr, .

€Th

By (3.8) we mean that, if T € T, with TN Q* # (), then T' € 7; as well as vice-versa.

In addition, only for d = 2 and only for the B-QCF method, we assume that there are
constants Co, mq > 1 such that

R° < Cq(R*)™e. (3.9)

The two main approximation parameters to define both the B-QCE and B-QCF methods
are the blending function  and the finite element mesh 7, (and through it, the computational
domain ). The regions Q2 Q7 Q¢ Q¢ A2 AP and the radii, R?*, R°, R!, R° are derivative
parameters. The constants CTh,Cjﬂ,C’Q,mQ in assumptions (3.6), (3.7), (3.9) and (3.8) are
understood to be uniform in all choices of (3, Tp,) that may occur in our analysis.

Throughout the remainder of the paper, we will write “A = O(B)” or “|A| < B” if there
exists a constant C' such that |A] < CB, where C is independent of the approximation
parameters (/3,.7;,), but may depend on the constants Cr,, Cf ,Cq,mq, or on any specified
functions involved in the estimate. (In particular, C' may depend on a solution y* and on
derivatives V ,(g) for g in some specified range, cf. § 4.2.2, but never on a test function.)

3.2.1. Error estimates in terms of solution reqularity. For y = yo + u € % we define the

best-approximation error  E*(y) := || V|| r2(qext) + |AV?0| 1200y + [|A* V3| 12(00)
+[1h* Vg0l 200y + 1R(Vyo — A) @ Vol L2(0),
Cauchy-Born model error — E®(y) := V7| 2y + V217400, (3.10)

and coupling error  E™(y) := |[V*B|| 2 + [[VB]| o< | V?5| 12 (0

The first term in E*P* measures the finite element coarsening error (including the quad-
rature error), while the second term in E** measures the error induced by reducing the
problem to a bounded domain.
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Theorem 3.1. Let y* = yo +u® € ¥ be a strongly stable solution to (2.11). Then, there
exist constants €, Ry, C > 0, which are independent of 7}, and 3, such that, if R* > R}, then

there exist strongly stable solutions ysqce to (3.2) and yzqd to (3.5) satisfying
V5 — Vo2 < C(E™(y*) + EP(y*) + E™(y"),  and (3.11)
IV7* = Vi 2 < Cye (B (y*) + B (47)), (3.12)

where Yy, = /1 +log(R?) if d =2 and v, = 1 if d = 3.

Proposition 3.2. Under the conditions of Theorem 3.1, we have
€)= &1 )| < CLE™ (") + BV (y)? + B () (3.13)
+ V2B 2 V@ || 20y + VB2 V28| 20
FEP ) (18 2 + V0" ) + H .
where C' is independent of F;, and 8 and H°® are “higher order terms” (cf. § 3.2.2),
Ho% = ||V3ﬂa||L1(QC) + ||V2ﬂa||%2(szc)
+ (1020 2oy + 1RV w0l a0 ) (B (6) + IV 1200 )

V290l 20y + IV B Lo VA || L2y | V90l L2 -

+ ||V2”&a||L2(Qc)

Remark 5. The B-QCF error estimate seemingly has no S-dependence, but this is only
due to the strong assumptions we made on § in (3.7). Only under these assumptions are
we able to state Theorem 3.1. However, it can be expected, that the result is also valid
under more specialized, but otherwise much milder assumptions on . In such a case, our
intermediate results in § 4 and § 6.4 can be employed to understand the precise S-dependence
of the error. O

3.2.2. Error estimates in terms of computational cost. Following [32] we now convert the
error estimates (3.11), (3.12) and (3.13) into convergence rates in terms of the number of
degrees of freedom

DOF := #.%,.

The quantity DOF is directly related (but not necessarily proportional) to the computational
cost of solving the associated problems (3.2) and (3.5). The estimates in terms of DOF form
the basis for the optimised implementations of the B-QCE and B-QCF methods presented,
respectively, in [26, 21].

We introduce additional restrictions on .7, and €,

h(z)| Smax{1,3}, R° <R, and DOF < (R%)log (&) (3.14)

S
< (R*)%log R*.

The second bound in (3.14) is a mild assumption on the shape regularity of €2, while the last
bound in (3.14) is a corollary of the first one, upon additionally requiring that (3.9) holds for

both B-QCE and B-QCF.
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Then, using the regularity estimates (2.13) and (2.10) it is straightforward to prove that

Case (pPt):  E®(y?) < (R*)~4/272

Eint(ya) S(Ra)dﬂ—z’

Eapx(ya) 5 (Ra>—d/2—1 + (Rl)—d/Q’
Case (pDis): ~ E(y") < (B2,

EM(y) 5 (7).

E(y*) S (RY) 7 log(R*) + (R) ™.

(Here we used the estimate [ r*log®rdr < R'*'log®(R) for t < —1,s € N, R > 2.) We note
that the dominant term, E™(y*) < (R*)%272 originates entirely from the “blended ghost
force error” term [|[V23]| 2.
Next, we note that in the B-QCE case any choice R' > R? balances the far-field contribu-
tion, | Va?||r2(qey < (RY) ™42 with the “blended ghost force error” ||[V23| 12 < (R*)%/?72.
For the B-QCF case we balance the far-field error ||Va?||r2qexy S (R')~%? with the finite

element coarsening error. Ignoring log-factors, we observe that the radius R' ought to be
balanced against the interpolation error component ||AV?4@?|| r2(qe) S (R*)~%27!, which yields
R' ~ (R*)¥?*1 both in the (pPt) and (pDis) cases. Hence, we obtain

Case (DPt): B (y*) S (RY) 2,
Case (pDiS): Eapx(ya> g (Ra)f2 lOg(Ra)_

We summarise the foregoing computations in the following theorem, using also the fact
that, under the conditions of the theorem, R* < (DOF)Y? (R*)~! < (DOF)~Y/4(log DOF)Y/4
and v, < (log DOF)'/2. The estimate for the energy error can be immediately obtained from
analogous computations.

Theorem 3.3. In addition to the assumptions of Theorem 3.1 suppose that (3.14) holds
and that R > cq(R*)* for a constant cq > 0 independent of (B, %), where s > 1 for the
B-QCE method and s > d/2 + 1 for the B-QCF method. Then, there exists a constant C,
independent of (B, %), such that

for the B-QCE method, for both Cases (pPt) and (pDis),
IVF* — V|| 2 < C(DOF)¥4~Y(log DOF)~#/4+1,
|éaa(ya) - éa;?(yzqce)‘ < C’(DOF)d/Q*Q(}Og DOF)*d/ZH;

and for the B-QCF method,
(DOF)~%4=1(1og DOF)2, case (pPt),

Vit — V bqcf e
IVy Uz < { (DOF)~!(log DOF)*2, case (pDis).

Remark 6. 1. The construction of .7, satisfying (3.14) is standard and can be found, e.g.,
in [32].

2. To construct 3, we could, for example, choose R® = Clﬁ R® for a given R* and then
choose f in the form of a radial spline satisfying the conditions (3.7). For complicated a/c
interface geometries one could solve a bi-Laplace equation in a precomputation step (see

[26]).
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3. Finally, we could allow for a stronger mesh coarseing, h(z) ~ (|z|/R”)* and thereby
drop the log factor in DOF for a suitable choice of o > 1, which would slightly improve
the estimates. In order to preserve mesh regularity (3.8), one would need to impose that
h(z) < |z|. Note that this does not violate any of our foregoing assumptions for suitable
choices of «; see [29] for further discussion. O

3.3. Conclusion. We have established the first error analysis of a/c coupling schemes that is
“complete” in the sense that it covers general interatomic potentials, accomodates atomistic
solutions containing defects, and requires no assumption on the atomistic solution beyond its
stability.

While our results are restricted to two specific a/c coupling schemes, we anticipate that the
techniques we have developed allow extensions to a much wider range of blending type a/c
couplings. We emphasize, however, that most of our techniques are specialised for blending
type schemes. In particular, the technique of Lemma 4.10, which is the main new technical
ingredient to prove stability of B-QCE and B-QCF, is unlikely to generalise to sharp-interface
couplings. To that end the ideas present in [23] and [33] are more promising starting points.

We remark on a seemingly immediate extension which, surprisingly, seems not straight-
forward: The main assumption among those formulated in § 3.2 is that the finite element
mesh is fully refined in the blending region. This is highly convenient from the perspective
of both analysis and implementation, but it is likely that, in practice, a coarse mesh in the
blending region would yield a more efficient scheme; see, e.g., [41], where this is in fact a
crucial ingredient. Most of our results do not require this restriction, but there are several
steps (in particular in § 6.1) which appear to be more difficult without it.

4. KEY INTERMEDIATE RESULTS

The purpose of this section is to give a detailed overview of the main steps and ideas
employed in the proof of the main results, and to state some key intermediate results that
are of independent interest.

4.1. Framework. We adopt the analytical framework of [25], which is analogous to that
of finite element methods for (regular) nonlinear PDE, employing quasi-best approximation,
consistency and stability.

Briefly, let ¢4, = 5(5",16 + 0 for the B-QCE scheme or ¥, = ﬁf + 07 for the B-QCF
scheme. Let I, : % — %, be a suitable “quasi-best approximation operator” (we define it
in § 4.2.4), then we shall require that ¥, is consistent,

(Gn(Thy™), vn) < 0l Vo2 Yoy, € U, (4.1)
for some “small” consistency error n that depends on 3*,.7, and [3; and stable,
<(5gh(tha)Uh, Uh> Z COHVUhHQLz \V/Uh € %h. (42)

We then empoy the Inverse Function Theorem to prove that, if n/cy is sufficiently small
(adding some technical assumptions), then there exists w;, € %, such that |[Vwy||r2 < 2n/c
and gh(tha + wh) = 0.

The condition that n/cq is sufficiently small corresponds to the assumption that R* is
sufficiently large in Theorem 3.1.

Thus, we have constructed a B-QC solution % := IT,y* + wy, satisfying

V5 — V|| < 2% + V5 — VI e (4.3)

The second term on the right-hand side is the quasi-best approximation error.
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In the present section we shall make this generic outline concrete. We shall present the
key ideas in our analysis but postpone the technical aspects of the proofs to later sections.

4.2. Further Preliminaries. Here we introduce additional ingredients that we require to
motivate and state the key intermediate results.

4.2.1. Ezxpansion of discrete strain. Let y € % be a deformation. Much of our analysis
depends on Taylor expansions of finite differences within the a neighbourhood

Ve = By, . a(T) (4.4)

of some z € R?, containing all those lattice points ¢ for which S?(y; z) depends on D,y(€),p €
R (S* is the atomistic stress defined in § 4.2.3) and an additional V/d buffer, which we require
in view of the “convolution trick” (4.14).

Lemma 4.1. Let z € C*Y(v,) and |z — €| < rew + Vd, p € R, then

[Dp2(€) = V()] < CIV2 o), (4.5)
1D,2(6) — [V,2(2) + V,Veyz(a) + §V22(2)]| < CIV*2] 1o (46)

where C' is a generic constant.
Proof. The results are obtained by straightforward Taylor expansions about x. Il

Normally, we would like to perform the expansions (4.5), (4.6) with z = g, but this is only
possible if 7 is smooth in v,, which fails in the dislocation case when v, intersects the branch-
cut. To still use these Taylor expansions, we therefore construct equivalent local deformations
that are smooth in v,: for z € R4, and |2/ — z| < ||, let

1
y (') = / Vi((1—t)z +ta') (2" — z) dt, (4.7)
t=0
then y* € C*! in its domain of definition, with Viy® = V7’5, 5 > 1, and y* — § € bZ. The
latter property, together with (A.Vper) ensures that, for [x| > 2rey + Vd,

Vo(Dy(€)) = Vo(Dy™(€))  forall £ € Z% |z — &] < rey + V. (4.8)

We will employ (4.8) in the consistency proofs in an ad-hoc fashion whenever we need to
replace a finite difference stencil Dy(§) with a stencil Dy*(€) in order to then perform a
Taylor expansion.

4.2.2. Ezpansion of the potential. Since our analysis is based on local arguments, we require
bounds on the interatomic potential in the neighbourhood of some given discrete deformation.
Let y € % be such a deformation, and let ¢ > 0, then we define

M) (y) = sup sup sup Vo(g): @_h;  for peRI. (4.9)
gezd gE(R™)R h=(h;)]_, €(®™))
maxper PEUH=Il<e [haf=-=lhy|=1

Our assumptions on V' and g, ensure that M )(y) is finite for all e > 0 and y € #.
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Lemma 4.2. Lety € #,Dy € (*, and € > 0 then, for z € ¥, |VZ — V|~ < ¢,
|z| > 27eu + Vd and lx —&] < rews + Vi,

[Vo(D2(€)) = Vo (VRZ(2)| < Co|| V2| 1r,),  and (4.10)
Vo (Dz(€)) = [Vio(VRZ(x)) + Y Vi (VrE(2)) (VeZ(x) — D2"(€))]] (4.11)

< 3| V*2[70e o)
where the constants C; depend on MP) (y), pE R

Proof. Using the definition of 2% according to (4.7) and (4.9) the estimates follow from Taylor
expansions of V. O

4.2.3. Atomistic stress. To prove consistency we will employ “weak forms” of the atomistic
and the B-QC formulations that are local in the test function gradient. The first step is to
derive first Piola—Kirchhoff stresses for the three models and estimate their discrepancy in
terms of the local regularity of the underlying deformation. This analysis is based on the
atomistic stress function analyzed in [34], which is closely related to Hardy stress [16].

A canonical representation of §&? is

(08 (y),v) = Z Z Ve, Dov(€), where Vg, :=V,(Dy(§)). (4.12)
£ezd peR
“weak form” that is local in Vv we replace v with
v* = (*D (4.13)

and rewrite the finite differences D,v*(§) as follows:

1 1 N
Dyv*(€) = /0 Vo' (€ +sp)ds = /Rd . C(§+sp—x)V,0(z)dsdx

To convert §&? into a

1
= / wy(§ — )V, vde where  w,(z) = / C(x + sp)ds, (4.14)
Rd s=0

to obtain

(08 (y), v*) = Z ZVW : /Rd wy(§ — ) V,0(x)dx

£ezd peR

_ /R { 3 [v;é,p@gp]wp(g—x)} Vi da.

£ezd peR
Thus, we have shown that, for y € % and v € °,

(08 (y),v*) = /]Rd S*(y; ) : Vo(zx)de, where (4.15)
S (ysz) =Y Y [Veo @ plwp(é — ).
£eZ4 pER

(The representation (4.15) is of course equivalent to (4.12) since neither require any regularity
on y. We use the term “weak form” only in analogy with the continuum theory.)

Note that (4.15) is in close analogy to the first Piola—Kirchhoff stress of the Cauchy—Born
model,

<5£’C(y),v> = /Rd S°(y) : Vuda, where S¢(y; x) = OW (Vy). (4.16)
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To see the connection between the atomistic and Cauchy—Born stress we replace Dy(&)
with Dy*(¢) and expand analogously to (4.6) and V, analogously to (4.11), to obtain

S*(y; ) — S(y; ) ~ Ca(x) : VPy(z) + Cs(z) : (VPy(z) @ V?y(x)) + HOTs, (4.17)

where Cy(z) is a sixth order tensor depending on V,(Vzy(z)), p € R?, Cs(x) is an eighth
order tensor depending on V,(Vzy(x)), p € R?, and HOTs are formally higher-order terms,
such as O(|V?y[?) or O(|V4y|).

The calculation (4.17) exploits the fact that we can write Vg , = V,(Dy(§)) = V,(Dy*(§))

for |z — €| < rewt + V/d, which removes discontinuities from ¥, as well as the following two
identities: [34, Lemma 4.4]

d wé—2)=1,  and (4.18)

Eezd

Y wE—2)(E—2)= —1p (4.19)

ez

The following lemma provides a rigorous estimate along the lines of (4.17).

Lemma 4.3. Suppose that y € % and € > 0, then for z € % |VzZ — V|1~ <,
|S*(z;2) = S°(Z52)| < C(IVP 2wy + V2l Do)
where v, is defined in (4.4) and C depends on MP (y),peR,j=23.

Proof. This result is essentially contained in [34, Thm. 4.3]. The only modification required
is to replace the expansion of D,Z(§) with that of D,2"(€) as detailed in § 4.2.1. It is also a
simplified case of Lemma 6.4. U

4.2.4. Best approximation operator. We construct a quasi-best approximation operator Il :
% — %,. With slight abuse of notation, we write II,y = yo + [l u, where y = 3o + u,
u € 12, and 11, is also understood as an operator from % — %,.

Given u € %2 we define Il u := I,Tru, where I, is the nodal interpolation operator
defined in § 3.1.1 and Ty is a truncation operator defined as follows: we fix some arbitrary
n € C3(0,00) (e.g. a quintic spline) with n(t) =1 in [0,1/2) and n = 0 in [1,00), and define

Tru(€) = () (&) = fi_\»

Clearly, Tru € % © with supp(Tru) C Q4 and hence Il,u € %,.

udz). (4.20)

Ri/2

Lemma 4.4. There exists a constant C such that,
IVILy — Vgl < CE®(y)  forye?,

where E*P* is defined in (3.10).

Proof. The result follows immediately upon combining [12, Lemma 4.3], Lemma 2.1, and
standard interpolation error estimates. O
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4.3. B-QCE consistency error. We have now assembled the prerequisites to define and
estimate the B-QCE consistency error. The first variation of éahﬁ is given by

(08 (yn),vn) = > _ (1= BE)OV(Dyn(€), Dun(€)) + | Qu[BOW (Vi) : V] da,

d
¢ezd R

for y, € %, v, € %,. Since vy, cannot be immediately replaced with a function v* (to apply
the convolution trick (4.14)) we shall not convert this directly to a “weak formulation”.
Instead, suppose that y € %", v € % © such that y, (&) = y(£) and v*(§) = v (§) for all £ € A®.
Then, arguing analogously as in § 4.2.3 we can compute

(66 (y),v") = Y (1= BV (Dy(£)), Dv*(€)) + > BE)(8V(Dy(€)), Dv*(£))

¢ezd ¢ezd

= 5" (1 = BV (Dya(€)), Dun(©))

&ezd
/ {Zﬁ Z Vg,,;@p]wp(ﬁ—x)}:V@dx,
cezd PER
where Ve, = V,(Dy(¢)). Thus, we obtain
(680 (yn), o) — (36™(y), v*) (4.21)
/ Qn[BOW (Vy) : V] d —/ { Zﬁ Z Veo ® plw,(€ —x)} : Vode,
tezd pPER

with obvious analogies between the two groups on the right-hand side. To complete the
definition of the atomistic test function, we take v = IIjv),, where 11} : %, — % is a dual
approximation operator given by the conditions

(Ihvn)"(§) = va(§), for £ € A", and
ITyun(€) = (C* vn)(§),  for & € Z7\ A™

We prove in Lemma 5.5 that 1T} is well-defined.

In order to estimate the consistency error we must estimate (1) the quadrature error, which
is standard; (2) the conformity error encoded in the usage of two different test functions, which
requires a specific non-standard choice of v, cf. § 6.1; and (3) the modelling error encoded in
the difference between the two “stresses”.

To indicate how we estimate the latter, we consider the simplified “stress error”

RP(y; 2) == B(2)OW (Vy(2)) = D BE) Y [Vep ® plw,(€ — ), (4.23)

gezd PER

(4.22)

where y is now a smooth function and Vg, = V,(Dy(&)). A formal Taylor expansion, similar
as the one leading to (4.17), but also expanding () in terms of V73(z), yields

R (y: 2) ~ Du(z) : V2B(x) + Da(a) : (VA(z) ® Vy(x) (4.24)
+ B(x) (cg(x) L Viy(x) + Cs(z) : (Vy(z) @ VQy(:E))) + HOTS,

where D () is a fourth order tensor that depends on V,(Vzy(z)), p € R, Dy(z) is a sixth
order tensor that depends on V,(Vzy(z)), p € R?, Cy, C;3 are the same tensors as in (4.17)
and HOTs are formally higher order terms.
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Theorem 4.5 (Consistency of B-QCE). Suppose that y € %, then there exist € =
e(E*™(y)) such that, for all v, € U,

(68 (Mhy), vn) — (68*(y), yvn) < C(E*™(y) + EP(y) + E™(y)) | Vn| 2,

where C depends on MY (y), pe RI, 1< j < 4.

4.4. B-QCF consistency error. The consistency analysis of the B-QCF scheme faces dif-
ferent challenges than that of the B-QCE scheme. Consider again y € %',y € %, v, € U,
and a microscopic test function v € ¢, then we need to estimate

(T (yn), vn) — (56 (y), v) = (08 (yn), (1 = BYon) + (56 (yn), In[Bun]) — (56°(y), v).

Choosing v := IIj vy, where I} : %, — %/ ¢ is another dual approximation operator defined
through

Oyvp := (1 — B)up|ze + w, where  w(€) = (¢ * I [Bun]) (€), (4.25)
we obtain
(F (yn), vn) — (06 (y), v) = (065 (yn), InlBun]) — (66° (), w),
from which we can estimate (see § 6.4.1 for the details)
(F (Wy), on) — (06 (y),v) < C(E™(y) + E () IV In[Bon]|| 2. (4.26)
Thus, we need to estimate ||VI,[Bus]l/2 in terms of |Vup||z2, which is provided in the

following lemma. The key technical ingredient in its proof is a sharp trace inequality.

Lemma 4.6. Suppose that the blending function [ satisfies (3.6), then there exists a generic
constant C', such that

IV I [Bop] |2z < C || Vor]| 2 Vv, € U, (4.27)
where v, = V1+log(Be/Re), d=2, (4.28)
1, d=3.
Proof. The proof is given in § 6.4.2. U

Based on the previous lemma we can establish the following B-QCF consistency estimate.

Theorem 4.7 (Consistency of B-QCF). Suppose that y € %, then there exists € =
e(E*™(y)) > 0 such that, for all v, € U,

(FY (My), vn) — (36(y), Myvn) < C (B (y) + E®(y)) [|Von| 12
where C' depends on Mée)(y), pER,j=23.

Proof. The result immediately follows from (4.26), which is proven in § 6.4.1, and from
Lemma 4.6. U
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4.5. Stability of B-QCE. The aim of our stability result is to show that, if y is a stable
equilibrium of the atomistic model, then choosing sufficiently large atomistic and blending
regions, we ensure that I,y is stable in the B-QCE model.

Theorem 4.8. Suppose y € ¥ is a stable atomistic configuration, i.e.,

o (P8 + 8P (y)v,v)
a(y) =  inf
0<7'(y) = _jnf I |

(4.29)

and denote

B 2
8 - (028 (yn)vn + 0> 2 (yn)vn, vp)
= inf ,
() on €2, \{0} INEA I

Then there exists Ay(R*) — 0 as R* = oo such that ~) (Ilyy) > 7*(y) — Ay(R?).

Positivity of v* is a property of the interatomic potential and of the defect that we are
aiming to compute, hence we postulated this as an assumption.

The idea of the stability proof is to take a sequence of approximation parameters (53;, 7}, ;)
with R 1 oo and of minimising test functions v; € %, ; (the space is now indexed by j)
such that ||Vv;|j2 = 1 and <((52£hﬁ(ﬂh,jy) + 822 (W y))vs,v5) = ~?. Due to the bound
|Vvjl|2 = 1, we can extract a weakly convergent subsequence (still denoted by v;). This
sequence is then decomposed into three components (scales): v; = Vi + v}? + vj, for each of
which we use a different stability argument:

e Vvi converges strongly at the atomic scale. It is concentrated near the defect core,
hence for a sufficiently large atomistic region stability of the defect implies stability
for this test function.

° Vv}) converges weakly to zero at the atomic scale but strongly at the “interfacial
scale”; ie., after a rescaling w?(z) = 0vj(x/e), where e ~ (R*)™! and ¢ is chosen
so that |[Vw?|[r> = ||[Vo?|| 2. This scaling keeps the interface (i.e., supp(V/3)) near
|z| =1 ase — 0. Consistency of B-QCE implies that the action of the B-QCE hessian
on this test function is approximately the same as that of the Cauchy—Born hessian,
hence stability of the continuum model implies stability for this component of the
test function.

e Vu§ converges weakly to zero both at the atomic and “interfacial scale” (which means
that it is not concentrated near a defect or interface). We can then exploit that, for a
subsequence, vi — 0 strongly in L?(Bps) to reduce the action of the B-QCE hessian on
this test function to the independent actions of the linearized atomistic and continuum
operators which are both stable.

e All cross-terms can be neglected in the limit as 7 — oo due to an approximate
orthogonality between the three components.

In practice, the idea outlined above is carried out in two steps. First, we reduce the
question to stability of a homogeneous deformation, by only splitting v; = v} + (v}’ + v5).

Lemma 4.9. Under assumptions and notation of Theorem 4.8, there exists Ay(R*) — 0
as R* — oo such that ~ (IT,y) > min {7a(y),7£(Ax)} — Ay(R?).

Thus, we are left to establish positivity of vf(Ax). We will use the fact that positivity of
~v?(Ax) follows from the positivity of v*(y).

Lemma 4.10. Under assumptions and notation of Theorem 4.8, there exists Ay(R*) — 0
as R* — oo such that 7 (Az) > v*(Az) — Ay(R?).



ANALYSIS OF BLENDED ATOMISTIC/CONTINUUM COUPLING METHODS 21

Both Lemma 4.9 and Lemma 4.10 are proven in § 7.1.

Proof of Theorem 4.8. In view of Lemmas 4.9 and 4.10 we only need to note that y*(Ax) >
v*(y) which is proved in [12]. O

We remark that our arguments to obtain convergence of the stability constants employ
compactness principles and do not yield convergence rates as in 1D [25].

4.6. Stability of B-QCF. The B-QCF stability result is analogous to the B-QCE stability
result. Unlike in the B-QCE case we state the result only for stable equilibria (rather than
general deformations) since we require some regularity of the underlying deformation in the
proof.

Theorem 4.11. Suppose y* € ¥ is a strongly stable solution of (2.11), i.e., (4.29) holds,
and let
5 . (0.7 (Wy*) vy + 622 (Tny™)vn, vs)

= 1n
on €\ {0} Vo7

Then there exists Ay(R*) — 0 as R* — oo such that 1l (Iay) > +?(y) — Ay(R?).

It is possible to adapt the proof of Theorem 4.8 to prove this result, however, we obtain
it via an alternative route using an auxiliary result that it interesting in its own right: We
modify a result from [20], which shows in a simplified case that the B-QCE hessian and
B-QCF jacobian are “close”. Here, we only establish that their stability constants converge
to the same limit as R* — oc.

Lemma 4.12. Under the assumptions and notation of Theorem 4.11, there exists a constant

C such that

a)y—1(] a\1/2 if d =
=) < o { O BN ga=2

The proof of Lemma 4.12 is given in § 7.2.

Proof of Theorem 4.11. The result is an immediate corollary of Theorem 4.8 and Lemma 4.12.
O

4.7. Proofs of the error estimates. We have now assembled all required auxiliary results
to complete the proof of Theorem 3.1.

Proof of Theorem 3.1. Let y* be a fixed strongly stable atomistic equilibrium. Using the
notation established in § 4.1, we define %}, : %, — %,

<9?h(wh), Uh> = <gh<tha + wh), Uh> Y, € U,.

1. Stability: Theorems 4.8 and 4.11 show that there exists R{ such that, for R* > R}, we
have (4.2) for a constant ¢y > 0 that depends on R, but is independent of R*. This implies
that ||5@h(0)71||[,(%}:«742/h) < Cal.

2. Consistency: Theorems 4.5 and 4.7 imply that

120 O) |2y = 190 (Iy*) l; — 0, as R* — 0,

uniformly in all choices of (3,.7;,). In particular, for any ¢ > 0 we can choose a constant
R > R such that [|%4(0)||#: < € whenever R* > R§.

(In the B-QCF case, due to the logarithmic prefactor v, in the consistency error estimates,
this requires the regularity estimates (2.13).)
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3. Inverse function theorem: Our assumptions on V and the fact that E*P*(y*) < € for
R* > R implies that [[0%,(yn) — 6% (2n) | @2y < LIVyn — V|2 for all yy, 21, € %, or,
equivalently,

H&%’h(wh) — 5%;1(2;1)“,;(%,%;) < LHth — VZhHLQ Ywp, zn, € U,.

The inverse function (see, e.g., [25]) states that, if H,%’h(O)H%«LcaZ < 1, then there exists
wy, € U, such that %, (wy) = 0 and ||Vw||z2 < 2¢5"|%4(0)]|2. This can clearly achieved
by setting e sufficiently small. Setting y,};qc = Iy* + wy, we therefore obtain that

IVITy® — Vyp™llze < 265 1%20(0) |

Inserting the estimates for ||%,(0)||% from Theorems 4.5 and 4.7, and the fact that ||VII}; —
V2|2 < E**(y*), we obtain the two error estimates (3.11) and (3.12). O

5. PROOFS OF INTERPOLATION AND APPROXIMATION RESULTS

5.1. Analysis of the quasi-interpolant. Recall the definitions of v from (2.1) and of
v* := (% v from (4.13). To summarize results concerning v* we first need the following
lemma.

Lemma 5.1.  The partition 7 is invariant under reflections about all lattice points § € VA
In particular, we have (£ — ) = ((€ + x) for all £ € 74,2 € R,

Proof. In 2D the result is geometrically evident. R
In 3D, one first observes that the partition {7},...,75} of the unit cube [0,1]3, shown
in Figure 1, is invariant under the map x — (1,1,1) — x (which is the reflection about
(1/2,1/2,1/2)). Moreover, since .7 is translation invariant by construction, we obtain for
£ e,
(¢-T=[-(1,1,1)]+[(1,1,1)-T] € 7. O

Based on Lemma 5.1 the analysis in [31] allows us to deduce the following statements: Let
v € U, then 5 € WEX(R%LR™) and v* € W2P(R%R™) [31, Lemma 1]. Further, there exists

a constant ¢, independent of p, such that, for all u € % and p € [1, 00|, [31, Theorem 2]
| Val[r < [V < [V (5.1)

5.2. Analysis of the smooth nodal interpolant. Let n € Z,. For each multi-index
a € Z%, |als < n, denote by 9, the respective partial derivative and let D, be a finite
difference approximation to d,. We assume that each D, is exact on polynomials of degree
n and is supported on
M={€€Z:1g < [3]}.
Next, for a lattice function u, introduce a d-dimensional Hermite interpolation based on
derivatives 0,, ||« < n. Namely, in each cell £ + By, where

By={x:0<z;<1,i=1,2,...,d}

is the d-dimensional unit cube, define a Qa,,1(R?) polynomial, i.e., a polynomial in 1, xo,
.., x4, of degree at most 2n + 1 in each variable (and thus of degree at most d(2n + 1))
P, ¢(x) such that

OuPug(7) = Dyu(z) for all 2% verticies x of the cell ¢ + By (5.2)

and define
u(x) = Pye(x) if x €&+ By (5.3)
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Lemma 5.2. The relation (5.3) uniquely defines @ for any lattice function u : Z¢ — R.

Proof. For ju € 22, |i|oe < 2n+1, let Bapyy u(x) = [1, 27" 7" (1—2;)* be the multivariate

Bernstein polynomial. These polynomials form a basis of Qs,,1(R%) and on the other hand
upper-triangularize the linear system (5.2). Hence the solution P, to (5.2) exists and is
unique. U

Lemma 5.3 (Regularity). For any lattice function u : 2% — R, @ € C"}(RY).

loc

Proof. Tt is enough to prove that across any face shared by two cells, the function and normal
derivatives up to order n are continuous.

Indeed, without loss of generality, consider two adjacent cells, B; and B; — e4, where
ea=(0,...,0,1) € R% For y € R¥! denote j = (y1,...,ya-1,0) € RL Let m € {0,1,...,n}
be the order of the normal derivative and consider the polynomial p(y) = (%)m(P%O@ —
P, —c,(y)). By construction of P, and P, _.,, we have that p € Qa,+1(R%™!) and satisfies

Osp(y) =0 forall g e Zi‘l such that |5]. < n and all vertices y of By_;.

Due to Lemma 5.2 such a polynomial is unique, hence we obtain p(y) = 0, which implies
continuity of @ and its derivatives. O

Lemma 5.4 (Stability). For any u:Z* - R and B € 2% : |Bl; <n+1,
193] o (3,) < CI D™ ]| (5.4)

for some constant C' independent of u, where D™ is the collection of all finite differences
of order m whose stencil lies within

Mn={ee L e+ 5 < 5]+ 3}

Proof. Since both ||0t| (5, and ||Dt|f7‘1u|| ¢ are seminorms on the finite dimensional space
{u: A, — R}, (5.4) may fail to hold only if there exists uf : .4, — R such that 9z’ # 0
on By, but D]j;lluT = 0. The latter may happen only if u' is a polynomial of degree |3]; — 1.

Then, since D,, are exact on such polynomials (note that |5]; —1 < n), Dyu'(€) = daul(€) for
any vertex & of By, therefore Py o(z) = uf(z) for all 2 € R?, and hence dgal = dsP,1 o = 0
on B,. O

Proof of Lemma 2.1. Applying Lemmas 5.2 and 5.3 with n = 2 proves part (a). To show
part (b), we apply Lemma 5.4 and note that any finite difference entering (5.4) also enters
(2.2). O

5.3. Dual interpolant for B-QCE. Recall the definition of II) from (4.22).

Lemma 5.5. The operator 11} : %, — ° is well-defined. Moreover, it satisfies the
estimates

IV (IL,0n) 2 < [[VILople < C||Vopllre,  and (5.5)

th - HZUhHL? S CHVUhHL?, (56)

where C' is a generic constant.
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Proof. To see that v := IIj v, is well-defined by (4.22), we first define w € %°, w(§) =
(¢ *xvp)(§). From standard quasi-interpolation arguments (see, e.g., [39, 40]) we can deduce
that

|@ — vnl|L2 < Cf|Von]| 2.

Writing v := w + z, (4.22) becomes

(C*2)(6)

(&) =

where g(&) = vp(&) — x w(€) = vu(€) — (C* ¢ * vy)(€). Testing the first line with a test
function ¢ € Z°, p = 0 in Z4\ A?, and using the fact that

SO0 = [ 3 dla - etap(©)do = [ 20 pla) e

gezd Eezd

9(&), e
0, €€ 74\ A®,

we obtain the variational form
/d Z(I’) : @(Q?) d‘r = Z g(g) ' @(é) fOI' an @ € %07 90|Z‘7Z\Aa - 07
R gchAa

from which it is now obvious that a unique solution exists.
Testing with ¢ = z, we obtain that

12l 22 < Cllgllee-

Exploiting the assumption that .45, and A® coincide in Q* it is straightforward to show that
l9llee < ClIVon]| L2,
and we further obtain that
IV@ = won)llz2 < Cillo = vnllre < CL(lZllze + 1@ = vallz2) < Col|Vun]l.

In particular, ||V||2 < C||Vup||r2. This completes the proof of Lemma 5.5. O
5.4. Inverse estimates. Before we embark on the proof of the consistency estimates, we
another technical tool that allows us to convert local L*> bounds into LP bounds. This is
motivated by the form of the estimate in Lemma 4.3.

Performing such conversions are standard norm-equivalence arguments if the functions
involved are piecewise polynomial:

V70| oo (ry S V0| poiry Y0 €%, TE€T,j=0,...,3,p€ [1,00] (5.7)

In the point defect case, this also extends to y = yo + u, where yg = Ax.

However, we will also need to perform such estimates for y, = Az + u'™. To that end, we
now construct a piecewise polynomial interpolant of y, that takes into account the structure
of u™. Fory € &, x € RY, || > 2rey + 2V/d, we define

7 (2)) := y=(2) for 2’ € v,, (5.8)

where y® is the C?*'-conforming piecewise polynomial interpolant defined through Lemma 2.1.
(Since ¢° is piecewise polynomial, it is not of the form yy + @ for any u € Z'2.)
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The interpolant is clearly well-defined and we obtain the following bounds from standard
interpolation error estimate arguments (e.g., see [6]): for Q = £+(0,1)? C B,, 5 4(x) and
wo =&+ (=1,2)% ¢ € [1, 00], we have

IVG = Vi ll=@) < CilIVP5llLo(wg), (5.9)
IV 5% | (@) < Col| V79[| pagq) for j =1,2,3, and (5.10)
V757 | La@) < Csll V7§l Loy for j = 2,3, (5.11)

where the constants C7, Cy, C3 are generic. While (5.10) is obvious, the two other estimates
require some comments.

Proof of (5.9). Since, for d = 2, W3! is embedded in C, standard interpolation error argu-
ments yield

IV = Vi le=@ = VY = ViFlle=@ S IVY 111 we) = V9l wg)-
For d = 3 the embedding fails, however, in this case g is piecewise polynomial; that is,
y = y*, hence the result is true in this case as well. Il

Proof of (5.11). Let p be an arbitrary polynomial of degree j — 1, then

IV 5 2@ = V(5" = D)oy S IV = D)l
S IV =yl + CIVEY" = P)le@-
From (5.9) and the Bramble-Hilbert Lemma, we obtain (5.11). O

6. CONSISTENCY PROOFS

6.1. B-QCE coarsening error. Throughout this section and the next we assume the con-
ditions of Theorem 4.5. Thus, let y = yo + u € ¥ be fixed, let y, = yo + up = Upy?
be its quasi-best approximation and let v, € ¢ be an arbitrary test function. We choose
v =} v, € %°, where IT} is defined in (4.22) and analysed in § 5.3, and estimate the B-QCE
consistency error

(083 (yn), vn) — (36™ (7). v").
Using the fact that v*(§) = v, (€) for all £ € A*, and employing (4.23) we split the error as
follows,

(06, (yn), vn) — (66°(y),v")
= [, QulBOW (VY)W (VD) : Vun] dv + /R (@Qn = 1d)[pOW (V) : Vuy] da

+/ BOW (Vy) : (Vu, — Vo) dx +/ RA(g;x) : Voda
R4 R4
= T1+T2+T3+T4,

where R is defined in (4.23). In the consistency error analysis of the B-QCF method in § 6.4
we use an analogous splitting, hence the following estimates for the terms Ty, Ty, T3 will be
used there as well.

Lemma 6.1. Under the conditions of Theorem 4.5, the terms T1 and Ty are bounded by
Ty S (IIVun = Vil + 112Vl 200 ) Vol and

Ty < (WvZ [BOW (V)] HL2)|ywhHL2.
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Proof. 1. Estimate of T1: Let T € T}, such that 5 # 0 on T, then

/T Qn[B(OW (Vyy) — OW (V) : Vo] dz

<|TM2(|0W (Vyr) — OW (V) || () | Vonl 2y
SATV2 Vg, — Vil ooyl Von | 227,

where C' depends on 9*W in a neighbourhood of V§ and hence on M (y),p € R%. Em-
ploying the embedding H? C C,

T"2(|Vup, — V|| poo(ry S <||Vuh = V| z2(r) + ||h2V3ﬁ||L2(T)>’

where C' depends only on the shape regularity of the mesh. Summing over all 7', we obtain
the stated result.
2. Estimate of Ty: For any piecewise linear (not necessarily continuous) 1, we have

Ty = / (Qn — 1d)[BOW (V) — 4] : Vo, dz
Ra
< H(Qh —1d) [BaW(Vz?) - ¢h} HL2||VUhHL2-
Therefore, by the Bramble-Hilbert Lemma,
Ty S |2V [BOW (V)] || 2V 0nl 2,

where the constant depends again on the shape regularity of 7y,. U

Lemma 6.2. Under the conditions of Theorem 4.5, the term Ts is bounded above by

Ts < (Hvz [BOW (V)] HL2 + |AV2i|| 200y + 1AV ® (Vo — A)HLz(Qc)) Vo | 2.

Proof. Let (, be the nodal basis function associated with a node v € .4}, with support w,,
and let f := —div [30OW(V{g)]. We integrate the term Ts by parts, and then use the fact
that ¢, form a partition of unity, to obtain

Ty =— /d div [BOW (V)] - (v, — D) dz

- / £(2) - (o) — 5(2))G () dz.
vEN, R

Case 1: If v € A* N A, then (,(z) = ((z — v) and hence

/le (vp(v) —0(2)) () de = v (v) — 0" (v) =0, (6.1)

by definition of v* and v. Therefore,

y f(@) - (n(v) = 0(2)G (2) do S IV Il 2 16 (n () = 0(2)) 22
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where w, = supp (,. Exploiting again (6.1) we can estimate

162 (on(v) = )22, = / (vn(v) =) - [(on(v) = D)) da
_ / (0)a, — ) - [(on(v) — 0)C,] da

<[(0)w, = V2@ 16 (Vn (V) — 0) || L2(w,)
SVl L2 1622 (0r (V) = D) |22,
and hence we arrive at

/Rd f(@) - (on(v) = 0(2))C (@) do S IV fll2@n Vo2, forve AnA% (6.2)

Case 2: Because of the way v is defined, we do not have (6.1) for v € 43, \ A*, but on the
other hand # =1 in this case, which means that the second-order estimate is not crucial. In
this case, using elementary interpolation error estimates, we obtain only

g f(@) - (on(v) = 0(2)) ¢ () dz < [|Bf | L2, (1B (0n (V) = o)l 2@,y + 127 (vn — D)l 22(w,))

< NS | 20y (1 VORI 2200y + o8 — Dl 22(0)) -

Summing the estimates over all v and estimating the overlaps of the patches (the shape
regularity of the mesh enters again here; this is a standard argument from a posteriori error
analysis), we deduce that

Ty < (Hv div(BOW (V)| .. + ||Bh div oW (V) HLQ) ([IVonllzz + llon — 0]l 12).
and, finally, employing Lemma 5.5,
Ty < (|| div(30W(99))|| . + | Bh div oW (V)| . ) IVwlse. (6.3)

Note that we have inserted [ in H BhdivoW (Vy) H ;2 merely to indicate that it is restricted
to the continuum region. Inserting the estimate

| divOW (V)| < | div oW (V) — div oW (Vo)
+ | div oW (Vo) — div O*W (A) : (Vyo — A)|
S V] + V2ol [Vyo — Al
into (6.3) yields the stated result. O

We can now combine the foregoing results to arrive at the complete coarsening error esti-
mate.

Lemma 6.3 (B-QCE coarsening error). Under the conditions of Theorem 4.5,

(&7 (Magn), vn) — (087 (), (Mon)') S (E¥*(y) + B (y) + E™ () + [RA@) 22 ) [ Vo2
for all vy, € %,. (6.4)

Proof. Using Lemma 6.1 and Lemma 6.2, the bound
[V2(B0W (V)| < 18Vl + VBV2g| + V23],

and the estimate
Ty < [|R?|2 IVl 2 S IR ||2l| Vonl| 2,
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where we employed Lemma 5.5, we obtain the result. U

6.2. B-QCE modelling error estimate. To complete the B-QCE consistency error anal-
ysis it remains to provide a sharp bound on the B-QCE stress error R?, which is defined in
(4.23).
Lemma 6.4. Let e >0 and z € C*(v,) with |[Vz — V||~ <€, then

IR (z:2)| < C(IV2Bllrsowy + [VB@)| [V22(2)| + IV 2|12 0) + V27 0,)s  (65)
where C' depends on Me(p)(y), pER,j=1,...,3.

Proof. Throughout the proof we define V¢ , := V ,(Dz(§)) and V, := V,(Vrz(x)). Further,
we define § = f(x) and V5 = VS(x). Finally, we denote

6 = V72|l Lw,y, and &5 = || V78] oo (uy)-

We begin by noting that, since R and the support of w, are both bounded, the sum over
¢ in the definition of R”

RY(z;2) 1= B(a)dW (V2(x)) = Y BE) Y [Vep @ plwy(é —2)
cezd PER

is only over a bounded set. Therefore, we can insert the expansion (4.11) to obtain

RA(z; ) := B(z)OW (Vz(z))

DING)S [(V,p + Y Vin(Diz = Vi2) + 0() ) © p| (€ — )

¢ezd PER GER
= B(x)oW (Va(x)) = Y BE) Y [V, @ plws(é — x)
¢ezd PER
Y86 Y [V(Dez — Vez)] @ peo, (€ — 2) +O(&)
tezd PSER
= T; — Ty + O(e3). (6.6)

We expand 5(§) =+ VB - (£ —x) + O(d2), and employ (4.18) to estimate
Ty = BOW(V=(x) = > (5 +VB-(€=2)) D [V @ plwp(€ —2) + O(8)

¢ezd PER
= BOW (Vz(x)) = B _ [V,
PER
- Vg Z [‘Zp ® /0] Z(& - I)“p(f — ) + 0(d2).
PER &ezd

Since ) cn [V, ®p| = OW(Vz(z)) and Yeeni§ —T)w,(§ — ) = —2p by (4.19), we further
obtain

:__Z » ®p|(VB-p)+ O0(02) = O(62),

where the sum over R cancels due to the point symmetry assumption (2.6).
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To estimate Ty we expand  and use expansion (4.6), (4.18), and (4.19) to obtain
T, = Z (6 +VgE-(€— :r;)) Z Vp(VeVepz + 2V22)] @ pw,y(€ — ) + O(d2 + €3)

£ezd pPSER
=3 Z [V (—=3V V2 4 3V22)] @ p+ O(|VB||V2]) + O(6; + €3)
PSER

Using again (2.6) we observe that the sum over p,¢ € R cancels, and hence we obtain that
To| S [VBI[V?2] + 62 + es.
Combining this with the estimate for Ty, we obtain the stated result. U

We now convert the pointwise estimate (6.5) into a global estimate.

Lemma 6.5. Under the conditions of Theorem 4.5, we have
IR (7; )| . < CUIV2Blee + VBl VGl 20y + VPGl 200y + V291l 7a(0e)),  (6.7)
where C depends on MP (y),p € RI,j =1,...,3.

Proof. The main point of this proof is to use the inverse estimates from § 5.4 to obtain
Li-type bounds from the L* bounds provided by Lemma 6.4.
Let r(z) := R?(9%;z) and F(z) := V§®(x), then we begin by estimating

IR(5) — 7|2 < ||BOW (VG) — BOW (F)|| 2
S (18 = Bll=) +||8(dW (V) — oW (F)]| .
< (VB2 + 1B(VH — F)lz2), (6.8)

where we used || — |2 < C||V?8||12. Let z € supp(8) N Q* where Q* = £ + [0,1)%, and
let £ € Z9. Then

Vi —F(@)| <IVi = Vi'llrzg) S IV0l2

Integrating over x yields

[ 8@V - F@Pds < [ B@IT g de S IV, (69
using an argument analogous to the one in [34, App.A]. Together with (6.8) we obtain
IR?(7) = rllzz < (IV2Bllz2 + V5l 22(00)). (6.10)

Using Lemma 6.4 with 8 replaced with fand z = 7*, defining v := v, Nsupp(V}3), and
recalling (5.10), we obtain

r@)F S (192813 m ) + VA1V

T ey + V25 Py + V25 o)
S (19281320 + IVBIE = IV25 122 ) + 1925 3200,y + 1925 1)

Using Lemma 2.1, the results of § 5.4, and techmques similar to those used to prove (6.9),
we deduce that

Illz2 S NV2Blee + IV BIl= IV?Gl r208) + IV Gl 2200) + [IV?5 Za(2e)-
Together with (6.10), this yields the desired result. O
Proof of Theorem 4.5. The result follows upon combining Lemma 6.3 and Lemma 6.5. [
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6.3. B-QCE energy error estimate. We assume that all conditions of Theorem 3.1 hold.

Let 4 be a solution to (2.11) and let 3, be the solution to (3.2) guaranteed by Theorem 3.1.

For ease of notation, we write y := y* and y; := y}iqee. Further, we define

V(Dy) :=V(Dy) = V(Dyo)  and  W'(Vy) = W(Vy) - W(Vy).
Let
&= Y (1= HO)V(Dy(e) + [ @B (VE)
tezd Re

then we split the energy error into

E(y) — & (yn) = [62(y) — ] + [€ = &) (M) + [ (Ty) — & (va)]

=T+ Ty +Ts.
Since y, is a minimiser we obtain
T3] < VI — V|7, (6.11)

which we already estimated in Theorem 3.1.
6.3.1. Estimate for T}. The term T; contains the main “modelling error” contribution. For

f:RY = Rlet I f := f denote the P1 nodal interpolant with respect to the atomistic mesh
. Then, using the fact that

S BOW(Vi(E)) = / LIBW/(V5)) d,
ez R
we rewrite 77 as

7= Y 86V (Dy(©) - [[@uAW'(Vi)do

¢ezd

= 328 (V/(Dw©) - W (Vi) + [ ([@uaW'(v5) - hlEW (V) do
&ezd
=111+ 1.

T' is essentially a quadrature error estimate, since both the integrals [ Q,[SW'(Vy)] dz
and [ [[W'(V{)]dx are second-order quadrature approximations to [ SW'(V§) d:

T12] S V2Bl 2l Val r2e) + VB 1 [Vl r2i00) [ VY0l 2200y + [V Bl 22| V0 22(0)
+ IVl 209 (V002200 + 1V%0l Zagqey) + 1V T2 (00 (6.12)
+ V2| 2] V50 | L2(0e) + IVP0 10y

We will later see that most of these terms are dominated by other terms occuring in the
energy error estimate.

Proof of (6.12). Fix an atomistic element 7" € 7. If § # 1 in T, then T' € T, as well,
so Qnp = @15, where ()7 denotes the PO midpoint nodal interpolant with respect to the
atomistic mesh 7. In the other case, where § =1 in T, we also have Q.5 = Q18 = 1.

We estimate the integral defining T o restricted to T'; call it

10, = [ ((QuW'(V5) = HIsw'(73)]) da.
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First, we replace § with §7 := §°7, y, with g¢ := 37 where zr is the barycentre of T', and 3
with 8. Also, let yd = yo™ and W/(VyT) = W(Vgy") — W (V4l). Then, a brief computation
shows that

W' (Vy") = W'(Vi) |« SIVye — Vi | |V@|HLOO(T) SVl p2e) V290l 21
1B = BYW! (Vi) oe(ry < V28| 2y | Vil z2ry,
and hence,
18] 5 | [ (1AW 93 = niw i) ao
T
+ IVl 2oy VP90l L2ery + 11V B 120
=: | T, + IVl 2y (V%0 22¢7) + IV Bl 227)),

We estimate the term T7, as follows:

17,| < ' L1 w(ey) - w9y ) ds
T
SAIVEBW (V)| ooy
S INV2BW/ (Vi) oy + VB @ VW (V)| oy + 1BV (VD) | ooy
S IV Bl IVl oy + 9Bz (I 5oll ey + 192 2o cr))

N ‘ /T (@ — L)[BW' (V)] da

(V19250 | oy + (11721 1920

[y + VPP ]| oy

+ V2| ooy + |||V ’V3@0|HL°0<T>>’

where we used the fact that V§’ — V4l = Va and identities along the lines of
VW'(Vi") = V(W(V§") = W(Vig)) = oW (Vy") : V2§ = W (Vi) : Vi
= (OW(V§") = oW (Vi) : V35 +OW (V") (V3" = V*55),
and its lower and higher order analogues.

Applying suitable inverse inequalities (cf. § 5.4), summing over 7' € .7, and being careful
to only collect those terms for that actually occur in a given element yields (6.12). Il

To estimate 77 ; we perform a basic Taylor expansion, using the tools developed in § 4.2.1
and § 4.2.2.

Lemma 6.6. Let & € Z%\ Bga, andy € ¥, then
[V'(Dy(€)) = W'(Vi(€))] S (HV%HLI(%) + V2l 2y + IVl 2200 | V290l 2200

3 - (6.13)
+ IVl 2w IV %0l 2 + IV yo||L4<u§>)>‘

Proof. All derivatives and finite differences below are evaluated at &, so we omit the argument,
writing Du for Du(€), for example. Let z := g€ and zg := 45 + 0, so that z = 2, V'(Dz) =
V(Dz) — V(Dzy) and W/(Vz) = W(Vz) — W(Vz). Then

V(Dz) — W/(V2) = / 1

0=0

(((W(Dz@), Du) — (OW (V2), va>) do.
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Expanding (0V(Dzy), Du) analogously to the proof of Lemma 6.4, with ¢; := ||vj29||Loo(V£)
and &; := || V70| Lo (s, We obtain

(6V(Dzy), Du) = > V,,(Dz) D

PER

=5 (Vo t S Vb2 4 Ofea ) ) D
PER SER
- Z Vi (Vp& T %Vifb) - Z <Vp<vpﬁ’ %V?'@)
PER pSER
+ 0(53) + 0(6252) + 0(51(63 + 6%))
We now observe that Y .,V ,V, i =0W(Vz): Vi, and that, due to the point symmetry
(2.6), both

PER

Z VP%V?)& =0 and Z (Vs Vi, V229> =0.

PER PSER

We combine the foregoing calculations to obtain
|V'(Dz) = W'(Vz)| < C(HV?’@HLOO(%) + V2l Lo o) | V220l oo ) + 1Vl T 1

IVl ) (19 20l 2wy + 172200 )) )

Using appropriate inverse estimates, and incorporating the error Vzy — V{, similarly (e.g.)
as in the proof of (6.12) (this yields additional ||Va|| 12| V350l 2 terms), we obtain the stated
result. U

Summing (6.13) over all £ € Z2 with B(€) > 0 it is straightforward now to prove that
Tial < C(IIV¥ll 2 ey + IVl 200y + 1V 220

VQQHL?(QC)
(6.14)
~ 3 2,12

+ [IVa]| 2 ey (V00 l 220y + IV yOHL4(Qc))>-
This completes the estimate for T

6.3.2. Estimate for T5. We begin by recalling that 7, and II, are defined in such a way that
IIy(€) = y(§) in a sufficiently large neighbourhood so that

T = [ (1QuAW(5) = Qu[8W'(VILy)] ) do
- / QB (W(V) — QuWV'(VTy)) de
_ / QuB) (W' (V§) — W' (VL)) dz

+ / (QuBI (W' (VITy) = QuW'(VITy)) da
=: T271 + T2,2-

The term T5; is an approximation error, while 755 is a quadrature error.
First, we prove that

Toa| S || (IVa] + VU™ *) (Vi — VIu ) HIVPall o) + 1 VE = VITyul 2 (e, (6.15)

Mz e
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where we set '™ = 0 in the case (pPt).

Proof of (6.15). We first note that, with ej, := Vi — VII,u we have

15| = ’ /[Qhﬁ] (W(Vy) — W(V§ — Vey)) da

< \ [1@us@w(v)Ter) ds| + Ve

= |T3,| + ClIVerlla.

33

Let e, = [Va — V] + [Va — VII,u] =: €}, + €}, then ||[QnB]Ve, |l S ||V 12 e and

el =0 in Q7 hence

T3] < ‘ / [QuB](OW (V§)Vey) dz| + C| V3 o ae)

— ‘ / [OW (V§) — S™|Ve}, dz

+ C|| V3| 11 ey,

where, setting «'™ = 0 in the case (pPt),
S = OW(A) + C: Vu'™,
We can now estimate
oW (V) — S™| S IVl + [Vu™]?,
which yields
~ in 2 ~
13,1 S (I(Val + 196" 2) Ve |[7 gy + 1Vl 210

S (vl + |W““\2)V€h||il<m + V3 21 o),

estimating again that || Ve, || 1) < [[V2U] 11(00).
This completes the proof of (6.15).

g

The final term to complete the estimate for the B-QCE energy error is 75 5, which we can

bound by

LEEIS <||h2v3y0HL2(ﬂ°) + HhVQyOH%‘l(QC)) [VIpu|| 22 e

S (102V2yollzqr) + 119200 210 ) (B(0) + Vil 2

(6.16)

(6.17)

The proof of this estimate follows much along the same lines as that of (6.12), exploiting the

fact that

W(VILy) — QW' (VIILy)

1
_ / (07 (Vo + 09TT0) — OW (Qu[V] + 09TT,) )0 = Ty
0

=0
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6.3.3. Completing the energy error estimate. Combining the estimates (6.12), (6.14), (6.15)
and (6.17), ignoring any terms that are dominated by others, we arrive at

) = 6 w)| < (B (WP + B W) + B ()’ (6.15)
+ I8l Vll ey + V8] 22 V20 2
+ E(y) ([ Vl| 20y + VU™ 131 e))
+ IVPa 1 ey + 1V 720
+ (182250 2oy + 10200l i) ) (B () + [V il2ca))
1Vl 200y 19290l 1200) + IV Bl | Vil 209 | V290 22000 -

A slight rearrangement yields the statement of Proposition 3.2.
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6.4. B-QCF Consistency analysis.

6.4.1. Consistency error estimate, part 1. Recall the definition of the B-QCF operator (3.4)
and assume that y,(§) = y(&) for £ € A?, then we have

(F2 (yn), vn) — (66*(y),v) = (36(y), (1 — B)v, — v) + (3& (yn), Ln[Bun)).

Similar to the B-QCE case in § 6.2, we choose a specially adapted test function v := IIj vy,
as defined in (4.25), for the “weak form” of the atomistic force (§&*(y), v). That is,

v=(1—B)vp|za +w", where w(§):= (f * wh)(f) and wy, := Ip[Bup]. (6.19)
Standard quasi-interpolation error estimates (see e.g. [5] for an analogous result) yield
||V1D—th||L2+ ||1I)—U)h||L2 5 ||th||L2. (620)
Applying the stress form of §&*(y) in (4.15), with S* = S*(y; x), we can now compute
<ﬂ}?(yh)avh> —(06*(y),v)

= (6&(y), (1 = B)vn — v) + (665 (yn), In[Bunl)

= (06" (y), w*) + (06 (yn), wn) = (665 (yn), wn) — (66 (y), w")

_ / QU oW (Vy) - Vun] = * - Vo] da

- / On [GW(Vyh) —aW(vg)] . Vay dz + / (@1 — 1d) [OW (V) : V] da

+ /8W(ng) : (th — VU_J) dx + / (8W(ng) — Sa) : Vwdr
= T1+T2+T3+T4.

Applying Lemma 6.1 and Lemma 6.2 with = 1, and exploiting the fact that supp(wy,), supp(w) C
Q¢ we obtain

|T1’ S HV'LLh — VI&HLQ(QC)
To] S WV (§) | 2 (o)
|T5] < IV div OW (§) || 2209 [ Vwr | 2

vwhHL27

Vw2, and

Finally, the fourth term is the Cauchy-Born modelling error estimated in Lemma 4.3
combined with the quasi-interpolation error estimates in (6.20). Applying Lemma 6.5 with
B =1 and exploiting again that supp(w) C €2°, we obtain

T4 S (V23 20y + V20l 2e(e) I V0R] 2

Combining the estimates for the terms Ty,..., T4 and then arguing as in Lemma 6.3 we
arrive at

[(F () on) = (667 (y), 0)] S (B (y) + EP(y)) | Vel - (6.21)

In particular, we have proven (4.26).
It now remains to estimate ||Vwy||rz, where wy, = I;[Svy] in terms of ||V ||Lz.
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6.4.2. The trace inequality. Our aim is to prove (4.27). For the sake of argument, suppose
wy, ~ Pup, (we dropped the interpolant), so that Vwy, ~ Vv, + v, ® V5. Thus, we need to
estimate vy, in the support of V§ (i.e., in the blending region) in terms of Vv, in €. The
key ingredient to obtain such an estimate is the following trace inequality.

Lemma 6.7. Letd>2 and 0 < ro < rq, then

HUH%Q(QBTO) S C]'HVUH%2(BT1\BT0) fO?“ allu € 1'——[1(37”1 \BTO),uyaBrl = O, (622)
~f 2ro|logZ|, d=2,
where Cy = { 21/ (d — 5)’ 4> 3 (6.23)

Proof. The result follows from minor modifications to remove the constraint r; < 1 of the
proof of [20, Lemma 5.1]; up to [20, Eq. (5.4)] and choosing s = r; from the beginning. [

Corollary 6.8. Under the conditions of Lemma 6.7, we have
||Uh||%2(9ﬁ) < ((Rﬂ)2 - (Ra)Q)CqHVUhH%%Qh) Vo, € U,

log | £ =2
where Cl = { 08 Ral: gz 3?
Proof. Recalling that Q° C Bps \ Bg- we write
RB
lonlBaony < [ lonlia
Applying (6.22) yields the stated result. O
Proof of Lemma 4.6. If T' € Ty with | = 1, then I [fv,] = vy, and hence ||V I, [Bvp]|| L2(r) <

[Vonl z2r).

Conversely, if S|y £ 1, then hy < 1 and hence standard nodal interpolation error esti-
mates [6] imply

IV In[Bun]ll 2y < [IVIn[Boa] =V (Bon) 2@y + IV (Bon) |22
SV (Bon) 2y + IV (Bon) [l p2r).-
Since vy|r € P1(T), so V2u;, = 0, for each such element 7" we have
IV In[Bonlll2ery S IV2B oy lonllc2ery + 21V Bl oo () I Von 22y
+ 1BVl zeery + lvn ® VB z2(r)
SIVBllwree iy lvnllczery + (1 + VB[ oo @) | Vonl| 2z

Recall that Q7 is constructed in such a way that suppVSNT # @ implies that T C Q°. Thus,

summing over all T C 7, and also recalling that ||V ||z~ < 1 and then applying Corollary
6.8, we obtain

IV [Bonlllz S IV Blwr e l[onll s + [ Vonl
< (GHLE)? = (B |98 lwree + 1) [Vonllae, (6.24)

where (' is the constant from Lemma 6.8.

Recall now that in (3.6) we assumed that the blending function 3 satisfies ||V73||z~ <
(RP)™ for j = 1,2. Inserting this assumption into (6.24) finally completes the proof of
Lemma 4.6. U
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7. STABILITY PROOFS
7.1. BQCE stability.

Proof of Lemma 4.9. Assume, for contradiction, that there exists a sequence of B-QCE ap-
proximations, characterized by B, Thn, Uhn € %hn, etc., with R: — o0, as well as test
functions vy, ,, satisfying ||V, ,||2. = 1 and

nh_)Holo<52 [g}fn(nh,ny) + P (W) 0hn, V) = :Y/’f < min {Va(y), ’Y}?(Ax)}

In what follows, we will drop the index h in %, Zhn, Uha, (g’hﬁ ., and so forth.

Upon extracting a subsequence (which is still denoted by v,), we have Vv, — Vo, in L?
for some lattice function vy : Z — R™. Further, similarly to [13, Lemma 4.9], there exists
a sequence 7, — 00, T, < %Rz, such that, defining w,, := 7,,v,,, where 7, is a smooth cut-off
function satisfying

m(§) =1 (€ <7n+2rew) and  mu(§) =0 (€] 2 270 — 2rew),

(cf. the definition of the truncation operator Tx in (4.20)) and z, := v,, — w,, then

Dw,, — Dvy in (2, Yw, — Vi in L?,
Dz, — 0 in £, Vz, = 0in L?
_ | Dun(§), [€] <7,  Vuu(x), || < F,
Dual8) = { 0, 6l =25, o Veal)= 0. |2] > 2.

We note that w, = 0 on Q¢ and hence w, is an admissible displacement, w, € %, which
also ensures that z, € %,. The statement that Dz, — 0 follows from the fact that, for any
fixed ¢ € %°, (Dz,, D) — 0 as A* will eventually enclose the support of ¢ for sufficiently
large n.

Hence we have

<52[é‘f + P,y )vn, Un) = (525715(1_[”1/)10“ + 5232(9)@%,@%)
+ 2<52£f(ﬂny)wn> Zn) + <52éanﬁ(nny)zm Zn)
=: a, + 2b,, + ¢,

Here we used the fact that, for n large enough, Z(Il,,y) = Z(y) and is supported outside
supp(Dz,) or supp(Vz,).
Due to 7, < 3R and the stability assumption (4.29) we have that

Qn = <52[£a + Z|(Wny)wn, wy) = <52[(g)a + P (y)wn, wy) > 'Va(y)vanH%?'
Similarly, since Dw,(£) can be nonzero only for £ such that 5(£) = 1, we have that
b, = <52£nﬂ(nny)wn7 zn> = <52§a(y>wn> zn>
= D _(8°V(Dy(&)) Dwa(€), Dz (6)).
¢cezd

Since 6V (Dy) Dw,, — §°V (Dy)Duvg in ¢* and Dz, — 0 in ¢* it follows that b, — 0.
Finally, the fact that [|VII,y — A/ ec®a\p,,) — 0 as 7, — oo and the Lipschitz regularity
of 62V and 0?W imply that

16*V (DILy) — 6°V (AR) || (supp(Dzn)) < 02V (DILy) — 6*V (AR)|| g (za\5,,) — 0, and
|0°W (VIL,y) — O*W (A)|| oo (supp(vz)) < [|0°W (VILy) — W (A)|| po(rar 5, ) — 0
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which, upon writing out §2€2(1L,,y) — 02&°(Az) and estimating || Dz, by || V2|12, allow
us to conclude that

en = (8267 (Ax) 20, 20) + 0(1)[|V2al|Z2 2 (7 (Az) + 0(1)) |V 2alIZ,

where o(1) denotes a sequence that converges to 0 as n — oc.
It remains only to observe that

Y W)IVwalli2 + (v (Az) + 0(1) |V 217
> min{y*(y), v, (Az) + o(1)} (I[Vw,l7> + | Vzall32)
= min{y*(y), 7, (Az) + o(1)} (IVvall7> — 2(Vw,, Vz,)12)
= min{y*(y), 7, (Az)} + o(1),

where we used again that fact that Vw, converges strongly while Vz, — 0.
Thus, we have arrived at a contradiction to our original assumption, and have therefore
established the result. U

In the proof of Lemma 4.10 we will use the following auxiliary result.

Lemma 7.1. If 3: R? — R satisfies (3.7) then \/B,/1— 3 € W1 and

masc {[Vy/Blle, IV /T = Bl } < VIV /2.

Proof. Tt is proved in [15] that v/f is continuously differentiable on Q = {z| 8(x) # 0 or V?3(z) =
0} and |VV/B|| =) < /|| V2] /2. It remains to notice that © is everywhere dense, hence
V/B is Lipschitz everywhere, i.e., v/8 € W1, The result for v/1 — /3 follows similarly. O

Proof of Lemma 4.10. As in the proof of Lemma 4.9 we assume, for contradiction, that there
exists a sequence B, Ty, Uy € U, ||Vus|r2 = 1 etc. (again, we omit the subscript k) such
that

lim (°67 (Az)v,, v,) < ¥* = +*(Az). (7.1)

n—o0
We introduce the parameter ¢, = 1/R? — 0, rescale variables,

1—d/2
n

T epr, e, v, e Upy, =000,

and define [[w,||% ., 0 = €0 Peee,za [Wa(§)>. We observe that [[Vu,[|z2 = 1 is preserved

under this rescaling, while (7.1) now reads lim,,_,o (H, v, v,) < 7®, where

(Hytn ) i= 8 3 (1= Bl €A D ) Dua(€)) + | (QuBa)(€:T0): Vi

I{YA n

A= V(AR), C:=@W(A), and Dyw(€) = (w(“ip)_w@) . (12)

loc(Rd)'
Hence we define w,, = I, (n,, * vo) € %, and split v, = w, + 2,, where n, € C*°(R?) is a
family of mollifiers, and the sequence r, — 0 will be chosen later. Since Vw,, — Vug in L2,
we have that Vz, — 0 in L2.

Step 1: estimating (Hyzy, zn) -

Upon extracting a subsequence we have that Vv, — Vg in L? for some vy € H\
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Step 1.1: continuum contribution.  We start by bounding the continuum contribution
from (H,zpn, zn),

/ (Quf)(C:V2): V2, da.
Qp

Due to rescaling (3,(z) — B,(e,'x) and ¢, = 1/R?, we now have a uniform bound |V?43,| <
02,3 . Hence, the error of interpolation of /3, tends to zero due to the assumption (3.8), i.e.,

|@QnBr — BullL= — 0, which enables us to replace Q,5, by B, while making at most o(1)
eITor as m — 00.

For ease of notation, let & := C7, so that e, R° = R®/R* < R, and B := Bp; cf. (3.6).
Upon shifting the test function we may assume that JCB v, dz = 0. (Note that the shifted
test function does not satisfy the homogeneous Dirichlet boundary condition, but this is ir-
relevant for the following estimates.) Therefore, due to (i) norm equivalence [[vy ||z <

~Y

[VUn[12() and (ii) the compactness of the embedding L*(B) ¢ HY(B), we have that
|2nllp23) — 0. Further, (3.7) implies that V53, =: ¢, € W1 and that it satisfies the

bound [|V,||e < /[V2Ballz~/2 < 1/C5 /2, as we have proved in Lemma 7.1.

Noting that supp(y,) C B, we have that

6n(C:Vzn):Vzn—/ (C:V(pnzn)):V(enzn)

‘Qn n

= ’2/ (C:(Vgon®zn)):V(cpnzn)+/ (C: (Ve ® 2,)): (Ve @ z,)

n

S 2||Zn||L2(B)||VZnHL2(B) + HZnHiQ(B) —0 asn— oo

Thus,

/ (QuBn)(C:V2,): V2, = | B,(C:V2,):Vz, +o(1)

= /Q (C:V(©n2n)):V(pnzn) + o(1)
> 7|V (pnza) 172 + o(1)
= 7|V (VBaz) || 2 + 0(1). (7.3)

In the last estimate we used two facts: (i) the stability (2.12) of the exact solution implies
the stability of the far-field [12], that is,

el > (SV(AR)Dywn(€), Dywa(€)) = 77| Vw75

fEEnZd

and (ii) that atomistic stability implies continuum stability [18], that is,
/((C:an):an > 7| Vw, |72 where ¢ =~%(A) > +*(Ax).

Step 1.2. A similar argument can be applied to the atomistic contribution to (H,zy,, z,)-
We introduce the translation operator T, wy,(§) := (w(é+e,p))er and the product D, T2, ==
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((Dnpn) p(Tnzn) o) per- Then, redefining ¢, == /1 — B, € W=, ||V, || < 1/C¥ /2, we obtain

e Y (1= Bu(€)(ADuza() Duzal€)) — e 3 <ADn<sonzn><§>,annzn)(o)\

EeenZa ¢eenZd
= et 3= (A(DupaTuz) (€), 2Dalnz)(€) + (Dn%Tnzn)@)}‘
£€en 78
< 2IVZull L2 supp(on)) + 120l L2suppien))) 1120l L2(supp(en)) (7.4)

where we used rescaled versions of the local norm-equivalence and inverse estimates (5.7).
Next, we notice that the mesh .7, is fully refined on supp(p,,) (cf. the assumption (3.8)),
hence z, = z, on supp(y,), and therefore (7.4) tends to zero as n — oo. Thus,

st Y (1= Bul€) (A Duza(€) Duz(©))
£€en 74
=l " (ADu(Pa(©)20(8): Da(@al©)za(8)) ) +0(1)

EeenZd
> 7|V (@nzn) || 52 + 0(1).

Next, we need to prove that |V($,z, — ¢nzn)llzz — 0. Indeed, V(@nz, — ¥nz,) can be
nonzero only in those T' € 7, where ¢, is not constant, and all such triangles are contained
in B, which implies

IV (Pnzn — @nzn)HB(Rd) = [V (@nzn — @nzn)HL?(B)'

Upon defining the oscillation operator oscy(f) := sup, ,er |f(7) — f(y)| we can estimate the
right-hand side, for any T' € .7,, by

IV (@nzn — onza)llLeo@) < OTS,C(V(SOnZn))
<
< O%C(V@n Zn) + O%C(goann)
< 2|Vl ey llznll e () + OIS,C(SOn)|VZn|T\

S 20Venllzemllzallzairy + enll Vel ooy Vanlr],

where in the last step we used the fact that diam(7) < e, and that ||2z,||z) S |20l 2
since z,, is a linear function on 7. )
Then summing the contributions over all 7' C B, we obtain

IV (@nzn — ‘Pnzn)HB(B) S 2||v90n”L°°HZn”L2(E}) + 5n||‘:0n||L°°HVZnHL2(B) — 0,

since ||z, |25 — 0 and €, — 0 as n — oo,
Thus,

el 3 (1= Bul€){ A Dz (€), Dazn(€)) = IV () 32 + (1)
£cen 78
= [V (VT Buz) 2 0. (75)

Step 1.3. Combining (7.3) and (7.5),and using ¢ > 7*, we obtain

(Hpzn, 2n) > ’ya/Q (|V(mzn)’2 4 ‘V( B, Z’n)‘2> dz + o(1).
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Then arguing similarly to the above (expanding the gradient of a product and exploiting the
fact that ||zp[;2(5) — 0) we conclude that

/Q (IV(WVT=Boz) [ +[V(VBuza)|*) do = / (1= B)IVznl + BulVznl?) d + o(1)

Qp
= |V z,|? d + o(1).
Qp,

Summarizing, in Step 1 we proved that
(Hp2n, 20) 2> 7all V|72 + o(1). (7.6)

Step 2: estimating (H,wy,, wy,).

Since supp(f,) is contained in B and V283, is uniformly bounded, we have that, up to
extracting a subsequence, 3, — 3y in C* for some 3y € C'(R?). Due to the strong convergence
QnfBn — By in L™ and w, — vy in L%, it is straightforward to evaluate the limit of the
continuum contribution to (H,w,, w,):

/ (QuB)(C: V) : Ve de = | By(C:Vp): Vuyda +o(1). (7.7)
n Q’VL

To evaluate the limit of the atomistic contribution to (H,w,,, w,), recall the definition (7.2)
of D,, and notice that for a fixed 7 > 0, || Dy (- ¥v0) — Vr (1% v0) ||l 2(c,,z4) — 0 as Dy (n, xvp) is
a finite difference approximation to the derivative of a smooth function, Vg (7, * vy). Hence,
since || B, — Bollese(enza) < [|Bn — Boll oo ey — 0, we obtain

Tl D7 (L= Ba(€)(AD (% 0)(©). Dol % 0)(©))

¢eenZd
= izt 3 (1 () AVR( # 10)(€), Trln # 1))
EcenZd

— /Rd(l . 60><AV’R(777' * U()), VR(T]T * U0>> de.

In the last step we used the fact that a summation rule applied to a smooth function converges
to its integral.
Next, we notice that V(n, * v9) — Vg in L?, as 7 — 0, hence

r—0n—oo
£cenZd

= /d(l — B0)<AVRU(), VRUO> dz.
R
Therefore there exists a sequence 7, | 0 (sufficiently slowly) such that

lim 7y (1- 6n(§))<ADn(mn % 00) (&), D (1, * vo)(£)>

n—oo
£€enZd

I
S— 5

(1 = Bo)(AVRuo, VrUo) d

d

(1 = Bo)(C:Vuy): Vg da.

n
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Finally it remains to notice that due to the full refinement of 7, on supp(l — 3,,), w, :=
I1,,(n,., *v9) = 1, * vg, hence

Y (1= A (ADwn€). Datn©) > [ (1= 50 (€5V0) Tuods. (78)
£cen 74 n

Combining the estimates for the atomistic contribution (7.8) with that for the continuum
contribution (7.7) we finally deduce that

(Hpwp, wy,) = /(C:V@o) :Vug + 0(1)
> Yel[ Vool 72 + o(1) = 7el|[ Vw72 + o(1). (7.9)

Step 3: estimating the cross terms (Hpw,,, z,).
Since Vz, — 0 and Vw, — Vg in L?, and Q,,3, — B in L>, we trivially have that

/ (Qnﬁn)(cvwn) :vzn d$ — ﬁo(CZvvo)IOdJT =0.
n Qp

To prove that
el > (1= Bu)(ADywn, Dyz,) = o(1) (7.10)

£cenZd

we convert the sum to stress-strain form as in § 4.2.3. Let (,(€) = €,%((&/en) be the rescaled
hat function and 1, : eZ% — R™ such that ¢ := (¢, * ¥,) = 2, on £,Z%, then

gfl Z (1 - 6H)<Aann; Dnzn> = /Sn : V'l/_}n, Where

£CenZd

Su(e) =<t 3 (1= 6a(6) Y [(AnDucn(@) @] f Gue+ 1)t
¢ t=0

cez4d PSER

We can now argue analogously as in Step 2 to prove that
Su(x) = (1= By)C: Vg strongly in L?,

again requiring that r, — 0 sufficiently slowly (possibly at a slower rate than in Step 2).
Thus, if we can prove that Vi), — 0 in B, then (7.10) follows.

To that end, let u € Cg"(B; R™) be a test function with compact support, then ||¢, * Vi —
Vi||z= — 0 as n — oo and hence,

/an:Vudx:/an : (G x V) dz + o(1) :/V(Cn*q/zn) : Vudz + o(1)
:/Vw;:v,udx—iro(l):/w;-A,udx+o(1).

Due to local norm-equivalence in each element, we have that
||¢Z||L2(B) < ||¢:L||z2(ezdmé) = ||Zn||z2(e7z;dm3) S ||Zn||L2(B) — 0 asn— oo,

Hence, it follows that [ U - Apdz — 0, which completes the proof that V4, — 0, and hence
also the proof of (7.10). Thus, we have established that

(Hpwy, zn) — 0 as n — 00. (7.11)
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Step 4: conclusion of the proof. Combining (7.6), (7.9) and (7.11) we obtain
(Hovn, vn) > %all Vaullze + %l Vawall72 + o(1)
= %allVonl72 = 27(Vzn, Vw,)7: +o(1)
= %l Voul[Z: + o(1) = 74 + o1).
Thus, we have a contradiction to our initial assumption that lim,, . (H,vn, v,) < 7. O

7.2. BQCF stability. The main step towards the proof of Lemma 4.12 is the following
estimate.

Lemma 7.2. There exists C, independent of (5,7Ty) such that
(82E) (yn)on — 6. (yn)on, vn)| < CE Yoy, € U,

where B = ||Vyn, — Al o8y (IIVoRl1 72 + lonll 2@ | Vol 2]V 8]l o)
+ [ VBllwree|[Vunll72 + V28]l o |on | L2 sy | Von] 2. (7.12)

Proof. Step 1: reduction to the homogeneous case. Let 6°Vy := 6*V (Dy(£)) and 0°W =
O*W (Vyn(z)), A :=§?V(AR) and C := 9*W(A).
Then, the difference in the linearised operators is given by

(328 (yn)on — 0.2, (Yn)vn, vn)

= 31— BEO)(VeDun(€), Dun(€)) + / (QuB) (6P :Vop) : Vo da,

cezd Qp
= {(8VeDun (&), D((1 = B)on)(©)) — | (0°W:Vuy): VI, (Buy) da
¢ezd Qn
= Y (8*VeDun(§), (— BDvy + D(Bun))(€))
&ezd

+ /Q (82W1vvh) : ((Qhﬁ)Vvh — th(ﬁvh» dx

= 3" (82VeDun(€), (— BDuy + D(Bun)) (€))

EEAP
+ [ (@WiT): (Qu8)Von — VIa(G0) do
OB

In the last step we used the fact that the summand is nonzero only if ¢ € A? and the integrand
is nonzero only if x € Q° where A? and Q° are defined in § 3.2.
For such ¢ and x we can estimate |0V (Dyy(£))—A| S | Dyn—AR || as) S | Vyn—All L0
and |°W (Vyn(§)) — *W(A)| < [[Vyn — All 1 (as). Hence, we can estimate
(828 (yn)vn — 0.7, (yn)vn, i) — (328 (Ax)vy, — 6.F) (Ax)vn, vp)|
S IIDyn — ARl a8y |1 Dvnle2asy (1| Bl |1 Dvnlle + [ DB e 1o llez(as))
+1Vyn — All @) I Vorll 2 (VB e llvnll 208y + Vol 2218l 1<)
< IVyn = Al o) IVonll 22 (1VB] o lvnll 2 o) + (Vo] z2)
S E. (7.13)
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Step 2: estimate for the case y, = Azx. It remains to bound 026 (Az) — 6.%) (Az). To that
end denote

Ee = |[VBllwreowe)IVUrlZ2e) + V2Bl oo o) 1val 2o VRl 20

where ve = B, . /3(£) is defined in (4.4), so that >° . s Ee S E.
Further, let A,, =V ,,(AR), then we have

(3267 (Ax)v, — 6.7 (Az)vn, vp)
= > (ADuvy(¢), (— BDvs + D(Buy))(€))

EeNP

+ /Qﬂ((C:Vvh) : ((Qhﬂ)Vvh — Vlh(ﬁvh)) dx
= 3 ((ADu(©). (i VA)(Q) + O(E) ) - / (C:Vur): (vn ® VB) da

EeAP a8
— Z Ay { Z D,vp(§) @ vp(§)VeB(E) — /vah ® vV, dx} +O(E). (7.14)
PO0ER ¢ezd

Let v(€) := v, (€) for all £ € Z¢ and recall the definition of v* from (4.13). We observe that
the sum and integral are only taken over a region where v, = v (recall that 7 = T, in the
blending region), hence we can write

ZDU £) @vp(€ ZDU )VeB(€)

GZd GZd

=Sy + Tpo. (7.15)

Step 2.1: Rewriting S,,. Employing (4.14) and (4.18) we can write

S =3 / V,5(@)w, (€ - 2) de © v(E)V,B(E)

&ezd

RZE { S we—ay <£>w<£>}

&ezd

_/ pv®{zwpx— ) (0(2)V,8( )+O(HV(1‘;VUB)HLOO(V§)))}dx

¢ezd
- / V.0 @ 5(2)V,B(x) de + O(E).
Rd
Thus, we observe from (7.14) and (7.15) that

<(52<§’B(Ax)vh — 5?5 Az)vy, vp) Z ATy +O(E). (7.16)

p,0ER
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Step 2.2: Estimating T,,. Summation by parts yields

| Tpo| = ‘ — > (W =v)(&) ® D_,(vV,B) (&)

¢ezd
S v - U*HZZ(AB)HD*p(UvaB)”ﬁ(Aﬁ)
S IVollzom (19120 I V2Bl 2 + 1| D-p0ll2am IV 8] < )
S E.
Recalling (7.16) and (7.13), this completes to proof of the lemma. d

Proof of Lemma 4.12. In view of Lemma 7.2 we only need to verify that £ — 0 as R* — oo,
where E is defined by (7.12). Using Corollary 6.8 we estimate

E < [[Vyn = All =5 (I Vonllzz + v Col Vorl[72 VB 1)
+IVBllwree [Vonllze + IVl v/ Col [ Vo] 22,
where Co = ((R%)? — (R*)?)C} and C] is the constant from Lemma 6.8. Then, using
V78|l < (RP)™7, we have
E S |IVyn — All sy (IVonllze + v/ Col Vunl|2:(R) ™)
+ (B2 + (R IVunllZ2 + (R) 72V Col |V [z, (7.17)
— [1 —|— [2 + Ig.

To complete the estimates we note that /Cy(R?)™t < 44, where v, is defined in (4.27).
Further, the regularity estimates from Lemma 2.3 and (2.10) yield
R*)™1  case (pDis)
_ < ( ) )
1V AHLOO(SW) ~ { (Ra)—d7 case (pPt).

These estimates are combined to yield

(R*)~(log R*)Y/2,  case (pDis),
(R*)~%(log R*)Y/2, case (pPt), d = 2,
(R*)™3, case (pPt), d = 3,

LS(RY™,  and

L <

~Y

I < (R*)~(log R*)Y/2, case d = 2,
e (R*)™, cased=3.
This completes the proof of Lemma 4.12. O

Remark 7. The auxiliary results, Lemmas 4.9 and 4.12, hold under much weaker assump-
tions. For instance, with extra work, Lemma 4.12 can be proved for the blending width (i.e.,
the width of supp(V/3)) scaling slower than R* [20]. However, this would not be important
for the practical implementation of the method or for our error estimates. [l
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